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1 Introduction

As we know the qualitative theory refers to the investigation of the behaviors of solutions
of differential equations such as the stability, instability, boundedness,convergence of
solutions etc. without determining explicit formulas for the solutions.The relative works
can be summarized as follows:

In [ILA5LI6], the authors investigated the asymptotic behaviour of the solutions of
certain fourth-order differential equations. In [I1L[I3,[19H25], the authors considered the
stability, instability and boundedness properties of the solutions of some nonlinear third,
fourth and fifth-order differential equations (see, also, [10, 14]). In [7], Afuwape studied
the existence of a limiting regime in the sense of Demidovic for a certain fourth-order
nonlinear differential equations. These studies were done using the Lyapunov’s second
method. In [2BI89], the authors created conditions for the existence of periodic, almost
periodic, exponential stability and dissipative solutions by using the frequency domain
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method. In [3[4[6)12], the authors discussed the convergence of solutions. In [I7],
Tejumola studied periodic solutions of boundary value problems for some fifth, fourth and
third order ordinary differential equations. In [I8], Tiryaki and Tunc created Lyapunov
functions for certain fourth-order autonomous differential equations.

This paper is concerned with differential equations of the form

() + fl(l',l’/,.%’”, w///) + fa(z, x/,x”) + f3(, x/) + fa(z) = p(t,l‘,l’l,l’”, x///), (1)

where the functions fi, fo, f3, f4 and p are real valued and continuous in their respective
arguments such that the uniqueness theorem is valid, the solutions are continuously
dependent on the initial conditions. The function p(t, z,2’, 2", z"") is assumed to have
the form

p(t, z, 1'/, :L'N,:CW) _ q(t) + T(t,SC,SC/, :L'N,:CW)

with the functions ¢ and r depending explicitly on the arguments displayed and being
continuous in their respective arguments. Furthermore, it is assumed that r(¢,0,0,0,0) =
0 for all ¢.

Definition 1.1 Any two solutions z1(t), 22(t) of Eq.(d) are said to converge (to

each other) if z1 —xo =0, 2] — 25 — 0,2 — 2§ =0, 2 — 24 = 0 ast — oo.

Our results assert the existence of convergence of solutions with the functions f1, fa, f3
and f4 not necessarily differentiable. Here, the functions f4 are only required to satisfy

the increment ratio
fa(€+n) = fa(§)

Ui
where I is closed sub-interval of the Routh -Hurwitz interval defined by

= o[22

for some positive constants a, b, ¢, d, D, Ag, Ko, and (ab — ¢) ¢ — a*d > 0,ab — ¢ > 0.

€ I,

2 Main Results

Theorem 2.1 In addition to the basic assumptions imposed on the functions

f1, fa, f3 and fa, we assume that fi(z,y,2,0) = fa(r,y,0) = f3(x,0) = f1(0) = 0 and
that:

(i) there are positive constants &, dg, v, Yo, B and By such that

5 < f1($27y2,22,uz) - fl(xlvylvzlaul)

< 50, (u2 %ul)a
U — U
< f2(22, Y2, 22) — fal®1,91,21) < 0, (22 # 21), (2)
zZ9 — 21
5 < f3(@2,92) — f3(z1,91) < Bo, (Y2 # v1)

Y2 — Y1

(i) for any &,n (n#0), the increment ratios for f4 satisfy

fa(€+n) — f1(§)
U

GIO)
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(i11) there is a continuous function ¢(t) such that
r(t, @2, y2, 22, u2) — r(t, 1, Y1, 21, u1)| (3)
< o) {lz2 —za| + [y2 — ya| + 22 — 21] + Juz —w |}

holds for arbitrary t,x1,y1, 21, U1, T2, Y2, 22, Us.
Then,there exists a constant D1 such that if

/Ot @°(1)dr < D1t (4)

for some v in the range 1 < v < 2, then all solutions of Eq.(]) converge.

Theorem 2.2 Let x1(t),x2(t) be any two solutions of Eq.(d). Suppose that all the
conditions of Theorem [21] hold. Then, for each fized v in the range 1 < v < 2, there
exist constants Do, D3, and Dy such that

t

S(ty) < DyS(ty) exp {—Dg (ta —t1) + Dy 2 ¢”(¢)d¢} Jor ty > t1, (5)

t1

where
S(t) = [wa(t) — 21 () + [2h(t) — 2\ (0] + [25 (1) — 2 (1)]

We have the following corollaries when x1(t) =0 and t; = 0.

2l () — 2 ()

Corollary 2.1 Suppose that p = 0 in Eq.([) and assumptions (i) and (ii) of Theorem
211 hold for arbitrary n # 0. Then the trivial solution of Eq.({dl) is exponentially stable.

