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1 Introduction

Stability analysis for dynamic systems with parameter or functional uncertainties is one
of the fundamental issues in system and control theory. The applied researches employ
continuous and discrete models of dynamic objects whose states possess certain properties
with respect to a cone in the phase space (positivity, monotonicity, cooperativity, etc.).
For example, these properties can be determined very often by using a cone of nonnegative
vectors, a cone of symmetric nonnegatively definite matrices, an ellipsoidal cone, etc.
Many important advances have been achieved on the basis of the operator theory in
partially ordered spaces (see, e.g., [IH8]). In addition, classes of positive and monotone
systems arise in stability theory as systems of comparison [7,9HTT].

We study generalized classes of positive and monotone dynamic systems with respect
to a cone and give characterization for such systems by means of operator inequalities and
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inclusions. We formulate analogs of the Lyapunov theorem on the stability of equilibrium
states of nonlinear autonomous differential systems with respect to the first approxima-
tion using the notion of derivative of nonlinear operator with respect to a cone. Finally,
we propose general technique for comparison of a set of differential systems and formu-
late robust stability conditions for some families of nonlinear, pseudolinear and linear
systems in terms of the cone and operator inequalities.

2 Definitions and Auxiliary Facts

A convex closed set I of a real normed space &£ is called a wedge if ol + K C K
Va,B > 0. A wedge K with edge X N —K = {0} is a cone. A space with a wedge is

K
partially ordered: X <Y < Y — X € K. A solid cone contains nonempty sets of interior

points int K and boundary K. A cone K is normal if 0 g X g Y implies || X|| < v||Y],
where v is a universal constant. The least of these numbers v is the normality constant
of L. If £ = K — K, then the cone K is reproducing. A reproducing cone K is non-flat,
ie. X =X, —X_ and X4 € K imply || X+|| < p||X]|, where u is a universal constant.
The dual cone K* consists of linear nonnegative functionals. Moreover,

K={Xe&:p(X)>0,Vpek*}, K'={pec&: pX)>0, VX €K},

MEK={XekK:o(X)>0,Vo#0e K"}, OK={X eK:Fp#0e K" ¢o(X)=0}.

A functional ¢ € £* is uniformly positive if p(X) > || X|| for some v >0 and VX € K.
A convex shell of X1,...,X,, € £ is defined by

n n
Co{X1,..., X} = {X: X=X, Y ai=1,a >0, z:ﬁ}
=1

i=1

K
A set D C € is K—convez if X <Y implies Co{X,Y} C D for X,Y € D.
Let £(&1) be a Banach space with a cone I(K1). An operator M : £ — & is positive if

MK C Ky. The operator is monotone if X g Y=MX Kgl MY . The operator inequality
My > M, means that My — M is positive. A linear invertible operator M is positive
invertible if Ky C MK. Since (M~1)* = (M*)~1, positive invertibility of M leads to
positive invertibility of M*. If K; is a normal reproducing cone and M; < M < Ms,
then positive invertibility of M; and Ms yields positive invertibility of M, furthermore
Myt < M~ < M;' [1l. An operator M : £ — & is called positive-off-diagonal, if
X € K and ¢ € K* with ¢(X) = 0 imply ¢(MX) > 0. Obviously, if M > ol for a
certain real «, where I is the identity operator, then M is positive-off-diagonal. The
inverse statement holds under certain additional conditions with o < —vpu||M]||, where v
and p are normality and non-flatness constants of M, respectively [4].

A linear operator of the form M = L— P, PK C K; C LK, with a normal reproducing
cone K is positive invertible if and only if p(T') < 1, where p(T) is the spectral radius of
the operator pencil of T'(A\) = P—AL. If K is solid, then p(T) < 1 < MKNint Ky # 0 [7].

A linear bounded operator F’(X) is called the Gateaux derivative of a nonlinear
operator F(X) at X, if lim.,oe ™! [F(X +eH) — F(X)] = F'(X)H exists in the sense
of strong convergence. If this relation holds only for H € K, then F’ is the Gateaux
derivative of F with respect to a cone K [13]. The Fréchet derivative F’ with respect to
K is defined by F(X + H) — F(X) = F/(X)H + o(||H||), H € K. The Fréchet derivative



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 11 (3) (2011) 305

is also the Gateaux derivative. If the Gateaux derivative is continuous in a neighborhood
of X, then it is the Fréchet derivative. We denote the Gateaux and Fréchet derivatives
with respect to K and —K by F (X) and F’ (X), respectively. If F'(X) exists, then
Fl(X)=F(X)=F(X).

3 Classes of Dynamic Systems in a Partially Ordered Space

Assume that a dynamic system S operates in a certain domain D of a Banach space £
and its states are defined by

X:=EX,,nt)e& 1€, teT,, (1)
where F is an operator of the transition from initial state X, to state X; and such that
EX,r,7)=X, E(E(X,'r,t),t,s) =E(X,71,8), teY, seT

T C R!is an ordered set of indices, Y, = {t € Y : ¢t > 7}. The system is continuous,
discrete or hybrid subject to the structure of Y. Note that E(-,7,7) = I is the identity
operator. If E(O,7,t) = O, then X; = © is the equilibrium state of S. We shall consider
only the isolated equilibrium states of dynamic systems.

