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Abstract: In this paper we consider a nonlocal initial boundary value problem for
a parabolic integro-differential equation. We reformulate this problem as an abstract
functional differential equation in a Banach space with a nonlocal history condition.
We establish the existence, uniqueness and continuation of mild, strong and classical
solutions of the abstract functional differential equation under different conditions.
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1 Introduction

Consider the following parabolic integro-differential equation in a bounded domain
Q C R™ with sufficiently smooth boundary 0€:

Qrw(t, ) + 3|0 <om ta (@) Dw(t, x) = fi(t, x)

+ ([ fo(w(t, ))dz) [} k(t = s)fa(s,w(s,x))ds, 0 <t <T, 7>0, z€Q,
Dow(t,x) =0, t>0,z€9Q, || <m—1,

g(wo)(z) = ¢(x), =€,
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where the sought-for real-valued function w is defined on [—7, T| x §2, wy is the restriction
of w on [—7,0] x Q, for all multi-indices «, with |a| < 2m, the functions a,(x) are
sufficiently smooth and are such that the corresponding partial differential operator is
strongly elliptic in Q, f;, 4 = 1,2, 3, are smooth real-valued functions defined on [0, T x 2,
R, [-7,T] x R, respectively, for ¢t € [0,T], k € L?(0,7), 1 < p < o0, ¢ is a map from
C([—,0]; LP(£2)) into LP(Q2) and ¢ € LP(Q).

A few choices of the function g, for instance, are the following;:

0

gW)(x) = | ki(=s)¢(s)(x)ds, x€Q, ¢ € C([=7,0]; LP(?)),

-7

where k1 € L1(0,7) with fo ki(s)ds # 0;

=S enlt)@), v e veC(l-r.0: L),
=1

where —7 <t; <ty << <0,C:=>_ ¢ #0; and

OIEED / Cp()(@)ds, €9, e (-0} LP(R),

where r and ¢; are as above and ¢; > 0,7 =1,2,...,r.

Let X := LP(Q)), 1 < p < co. Let the linear operator A : D(A) C X — X be defined by

D(A) = WP Q)N W P(Q), Au= Y au(2)D%u, u € D(A).

lal<2m

Then —A is the infinitesimal generator of an analytic semigroup S(t), t > 0, of bounded
linear operators in X (cf. Theorem 7.3.5 in [14]).

For t > 0, let C, := C([—,t]; X) be the Banach space of all continuous functions from
[—7,t] into X endowed with the supremum norm

19l := sup ||¢( Mx, weds,

—7<n<

where ||.||x is the norm in X. Define the nonlinear map F : [0,7] x X x Cp — X by
F(t,u,¢)(x) = fi(t, z)
0
+ ([ ntateyae) [ Koo+ 0,000, te0.T) e X ven 12

For u € Cp, let u; € Cy be defined by ui(0) = u(t +0), 6 € [-7,0]. Then (I can
be reformulated as the following functional differential equation with a nonlocal history
condition in the Banach space X = LP(Q):

W)+ Ault) = F(tult),u), 0<tST’} (13)

g(uo) = ¢.

If we define ® € Cy given by ®(0) = ¢ for all § € [-7,0] and H : C; — Cy given
by H(x)(0) = g(x) for all € [—7,0] and all x € Cp, then the condition g(x) = ¢ is
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equivalent to the condition H(y) = ®. Thus we may consider the following functional
differential equation with a more general nonlocal history condition:

u'(t) + Au(t) = F(tu(t),u), 0<t<T, (1.4)
H(ug) = @, ’
which also includes the functional differential equation:
w(t)+ Au(t) = F(u(t),w), 0<t<T,
(1.5)
uyg = (I’,

as a particular case.

The functional differential equation (L) has been extensively studied in literature.
We refer to Kartsatos [10, [11], Kartsatos and Liu [9], Kartsatos and Parrott [12] [13].

Amraoui and Rhali [3] have used integrated semigroups to study the existence and
uniqueness of integral solutions and other forms of solutions of the abstract Cauchy
problem /() = Bu(t) + Luy, t > 0, where B is a nondensely defined linear operator in
a Banach space X and L is a bounded linear operator on X.

Recently, Bahuguna [4], Bahuguna, Dabas and Shukla [5], Bahuguna and Dabas [6],
Bahuguna and Muslim [7, [§], Agarwal and Bahuguna [I} 2] have linear as well as nonlinear
nonlocal history-valued evolution equations using the theory of semigroups and the theory
of accretive operators.