Corollary 2.2 If p # 0 and assumptions (i) and (i) of Theorem [21] hold for arbi-
trary n # 0 and £ = 0, then there exists a constant D5 > 0 such that every solution x(t)

of Eq.[) satisfies
lz(t)] < Ds, |2'(t)| < D5, [2"(t)| < Ds,  [2"(t)| < Ds.

Proof of Theorem Writing Eq.(d) as a system of first order equations, we
obtain

x y)
J o=, (6)
u' = —fl(x,y,z,u)—fg(x,y,z)—fg(:u,y)—f4(:13)—i—r(t,:z:,y,z,u)—i—q(t).

Let (z;(t), yi(t), zi(t), us(t)), (i = 1,2), be two solutions of (), such that
Ay < fa(wa) = falwn) < K, |:(abc)c:|

Ty — X1 a?
hold. For the proof of the convergence theorem, we define a function
2V = [B(l—e)x+yy+z+u’ +[(1—e)D—1] (02 +u)’
+86[e+ (1 —e)D —1]y* +v(D — 1) 22 + eDu? (7)
+B%(1—€)z® + 275 [(1 — €)°D — 1] yz,
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where 0 < € < %, ’YT;; > (1 —€), B,7,0 are positive real numbers and D = 1+

BU=90S-BU=9)] with D > ﬁ always. Indeed, we can rearrange the terms in (7))

yo—Pe
to obtain
2V =2V, + 2V, (8)
where
2V = [B(l—ez+yy+dz+u’ +[(1—e)D—1] (62 +u)’
+eDu” + B%e (1 — €) 2° + ey,
2V = Bol(1—¢€)D — 1]y2 + 2796 [(1 —6)2D— 1} yz+v(D— 1)2:2.

We note that V7 is obviously positive definite. This follows from the condition above.
Also V5 can be regarded as quadratic form in y and z, and is always positive.
Let us recall that a real 2 x 2 matrix

ap a2
as aq

is positive definite < a; > 0, a4 > 0 and aja4 — azas > 0. Thus we can rearrange the
terms in V5 as

(SO 9p =t 00D ) (1),

76 [(1—€)2D —1] v(D-1) z
Hence V is positive definite. We can therefore find a constant Dg > 0, such that
Dg(x? +y> + 22 +u?) < V. (9)

Furthermore, by using the Schwartz inequality |y|[z| < %(y* + 2?), we obtain the
following estimate:

2|Vs| < D*(y* 4+ 2%), D* = D*(B,v,6,D,€) > 0.
Thus there exists a constant D7 > 0 such that
V < Dp(a? 4+ 92 + 22 +u?), (10)
Using inequalities (@) and (0, we obtain
Dg(x? + 9y + 22 +u?) <V < Dr(a® + 9 + 22 +u?). (11)
The following lemma can be easily verified for W =V. O

Lemma 2.1 Let the function W (t) = W(xqo — x1,y2 — Y1, 22 — 21, u2 — u1) be defined
by
2W = [B(1—e)(x2 — 21) +7(y2 — 1) + 8(22 — 21) + (w2 — )]
+[(1 =)D = 1] (8(22 — 21) + (ug — 1))’
+B0[e+ (1 —€)D = 1] (y2 —y1)* +7 (D = 1) (22 — 21)°
+eD(uz —u1)* + B2 (1 — €) (zg — x1)?
+274 [(1 — 6)2D - 1} (y2 — y1)(z2 — 21),
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where 0 < € < %, ’YT;; > (1 —¢€), B,7,0 are positive real numbers and D = 1 +

% with D > 515 always.

i) W (0,0,0,0) = 0.

ii) There exist finite positive constants Dg, D7 such that

w > D6{(xz*$1)2+(y2*y1)2+(22*21)2+(U2*ul)Q}v
}

W < Dy {(xg - $1)2 + (y2 — y1)2 + (22 — 21)2 + (ug — up)? (12)

The solutions (x;, yi, 2, u;), (i = 1,2) satisfy the system (@). Then S(¢) as defined
in (@) becomes

S(t) = [wa(t) =21 () + [y2(t) =y ()] + [22(0) = 21D + [ua () — wa ()]
Next we prove a result on the derivative of W (¢) with respect to t.

Lemma 2.2 Assume that conditions (i) and (i) of Theorem [21] hold. Then there
exist positive constants Dg and Dg such that

% < —2DgS + DyS% |9, (13)

where 0 = 1 (t,T2,Y2, 22, u2) — 7 (t, 21,91, 21, U1).