Let KC; be a constant or time-varying set in €. If E(K,,7,t) C K, for t € T, then K;
is an tnvariant set of system S. The system is positive with respect to an invariant cone
K. System S is monotone with respect to a cone Ky if

Ky K
X, <Y, = X, =E(X,,7t) <Y, = E(Y;,7,t) (2)

for any 7 € T and t € T,. A positive (monotone) dynamic system S is defined by a
positive (monotone) operator E with respect to ;. Denote the classes of monotone and
positive systems with respect to +/C; by M and Moi, respectively.

Consider the sets

Kt Kt
Kf© ={xecc:x>0), K (©={Xc&:X<0)},

where © € £, K; is a cone. For the class of systems with invariant sets K (), we use
the notation ./\/13: (0). Denote the classes of systems which posses the property [2]) with
Y; € KI(O), X- € £F(0), X; € K7 (©) and Y; € K7 (©) by M{ (©), M3 (0), M; ()
and M; (0), respectively. It is obvious that

MC M) S M5(O), MCMi(0)C My(B),

where M;(0) = MT(©)NM; (0), My(0) = M (O©)NM; (O). A system of M5 (0) is

monotone in KF (). Every system of M (0), M; (©) or My(0) with the equilibrium

state X; = © belongs to M{(0), My (0) or My(©) = M () N Mg (O), respectively.
We describe the classes of systems S introduced above via the inclusions

E;:(X,T,t)’CTg’Ct, XED) T€T7 teTTa (3)
where E', (X, 7,t) are the Gateaux derivatives of E(X, 7,t) with respect to £K;.

Lemma 3.1 Suppose that E(X,T,t) is Gateaux differentiable with respect to K.
in a K;-convex domain D for 7 € Y, t € T,. Then: (i) S € M if and only if one
of the inclusions @) holds; (ii) S € MZ(O) if E(©,7,t) — O € +K; and @) holds for
X € K£(0); (iil) S € MZ(©) if and only if @) holds for X € KE(©).
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Proof The necessity assertions (i)—(iii) are obtained by using the definitions of the
corresponding classes of systems S and the Gateaux derivatives

lime™! [B(X +eH,7,t)— BE(X,7,t)] = EL.(X,7,t)H, X €D, HekK:E.

e—0

The sufficiency assertions (i)—(iii) follow from the Lagrange type formula:
(p(E(X + H7T7t) - E(X7T7t)) = @(Eli(za T, t)H)a

where p € &, Z =X +puH € Co{X, X+ H},0< p <1, X and X + H are arbitrary
points of a certain convex set. For this purpose, we use only functionals ¢ € £K} and
the property of KC.—convexity of D. Moreover, Z = (1 — )X + (X + H) € D for X € D
and H € ££,.. O

Consider the nonlinear differential system
X =F(X,t), t>7>0, (4)

where F' is a continuous operator function that guarantees the existence and uniqueness
of the continuously differentiable solution X (¢t) = E(X,,7,¢) for any 7 > 0, X, € D.
Let KC; be a cone in the phase space £. For example, the Lyapunov transformation
K¢ = L(t)K of a given cone K is a cone also. In this case, we can study the solutions
@) in the form X (¢t) = L(t)Z(¢) by means of a constant cone K instead of K; in a phase
space of the transformed system

Z =L Yt)F(L(t)Z,t) — L7 (t)L(t).

For t > 0, we introduce the following conditions:
Ky
X=0,0eki, p(X-0)=0 = ¢(F(X1)) =0, ()

X2V, okl o(X-Y)=0 = @(F(X,t)— F(Y,t)) <0. (6)

Let }"Oi(@) denote the classes of operator functions F' satisfying (&) with respect to
+K;. Let F be a class of operator functions satisfying (@]). We also define the classes
of operator functions F; (0), F, (0), F; (©) and F, (6), that possess property (G)
with Y € K;(0), X € K/(0), X € K;(0) and Y € K, (0), respectively. Denote
Fr(©) = FH(©) N F (©), k =0,1,2. Tt is obvious that F C Fi*(0) C F5°(O).

Lemma 3.2 [8] Let KC; be a solid cone possessing the extension property
0<7t<t = K, CK;. (7)
Then: (i) system (@) is monotone with respect to Ky if F € F; (ii) system (@) belongs
to ME(O) if F € Fi(©); (iil) system @) belongs to MF () N ME(O) if F € Fi£(©),
k=1,2; (iv) system (@) belongs to MF(O) if F(6,t) € £K; and F € FiF(©), k = 1,2.

