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Abstract: In this paper, we investigate oscillation and asymptotic properties for
three dimensional systems of first order dynamic equations with delays. Most of our
results are new in the discrete case.
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1 Introduction

In this paper, we investigate three dimensional dynamical systems with delays of the

form
a®(t) = a(t) f(y(7(1))),
y2 (1) b() (2(7(1))), (1)
22(t) = Ae(t)h(x((1))),

on a time scale T, i.e, a closed subset of real numbers, 7 : T — T is a rd-continuous
function such that 7(t) < ¢, tlim T(t) = 00, A = £1, a,b : T — [0,00) (not identically
— 00

zero) and ¢ : T — (0,00) are rd-continuous functions such that

/OO a(s)As = /OO b(s)As =oco, TeT 2)

T T
and f,g,h: R+— R are continuous functions satisfying

uf(u) >0, wug(u)>0, and wuh(u)>0 foru#0. (3)
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Here, we would like to indicate that none of the functions f, g and h are assumed to be
monotone. Sometimes we will assume that functions f, g and h satisfy

o(u) B
2. - B~ W

where F, G, H are positive constants and ®,, ®3 and ®, are odd power functions, i.e.

> H forallu#0, (4)

Dp(u) = |uf’sgnu (p>0),  pefa b}

This paper is motivated by the papers [IL2L[6]. In [I], the special case of system ()
has been considered in which f(u) = u®, g(u) = v®, h(u) = u?, 7(t) =t, A = —1,
and «, 3,7 are ratios of odd positive integers. In [2], system () is considered without
delays. The continuous version of a system similar to system (Il) without delays in [5]
and the discrete version of a system similar to system () with delays in [6,[7] have
been considered. The results in [8] are the discrete version of these in [I]. It is worth
mentioning that our results not only improve results in [6] but also are new in the discrete
case.

The main purpose of this paper is to investigate oscillatory and asymptotic behaviour
of solutions of system (). The set up in this paper is as follows: In Section 2 we give
preliminary results including some asymptotic behaviour of the solutions of system ().
In SectionsBland [ we obtain almost oscillation criteria for solutions of system (II) when
A= —1 and X\ = 1, respectively.

Here, we consider only unbounded time scales. For an excellent introduction to time
scales we refer the interested reader to the books [3l[4].

A proper solution of system () is said to be oscillatory if all its components x,y, z
are oscillatory. System (IJ) with A = 1 is said to be almost oscillatory if every solution
(x,y, z) of system () is either oscillatory or

Jim | () |= Jim | y(t) |= Jim | =(t) |= oo. (5)

System () with A = —1 is said to be almost oscillatory if every solution (x,y, z) of
system () is either oscillatory or

lim z(t) = tlgrolo y(t) = tlgrolo z(t) = 0. (6)

t—o00

It is necessary to use the following remark in the further sections in order to obtain a
contradiction.

Remark 1.1 (See [1]) Let a,c € C,q(T, RT) such that [ ¢(s)As < oo. Then

/TOO *) ( /t i C(S)AS> At = /T et ( /T " a(s)As) At.

2 Preliminaries

In this section, we investigate asymptotic behaviour of solutions of system (I]) so that we
will be able to obtain almost oscillatory systems. The next two results hold regardless if
A = £1. In the following subsections, we will classify nonoscillatory solutions of system
@) when A =1 and A = —1, respectively.
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Lemma 2.1 Assume that condition @Bl) holds. Let (x,y,z) be a solution of system
@) and let x(t) be nonoscillatory for t > to, to € T. Then (x,y, z) is nonoscillatory and
x,y,z are monotonic for sufficiently large t.

Proof. Let (z,y,z) be a solution of system (I such that z(t) is nonoscillatory for
t > to. Then we assume that x(7(¢t)) > 0 for ¢ > t; > to, t1 € T. By the third
equation of system (), we have 22(t) > 0 or z2(t) < 0, t > t; > to. This implies
that z(¢) is monotonic for ¢ > t; > to and eventually of one sign for ¢ > ¢;. Let
z(t) > 0, z(7(t)) > 0 for t > ta > t1, t2 € T. Therefore from the second equation of
system (), y(¢) is monotonic for ¢ > t5 > ¢; and eventually of one sign for t > to > ;.
Let y(7(t)) > 0 for t > t3 > to. Similarly, we obtain that x(t) is monotonic for t > t3 > t5
from the first equation of system ([Il). Therefore (z,y, z) is nonoscillatory.

Lemma 2.2 Assume that conditions [2) and @Bl) hold. Let (x,y,z) be a nonoscilla-
tory solution of system () such that tlim x(t) is finite, then
— 00

lim y(t) = tlggo z(t) = 0.

t—o0

Proof. Assume that (z,y,z) is a nonoscillatory solution of system (II) such that
the limit of z is finite. By Lemma 2.l y is monotonic and hence the limit of y exists.
For the sake of contradiction suppose that the limit of y is positive. Therefore, y(t) >
0 for large t. Then there exists t1 > to, t1 € T such that

y(7(t)) >0, 7(t) > t1.
From (@), there exist a positive constant K and to € T, to > t; such that
fly(r@®) > K, 7(t) = t2.
Thus, from the first equation of system (), we have
e2(t) = a(t)f(y(r(t) > a(t)K >0, 7(t) > to.

Integrating the above inequality from t2 to t, we get

z(t) > z(t2) + K/t a(s)As.