Let ) € Co such that H (1) = ®. The function u € Cz, 0 < T < T, such that

= { te[-r,0]

S()(0) + [1S(t — 8)F(s, u(s),us)ds, te[0,7], (1.6)

is called a mild solution of (L4) on [—, T). If a mild solution u of (C4) on [~7,T] is
such that u(t) € D(A) for a.e. t € [0,T], u is differentiable a.e. on [0,7] and

u'(t) + Au(t) = F(t,u(t),u), a.e. on [0,T],

it is called a strong solution of (L4) on [, T). If a mild solution u of (LL4) on [~7,T] is
such that u € C*((0,T); X), u(t) € D(A) for t € (0,7] and satisfies

u' (t) + Au(t) = F(t,u(t),u;), te(0,T],

then it is called a classical solution of (L4) on [, T).

We first establish the existence of a mild solution u € C; of (L)) for some 0 < T<T
and its continuation to either on the whole of [—7,T] or show that there exists the
maximal interval [—7,tmaz), 0 < tmaez < T such that u is a mild solution of (L4) on
every subinterval [—7, T], 0<T< tmaz, under the assumptions that there exists a
¥ € Cy such that H(¢)) = ® and —A is the infinitesimal generator of a Cp-semigroup
S(t), t > 0, of bounded linear operators in X. In the later case, since tyqr < T < 00,
we obtain that

Jm (o) = oc.
Under the additional assumption of Lipschitz continuity on ¢ on [—, 0], we show that the
mild solution u is a strong solution of (4] on the interval of existence and it is Lipschitz
continuous. Under further additional assumption that S(t) is analytic, we show that u
is a classical solution of (I4]) on the interval of existence. We also show that u is unique
if and only if ¢ satisfying H(¢) = ® is unique.
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2 Local Existence of Mild Solutions

We first prove the following result establishing the local existence and uniqueness of a
mild solution of ([I4]).

Theorem 2.1 Suppose that —A is the infinitesimal generator of a Cy-semigroup
S(t), t > 0 of bounded linear operators in X. Let H : Co — Co be such that there
exists a function v € Cy such that H(1p) = ®. Let F : [0,T] x X x Co — X satisfy a
Lipschitz-like condition

[1E(trs ur, ¢1) = Fta, uz, ¢2)llx < Lr(r){ltn = tof + lur — ualx + (|61 — d2lleo],

for all t; € [0,T], u; € B-(X,9(0)), ¢ € B.(Co,v) i = 1,2, where Ly : RT — RT is a
nondecreasing function. Then there exists a mild solution u of (I.4) on [—7,To] for some
0<Ty<T. Here B.(Z,zy) :={2€ Z : ||z — z0||lz < r} for any Banach space (Z,||.||z),
zo € Z and r > 0. Moreover, the mild solution u is unique if and only if ¥ is unique.

Proof Let R > 0 be fixed. Let M > 1 and w > 0 be such that ||S(¢)|| p(x) < Me*" for
t > 0. Here B(X) is the space of all bounded linear operators on X. Choose 0 < Ty < T'
be such that

ToLz(R) < 3/8,

sup [[(S(t) - Dy(0)Ix < R/2,
0<t<T,

ToMy < R/2,

where
My =T +2|[¢]o + 2M RLr(R)e*T + ||F(0,%(0), ¥)]| x.

Define a map F : Cr, — Cp, by

_ ¢(t)7 te [_7—7 0]7
Fult) _{ SWHO) + [ 5(t - $)F(s,w(s)wn)ds, tefo,p, ¢ &0

Let ¢ € Cr be defined by

{ U(t) =9(t), te[-70],

Then from the choice of Tj it follows that F maps BiR(CToﬂZ) into itself. Here and
subsequently, any function in Cr is also in Cf, 0 < T < T, as its restriction on the

subinterval. Also, for w; € Br(Cr,,v), i = 1,2, we have
[Fwi(t) — Fws(t)|| x < 2T0Lp(R)||wi — wollz,.

Since ToLp(R) < 3/8, F is a strict contraction on Br(Cr,, ) and hence has a unique
fixed point u € Br(Cr,, ). Clearly u is a mild solution of (L4) on [—7,Tp]. It can be
shown that if ¢ € Cy satisfying H(y)) = ® is unique then the mild solution u € Cr, is
unique. If there are two different 11 and 9 in Cy satisfying H (1) = H(¢2) = ®, then
the corresponding mild solutions differ on [—7,0]. This completes the proof of Theorem

21 o
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3 Continuation of Solutions

Theorem 3.1 Assume the hypotheses of Theorem[2.1. Then the local mild solution u of
(IF) on [—7,Tp], 0 < Tp < T, can be continued either on the whole interval [—7,T] or on
the mazimal interval [—7, tmaz) of existence and since in the later case tmax < T < 00,
we have