Note that the cone inequality

Ky
F(X,t) ZO&+(X,t)(X—®), X—-0e€0K;, t=>0,
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where a4 (X, t) are scalar functions, yields F' € F¢ (©). Analogously, if

Kt
FX,t)— F(Y,t) < BX,Y,0) (X —Y), Y —-X€aK,, t>0,

where B(X,Y,t) is a scalar function, then F € F. If this condition holds for Y € K (©),
X €K (©), X € () and Y € K; (©), then F € F,"(0), F € F,(0), F € F; (©)
and F € F, (©), respectively.

We can describe the classes of operator function F, Fi (0) and F5(0) by means of
the following operator inequalities generated by /C;:

FL(X.t) B (X, )], X€eD, t>0, (8)

where B4 (X, 1) are scalar function. These inequalities ensure that F'} (X, ) are positive-
off-diagonal with respect to IC; for X € D and ¢ > 0. In view of Lemma B.2] we have the
following characterization of the introduced classes of differential systems (@).

Lemma 3.3 Suppose that the operator F(X,t) is Gateaux differentiable with respect
to £K; in the Ki-convexr domain D for t > 0. Then: (i) F' € F if one of the operator
inequalities &) holds; (ii) F € FE(O) if F(0,t) € +K; and ) holds for X € K (0);
(iii) F e F5(©) if ®) holds for X € K (0©).

Proof The assertions (i)—(iii) of Lemma[33 are obtained by using the Lagrange type
formula:

o(F(X +H,t)— F(X,t)) =¢(FL(Z,t)H), He=*K:, ¢€ K7,

where Z =X + puH € Co{X, X + H}, 0 < pu < 1. If F} (Z,t)H is continuous, then

1
F(X—i—H,t)—F(X,t):/ FL.(X +pH,)Hdy, He+K,. O
0

Let’s introduce some classes of operator functions which are used in the theory of
comparison systems. We write F' € F, if one can establish a correspondence between

. Ky
solutions of (@) and solutions of the differential inequalities Z <F (Z,t) such that

K, K,
Z(1) < X(r) = Z(t) < X(t), t>7>0.

In addition, if X (7) € K} (©) (Z(7) € KF(0)), then F € F1(0) (F € Fo(©)). Similarly,
we introduce the classes F, F;(0) and F,(0O) by using —K; instead of K;. It is obvious
that F C F1(0) C F2(0) and F C F,(0) C F,(O).

If F € FUF, then system (@) is monotone with respect to K;. If F € F and
F(©,t) € K; (F € F and F(0,t) € —K;), then system (@) belongs to M{ (0) (M, (©)).

Lemma 3.4 Under the conditions of Lemmal32, we have: (i) F C F N .E;
(i) 7 (©) N F(©) € Fi(®), Fi (0)NFy(0) C (), k=1,2.

By analogy, we can introduce and study classes of difference systems in a Banach
space £ with respect to a cone K; C & (see [12]).
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4 Stability of Equilibrium States of Autonomous Systems

Definition 4.1 The equilibrium state X; = © of system S is stable in K; (0) if, for
any € > 0 and 7 € T, there exists § > 0 such that X, € S5(7) = X; € S.(¢) for t € T,
where S.(t) = {X € Kf(©) : [| X — O] < ¢e}. If, for a certain § > 0, X, € Ss(1) =
| X: — O] — 0 as t — oo, then the state X; = O is asymptotically stable in IC; (©).

Lemma 4.1 [§] Let K; be a normal reproducing cone. The state X = O of sys-
tem § € M1(0) is Lyapunov stable (asymptotically stable) if and only if it is stable
(asymptotically stable) in K (0) and K; ().

At first, we formulate known results for linear systems. Let K C £ be a normal
reproducing cone. Positive system X = AX with a linear bounded operator 4 : £ — &
is exponentially stable if and only if —A is positive invertible. If X C (yI — A)K for
~v > 0, then the system is exponentially stable and positive with respect to K [14].
Moreover, the system is exponentially stable if K ¢ —AK N (y0f — A)K for a certain
0 > [p?(A) — r2(A)]/[2r(A)], where p(A) = max{|A| : A € 0(A)}, r(A) =min{|\| : X €
o(A)} [15].

Now we formulate the asymptotic stability conditions for an isolated equilibrium state
of nonlinear autonomous system in terms of positive invertible operators.

Theorem 4.1 Let K be a normal reproducing cone. The state X = O of system
X =F(X), F©)=0, t>0, (9)

is Lyapunov asymptotically stable if one of the following conditions holds:
(a) F € Ff(©)U F;(©), there exists the Fréchet derivative F'(0), and —F'(0) is
positive invertible:

K C—-F'(0)K. (10)

(b) F € Fi(O), there exist the Fréchet derivatives F' (©) with respect to K, and
—F'(©) are positive invertible:

Kc-FL(©)KNnF (0)K. (11)
Proof (a) For X = © + H, system () is represented as follows:
H=F(0)H +R(©,H), R(O,H)=0(|H|), HEecE.