It follows from (@) that

Jim () = oo

but this gives us a contradiction. In the case the limit of y is negative, the proof is similar
and hence omitted. Therefore, we get

tlggo y(t) =0.
Similarly one can show that
tlim z(t) =0
—00

by using the second equation of system (). So this completes the proof.
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2.1 Preliminaries when )\ =1

In this subsection, we will investigate asymptotic behaviour of solutions of system ()
when A = 1.

Lemma 2.3 Let conditions @) and @) hold. Assume that (x,y,z) is a nonoscilla-
tory solution of system () with A =1 for large t and let

Type (a):  sgnz(t) = sgny(t) = sgnz(t),
Type (¢): sgnz(t) = sgny(t) # sgn z(t).

Then every nonoscillatory solution of system ([Il) with A = 1 is of either Type (a) or Type

(c)-

Proof. Let (x,y,z) be a nonoscillatory solution of system (). Without loss of
generality, we assume that x(t) > 0 and x(7(t)) > 0 for t > tg, to € T. By Lemma 2]
both y and z are monotonic. Therefore they are eventually of one sign. First let z(¢) > 0
and z(7(t)) > 0 for t > ty. Suppose y(t) < 0 for t > ty. Since y is increasing, y(7(t)) < 0
for t > tg. Since z is increasing, there exist t; € T and L > 0 such that

g(z(r(t)) > L, 7(t) >t (7)
Using () and the second equation of system () yields

y2(t) = b(t)g(z(r(1) > Lb(t), T(t) > t1.
If we integrate the above inequality from ¢; to ¢, we obtain
t
y(t) > y(t1) + L/ b(s)As.
ty

By @), y(t) — oo as t — oo, which is a contradiction with the negativity of y. Therefore
this case is not possible and so (z,y, z) is of Type (a).

Now let z(t) < 0 for t > to. Since z is increasing, z(7(t)) < 0, t > to. Suppose that
y(t) <0, y(7(¢)) < 0 for large t. Then there exist t; > tg, t; € T and v < 0 such that

fly(r(®) < v, 7(t) =t (8)

We claim that v = 0. Assume that v < 0 and we will show that this leads to a contra-
diction. Using (8) and the first equation of system () yields

22(t) = a(t)f(y(r(t)) <wva(t), 7(t) > t1.
Integrating the last inequality from ¢; to ¢, we obtain
t
z(t) < x(th) + v/ a(s)As.
t1

By @), we get x(t) — —o0 as t — oo, which is a contradiction with the positivity of .
Therefore this case is not possible and so (z,y, z) is of Type (c).

The proof for the case when z(t) < 0 for large ¢ is analogous.

Solutions of Type (a) are sometimes called strongly monotone solutions (see, e.g. [5]).
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Lemma 2.4 Let conditions [2) and @) hold. Any Type (a) solution (x,y,z) of
system () with A =1 satisfies

Tim | (t) [= lim | () |= co.

Proof. Let (x,y,z) be a Type (a) solution of system (). Then there exists tg € T
such that z(7(¢t)) > 0, y(7(¢t)) > 0, and z(7(t)) > 0 for ¢t > tg. Since y is eventually
increasing, there exist t1 > to, t1 € T and K > 0 such that f(y(7(¢))) > K, 7(t) > t1.
From the first equation of system (I), we have

2 (t) = a(t) f(y(7(1))) = Ka(t), 7(t) > t1.

Integrating the above inequality from ¢; to t yields
t
xz(t) > x(t1) + K/ a(s)As, T(t) > t1.
ty

The above inequality together with (2)) implies that tlim x(t) = co. Since z is eventually
— oo

increasing, there exist to > t1, t2 € T and M > 0 such that g(2(7(¢))) > M, 7(t) > to.
From the second equation of system (II), we have

y2(t) = b(t)g(=(7(t) = Mb(t), T(t) > ta.

Integrating the above inequality from to to ¢ gives us

y(t) > y(ta) + M | b(s)As, 7(t) > ta. (9)

to

The above inequality together with (2] impliestlim y(t) = oo. This completes the proof.
—00

Lemma 2.5 Let @) and @) hold. Assume that (z,y,z) is a Type (c) solution of
system () with A =1. Then
lim z(t) = 0.

t—o0

Proof. Assume that (z,y,z) is a Type (c) solution of system (). Without loss of
generality, assume that z(7(t)) > 0 for t > to, top € T. Then y(t) > 0, z(t) < 0, t > to.

Since z is increasing, lim z(¢) < 0. Suppose that lim z(¢) < 0. Then there exist t; > o,
t—o00 t—o00

t1 € T and S < 0 such that g(z(7(t))) < S, 7(t) > t;. Integrating the second equation of
system () from ¢; to ¢, we have

t
y(t) <y(t) +S [ b()As, () >t
t1
and therefore (2]) implies that tlim y(t) = —oo. But this contradicts the fact that y(t) > 0
for t > to. Therefore, tlim z(t) = 0. This completes the proof.
— 00
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2.2 Preliminaries when )\ = —1

In this subsection, we will investigate the asymptotic behaviour of solutions of system
(@) when A = —1.

Lemma 2.6 Let conditions @) and @) hold. Then any nonoscillatory solution
(x,y,2) of system ([d) with A = —1 is one of the following types:

Type (a): sgnx(t) = sgny(t) = sgnz(t) for larget;
Type (b): sgnx(t) = sgnz(t) # sgny(t) for larget.

