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Abstract: In this paper, we consider an nth order multi-point boundary value
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1 Introduction

We are concerned with the following boundary value problem (BVP) on time scales
T:

v () + A f(y7 (1) =0, t€la,bCT,
y*'(a)=0, 0<i<n-2, (1.1)

—2

Sy (&) = A" (o))

where A > 0 is a parameter, f € C(]0,00),[0,00)), n >3, m > 1 are integers, a < & <
&< .o <&n<b, a;€(0,+00)for 1 <i<m and > " a; <1.

We assume that D = o(b) —a— 1", a;(§ —a) >0 and o(b) is right dense so that
ol (b) = o(b) for j > 1.

The study of dynamic equations on time scales goes back to its founder Stefan Hilger
[10]. Some preliminary definitions and theorems on time scales can be found in the
books [2/[3] which are excellent references for the calculus of time scales.
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Recently, existence results for positive solutions of second-order multi-point boundary
value problems was studied by some authors [9,TTHI6].

A few papers can be found in the literature on higher-order multi-point boundary
value problems [4H7].

We were, in particular, motivated by [6l[7]. We study more general problem and we
present results which guarantee the existence of at least one or two positive solutions and
the nonexistence positive solutions. The methods discussed here are similar to earlier
work [I].

This paper is organized as follows. Section 2 introduces some notation and several
lemmas which play important roles in this paper. Section 3 gives nonexistence and
multiplicity results for positive solutions to the BVP (1.1). In this article, the main tool
is the following well-known Krasnosel’skii fixed point theorem in a cone [g].

Theorem 1.1 [8]. Let B be a Banach space, and let P C B be a cone in B. Assume
Q1, Qo are open subsets of B with 0 € Q1, Q1 C Qo, and let

A:PN(Q\Q) =P
be a completely continuous operator such that, either
() Ayl <yl y € PRI, and Ayl = |lyll, y € P NI or
(i) Ayl = llyll, y € PO, and [|Ayl| < lyll, v € P NIy,
Then A has at least one fived point in PN (Q2\ Q1).

2 Preliminaries and Lemmas

Let Ga(t, s) be the Green’s function for the boundary value problem
y2' (1) =0, t € [a,0],

Zi’il a;y (&) = y(o(b)).

Then
(a(b)=t)(o(s)=a) =T, o (& —1)(0(s)—a)+ 32517 @y (§—a)(t—0(s))
o(b)—a—>>1" ai{ii*a) . )
Gty s) = a<t<o), & 1 <o(s) <min{&,t}, i=1,m+1, (2.2)

(t=a)[o(b)—o(s)=3TL,; a;j(§5—a(s))]
o(b)—a—327" ai(€i—a) ’
a<t<o(), max{&_1,t} <o(s) <&, i=1,m+1.

Lemma 2.1 There exist a number k € (0,1) and a continuous function ¢ : [a,b] —
R™ such that

Ga(t,s) <y(s), tela,o)], s€a,b],
and

Ga(t,s) = kip(s), tel[6,o(b); s €lab],
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where

g(b)—o(s))(o(s)—a
1/)(5):(() (g)(() )

)

k= minz<i<m {5y Dims ai(0(0) = &), sl - e} (2:3)

Proof Now, we will show that we may take ¢(s) = (U(b)fd(%)(g(s)fa).
Upper bounds:

Case 1. Consider a < o(s) <&, o(s) <t. Then

Gg(t, S) _ U(b)_t_z%l a;(&;—1) (O'(S) o a) _ U(b)—Z}":l %5];:')-1-75(2}71:1 a;—1) (O'(S) o a).

Since y_7" | o < 1, the maximum occurs when ¢ = o(s) and then

)

Calt,s) < G(b)*0(5)+2%1aj(0(5)7§j)(O_(S) —a) < (a(b)fa(sg)(o(s)fa)

since Y770 aj(o(s) — &) < 0 for o(s) < & and & € (a,b) witha < & < & < .. <
€m—2 <b.

Case 2. For {1 <t <&, 2<r<m+41, &1 <0(s) <&, 2<i<r o(s) <t we
have

—t)(o(s)—a)=> " aj(&;—t)(o(s)—a il (&—a)(t—o(s
Golt, s) = (o(b)=t)(o(s)—a)=3 7", (& t)l()() )+2im1 @i (§5—a)(t—o(s))

_ (a®)=t)(o(s)=a)=>"T",; o (§—0(s))(o(s)—a)+327L | oy (t—o’(s))(a(s)—a)-{-Zj;} aj(&—o(s))(t—o(s))
- D

a(b)—t-l—Z;": aj(t—o(s))

< 5 (o(s) —a)
o(b)—o(s) D07 o+t (30T o —1)

< 1DJ 1% (O’(S) B a)

since 37", o (0(s) — &) <0 and Y\_ (& —o(s)) <O0for &y <o(s) <&, 2<i <
m + 1.