Jmu®)]x = oo,

Proof Assume that Ty < T. Consider the functional differential equation

V() +Av(t) = G(to(t),v), 0<t<T-Tp, }

H(Uo) = q),

where G : [0,T — Tp] x X x C([—7,0]; X) — X is defined by G(t,u, x) = F(t + To,u, X),
H : Cy — Cy given by Hy = x for x € Cy and ®(0) = u(Tp + ) for 6 € [—7,0]. Since all
the hypotheses of Theorem [ZT] are satisfied for problem (B8], we have the existence of a
mild solution w € Cr,, 0 < T} < T — Ty of ([38). This mild solution w is unique as H in
B8) is the identity map on Cy. We define

a(t) = 4 4t te -7, Ty,
we) = { w(t —Tp), te [TO,TOO+ T1). (3.9)

(3.8)

Then @ is a mild solution of () on [—7, Ty + T1]. Continuing this way, we get the exis-
tence of a mild solution u either on the whole interval [—7, T or on the maximal interval
[—7, tmaz) Of existence. In the later case we may use the arguments similar to those in the
proof of Theorem 6.2.2 in [14] (pp. 193-194) to conclude that lim;_,,, . — |Ju(t)||x = .
This completes the proof of Theorem 3.1l O

4 Regularity of Solutions

Theorem 4.1 Assume the hypotheses of Theorem 2. If, in addition, v is Lipschitz
continuous on [—,0] and ¥ (0) € D(A), then u is Lipschitz continuous on every compact
subinterval of existence. If, in addition, X is reflerive, then w is a strong solution of
(I-4) on the interval of existence and this strong solution is a classical solution of (I4)])
provided S(t) is an analytic semigroup.

Proof We shall prove the result for the first case when the mild solution u exists on
the whole interval. The proof can be modified easily for the second case.

We need to show the Lipschitz continuity of u only on [0,7]. In what follows, C;’s
are positive constants depending only on R, T and ||¢||o. Let ¢t € [0,T] and h > 0. Then

u(t+h) —u@®)llx < [[(S(h)=1)S(#)P(0)]x

0
+ / 1S(E — $)7(5 + (s + 1), ) | xds
h

+ / I5(t — $)[F (s + By s + B, wayn) — £(s, uls), )] x ds
0

IN

Gy [h + /Ot[IU(S +h) —u(s)llx + lusin — uslcold%

IN

t
2C, [h—|—/ sup Ju(s+h+0) —u(s+9)||x} ds, (4.10)
0 —7<0<0
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For the case when —7 <t < 0 and 0 < ¢+ h (clearly, t + h < h in this case), we have
[u(t+h) —u@®)lx < [[(S(E+h)=DPO)x + [[vE) —0)lx

h
+ [ 18+ b =9 f(svu(s),u.) 1 ds
0
< Csh. (4.11)
Combining inequalities (@I0) and ([EI1]), we have for —7 < <,

t

[[u(t+h) —u(t)||x < Cs [h—|—/ sup |lu(s+h+0) —u(s—|—0)||xds} . (412
0 —7<6<0

Putting f =t +6, —t — 7 < 6 <0, in [EIZ), and taking supremum over § on [—7,0], we

get

sup Ju(t+h+6) —u(t+0)||x
I

t
< 2C;5 [h—i— / sup Ju(s+ h+0) —u(s+9)||de} . (4.13)
0 —7<6<0

Applying Gronwall’s inequality in (£I3]), we obtain

lu(t+h) —u@®llx < sup_fult+h+0)—ult+0)lx < Cah.
Thus, u is Lipschitz continuous on [—7, T].

The function F : [0,7] — X given by F(t) = F(t,u(t),u), is Lipschitz continuous
and therefore differentiable a.e. on [0,7] and F' ' is in L'((0,7); X). Consider the Cauchy
problem

V'(t) + Av(t) = F(t), t € (0,71,
{ 0(0) = u(0),

By Corollary 2.10 on page 109 in Pazy [14], there exists a unique strong solution v of
I4) on [0,T]. Clearly, v defined by

oy u), te[-7,0],
o(t) _{ o(t), telo,T),

(4.14)

is a strong solution of () on [—7,T]. But this strong solution is also a mild solution
of (T4) and v € W(%,T) := {¥ € Cr : ¥ =1 on [—7,0]}. By the uniqueness of such a
function in W(,T), we get 9(t) = u(t) on [—7,T]. Thus u is a strong solution of (LA4).
If S(t) is analytic semigroup in X then we may use Corollary 3.3 on page 113 in Pazy
[14] to obtain that u is a classical solution of (IL4]). Clearly, if ¢ € Cp satistying h(¢)) = ®
on [—7,0] is unique on [~7, 0], then u is unique. If there are two 1) and ¥ in Cr satisfying
h(y) = h(¢) = ® on [—7,0], with ¢ # ¢ on [—7,0], then W(,T) N W(¢,T) = () and
hence the corresponding solutions u and @ of (L) belonging to W (1, T) and W(%, T),
respectively, are different. This completes the proof of Theorem [l O
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