Proof. Let (x,y,z) be a nonoscillatory solution of system (). Without loss of
generality, we assume that z(t) > 0, 2(7(¢)) > 0 for t > t7. By Lemma [Z], both y and
z are monotonic and they are eventually of one sign. We now show that z cannot be
negative. Suppose that z(t) < 0 for ¢ > ty to obtain a contradiction. Then there exists
t1 > tg, t1 € T such that z(7(t)) < 0 for 7(¢) > ¢1. Then there exist to € T, t > t; and
a constant d < 0 such that

g9(z(r(1)) <d, 7(t) > ta. (10)

We claim that d = 0. Assume that d < 0 and we will show that this leads to a contra-
diction. If we use ([0} together with the second equation of system (), we obtain

y2 () = b(t)g(=(r(1)) < db(t), T(t) = ta.
Integrating the above inequality from t2 to t, we get
t
y(t) < yltz) + d/ b(s)As.
to

In view of (@), y(t) — —oo as t — oo. Therefore, there exist t3 € T, t5 > to and a
negative constant v such that

y(r(t)) <wv, 7(t) > ts. (11)

From @) and (II)), there exist K < 0 and ¢4 € T, t4 > t3 such that

fly(r(1)) < K, 7(t) = ta. (12)

Using ([I2) together with the first equation of system ({I), we obtain

e2(t) = a()f(y(r(t) < Ka(t), 7(t)=ta.
If we integrate the last inequality from t4 to ¢, we get

z(t) <z(ts) + K t a(s)As.

By (@), we have z(t) — —oo as t — oo, but this contradicts the fact that z(t) > 0 for all
t > to. This implies that z(¢) > 0 for all ¢ > ¢.
One can show the proof similarly for the case when z(t) < 0 eventually for ¢ > .
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Lemma 2.7 Let conditions @) and @) hold. Assume (x,y,z) is a Type (b) solution
of system ([Il) with A = —1. Then

lim y(¢) = lim z(¢t) = 0.

t—o0 t—o0

Proof. Assume (z,y,z) is a Type (b) solution of system (II) such that z(t) > 0,
y(t) <0, z(t) > 0, z(7(t)) > 0 for t > tg, to € T. Since y(t) is increasing, we have
tlim y(t) < 0. Assume tlim y(t) # 0. Then there exist 1 > ¢y and a constant L < 0 such
— 00 — 00

that y(7(t)) < L for 7(t) > t;. From (3), there exists K < 0 such that

fly(r(®)) < K, 7(t) = . (13)
Integrating the first equation of system () from ¢; to ¢ and using (I3]), we have

x(t) <z(t) + K t a(s)As, T(t) >t

and so (@) implies tlim x(t) = —oo. This contradicts the positivity of x and therefore
— 00

lim y(t) = 0. In a similar way, we can show that lim z(¢) = 0.
t—o0 t—o0
In the next two sections, we will obtain almost oscillation criteria for system ().

3 Almost Oscillatory System (I) When A = —1

The next two results in this section are new in the discrete case and can be found in [ [2],
Theorem 4.1, Theorem 4.2 and Theorem 4.3.] without delays.

Theorem 3.1 Let conditions [2)) and @) hold. Assume

/OO c(s)As=00, TeT. (14)

Then system () with A = —1 is almost oscillatory.

Proof. Assume (z,y,z) is a nonoscillatory solution of system (). By Lemma 2.6
nonoscillatory solutions are of either Type (a) or Type (b). Assume (z,y,z) is a Type
(a) solution. Without loss of generality, assume that there exists ¢y € T such that
z(t) > 0, z(r(t)) > 0, y(t) > 0, y(r(t)) > 0, and z(¢t) > 0 for t > ty. Since z(t) is
eventually increasing, there exist L > 0 and ¢; > t¢ such that z(7(¢)) > L for 7(¢) > ;.
From (@), there exist K > 0 and t3 € T, ¢ > t; such that

hz(r(t)) > K, 7(t) > ta. (15)

Integrating the third equation of system (II) from ¢2 to ¢ and using (IH), we have

z(t) > z(t2) + K tc(s)As, T(t) > ta,

and so this implies that tlim z(t) = oo, which is a contradiction with the boundedness
—00

of z. Therefore, (z,y,z) can not be a Type (a) solution. Therefore all nonoscillatory
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solutions are of Type (b). Without loss of generality, assume that there exists to € T
such that z(t) > 0, y(t) <0, y(7(t)) <0, 2(¢t) > 0, t > to. By Lemma 27 we have
tlim y(t) = tlim z(t) = 0. So it is enough to show that tlim x(t) = 0. Since z is eventually
— 00 — 00 — 00
decreasing, there exists t; > ty such that tlim x(t) = M > 0, t > t1. Therefore there
— 00

exists ta > t1 such that x(7(¢)) > M, 7(t) > t2. By @), there exist K > 0 and t3 > to
such that

hz(7(t))) > K, 7(t) > ts. (16)

Integrating the third equation of system (II) from ¢35 to ¢ and using (I6]), we get
t
2(t) < z(t3) — K/ c(s)As, T(t) > ts.
ts

and as t — oo, we get a contradiction with the boundedness of z. So tlim x(t) = 0. This
—00

completes the proof.

Example 3.1 Let T = Z. Then we consider the following system

A-Tn - anf(yn—l)a
Ay, = bng(zn—l)a (17)
Azn = )\Cnh(yn—l)a

where [ is a given positive integer and A = —1. Here a,,, b, : Ny, = Ry U{0}, ¢, : Ny, —
R, such that
Zan:an:oo, (18)
n=1 n=1

where ng € N={1,2,...}, R4 is the set of positive real numbers. Also f,g,h: R - R
are continuous functions satisfying [@)). If

S e = oo, (19)
n=1

then system (7)) with A = —1 is almost oscillatory by Theorem Bl

For the next two theorems, we assume that
o0
/ c(s)As < oo, TeT. (20)
T

Theorem 3.2 Let A = —1 in system ([Il). Assume condition @) holds and there exist
positive constants F, G, a, B such that

> F,

/TOO b(s) (/: c(v)Av) : As=oo, TET, (22)

> G for smallu # 0. (21)

If
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or
o

/T ) / :b(s) ( /T :) c(v)Av)ﬁAs As=co, TET, (23)

then every nonoscillatory solution of system () that fulfils Type (b) satisfies tlim x(t) =
— 00
0.