In order to use the Lyapunov theorem on stability with respect to the first approximation,
we establish the asymptotic stability of the linear system

H=F(0)H. (12)
System (I2)) is positive with respect to K and —K. Indeed, using the relations

R(©,eH) =0

F(®+€H) :EFI(("))H—FR(@,EH), W o

and the fact that F' € F; (©) U F, (©), we have

p(F(O)H)  (R(©,eH)) _

HexK, pe K", p(H)=0 = >
[ H|l el Hl
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This implies that ¢(F'(©)H) > 0, i.e. the positivity conditions of system ([I2)) are
satisfied (see Lemmal[32). In view of (I0)), system (I2) is exponentially stable. Moreover,
the state X = O of original system (@) is Lyapunov asymptotically stable.

(b) If F € F1(©), then system (@) belongs to M;(©) and has the invariant sets
K*(©). For X = © + H € K*(0), we have the systems

H=F.(0)H+Rs(0,H), R:(0,H)=o(H|), He=K.

According to Lemma [4] the asymptotic stability in K and —K of the zero state H = 0
of the systems yields the Lyapunov asymptotic stability of the state X = © of original
system (@). The linear systems H = F/,(©)H are positive with respect to K and —K and
exponentially stable (see above). Therefore, the state X = © of system (@) is Lyapunov
asymptotically stable. O

Note that, in the case of a solid cone K, conditions (I0) and (IdI) are equivalent to
consistency of the corresponding systems of cone inequalities:

K K
H>0, F(0)HZ<O, (13)

K K K K
H_<0<H, F_(©)H<0<F (©)H_. (14)

Conjecture 4.1 Let system (@) belong to M1(0O) with respect to a normal solid cone
K and let the following cone inequalities be feasible:

X fo<x,, Fx,)S0Erx). (15)
Then the state X = O of system (@) is Lyapunov asymptotically stable.
Consider the pseudolinear differential system
X =AX)X, t>0, (16)

where A is a continuous operator function with the values A(X) that are assumed to be
linear bounded operators in £. The Gateaux (Fréchet) derivatives and Gateaux (Fréchet)
derivatives with respect to £K of F(X) = A(X)X have the form

F/(X) = A(X) + B(X), B(X)H = [A'(X)H]X,
FL(X)=A(X)+ B(X), Bi(X)H=[AL(X)H]X,

where A’(X) and A/, (X)) are the Gateaux (Fréchet) derivatives of A(X), the values B(X)
and By (X) are linear operators in £. Since F’(0) = F'L(0) = A(0), we have the following
corollary of Theorem (.11

Corollary 4.1 Let one of the following off-diagonal positivity type constraints hold:
AX) > ar(X)I, X € 20K,
AX)+B(X)> B(X)I, X €K,
A(X) + B(X) > B+ (X)I, X €D,

where K is a solid cone, ay(X), B(X) and S+ (X) are scalar functions. Then the zero
state X = 0 of system (@) is Lyapunov asymptotically stable if the following system of
cone inequalities is feasible:

K K
H>0, A(0)H<O0. (17)
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Similarly, we can formulate the asymptotic stability conditions of the isolated equilib-
rium states for some classes of autonomous nonlinear and pseudolinear difference system

(see []).
Example 4.1 Consider the pseudolinear system
z = A(z)z, A(z)=diag{d—Cz}, ze€R", t>0, (18)

where d € R" is a vector, C' is an invertible n X n matrix, diag{-} denotes the diagonal
n X n matrix generated by n vector components. This system is the Kolmogorov type
model describing the dynamics of growth and interaction of n populations. There are
two equilibrium states 8y = 0 and 6, = C~1d.

The diagonal matrix A(z) for any = € R™ is positive-off-diagonal with respect to
the cones K, where I = R’. Therefore, (I8) is positive with respect to £K and the

asymptotic stability condition (I7) of the state x = 6 is reduced to the inequality d g 0.

Fréchet derivative of the vector function F(x) = A(z)x has the form F'(z) = A(z) +
B(z), where B(x) = —diag{xz} C. The matrix F’(x) is positive-off-diagonal for  — 6, €
+0K if By = diag{6:1} C is negative-off-diagonal. By virtue of Lemmas and [3.3]
system (IR) belongs to Mg(@l). Moreover, according to Theorem 1] the state z = 6;
of the system is asymptotically stable if By is a M-matrix, i.e. Bfl > 0 and Bj is
negative-off-diagonal.

5 Comparison Principle for a Set of Differential Systems

Consider a set of independent systems of the type (@):

Si: X;=Fi(X;,t), X;€&, t>0, i=1,s. (19)

For simplicity, we denote X = (X1,...,X,), F(X,t) = (FA(X1,t),...,Fs(X, 1)), € =
&1 x - x E and rewrite (I9)) as

X=F(X,t), Xe& t>0. (20)

Let X be a space with a wedge Wy, and let W : £ x [0,00) — X be a continuous
operator function together with its partial derivatives and not everywhere positive with
respect to W,.

Definition 5.1 Systems ([I9) are called comparable if W (X (t),t) € W, whenever
W(X(r),7) € Wy for t > 7 > 0. Simultaneously, W is the operator of comparison of

systems (I9).