Since 37" | a; < 1, the maximum occurs when ¢ = o(s) so

(a(b) —a(s))(o(s) —a)
Ga(t,s) < 5 )

Case 3. For 1 <t <&, 2<r<m, & 1<o0(s) <&, r<i<m,t<o(s), we
obtain

Golt,s) = (tfa)[a(b)fa(s)fgj;’;iaj(fjfa(s))} < (a(b)—ag))(t—a) < (a(b)—o(sg)(a(s)—a),
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since ZT:z aj(& —o(s) >0 for &1 <o(s) <&, 2<i<m.

Case 4. For &, < o(s) < a(b), t<o(s), we clearly have

(o(b) —a(s))(a(s) —a)
- :

GQ (t, S) S

Lower bounds: We shall show that we may take an arbitrary interval [£1,0(b)] C
(a,o(b)]. We are looking for min{Ga(t,s) : t € [£1,0(b)]} as a function of s of the same
form as the upper bound.

Case 1. Consider 0 < o(s) < &, a(s) < t, we get

o(b)—t=3" (65— QR LA S
G2(t,3): (b)—t EJ[; (¢ t)(o_(s)_a): (b)—37 fDth(EJ 1)(0‘(8)—a)-

Since ZT:1 a; < 1, the minimum occurs when ¢ = o(b) and then

Gy (t, S) > U(b)—Eflzl O‘jfj'ga(b)(z;n:1 a;—1) (0’(8) _ a)

S (e®)= U(S))(G(é) a) 1

o(b) Em 125(0(b) — &)

Case 2. For &, 1 <t <&, 2<r<m+1, §1<0(s) <&, 2<i<r, o(s) <t, we
have

GQ(t, S)

_ (e =t)(o(s)=a) =37, a;(§—0(s))(0(s)—a)+3072 | a;(t—0(s))(o(s)—a)+3257] a; (& —a(s)) (t=a(s))
- D

= (T 0y = D(o(s) = a) + 52 ai(& — o(s)] + [o(b) = o(s) Ty 0y
— (& — a(9)(o(s) —a) —als) i) (& — o (s))].

Since (371, aj — 1)(o(s) —a) + Z] 105(& — o(s)) < 0, the minimum occurs when
t = o(b), then

—2Lia(§i—o o(s)—a il (¢—a)(o(b)—o(s
Galt, s) > —Eim (& o®)e()=A+Tin 0i(& ~a)(o(t)~o()

> 525 (o) — &)(a(s) — a)

> (U(b)ia(s))(g(s —a) a'(b) ZJ i & ( (b)*fj).

Case 3. For &1 <t <&, 2<r<m, & 1<o0(s) <&, r<i<m,t

IN

o(s), we
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obtain

Ga(t, s) = O~ Ti oy =o (o))

(t=a)[(o(b)—a(s)) (1327, o) =371, @i (&= (B))]
D

—a)(o(b)—o(s m
> (t=a)( E)) ())[1_2]':1'043’]

> @-a)e®) o)y _ ym

> D =i o]

o(s)—a)(o(b)—o(s —a m
— (0¥ )(D( )—a(s)) a'ézls)fa[l _Zj:iaj]'

Case 4. For &, < o(s) < a(b), t<o(s), we have

Gs(t,s) = (t—a)(Ug)—a(s)) > (51—@)(0[()19)—0(3)) _ (U(s)—a)(g(b)—o'(s)) £1—a

o(s)—a”

Thus we can take

k= ming<icn {5 Y ay(0(8) — &), 51— Y7 )} O

Lemma 2.2 If y satisfies the boundary conditions

and

then
A'n.fZ
y= (1) =0.

Proof Let P(t) = y2" (), t € [a,0(b)]. Then we have

PA (1) <0, telab]

P(a)=0 and >.", a;P(&) = P(o(b)).
It must be true that P(o(b)) > 0. To see this, assume to the contrary that P(o (b)) < 0.
Since P(a) = 0 and P(t) is concave downward, we have

t—a

P(t) > mP(o(b)), t € [a,o(b)].
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Therefore,
Sy aiP(&) = P(o(b)) > Y% aiggs P(a(b) — Po(b))

>t iP(o(b) — P(o(b))

which is a contradiction.
Now, P(a) =0, P(co(b)) >0, and P(t) is concave downward, so we have

P(t)=y2" " (t) >0, tela,o(b).
This completes the proof of the lemma. O
Let B be the Banach space defined by
B = {y:y2" is continuous on [a,b], y2 (a) =0 0<i<n—3},
with the norm ||y = max;e(q,0(0)) lyA" 7 (t)| and let

n—2 . n—2
P={yeB:y*" (t)>0, min y> (t)>kly|},
telér,0 (b))

where k is as in (2.3).