Proof. Assume that (z,y, z) is a nonoscillatory solution of system (II) of Type (b).
Without loss of generality assume that z(t) > 0, y(t) < 0, y(v(t)) < 0 and z(¢) >
0 for t > to. From the first equation of system (I, = is nonincreasing, and therefore
has a nonnegative limit. Assume that tliglo x(t) > 0. Then there exists t; > to such that

x(7(t)) > 0, 7(t) > t1. By (@), there exist t3 > ¢; and K > 0 such that
h(z(r(t)) > K, 7(t) > ta. (24)

Integrating the third equation of system (IJ) from 7(¢) to oo and using (24]), we obtain
z(1(t)) > K/ c(s)As,  T(t) > ta,
(1)

where we use Lemma 2.7 By (2I)) there exist t5 > ta, t3 € T and G > 0 such that

o0

B
9(=(7(1))) = GK” (/ c(s)As> L) 2 s (25)

(t)

Integrating the second equation of system () from ¢3 to ¢ and using (25), we obtain

y(t) = ylts) + / b(s)a(=(7(s)))As

t3

Y

¢ o B
y(ts) + GKﬁ/ b(s) (/ c(v)Av) As,  T(t) > ts.

ts (S)

If we assume (22), then we have tlim y(t) = oo, but this contradicts the fact that
—00
tlim y(t) = 0. So tlim x(t) = 0. Assume (23)). Integrating the second equation of system
— 00 — 00
@) from 7(t) to co and using the fact that tlim y(t) = 0 and (28]), we obtain
— 00

oo oo ﬁ
—y(7(t)) > GK” /(t) b(s) </( )c(v)Av) As, 7(t) > ts,

By (1)), there exists F' > 0 such that
fly(r(@) < Fy*(7(?))

oo o0 ﬂ
< —FGYK°P / b(s) (/ c(v)Av) As| , T(t) > ts.
(t) (s)



218 A. AKGUL AND E. AKIN

Integrating the first equation of system (Il from ¢3 to ¢ yields

o) —atts) = [ als)fuir(s)As

¢ o 0o B
B “KeO als v c v S, T .
e /t3 *) /"'(s) o) </T(U) (n)Aﬁ> A As, (t) > t3

This implies that tlim x(t) = —oo, which is a contradiction by [23]). This completes the
— 00

IN

proof.

Example 3.2 Let T = Z. Then we consider system ([']) with A = —1. Assume there
exist positive constants F, G, a, 8 such that (ZI) holds. If

S () -

r=1—

or
[

o0 o0 o0 ﬂ
Zai Z bs ( Z CT> = 00
i=1 s=i—1 r=s—I1

holds, then every nonoscillatory solution of system ([T) that fulfils Type (b) satisfies
tlim z(t) = 0 by Theorem 3.2
—00

Theorem 3.3 Assume conditions @), @) and @) hold. Let afy < 1. If

/: c(t) (/:t) a(s) (/:S) b(v)Au)a As)7 At =00, ti,to,t3€ T,  (26)

then every nonoscillatory solution of system ([Il) with A\ = —1 is of Type (b). In addition,
if @2) holds, then system () is almost oscillatory.

Proof. Suppose that (x,y, z) is a nonoscillatory solution of system () with A = —1.
Then by Lemma [Z0 (z,y, 2) is of either Type (a) or Type (b). Suppose that (z,y, 2)
is a Type (a) solution. Without loss of generality, assume x(t) > 0, x(7(t)) > 0, y(¢t) >
0, y(r(t)) >0, z(t) > 0 for t > ty, to € T. Integrating the second equation of system ()
from t; > tg, t1 € T to 7(t) and using the positivity of y yield

(t)
y(7(t) 2 y(7(t)) — y(t1) :/t b(s)g(z(7(s)))As, 7(t) = t1.
By @) and (@), there exist G > 0 and t3 > t1, to € T such that
g9(2(r(1))) = G=P(7(t)), 7(t) > to.
Therefore, we obtain
(t) 7(t)
G b(s)2?((s))As > G b(s)z"(s)As

t1 t1

y(7 (1))

Y

v

Gz (t) /T(t) b(s)As, T(t) > to

t1
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or

t1

(1) “
Y (7(t)) > G2 (t) </ b(s)As) , T(t) > to. (27)

By @), @) and (1), there exist F' > 0 and t3 > tq, t3 € T such that
(t) “
Fly(r(2)) = Fy*(r(t)) = FG*2°7(t) (/ b(S)AS> o T(t) =t (28)
t1

Integrating the first equation of system () from t3 > ¢2 to 7(¢) and using (28])
a(r(t)) = w(r(t) —z(t3)
(%)
= [ a@rren)as

ts

FG® /t :(t) a(s)2°% (s) < /t :(S) b(v)Av) ) As

(1) (s) “
FGO‘z”‘ﬁ(t)/ a(s) (/t b(v)Av) As, T(t) > ts.

t3

Y

v

or
Y

. T(t) > ts.

