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1 Introduction

In this paper we concerned with the following reaction diffusion equation of KPP-Fisher
type with Dirichlet boundary conditions:

% _ % Fhu(t, )1 — u(t, )]+ f(t2), teO,T], ze(0) (1)
u(z,0) = ug(z), =z € (0,m), (2)
u(0,t) = u(m,t) =0, te(0,T], (3)

where k is a positive constant and ug € L2(0, 7).

Since 1930, various classical types of initial boundary value problem have been investi-
gated by many authors using the method of semidiscretization; see for instance [TT|T5l16]
and references therein.

The method of semidescretization in time is a very efficient tool in the study of
an approximate solution and its convergence to the solution of the problem. In this
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method we replace the time derivative by the corresponding difference quotients giving
rise to a system of time independent operator equations. With the help of the theory
of semigroups, these systems are guaranteed to have unique solutions. An approximate
solution to the given problem is defined in terms of the solutions of these time independent
systems. After proving a priori estimates for the approximate solution, the convergence
of the approximate solution to a unique strong solution is established.

In this paper my aim is to apply the method of semidiscretization to a reaction
diffusion equation of KPP-Fisher type with Dirichlet boundary conditions. Fisher-KKP
equations are most simple case of nonlinear reaction diffusion equation that was first
shown to have traveling wave front by Fisher [I§].

This work is motivated by the work of Fisher [18], in which he has considered the
Fisher-KKP type reaction diffusion equation:

ou u(t, z)] D82u

E:ru(t,x) [1— e 922’

where r and D are positive parameters.

Dubey [3], has established the existence and uniqueness of a strong solution for the
following nonlinear nonlocal functional differential equation in a Banach X, using the
method of semidiscretization:

u' () + Au(t) = f(tut),u), te(0,7T],
hug) = ¢ on [-7,0],

where 0 < T < o0, ¢ € Cy := C([-7,0];X), 7 > 0, the nonlinear operator A is
singlevalued and m-accretive defined from the domain D(A) C X into X, the nonlinear
map f is defined from [0,7T] x X x Cy := C([—7,0]; X) into X, the map h is defined from
Cy into Cy. For u € Cr := C([-7,T]; X), function u; € Cy is given by u:(s) = u(t+s) for
s € [-7,0]. Here C; := C([—7,t]; X) for t € [0,T] is the Banach space of all continuous
functions from [—7,¢t] into X endowed with the supremum norm

16lle = sup_[l¢m)ll, ¢ € Ci.
—7<n<t

Bouziani, Merchri [I7] and Lakoud, Chaoui [I4] have applied the method of semidis-
cretization to integrodifferential equations, and prove the existence and uniqueness of a
weak solution. For the application of method of semidiscretization to delayed cooperation
diffusion system with Dirichlet boundary conditions, we refer readers to [19]. For the
more applications of Rothe method to integrodifferential equations, parabolic problems,
hyperbolic problems, we refer readers to [9,[I0L12,13] and references therein.

By literature, it is clear that method of semidiscretization is applicable in many
physical, mathematical, biological problems modeled by partial differential equations.

The plan of the rest paper is as follows. In Section 2, we state some basic results
and definitions that will be used in the next sections. In Section 3, we state the main
result. In the last section, we state and prove all the lemmas that are required to prove
the main result and at the end of this section, we prove the main result.

2 Preliminaries

We define
Br(0) = {u € L*(0,7) : ||u|| < R}.
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Now we define a function F : (0,7] x Bg(0) — Br(0) by

F(t 0 () = kx[1 = xl(z) + (¢, @).

Consider that H := L?[0, 7] is the real Hilbert space of all real-valued square-integrable
functions on the interval [0, 7], let the linear operator A be defined by

D(A):={ue H:u" € Hu(0) =u(r) =0}, Au=—u".

Then we know that —A is the infinitesimal generator of a Cy-semigroup S(t), ¢ > 0 of
contractions in H.

If we identify w : (0,7] — H, by u(t)(x) = u(t,z), and f: (0,T] = H by f(t)(x) =
f(t,x), then [@)-@B]) reduce to:

ou(t)
ot

+ Au(t) = F(t,u(?)), (4)
u(0) = wo. (5)
Lemma 2.1 There ezists a constant Lp(R) > 0 such that

1E(t, x1) = F(t, x2)l| < Lr(R)[[xa — xal,

for all x1,x2 € Br(0), te€ (0,T].