Theorem 5.1 Let W; be a solid cone satisfying (). Then systems [[3) are compa-
rable if and only if

WX, ) eWr, peW,, o(W(X,t))=0 = ¢(DW(X,1) =0, t=0, (21)
where Dy is the operator of differentiation along solutions of (20]).

Proof We construct an invariant set of [20)) in the form Z; = {X € £ : W(X,t) €
W;}. The operator of differentiation along solutions of the system is defined as

DW (X, t) = Wx (X, t) F(X,t) + W{(X, 1),
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where W/(X,t) is the strong time derivative and W4 (X, t) is the Gateaux derivative.
Let X (t) satisty (20), X (7) € Z, and X (§) € 0Z¢ for some £ > 7. Then

!AQWM@@@WM@MW@@@

and p(W(X(€),£)) = 0 for some ¢ # 0 € Wy. For ¢ > 0 and Y € int W, we define a
neighbourhood of Z; in the form Zf = {X € £ : W.(X,t) € W,}, where

Wo(X,t) = W(X,t) 4+ ¢ arctan(t — §) Y.

It is obvious that Z; C Z¢, and Zf — Z; as ¢ — 0, t > £. Since ¢(Y') > 0, according to
1)), for some ¢ > 0, we have

@ (DW(X (1), 1)) = ¢ (D:W (X (1), 1)) + - E (V) >0, £<t<E+54,

1+ (t—¢

E+95
/g o (DIW-(X(£),1)) dt = (W (X (£ +6),€ +6)) > 0

It means that the trajectory X(t) at ¢t = £ cannot leave Z¢, i.e. W.(X(t),t) € We for
£ <t <E+6. Otherwise o(W-(X(£),€)) =0 and (W (X (€ +5),£ +6)) < 0 for some
¢ € Wi and § > 0. According to (), we have X (t) € I for £ <t < { + 4. By virtue
of the closedness of Wy, we get W, (X (¢),t) — W(X(t),t) EWrase =0, <t <46
Thus, Z; is an invariant set of system (20).

The converse statement follows from the Lagrange type relation:

p(W(X(E+0),£+6)) = p(W(X(£),€)) = 0 p(DW (X(C), (),

where ¢ € (§,6+6). If (W (X (£),€)) =0 and X ({+06) € Z¢ys, then it is necessary that
the inequality (D W (X (€),£)) > 0 holds for sufficiently small 6 > 0. O

Note that (2I) holds if

Wy
DW (X, 1) > a(X,HW(X,t), X €T, t>0,

where a(X,t) is a certain scalar function.

Now, we formulate known results of comparison for two and three systems with the
zero equilibrium states. In some cases, these results can be established as corollaries of
Theorem[E.Jl In phase spaces of the comparison systems, we shall use normal reproducing
cones with bounded normality constants. Consider the following cases.

Case 1. Let s = 2, F1(0,t) =0, F5(Q,t) = 0 and W(X,t) = X2 — V(Xy,t), where
Vi & x[0,00) = & is a continuous and everywhere positive operator function with
respect to a normal reproducing cone Ky C &;. If

K —
DtV(Xl,t) < FQ(V(Xl,t),t), Fy e .7:2(9), t>0, (22)

then Ss is an upper comparison system for system S; in the sense that:

K K- Kt Kt
0 < V(Xl(T),T) < XQ(T) = O< V(Xl(t),t) < Xg(t), t>712>0.
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Thus, systems ([9) are comparable with the operator of comparison W.
We assume that an operator V has the following additional properties:

V(©,t) =9, [[VX,t)—-Q|>v(X)>0, X#0, v©) =0, t>0, (23)
where v is a continuous function such that || X — ©]] < ||Y — ©| whenever v(X) < v(Y).

Theorem 5.2 Let an everywhere positive operator V satisfy 22) and 23). Then the
solution X1 = © of 81 is Lyapunov stable (asymptotically stable) if the solution Xo = (2
of Sy is stable (asymptotically stable) in K; ().

Case 2. Let s = 3, F1(Q,t) = F5(Q,t) =0, F2(0,t) =0, & = & and W(X,t) =
[V(X2,t) — X1, X3 — V(X2,t)], where V' : & x [0,00) — & is a continuous operator
function and IC; C &; is a normal reproducing cone. If

Kt Kt —
FI(V(X27t)at) < DtV(X27t) < F3(V(X2at)7t)a ke £1(Q)a Fs e ]:1(9)7 (24)

then, for X1(7) € K- () and X3(7) € K (), we have

K- K- K¢ Ky
Xl(T) < V(XQ(T),T) < X3(T) = Xl(t) < V(Xg(t),t) < X3(t), t>712>0. (25)

It means that three systems (I9) are comparable with the operator of comparison W
and cone Wy = Ky x K;. Then &1 (Ss) is a lower (upper) comparison system for Ss.

Theorem 5.3 Let V satisfy (23) and 24). Then the solution Xo = O of system Sz
is Lyapunov stable (asymptotically stable) if the solution X1 = Q of S1 and the solution
X3 = Q of S5 are stable (asymptotically stable) in KC; () and K;F (), respectively.