(1) 7(s) “
2 (7(t)) > FYG7 2P (t) l/t a(s) (/ b(v)Av) As

t1

By @) and (@), there exist H > 0 and t4 > t3 such that
hx(r(t)) = Ha®(r(t)), 7(t) = ta.
From the third equation of system (), we have

—22(t) = e(®)h(z(r(1)))
> He(t)x ((t))
(1) 7(s) “ N
> FYHG¢(t) 2% (t) l/t a(s) (/ b(v)Av) As| , 7(t) > ty.
3 31
Dividing both sides of the above inequality by z*#7(t), we have
A (1) 7(s) “ 7
() > FYHGY ¢(t) l/td a(s) </t1 b(v)Av) As| , 7(t) > t4.
Integrating the above inequality from ¢4 to ¢ yields
/t —22(1) At > F*HG* /tc(p) [/T(t) a(s) (/T(S) b(v)Av)a As ' Ap, t>ty.
1 2°P7(1) ta t3 t1 ,

By [], the left hand side of the above inequality is finite as ¢ — oo, but this contradicts
26). Therefore, (z,y, z) can not be a Type (a) solution. So every nonoscillatory solution
of system () is of Type (b). This implies that tlim x(t) is finite. Then by Lemma 27
— 00
we have tlim y(t) = tlim z(t) = 0. By Theorem [3.2] tlim x(t) = 0. So this completes the
— 00 — 00 — 00

proof.
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4 Almost Oscillatory System () when A =1
The last two results in this section are new for the discrete case.

Theorem 4.1 Let conditions ), @) and [)) hold. Then system () with A =1 is

almost oscillatory.

Proof. It follows from Lemma that nonoscillatory solutions of system () are
either Type (a) or Type (c) solution of system (). Assume that (x,y,z) is a Type (c)
solutions of system ([{]). Without loss of generality, assume that there exists tg € T such
that z(t) > 0, x(7(t)) > 0, y(t) > 0, y(7(¢t)) > 0, and z(¢t) < 0 for t > to. Since z is
eventually increasing, there exist t; > tg, t1 € T and L > 0 such that

h(z(r(t))) > L, 7(t) > t;. (29)

Integrating the third equation of system (Il from ¢; to ¢ and using (29) we get

2(t) > z(t1) + L/t c(s)As, T(t) > t1.

So ([Id)) implies tlim z(t) = oo. This contradicts the assumptions on z. Therefore solutions
— 00

of system (I)) can not be of Type (c). If (z,y, z) is a Type (a) solution, then from Lemma
24 and equation (I4]), we obtain (Bl). This completes the proof.
For the next two theorems, we assume that

/ c(s)As < oo, TeT.
T

Theorem 4.2 Let [2) and @) hold. Assume that there exist positive constants F, H
and o,y such that

>H  for large u # 0, (30)

/: c(r) (/t:(r) a(s) (/:S) b(n)M) ) As)V Ar =00, ti,ta,tz€T.  (31)

Then any Type (a) solution (x,y, z) of system ([dl) with A = 1 satisfies (B).

and

Proof. Let (x,y,z) be a Type (a) solution of system (I) such that z(7(¢)) >
0, y(r(t)) >0, z(v(t)) > 0 for t > ty. By (@), we have

y(t) > y(ts2) JrM/ A5>M/
There exists t3 € T, t3 > to such that

7(t)
y(r(t)) > M/ b(s)As, T(t) > ts,

ts



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 14 (3) (2014) 221
and so
() “
Yo (r(1)) > M / b)As | L r(t) > ts. (32)
t3
By (B0), there exist t4 € T,t4 > t3 and F > 0 such that

(%) “
fly(r(t)) = Fy*(7(t)) = FM* (/t b(S)AS> ;o T(t) = t, (33)

where we used [B2). Integrating the first equation of system (IJ) from ¢4 to ¢ and using

B3) yield
o®) 2 2(t) ~ alt) = [ als)f(ulr(s)As

vV
2
2
\
e
O
/N
\\‘
&
=
=
>
3
N———
>
uCln
\]
=
V
=

Then there exists t5 € T, t5 > t4 such that

() 7(s) ¢
:E(T(t))ZFMO‘/ als) (/ b(n)An> As, T(t) >t

ta t3

7() 7(s) * N
27(7(t)) > FT MY (/t a(s) (/t b(n)An) As) , T(t) > ts.

Using the third equation of system (IJ), (30) and the above inequality, we have

22t = c®)h(a(r(1)
c(t)Hz (7(1))

7(t) 7(s) “ N
FYM*7¢(t) (/t a(s) (/t b(n)An) As) . T(t) > ts.

Integrating the above inequality from t5 to ¢ we get

or

v

Y

z2(t) > z(t) — z(ts)

> FVMOW/:C(S) (/t:(s)a(n) (/t:(n)b(r)Ar>aAn>7As, () > ts,

So as t — 00, 2(t) = oo by ([BI]). The proof is complete by Lemma [Z4

Example 4.1 Let T = Z. Then we consider system (7)) with A = 1. Assume condi-
tions (@) and ([I8)) hold and there exist positive constants F, H, v,y such that (30) holds.

If (o' r—Il—1 s—1—1 o\ Y
S La(xn)) = (3)
r=1 s=1 n=1

then any Type (a) solution (z,y, z) of system (IT) with A = 1 satisfies (&) by Theorem
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Theorem 4.3 Let conditions @), @) hold and 8 < 1. Assume that there exist posi-
tive constants G, 8 such that

g(u)
Pp(u)

where g is an odd function. If

00 o(s)
/T c(s) (/T b(v)Av) As=o00, TeT, (36)

then every nonoscillatory solution of system (@) with A = 1 is a strongly monotone
solution. In addition, if (1) holds, then system ([dl) with A =1 is almost oscillatory.