Solving the BVP (1.1) is equivalent to finding fixed points of the operator Ly : B — B
defined by

o(b)

Lyy(t) = /\fa Gn(t,s)f(y?(s)As, t€ [a,o(d)]- (2.4)
It can be verified that
Ga(t,s) = GA" (1, s). (2.5)
From (2.5), it follows that
(Lag)™" 7 (1) = A 7Y Galt, 5) (57 () As. (2.6)

Solving the BVP (1.1) in B is equivalent to finding fixed points of the operator LQPQ
defined by (2.6).

Lemma 2.3 The operator Ly is completely continuous such that Ly(P) C P.
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Proof From the continuity of Ga(t, s) and f(t) it follows that the operator Ly defined
by (2.4) is completely continuous in B. By Lemma 2.1, Lemma 2.2, and definition of P,
we get LyP CP. O

3 Existence of Positive Solutions

Now we are ready to establish a few sufficient conditions for the existence of at least
one or two positive solutions and the nonexistence of positive solutions of (1.1).

Now we define

— m —, .
llull—0 ||| llull—oo ||ul|

PR { () S { ()

Theorem 3.1 For each A, satisfying

<A (3.1)

1 -1
koo [7®) y(s)As 10 [7®) () As’

there exists at least one positive solution of (1.1).

Proof Let X be given as in (3.1). Now, let € > 0 be chosen such that

1 1
<A< .
k(i — o) [7Pp(s)As T (10 +¢) [T p(s)As

Now, turning to °, there exists an p > 0 such that f(y) < (I° + €)||y|| for 0 < ||y|| < p.
So, for y € P with |ly]| = p, we have from the fact that 0 < Ga(t,s) < ¥(s) for
t €la,o(b)],s € [a, 0],

(Lag)2" () = A [T Ga(t, s) F(y7 (s)) As
<A 7D f(y7 (5))As
<A+ €) L7 p(s)Asyll

<yl = p.

Next, considering {°°, there exists ¢ > 0 such that f(y) > (I*° — ¢)||y| for ||y|]| > ¢
Let ¢ = max{2p, }. Then for y € P with ||y|| = ¢, and ¢ € [1,0(b)] we get

(Lag)2" () = A [T Ga(t, s) f(y7 (s)) As
> Ak [T () As(1 = o)yl

> |yl = g
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By Theorem 1.1, Ly has a fixed point y such that p < |ly|]| < ¢. The proof is complete.
O

Theorem 3.2 For each A satisfying

<AL

1 1
kIO [P yp(s)As 1 [7®) y(s)As’

there exists at least one positive solution of (1.1).
Proof Let A be given as in (3.2), and choose let € > 0 such that

1 1
0 =) sAs =) :
k(10 —¢) fa P(s)As (I°° +¢) fa P(s)As

Beginning with [, there exists an p > 0 such that f(y) > (I° — €)||y|| for 0 < [Jy|| < p.
So, for y € P with ||ly|| = p, and t € [¢1, 0(b)] we have

(Lag)® (1) = A [TV Ga(t, 5) f (57 (5)) As
> Nk [T () (57 () As
> AE(1° — €) [T p(s) Asyl|
> |lyll = ».

It remains to consider [°°. There exists ¢ > 0 such that f(y) < (I°°+4€)]||y|| for ||y|| > §.
There are two cases:

For case (a), suppose N > 0 is such that f(y) < N, for all 0 < y < oo. Let ¢ =
max{2p, \N f:(b) ¥(s)As}. Then y € P and ||y|| = ¢, we have

(L) (1) = A ST Galt, 5) f (47 () As
< AN [T p(s)As
<yl = ¢-

For case (b), let g(h) := max{f(y) : 0 < y»"~ < h}. The function ¢ is nondecreasing
and limy, o g(h) = co. Choose ¢ = max{2p, ¢} so that g(q) > g(h) for 0 < h < ¢. For
y € P and |ly|]| = q, we have

(L) (1) = A ST Galt, 5) f (47 () As
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<A1 +e)q [T y(s)As

<yl = ¢

By Theorem 1.1, Ly has a fixed point y such that p < ||y|| < g. The proof is complete.
O

In the rest of the paper we assume that f(y) > 0 on RT. Set

o(b)
A= P(s)As.

Theorem 3.3 If either [ = oo or 1°° = oo, then for all 0 < X < X\g, where
)\0 = % Sup’!‘>0 m, (33)
(1.1) has at least one positive solution.