Proof of Lemma 2.2 Using the system (@), a direct computation of Y gives after
simplification

. dWw
WZWZ—Wl-FWQ, (14)
where
Wi = B(l—e)Fi(x2—21)?+7[F3—B(1—e)](y2—1y1)°

+(1=)DS[Fy —y(1—6)](z2—21)° + D[Fy — 6 (1 —€)] (ug — uy)*
+{B(L =€) [F3 — Bl +vFu} (x2 — 1) (y2 — v1)

+{B(1 =€) [F2 =]+ (1 — €) DoFy} (w2 — 21) (22 — 21)
+{B(1 =€) [F1 — 0] + DFy} (x2 — 1) (ug — uq)
+{y[F2 =]+ (1 —€) DS [F5 — B} (y2 — y1) (22 — 21)
+{Y[FL = 0]+ D[F3 =Bl +~75+ DB — B(1 —¢)

=4 (1 - f) (Y2 — y1) (ua — u1)

+{D[F2 =9+ (1 =€) D [F1 — 0]} (22 — 21) (uz — u1),

Wy = 00 {B(L—e)(xa —x1) +7(y2 —y1) + (1 — €) Dé(22 — 21)
+D (ug —u1)}, (15)
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Fl _ fl(-rQayQ)ZQauQ) - fl(‘rl’yl’zl’ul)’ (UQ 7é U/l)a
U — U
Fy = Jo(x2,y2, 22) — f2(50173/1,21)7 (22 # 21),
zZo — 21
ZTo, - X1,
P f3(22,92) — f3(m1 91), (Y2 # 1),
Y2 — 4
F, = 11@2) ~ fale) (22 # 21),
To9 — T

and A;, u;, 7, 0; are strictly positive constants such that

Then W; can be rearranged as

Wi = Wi+ Wi+ Wiz + Wi+ Wis + Wig + Wiz + Wig + Wig (16)
+Wao + War + Waay + Wag + Way,

where

Wi = MB(— ) Fy(wy —x1)> + {7y [Fs — 8] + myBe} (y2 — y1)°
+{(1 =€) DS [Fy —~] + 71 (1 — €) Ddye} (22 — z1)?
+{D[F\ — 0] + 01Dde} (u2 — u1)2 ,
Wiz = Af(1 — €) Fy(z2 — 501)2 +B(1 =€) [F3 — B] (v2 — 1) (y2 — y1) + p2yBe (y2 — y1)2 )
Wiz = XsB(1 — €)Fi(wz — 1) + vFy (w2 — 21) (y2 — y1) + sy Be (y2 — y1)?

Wis = MB(1—e)Fu(xy —x1)? + B(1 —€) [Fa — 7] (x2 — 1) (22 — 21)
+75 (1 — €) Ddvye (22 — 21)°,

Wis = )\5ﬁ(1 — 6)F4($2 — $1)2 + (1 — 6) DOFy (.TQ — .Tl) (ZQ — Zl)
+73 (1 —€) Déve (22 — 21)2 ,
Wie = )\6ﬁ(1 — 6)F4($2 — $1)2 —l—ﬁ(l — 6) [Fl — (S] ($2 — $1) (U2 — ’U,1) + o9 Dde (UQ — U1)2 s
Wi = )\7ﬁ(1 — 6)F4($2 — .T1)2 + DF, ($2 — $1) (’LLQ — ’U,1) + o3 Dée (UQ — U1)2 s

Wis = pavBe (y2 — 1)+ [Fo =] (y2 — y1) (22 — 21) + 74 (1 — €) Ddvye (22 — 21)°,

Wie = psyBe(y2—11)° + (1 —€) DS [Fs — Bl (y2 — y1) (22 — 21)
+75 (1 — €) Déve (29 — 21)2 ,

Wao = pi678e (y2 — y1)° + v [Fy — 8] (y2 — y1) (u2 — wy) + 04 Dde (us — u1)”,
War = pryBe (yo — y1)° + D [F3 — B] (y2 — y1) (w2 — u) + 05D3¢€ (uz — up)?
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War = psyBelye — 1)+ {70+ DB~ 81— ) =70 (1= )’ D} (32 — 1) (w2 — wa)
+06Dde (uz — u1)?,
Was = 76 (1 — €) Ddye (22 — z1)2 + D[Fy — 4] (22 — z1) (u2 — u1) + o7 Dde (ug — u1)2 ,
Woy = 77(1—€)Ddye(z2 —21)° + (1 — €) DS [Fy — 6] (22 — 21) (ug — uy)
+ogDde (ug — u1)2 .
It is clear that W77 > 0. Since each Wyo, W13, ..., Wags, Way are quadratic forms in their
respective variables, then from the fact that any quadratic of the form Ap? + Bpq + Cq?
is non negative if 4AC — B? > 0, it follows that

ng Z 0 if [Fg — 5]2 S 16)\3#3)\2#2(66)2,

4\ 2(1—
Wiz >0 if F4§M,

v
Wis >0 if [Fy —4]* < 16AsAs7273 (7€),
: 4A5 38y
Wis >0 if Fy < ———~
15 = 1 4 > DS )