> G  for large u # 0, (35)

Proof. Assume (z,y, z) is a Type (c) solution of system (IJ). Without loss of general-
ity, assume that there exists tg € T such that x(t) > 0, z(7(¢)) > 0, y(t) > 0, y(r(¢)) >
0, 2(t) < 0, t > to. Since z is eventually increasing, from (@) there exist K > 0 and
t1 > to, t1 € T such that h(z(7(¢))) > K, 7(t) > t1. By Lemma [Z5] tlggo z(t) = 0. Then

integrating the third equation of system (IJ) from ¢ to co yields

—2(t) = /too c(s)h(z(r(s)))As > K/too c(s)As.
From (B3)), there exist to > t1, to € T and G > 0 such that
g(=2(1(t)) > G(==(7(1)))” > G(~=(t)) > GK /too c(s)As,  7(t) = to. (37)

Integrating the second equation of system (IJ) from ¢2 to ¢, we have
t
) = t2) = [ Ws)g(rio))as
ta

or

—y(t) +y(t2) = / b(s)g(—2(7(s)))As.

to

Using (31), we have

—y(t) +y(t2) > GK /t:b(s) (/OO c(v)Av> As, T(t) > to. (38)

Using Remark [Tl for (B8]), we get

t o(s)
—y(t) + y(tz) > GK/t c(s) (/ b(v)Av) As, 7(t) > to.

2]

As t — oo and using (B6]), we get a contradiction with the boundedness of y. The second
part follows from Theorem
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Example 4.2 Let T = Z. Then we consider system (I7) with A = 1. Assume con-
ditions @) and ([I8) hold and 8 < 1. There exist positive constants G, 8 such that (B3]

holds. If »
ch <Z br) = 00, (39)
s=1 r=1

then every nonoscillatory solution of system ([7]) with A = 1 is a strongly monotone
solution. In addition, if (B4]) holds, then system (I7]) with A =1 is almost oscillatory by
Theorem (4.3

5 Conclusion

In this paper, we consider oscillation and asymptotic behaviour of solutions of system ()
depending on A = £1. We conclude that system (I]) with A = %1 is almost oscillatory,
independently of the nonlineriaties, if (I4)) holds. However, if (20)) holds, then system
(@D is almost oscillatory depending on the sign of A and the types of nonlinearities.
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Abstract: We prove an existence result of entropy solution to the obstacle problem
associated with the equation of the type

—div(a(z,u, Vu)) + g(z,u, Vu) = f € L'(Q)

in generalized Sobolev spaces, without assuming the sign condition in the nonlinearity
g via penalization methods.

Keywords: generalized Sobolev spaces; boundary value problems; truncations; pe-
nalized equations.
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1 Introduction

The obstacle problem is, roughly speaking, about solving a partial differential equa-
tion with the additional constraint that the solution is required to stay above a given
function, the obstacle. This leads to a variational inequality. From a minimization point
of view, the problem is to find a minimizer with fixed boundary value in the set of
functions lying above the obstacle function. Such a set is convex and thus, a unique min-
imizer exists under reasonable assumptions. The balayage concept of potential theory
which is the potential theoretic viewpoint of the obstacle problem is finding the smallest
superharmonic function which lies above the obstacle.
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In this paper, we deal with the obstacle problem associated with the following quasi-
linear elliptic equations

—div(a(x,u, Vu)) + g(z,u, Vu) = f € L*(Q) (1)

with non-standard structural conditions which involve a variable growth exponent p(.).
We prove some existence result of entropy solution under the assumption that g has a
constant sign. A problem like (Il) was studied by Azroul, Benboubker and Rhoudaf in [I],
where they proved the existence of entropy solutions by using a decomposition method
of the measure p.

The study of partial differential equations and variational problems involving p(z)-
growth conditions has received specific attention in recent decades. This is a consequence
of the fact that such equations can be used to model phenomena which arise in math-
ematical physics. Electrorheological fluids and elastic mechanics are two examples of
physical fields which benefit from such kinds of studies. In that context, we refer to
Diening [7], Ruzicka [I8], and the references therein.

Most materials can be modelled with sufficient accuracy using classical Lebesgue and
Sobolev spaces LP and WP, where p is a fixed constant, we recall some papers (and
references therein), in which this theory is developed: [IL[EL6L1T]. For electrorheological
fluids, this is not adequate, but rather the exponent p should be able to vary. This
situation leads us to the study of variable exponent Lebesgue and Sobolev spaces, LP(-)
and WP() where p(.) is a real-valued function.

The variable exponent Lebesgue Spaces LP(), where p(.) is a real-valued function,
appeared in the literature for the first time in 1931 in the paper by W.Orlicz [16]. In the
1950s, this study was carried out by Nakano [14] who made the first systematic study of
spaces with a variable exponent. Later, Polish and Czechoslovak mathematicians inves-
tigated the modular function spaces (see e.g. [13] and [10]). Variable exponent Lebesgue
spaces on the real line have been independently developed by Russian researchers. In
that context, we refer to the work of Tsenov [19] and Zhikov ( [22,23]). The interested
reader of the theory of Lebesgue and Sobolev spaces with a variable exponent can find
numerous further references in the monograph [§]. Recently, some papers have appeared
in the case of the obstacle problem with a variable exponent. See ( [IB[I7]) for ex-
istence and uniqueness of an entropy solution, in the framework of Lewy-Stampacchia
inequalities.