Proof. Now for any x1, x2 € Br(0) and t € (0,T], we have
IF(t,x1) = F(t,x2)lI3
[ 1#tn @) - P

= /07r kx1 (1 = x1)(x) = kxa(1 = x2)(2) *da
< K2 /Oﬂ(|X1(x) —x2(@)? + X5 (x) — X3 (2)]*)da
< k? /OW Ix1(2) = x2(2)*(1 + [x1 () + x2(@)|*)da

< [ hae) - xa@Pds [ (14 ha(@) + x(@)P)ds
0 0
< E|lx1 — xall3(m + [Ixa + x2l1?)
< K (m+2R?)|x1 — x2ll3-
This implies that

| F(t, x1) — F(t, x2)ll2 < Lr(R)[Ix1 — x2ll2,
where L'n(R) = kvm + 2R?. O

Lemma 2.2 If f satisfies a Lipschitz-like condition, i.e., there exists a constant ki >
0 such that
[f@) = f(s)| <ka [t —s]|, Vi se(0,T],

then F also satisfies a Lipschitz condition in (0,T], i.e.,

[E(tx) = Fls, )l <k |t =5, Vi,se(0,T].
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Remark 2.1 From Lemma [2.J] and Lemma [2.2] we conclude that I satisfies a local
Lipschitz condition, i.e., there exists a constant Lr(R) > 0 such that

|F(t,x1) — F(s,x2)| < Lr(R)[|t —s| + [[x1 — xall2], Vt,s€(0,T], Vxi1,x2 € Br(0).

Definition 2.1 Let X be a Banach space and let X* be its dual. For every z € X
we define the duality map J as:

J(@)={a": 2" € X* and (2%, 2) = [|z[* = [|l="|*},
where (z*, z) denotes the value of z* at x.

Lemma 2.3 ( [I], Theorem 1.4.3) If —A is the infinitesimal generator of a Cy-
semigroup of contractions then A is m-accretive, i.e.,

(Au, J(u)) >0  for ue€ D(A),

where J is the duality mapping and R(I + MA) = X for X\ > 0, I is the identity operator
on X and R(.) is the range of an operator.

Lemma 2.4 ( [2], Lemma 2.5(a)) If —A is the infinitesimal generator of a Cy-
semigroup of contractions, X" € D(A), n=1,2,3,....., X™ = v € H and ||AX™]| are
bounded, then u € D(A) and AX™ — Au.

A function u € C([0,T], H) such that
t
u(t) = S(t)uo +/ St —s)F(s,u(s))ds, if te][0,T].
0

is called a mild solution of (@)-(&).

By a strong solution of ())-(E]) we mean a function u € C([0,T], X) such that u(t) €
D(A) for a.e. t € [0,T], w is differentiable a.e. on [0,T] and

o' (t) + Au(t) = F(t,u(t)), ae. te€l0,T).

3 Main Result

Theorem 3.1 Under the conditions of Lemma 21l and Lemma 2.2, problem (4)-(3)
has a unique strong solution on the interval [0,to], 0 < to < T which can be uniquely
continued either on [0,T], or on the maximal interval of existence [0, tmaz[, 0 < tmaz < T.
If 0 < typaz < T, then

I )] = co.
A fu()]] = oo

We will prove this result by using the method of semidiscretization.
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4 Discretization and A priori Estimates

To apply the method of semidiscretization we divide the interval [0, ¢o] into the subinter-

vals of length h, = %“ and replace (@) and (B]) by the following approximate equations

ug = uop. (7)

Existence of a unique u} € H, satisfying (@) and (7) is a consequence of Lemma
Now we construct Rothe’s sequence

(—ya

n u] j—1 n n n
un(t):uj—1+T(t_tj)a t € [tj_q,t7]. (8)

Also, we construct a sequence of step functions:

n _ Uuo, if tZO,
X = {u” it te (). )

Jo J—17

Now we state and prove the following two lemmas which are required to prove the
main result.

Lemma 4.1 There exists a constant Cy (independent of n,j and hy) such that ||u} —
uo|| < Cy (note that here Cy is a generic constant that may have different value in the
same discussion).

Proof. Substituting j =1 in (@), we get
uy 0

— U
TO‘i‘AU?:F( T,ug)-

Subtracting Aug from both sides and applying J(u}' — ug) on both sides, we get
’U/? — Uo n n n n n
T J(ul —uo) | + (A(ut —uo), J(uf —uo)) = (F(t1,u0), J (uf — uo))

—(Aug, J(u} — ug)).

Using Lemma and the definition of duality map, we get

1
It —woll* < IFE wo)[[luf — woll + [ Auoll[u — woll
n

halll[F (7, o)l + || Auoll]-

A

= [luf — uo|

Using Remark 2] we can obtain

IE@T, wo)ll < ([T, uo) = F(0,uo)l| + [1F(0, uo)|
< Lr(R)[EY]+ [1F(0,uo)|
<

Lp(R)to + ||F(0,u0)].
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Using the above inequality, we get

ui —uol < hu[Lr(R)to + || F(0,u0) + [[Auol]
< to[Lr(R)to + [[F(0,uo) + [[Auoll] =

To prove this lemma, we will use induction method, for this we assume that
|uf —upl| < Cy, i=1,---,5—1.
We have to show that
Hu? — |l < Ch.