Proof Since K; is reproducing and non-flat, we have
V(Xa(r),7) =Q=Us = U, |Uz| <~[V(X2(r),7) = Qf, Uz €Ky,

where v > 0 is a universal constant. Let X;(¢) and X35(¢) be the solutions of systems
S1 and S3 with the initial conditions X1 (1) = Q —U_ € K7 (Q) and X5(7) =Q+ U, €
KCF(Q), respectively. Then X;(t) € K; (Q), X3(t) € K (Q) and

[X1(7) =@l < v [[V(Xa(7),7) =@, [[X3(7) = Q| <7 [[V(Xa(7),7) — Q|
By virtue of (25]) and the normality of K;, we get
[V (X2(t),t) = Q| < o X2 (1) = + B Xs(t) —Ql, t=7.

where o > 0 and 5 > 0 depend on the normality constant of ;.

It follows from (23) and the continuity of V(X,¢) that, for any € > 0, there exists
do > 0 such that || X2(t) — O] < e whenever |V(X2(t),t) — Q| < g for ¢t > 7.

Now we use the stability properties of the solution X; =  of S; and the solution
X3 = Q of S3 in K; () and K (), respectively. We choose 6+ > 0 so that the
inequalities | X7 (7) — Q|| < d_ and || X3(7) — Q|| < d4 yield the corresponding inequalities
[1X1(t) — Q| < d0/(2) and || X3(t) — Q] < d0/(28) for t > 7.

Finally, we choose § > 0 so that

[Xa(m) =0 <6 = [[V(Xa(7),7) = Qf <min{o_,54}/7.
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Then, according to the arguments presented above, we get || X2(t) — O] < ¢ for t > T,
i.e., the solution Xs = © of system Sy is Lyapunov stable. In this case, X5(t) — O if
X1(t) = Qand X3(t) > Qast —oo0. O

The proofs of Theorems and are analogous.

Case 3. Let s > 2. The arrangement problems for systems (I9) can be formulated
in the form of a general comparison problem using the block operator

W(X,t) = [ Va(Xo,t) = Vi(X1,t), ... Ve(Xet) = Vi (Xeo1,t) |.

If S; are comparable with Wy = K x - -+ x K, where K; is a wedge in X7, then

Ke Kt
Vi(X1(t),t) < -+ < Vu(Xs(t),t), t>7>0,

provided that this ordering takes place at an arbitrary initial time ¢t = 7. In particular, if
Vi(X;,t) = || Xile;, then the solutions of comparable systems ([J]) are ordered by norms:
[X1(M)lle, < -+ < I Xs(Dlle. = [Xa@)lley <--- <[ Xs@)le,, t>720.

Example 5.1 Consider a set of pseudolinear systems

i = Ai(witie, 2, €CY, >0, i=T3, (26)

where A;(x;,t) are continuous n; x n; matrices. We specify an operator of comparison
of the systems with respect to the cone W = Rfl:

W(X,t) = [ 25Qoz2 — 25Quz1, ... ,ZiQews — 2% 1Qs 1751 |,
where Q;(t) = Q7 (t) > 0 are Hermitian positive definite matrices. Then

DW(X,t) = | a5Hoxy —aiHi21, ... ,aiHsxs—at (He 2oy |,

where H;(xi,t) = Af(zi,t)Qq(t) + Qi(t)As (x4, 1)+ Qi(t), i = 1, 5. Using Theorem 5.1 and
the two-sided estimations

Amin(Hi — AQ;) — a2} Qixy < i (H; — aQi)x; < [Amax(Hi — AQi) — o] 27 Q;x;,

one can establish that the solutions of (20]) are ordered in the form x1(¢)*Q1(¢t)x1(¢t) <
s <z ()" Qs (s (t), t > T > 0, if the following relations hold:

Amax (Hi = AQi) < Amin(Hiz1 — AQiy1), 1=1,5—1.
In particular, in the case Q; = I, the inequalities Amax (A7 +A4i) < Amin (A1 +Aiq1), 1 =
1,s — 1, ensure the ordering of systems (26]) with respect to the Hermitian norm. Here,

for matrix pencils and Hermitian matrices, Apax () and Apin(-) denote the maximum and
minimum eigenvalues, respectively.

6 Robust Stability Analysis of Differential Systems
Consider the family of differential systems

X =F(X,t), F(©,0)=0, t>0, (27)
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’Ct ’Ct —_—
E(X.t) < F(X,t) SF(X,t), X€E t>0, (28)

under the conditions of existence and uniqueness of solutions X (¢), t > 7 > 0, in a Banach
space &€ contained a normal reproducing cone K; with a bounded normality constant. We
isolate the extreme systems

X =F(X,t), F(©,t)=0, t>0, (29)

X =F(X,t), FO,)=0, t>0. (30)

If F € F1(©) and F € F{(0), then, for X(7) € K7 (0), X(7) € KI(0), we have

K, Ky Ke
X(r) < X(r) < X(1) = X)) < X(@#t) <X(#), t>72>0.