A treatment of the obstacle problem () in the LP-case can be found in [3] where the
main goal in this work is to obtain a solution with f € L*(2) in the general settings of
Orlicz-Sobolev spaces. We are interested, in this paper, in the single obstacle problem
associated with equation (I), where the techniques used to study this problem are based
on the following approximate problems,

P.) —div(a(z, e, Vue)) + ge(x, e, Vue) = fe in Q,
€ ue =0 on 99,

9(z,s,¢)
1+¢elg(z,s,6)|

Nevertheless, this approximation can not enable to obtain the a priori estimates in our
case, this is due to the fact that u.g.(z, u., Vue) has no sign. To overcome this difficulty,
one has introduced a doubling approximation, that is we penalized the problem (P.) by

where g.(z,s,£) = and f. is a sequence of regular functions.

1 _
(poyd —diviale,uf, Vu)) + gf (z,uf, Vi) = ST (w )P = fein @,
‘ uZ =0 on 0,
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where g7 (x, s,&) = d5(8)gc(x, 8,€) and where 6, (s) is some increasing Lipschitz-function
(see Sections 4 and 5). Note also that the obstacle in the problem considered in this
paper seems to follow the sign of the nonlinearity g.

As application to the problem considered in this paper, we have the Stefan problem
which is a particular kind of boundary value problem for a partial differential equation
(PDE), adapted to the case in which a phase boundary can move with time. The classical
Stefan problem aims to describe the temperature distribution in a homogeneous medium
undergoing a phase change, for example ice passing to water.

Our simplest model is the following LP(-)-problem,

—div (|Vu[P=2Vu) + |u|"® | Vu|P®) = fin Q,u=0on dQ,

generated by the p(x)-Laplacian operator.

The paper is organized as follows. In Section 2, we present the preliminaries about
Lebesgue and Sobolev spaces with variable exponent. In Section 3, we introduce the
assumptions and prove some fundamental lemmas. In Section 4, we prove the existence
of entropy solutions to the obstacle problem associated with () for the case of positive
nonlinearity g. Finally, in Section 5, we prove the existence of entropy solutions to the
obstacle problem associated with () for the case of negative nonlinearity g.

2 A Framework for Function Spaces

For each open bounded subset Q of RN (N > 2), we denote
CL(Q)={plpeC), p(x) > 1 for any x € Q}.

For every p € C4 () we define: py = supp( ) and p_ = ;Ielgp(l')

We define the variable exponent Lebesgue space by:

LP@(Q) = {u|u is a measurable real-valued funetion,/ Ju(z)|P®) da < oo} .
Q

The Luxemburg norm on the space LP(*)(Q) is defined by

p(z)
|u|p<m>=inf{A>o, || gl}.
Q

A
We denote by L¥'(#)(Q) the conjugate space of LP(*)(Q) where p(z) + 5 (z) =1 (see [9],
[21]). For any u € LP()(Q) and v € LP (*)(12), the Generalized Holder inequality

1 1
< - R /
/qudac < (o + o )l ol

Proposition 1 (see [9,121]) We denote p(u) = [, [u[t'®) dz, Vu € LP@(Q). If
Up,u € LP@)(Q) and pt < 400, then the followmg assertions hold:
(i) |ullp@) <1 (resp,=1,>1) & p(u) <1 (resp, =1,>1),
(59 iy > 1 > TulZy < p(0) < ol Tl <1 T2,y < (o) <l
(ii1) [|unllp) =0 < plun) — 0; ||un||p -0 & pluy) = oo.

holds true.

p(z)’
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We define the generalized Sobolev space by
WP (Q) = {u € LP@(Q) and |Vu| € LP®)(Q)}.
It is endowed with the following norm
[ullip) = lullpe) + 1 Vullp@y — Yue WHPE(Q).

We denote by WoP")(Q) the closure of C§°(Q) in WLP@)(Q) and p*(z) =

Np(z
N—p—;g(:Z) for p(x) < N.

Proposition 2 (see [9]) (i) Assuming p_ > 1, the spaces W'P)(Q) and
Wol’p(z)(ﬂ) are separable and reflexive Banach spaces.
(i) If ¢ € Co(Q) and q(x) < p*(x) for any x € Q, then WP (Q) s LI@)(Q) is
compact and continuous.
(iit) There is a constant C' > 0, such that

lullpy < CIVullpey  Yue WoP(Q), if pe c(@).

Therefore, ||Vullp.y and |[ully .y are equivalent norms in Wol’p(')(Q).

3 Basic Assumptions and Some Fundamental Lemmas

Let p € C4 () such that 1 < p_ < p(z) < py < oo and denote Au = —div(a(z,u, Vu)),
where a : Q x IR x RN — IR" is a Carathéodory function satisfying the assumptions :

la(z, 5,€)| < Blk(z) + [P~ + g1, (2)
la(z,5,€) — a(z,s,m)](& —n) >0 for all €#ne RV, (3)
a(z, s,€)¢ > al¢P), (4)

for a.e. # € Q and for all (s,€) € IR x IR, where k(z) is a positive function lying in
LP"@)(Q) and 3, > 0.

Furthermore, let g : Q@ x IR x IR — IR be a Carathéodory function having a constant
sign such that for a.e. z in Q and for all s € IR and ¢ € IRV,

l9(z,5,€)| < b(]s])(c(x) + €7, (5)

9(x,0,§) =0, (6)
where b : R™ — IR is a continuous non-decreasing function and c¢(.) is a positive
function which belongs to L!(Q).