Subtracting Aug from both sides of (@), and applying J(u — uo), we get

(uyhnuo I (uf — Uo)) + (A(u} —uo), J(uj — uo))

(B 0 = w0)) + (0020, (05— ) — (A, S = o)),

Using Lemma and the definition of duality map, we get

1 1
]AL—HU}’*UoH2 < ol = wollllug — woll + 1E(E, wi_y)lluf — wol
n n

+ll Auol||uf — uoll

l[uf—y — woll + hn [ F (¢, wf_1)I| + [[ Auol[]-

By using induction hypothesis, we obtain

= [luf — o

IN

[uf — uoll < C1 + to[[| F' (], uj_y)|| + || Auol[].
Using Remark 211 we get

IE(E7 uf_ )l < HF(t yui—1) = F(0,u0) | + [[F(0, uo)
< Lr(R)[I5 ]+ [luf—y —uoll] + [[F(0, uo) |
<

Lr(R)[to + Ch] + [|F(0, uo) -
Using the above inequality, we get
[uf —uoll < Ci+to[Lr(R)(to + C1) + [|F(0, uo)|| + Aug].
This completes the proof of the lemma. O

Lemma 4.2 There exists a constant Cy (independent of n,j and h,) such that
u;lfu;L

in the same discussion).

(note that here Cs is a generic constant that may have different value

Proof. As in the previous lemma, we can show that

n n
Uy —Up

h < [Le(R)to + [|F(0, uo) || + [| Auol[]-
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We will prove this result by induction. For this we assume that

ul —
: il SCQa 12135.7_1
I
‘We have to show that
u? —ul
DT < o,
hn

Subtracting from (@) the same equation written for j — 1, and applying J(u} —u}_;) on
both sides, we get

ul —ul_ n n ul_; —ul g n
(#J(u;‘ uj1>> < (#J(u; —uj_ 1)>

F(E (7, uf ) = F(t] 1, uf o), J(uf —uj_y)).

Using Lemma and the definition of duality map, we get

no_yn
Uj —Ujq

hn

—um
j—1 — Uj—2

hn

+HF(j’ G— 1) — F@?Aa“?ﬁ)”-

By using induction hypothesis, we get

u.;liu —1 n n n n
— || S Ce FIF G ui) - F -

j—1> tj—2

By using Remark 211 we get

IE (5, uf_y) = F(t]_1, uj_o)| r(R)[to + Cahn]

L
LF(R)[ﬁO + Cgto].
Using the above inequality, we get

n
U

—um”
Uj,

hn

< Co+ Lp(R)[to + Cato.

This completes the proof of the lemma. O

Remark 4.1 By using Lemma [£1] and Lemma 2] we conclude that sequence
{u™(t)} is uniformly Lipschitz continuous and u™(t) — X™(t) — 0, as n — oo, t € (0, o]

If we denote that
fr(t) = F(tf, uj_y),
and using ([8) and (@), then @) reduces to:

LU () + AX (1) = ), te (0,10] (10)

where 4 denotes the left derivative in (0, to).
Also, for t € (0, ], we have

/OtAX”( )ds = ug — U™ (t) /f" . (11)

Next we prove the convergence of U™ to u in C([0, to], H).
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Lemma 4.3 ( [3], Lemma 3.4) There exists u € C([0,to], H), such that U™ — u
in C([0,to], H) as n — oo. Moreover, u is Lipschitz continuous on [0, to].

Remark 4.2 Clearly X"(t) € D(A), for each n. As u™(t) — X™(t) — 0 as n —
00, X"(t) — u(t) € H. Also ||AX"]|| are bounded therefore by Lemma 2] it is clear
that AX™ — Au.

So for every z* € X* and t € (0, %], we have

t
0

/O(AX”(S),x*)ds:(uo,x*)—(U"(t),x*)—i—/ (F™(s), 2")ds.

Using Lemma A3, Remark and the bounded convergence theorem, we obtain as
n — 0o,

t t
/ (Au(s), 2*)ds = (uo, ) — (u(t), z*) +/ (F(s, u(s)), 2" )ds. (12)
0 0
As Au(t) is Bochner integrable on [0, to], from (I2]) we have

%u(t) + Au(t) = F(t,u(t)), a.e. te (0t (13)

Clearly u € C([0,1o]; H) and differentiable a.e. on (0, to] with u(t) € D(A) a.e. on (0, to]
satisfying (I3). Hence u is a strong solution of (Gl)-(7) on [0, #o].

Now we show the uniqueness of this strong solution. For this we assume that wug
and ug are two strong solutions of (@))-(7) on the interval [0, %o]. Let v = uy — uz

(dig) , J(ua))) + (Al (6) = ua(®)), I (wr(t) — u2(1)))

= (F(t,ur(t)) = F(t,uz(t)), J (u(t)))-

By Lemma 2.3l and by the definition of duality mapping, we get

%IIU(UII2 < E @ ua(t) — F (& ua @) lu@)]-
Using Lemma [ZT] we get
d 2 2
S lu@I < Klu@®)]

This implies that

u(®)]* < K/o |u(t)||?ds.

Applying Grownwall’s inequality, we get u = 0 on [0, ¢o]. Hence we get a unique strong
solution on the interval [0, to).

Strong solution w of (@)—(7) on interval [0, to] can be extended on the larger interval
[0,to+ 0], & > O [ [1], Theorem 6.2.2]. Continuing this process, we obtain a unique strong
solution either on the whole interval or on the maximal interval of existence [0, tyqz]. If
tmaz < 00, then tTltim lu(t)|| = oo, otherwise we get contradiction [ [I], Theorem 6.1.4].
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