In this case, [2Z9) (30)) is a lower (upper) comparison system for any system (27]), (28]).
Assumed that V(X,t) = X and © = Q in Theorem [5.3], we have the following result.

Theorem 6.1 Let F € F,(©) and F € F1(©). Then the solution X = © of any
system 27), 28)) is Lyapunov stable (asymptotically stable), if the solution X = © of
@9) and the solution X = © of BQ) are stable (asymptotically stable) in K; (©) and
K7 (©), respectively.

Now, we consider instead of (28] the conditions
’Ct ’Cf, —
F(X,t) < F(X,t) < F(X,t), X €K/ (©), t>0, (31)

’Ct K:t —
F(X,t) € F(X,t) < F(X,t), X €K (O), t>0. (32)

Theorem 6.2 Let KC; be a normal solid cone satisfying [@). If B1)) holds with F €
Fi(©) and F € FJ(©), then stability (asymptotic stability) in K, (©) of the solution
X = 0 of B0) involves stability (asymptotic stability) in IC; (©) of the solution X = O of
any system 27), BI). By analogy, if B2) holds with F € F, (©) and F € F, (0), then
stability (asymptotic stability) in K (©) of the solution X = © of 29) involves stability
(asymptotic stability) in IC; (©) of the solution X = O of any system 1), B2).

K Ky
Note that under the conditions of Theorem B2, we have © < X(¢) < X(t) and

K: Ky
X(t) < X(t) <O fort>7 >0 as soon as these inequalities hold at t = 7 (see Section
3). If BI) holds, then F € Fy (©) implies F € Fi (©). Similarly, if (32) holds, then
F € 7y (©) implies F' € F; (O).

Consider the pseudolinear system
X =AX,t)X, t>0, (33)

with the isolated equilibrium state X = © under one of the following conditions:
_ K
AX t) QAXt) QAX,t), X>02>0, t>0, (34)

— Kt
AX ) QAKX ) SAX,t), X<©<0, t>0. (35)
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The values of continuous operator functions A(X,t), A(X,t) and A(X,t) are linear
bounded operators in £. If X = O is an equilibrium state of the system, then either
©=0o0r O #0and O € ker A(O,t) at t > 0. The extreme systems

X =AX,)X, t>0, (37)

have the equilibrium states X = © and X = O, respectively. So, we formulate the
corollaries of Theorem [6.2] and Lemma [3.3] using the following constraints:

iﬂXJ)+§AXﬁ)E§JX¢H,4X6Kj@% t>0, (38)
AX,t)+Bo(X,t) > BL(X, )], X eKf(©), t>0, (39)
AX, ) +B_(X,t)> B8 (X,t)[, X €K;(©), t>0, (40)
AX, )+ B_(X,t) > B_(X,t)[, X €K;(0), t=>0, (41)
where B, (X, t)H = [A'L(X,t)H]X, B+(X,)H = [A,(X,)H]X, A'.(X,t) and A, (X, 1)

are the Gateaux (Fréchet) derlvatlves with respect to £/, 8, (X, t) and BL(X,t) are
scalar functions.

Corollary 6.1 Let K; be a normal solid cone satisfying ). If B8) and BI) hold,
then stability (asymptotic stability) in KK (©) of the solution X = O of B1) involves
stability (asymptotic stability) in IC;7(©) of the solution X = © of any system [33), (4.
By analogy, if @Q) and [) hold, then stability (asymptotic stability) in K; (©) of the
solution X = © of B6) involves stability (asymptotic stability) in K; (©) of the solution
X = 0O of any system [B3), (B5).

Note that in Corollary [6.1] we can use the constraints
Ky
AX, ) > a, (X, 0)I, AX,1)0 >0, X -0cIK;, t>0, (42)

— _ K
AX, ) >a (X0, AX, )0 <0, ©—X €k, t>0, (43)
instead of (B8)) and (@I]), respectively.

Example 6.1 Consider the family of pseudolinear systems
= Az, )z, Az, t) QA(z,t) < A(z), z€R?, t>0, (44)

whore Alrt) = Aoft) + S0y 5y (0, Fle) = o+ X7, A) < T 4400 =
||g,(:5) ()|[} s=1 and A; = ||a ||k s—1 are n X n matrices, i = 0,n. Here K = R" is a cone

of nonnegative vectors and §l denotes the elementwise matrix inequality.
The Gateaux (Fréchet) derivative of F'(z,t) = A(x,t)r has the form

F'(z,t) = A(z,t) + B(z,t), B(z,t) =[(0A/0x1)x,...,(0A/0x,) ],
So, for F(x,t) = A(x,t)x and F(z) = A(x)z, we have
F'(a,1) = Fi(w,t) = Ag(t) + iy 2;B5(1), - B(t) = i) (6) + a3 D[} o=

/

T -/ vy n ) —(s
F(2)=Fy(x) =40+ Y 2;B;, Bj=lal) +al)lr. ..
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Then conditions [B8)) and ([@2) with © = 0 are reduced to the form

a(t) >0, ol () +al)(t) >0, k#s, t>0, j=Tm

aV(t)>0, k#s, t>0, i=0n,

respectively. If one of these conditions holds and in addition

A, <0, a? >o, 62?+6§§)20, k#s, j=1n,

then according to Corollary [6.1] the zero equilibrium state of any system ([@4) is asymp-
totically stable in IC (see also assertion (a) of Theorem 1] and Corollary ET]).