(b) If either 1 =0 or 1°° =0, then for all A > \o, where

1 r
Ao = —inf ——
A r>0 MINg< ||yl <r f(u)

(1.1) has at least one positive solution.

Proof We now prove the part (a) of Theorem 3.3. By (3.3), there exists > 0 such
that

Mo = d
0 = — sup .
A >0 maxo<|jul|<r f(u)

If ||y|| = r, it follows that

- a(b)
Ll = max (L (0] <0 [ Galtos) () < v

So for all 0 < A < Xy we have

Iyl < llyll

Fix A < Xp. Choose R > 0 sufficiently large so that

ARE [T p(s)As > 1. (3.4)

a

Since {° = oo, there is p > 0 such that
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fly)

S R
[yl

for t € [a,o(D)], 0 < ||y|| < p. Hence we have that

fy) = Ryl

for t € [a,o(b)], 0 < ||y|| <p.Fory e P, |ly|l=p and t € [1,0(D)], we get

(L) (1) = ARE [T (s)Aslyll = Iyl = »

by (3.4). By Theorem 1.1, Ly has a fixed point y such that min{p,r} < ||y|| < max{p,r}.
Next, we use the assumption that [*° = oco. Since I*® = oo there is a ¢ > 0 such that

) . g

Iyl
for ||y]| > ¢ and R is chosen so that (3.4) holds. It follows that

fy) = Ryl

for [ly]l = ¢.
Fory € P, |ly|| = q and t € [£1,0(b)], we have

(Lag)2" (1) = A 77 Galt, 8) f(y7 (5))As
> ARk [ 4(s) As|y]

>q=|lyl

by (3.4). By Theorem 3.1, then Ly has a fixed point y such that min{g,r} < ||y|]| <
max{q, r}. This completes the proof of part (a). Part (b) holds in an analogous way. O

Theorem 3.4 a) If 1Y = [ = oo, then there is a Ao > 0 such that for all0 < X < Ao,
(1.1) has two positive solutions.
b) If 19 =1 =0, then there is a Ao > 0 such that for all A\ > X\o, (1.1) has two positive
solutions.

Now, we give a nonexistence result as follows.

Theorem 3.5 (a) If there is a constant ¢ > 0 such that f(y) > c||y||, then there is a
Ao > 0 such that (1.1) has no positive solutions for A > Xg.
(b) If there is a constant ¢ > 0 such that f(y) < c|ly||, then there is a Ao > 0 such that
(1.1) has no positive solutions for 0 < X < A.

Proof We now prove the part (a) of this theorem. Assume there is a constant ¢ > 0
such that f(y) > c|ly||. Assume y(¢) is a solution of the BVP (1.1). We will show that
for A sufficiently large this leads to a contradiction. We have for ¢t € [&1, (b)),
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yA" (1) = A 7Y Galt ) (7 (5))As > ek [T w(s)As]y]

If we p1ck Ao sufficiently large so that ckXo [ ®) ¥(s)As > 1 for all A > Ag, then we have

yA T > |ly|| which is a contradiction. The proof of part (b) is similar. O

Example 3.1 We illustrate Theorem 3.2 with specific time scale T = {2% 'n €
No} U {0} U[L,5].
Consider the system:

YA () + Af(yo () = 0, tel0,1/2]CT
yA(0)=0, 0<i<n-—2, (3.5)
1/3y(1/4) + 1/5y(1/8 + 1/10y(1/64) = y(5),

where f =1+ /y, a1 =1/3, ap = 1/5,a3 = 1/10, a =0, b =1/2, & = 1/4, & =
1/8, & =1/64, n > 3.

Since f =1+ ,/y, we have

=00 1®=0.
We get 1h(s) = 1039s(1—2s), fo = 75 Therefore the assumptions of Theorem

3.2 are satisfied. By Theorem 3. 2 for all A € (0,00), (3.5) has at least one positive
solution.

Example 3.2 We illustrate Theorem 3.3 with specific time scale T = {3 : n €
N} U [7/3,5].
Consider the system:
O MET0) =0 e 12,
y(1) =y*(1) =0, (3.6)

1/2y(4/3) +1/3y(5/3) = y(7/3),
where f =e¥Y, a1 =1/2, as=1/3, a=1, b=2, & =4/3, & =5/3.

Hence [*° = 0. Since

/3 60 1
A:/ P(s)As = —, sup;:supiz—,
1 153 >0 MaxXo< ||y <r ey r>0 €" e
we have ) 153
AO = —Ssu " = -1

p = ——¢€
A rso maxge |y <r f(y) 60

So, by Theorem 3.3, for all A € (0, 22e™!], (3.6) has one positive solution.
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