W16 Z 0 if [Fl — 5]2 S 16)\6)\70'20’3 (56)2,

4dr7038 (1 —€) 0

Wiz 20 if Fy < ) )

Wis >0 if [Fp — 7]2 < 4pym4 BDSE (1—¢),

: A5 (ve)?
2 _ g2 < KT E)
WIQ_O if [F3 ﬂ] - (1—€)D57
4 2p
Wao >0 if [Fy— o) < He7s0e Do
ol

2
War >0 if [F5—p)” < ‘WU%M’
2
Was >0 if 4usyBeogDde > {16+ D — f(1 — ) =76 (1- > D},

Was >0 if [Fy —1]* < drg077 (1 — €) (d¢)?,

drr08v€?

Wy >0 if [Fy —6)° < e

That is,

drr08v€%  4pgos el D6
(1—¢) "’ gl

[Fy — 7]2 < min {16/\4)\57'27'3 (’}/6)2 ,ApaTsBDOE (1—¢€), drgo7y (1 —¢) (56)2} ,

[F1 — 5]2 S min{ 5 16)\6)\70’20'3 ((56)2} 5
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. 45T €)? AurosBe2yd
[Fgﬂ]2§m1n{16/\3ﬂ3/\2u2(€ﬂ)2’ /(ijf)(z?g = ;)6 . }7

~ ’ D5 D

Because of W15 > 0, Wiz > 0,..., Way > 0, we obtain W7 > Wi;. Then we find a
constant Dg such that

2 - —
Fy < min{4)\3’u36ﬁ (1—€) 4XAsm3eBy 4038 (1 —¢) 56} ,

Wi > Wi > 2DgS(t), (17)
where

2Dg = min {B(1 — €)Ag, 8¢, (1 — €) Dd~ye, Dée} .

Similarly, we can find from the value of W5, a constant Dy > 0 small enough such
that
Wa < DoS* 0], (18)

where Dg = max {3(1 —¢€),v, (1 —€) Do, D} .
Writing (I7)) and (I8) in (I4), we get

aw
I < —2DgS 4 DoS? 6] .

Let v be any constant in the range 1 <v <2 and 2u=2—v, sothat 0<pu<1/2.
One can arrange the estimate in ([I3]) as

AW
—p T DsS < -DsS+ DySY? 0| = DyoSHW*,

where
W = (16| - Dy V2) 812, (19)
with D1, = Dng_Ol. We consider the following two cases:
a) 6] < D11SY2, b) |0] > D152
If |0 < D152, then W* < 0. On the other hand, if |f] > D182 | then the
definition of W* in (I9) gives at least
w* < 81/27# |9|7

and also S/2 < |0| /D11. The foregoing inequality leads to

Sl/2(1—2;,¢) < |: |9| :|(1_2M)
— D]‘1 b
so that
g1/2(1-2p) 0] < [ﬂ](l—m) ol
~ [ D1

The above estimate implies

W* < Dio |9|2(1_H) ;
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where Dyy = D**7Y_ Hence, it is clear that

d -
d_v;/ + DsS < D1gD12S8* [0]*1 7 < Dy SHg(t=m g0=m),

where Dy3 = S1™#D;yD12 which follows from

|9| = |7" (t,-’L'Q,yQ,ZQ,UQ) - T(taxlaylazlaulﬂ
<@ () {|ze — @] + ly2 — y1| + |22 — 21| + |uz —wa}.

Using the estimate v = 2 (1 — p), we obtain

dw
g < —DgS + D13¢"S.

By the inequality ([I2]), we find

O+ (D1 — Dusg” () W < 0 (20)

for some positive constants D14 and Dy5. Integrating 20) from ¢ to to (t2 > t1), we
have

W (ts) < W (1) exp {—DM (ts — 1) + D15 /tt qsv(T)dT} .

Again, using Lemma[ZI] we obtain (&) with Dy = D7Dg !, D3 = D1y, and Dy = Dss5.
This completes the proof of Theorem O

Proof of Theorem [2.1] Choose D; = DgDZl in {@). From the estimate (&), if

ta
¢ (r)dr < D3Dy ' (ta — t1)
t1

then the exponential index remains negative for all to—t; > 0. Then, ast = t5—t; — o0,
we have S (t) — 0, and this gives

.T2—$1—>0, yg—y1—>0, 22—21—>0, us —up — 0

as t — oco. This completes the proof of Theorem 2.1l O
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