Consider the parameter family of autonomous pseudolinear systems

X = AX,p)X, AX,p)=) pAi(X), X€E >0, (45)
i=1
where p = [p1,...,ps] T € R% is a vector of nonnegative scalar parameters. The values

of operator functions A4;(X) and A(X,p) are linear bounded operators in £.

Corollary 6.2 Let all the operators A;(X) satisfy one of the off-diagonal positivity
type constraints of Corollary [{-1] with a normal solid cone K, and the system of cone

K K I
inequalities H > 0 and A;(0)H < 0 for i =1,s is feasible. Then the zero solution X =0
of any system (@) for p € R% is Lyapunov asymptotically stable.

Consider the family of linear differential systems
X = A()X, A(t) QA(t) QA®), t>0, (46)

where the inequality < between linear operators is generated by a normal reproducing
cone K;. In (), we isolate the extreme systems:

X = A(t)X, (47)
X =At)X. (48)

Theorem 6.3 Any system (@8] is positive with respect to Ky if
AV CKy, t>0>7>0, t—7>6>0. (49)

Moreover, if system [A8)) is asymptotically stable, then any positive system (@8] is asymp-
totically stable.

Proof Note that K; in (9) with § = 0 satisfies (7]). The evolutional and exponential
operators of system (@6]) are connected by [16]

B(t,7) = lim [eA00h | AW0I] e ADE i (B0, 9 — h/n)]",
n—oo n—oo
where 9y, € [tg,tkr1], tk = T+ khp, hpy = (t —7)/n, k =0,n, t > 7,9 >0, h > 0.
Therefore, (@) ensures positivity of ([@f). In the case of a constant cone, the inverse
statement holds also. If A(t)K; C K; and (@) hold, then
AN, =N (W /ENARW) K €K, T<9<t, 0<h<t-T.
k=0
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Let A(t) = Ay (t) + As(t) and eADhIC,. C Ky, s = 1,2. Then

AN = Jiy 97 [eM A0 | pAE AE]T AR C K,
n—oo

and consequently E(t, 7)IC; C K;. Assuming that A;(t) = A(t) and Aa(t) = A(t) — A(t),
we have the positivity of any system (@) with respect to K;.
Let X (t) and X (t) be the solutions of ([#0) and (@8] with initial conditions X (1) = X,

— _ Ky Ky K Ky
and X (7) = X, respectively. Since 0 < X, < X, implies 0 St X(t) St X(t),t>12>0,
and K; is normal, the asymptotic stability of system (48]) ensures the asymptotic stability

in +K; of any positive system ([@f]). Moreover, if K; is reproducing, then any system (4g])
is Lyapunov asymptotically stable. O

Remark 6.1 Note that any system (4f) is positive with respect to K; if the operator
inequality A(¢) > «(t)I holds for some scalar function a(t) (see Corollary and the
notation below). This inequality ensures (@3] subject to (7). Indeed,

AN = ()0 AW eI - A =N (5* /ENA(W) — a()I)F Ky € Ky € K.
k=0

Example 6.2 Consider the family of linear systems
i=A(t)r, A{t)<QA(M)<QA, A <20, zeR", t>0, (50)

where A(t) is a matrix function with nonnegative off-diagonal entries, —A is an M-matrix
and < denotes the elementwise matrix inequality. The system & = A(t)z is positive with
respect to the cone R, and the system & = Az is asymptotically stable. Thus, any
system (B0) is asymptotically stable and positive with respect to R}.

Example 6.3 Consider the family of linear systems in a matrix space C"*"
X =M@H)X, M) QM) IM(Et), X eC™™, t>0, (51)

where M (t)X = A* ()X + X A(t), M(t)X = A*(t)X + X A(t) + XS: B*(t)X B(t),
< is an operator inequality generated by the cone of Hermitiarilzll)ositive semidefinite
matrices K,,. Since e(")0X = ¢A" ()3 X AW)3 the Lyapunov equation
X = A" ()X + XA(t)
and any system (BI) are positive with respect to K,,. If the system

X = A" ()X + XA(t) + Z B*(t)X B(t) (52)

is asymptotically stable, then any system (&) is positive and asymptotically stable. Au-
tonomous system of the type (B2) is asymptotically stable, if the linear matrix inequality

S
A*X +XA+Y B*XB<0
i=1
has a solution X = X* > 0.
Note that the matrix differential equation (B2)) is known as the second-moment equa-

tion for the Ito stochastic system. This equation is positive and monotone with respect
to K,,.
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