We introduce the functional spaces needed later. For p € C,(Q), 761’17(1) () is defined
as the set of measurable functions u : 8 — IR such that the truncated functions T} (u) €
Wo @ (Q), where Ti,(s) := max{—k, min{k, s}}, for s € R and k > 0.

We give the following lemma which is a generalization of Lemma 2.1 in [5] for gener-
alized Sobolev spaces. Note that its proof is a slight modification of Lemma 2.1 in [5].

Lemma 3.1 For every u € 761”9(96)((2), there exists a unique measurable function

v:Q — RN such that VTj(u) = UX{|u|<k}> @-€. in K, for every k > 0.
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We will define the gradient of u as the function v, and we will denote it by v = Vu.
Lemma 3.2 [J] Let g € L"®(Q) and g, € L"®)(Q) with lgnllLre (@) < C for
1 <r(x) < oo. If gn(x) — g(z) a.e. in Q, then g, — g in L") (Q).
Lemma 3.3 [ Assume that (3)-(4) hold true, and let (un)nen be a sequence in
Wol’p(m)(Q) such that u, — u in Wol’p(m)(Q) and

/Q[a(ac, Un, Vg) — a(x, Up, V)|V (u, —u)dz — 0. (7)

Then, u, — u in Wol’p(z)(Q) for a subsequence.

Lemma 3.4 [2] Let F : R — IR be uniformly Lipschitzian with F(0) = 0 and
p € Cy(Q). Letu € Wol’p(m)(Q). Then F(u) € Wol’p(z)(ﬂ). Moreover, if the set D of
discontinuity points of F' is finite, then
Ju
/
dFou) | FWay
8:131- N

a.e. in {xe: u(zr) ¢ D},

0 a.e. in {xeQ: u(zx) e D}

Remark that the previous lemma implies that the functions in VVO1 P (z)(Q) can be trun-
cated and as a consequence of this lemma we obtain the following result.

Lemma 3.5 [2] Let u € Wol’p(m)(Q). Then, Ty (u) € Wol’p(m)(ﬂ), with k > 0. More-
over, we have Ty(u) — u in Wol’p(z)(Q) as k — oc.

Definition 3.1 Let Y be a reflexive Banach space, a bounded operator B from Y to
its dual Y* is called pseudo-monotone if

Up —uin'yY

Buy, = x in Y* = x = Bu and (Buy, u,) = (X, u).
lim Sup<Buna Un> < <Xa u>
n—oo
Definition 3.2 Let Y be a reflexive Banach space, a bounded operator B from Y to
its dual Y* is called pseudo-monotone if

U, = uiny
lim sup(Buy,, uy, —

n—00

It is clear that the Definition [3.]is equivalent to the well known Definition

u) <0 } = liminf(Bu,,u, —v) > (Bu,u —v) for allv e Y.

4 Statement of the Case of a Positive Nonlinearity g

We first consider the convex set Ko = {u € Wol’p(z)(ﬂ); u>0ae. in Q}.

Theorem 4.1 Assume that @) — @) hold true and f € L'(Q). Then there exists at
least one solution (entropy solution) to the following unilateral problem,

we THPQ), u>0 ace. inQ, gla,u, Vu) € L1(Q)
(P) / a(x,u, Vu)VT(u —v) dx + / g(x,u, Vu) T (u — v) de < / fTe(u —v) dz,
Q Q Q
Yo e KoN L>®(Q), Vk>0.
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Proof of Theorem [4.1]

We consider the following approximated problem

—div(a(x, ue, Vue)) + ge(, ue, Vue) = fe in £,
(PE){ . Vol uz :g on 0N (8)

9(z,s,§)
1+ g, 5,€)]
functions which strongly converges to f in L'(Q) and | f|l1 < ||f]l1, for all € > 0.

Note that [g (z, s,€)| < |g(, 5,€)| < blls])(c(z) + [¢]"®) and |g(z,s,€)| < L.
Nevertheless, it seems difficult to obtain a priori estimates, due to the fact that the
quantity ucge(x, ue, Vue) has no constant sign. In order to avoid this inconvenience, we
approach the sign function by an increasing Lipschitz function.

Set for o > 0,

where g.(z,5,£) = and f. = T1(f); then (f), . is a sequence of bounded

=, if s >0 >0,
5,(s) = 0, if |s] < o,
==g ifs<—0<0.

Now, we set
gg(z, S,f) = 50‘(5)96(1"5 S,f). (9)

Remark that g7 (z, s,£) has the same sign as s.
Now, we are in a position to approximate our initial unilateral problem by the fol-
lowing penalized problem

ul € Wl’p(m)(Q)
(P?) (AuZ ju? —i—/gE (x,ul, Vu?)(u? x——/ T2 (u T P@-1 (4 — v) da
/ fou? —v)dz, Vo e WerW(Q).

(10)
We define the operators G7, R? : Wy P (Q) —s W=1#'@)(Q)) by,

1 o
(GZu,v) :/Qgg(x,u,Vu)v dz, (RZu,v) :—6—2/Q|T%(u )PE =1y de,

We also denote

(Au, v) :/a(x,u,Vu)VU dx.
Q

Thanks to the generalized Holder’s inequality, we have for all u,v € W1 P (I)(Q),

11
S _+_ g-TaU;VU /(x) |V x
(p o )lgg ( Mlp @) 10l pa)

‘ / g7 (x,u, Vu)v dz
Q

/

<G+ ((1+4) " ) + D7 )l "
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and
1 e 1,1 1 e
'6—2 (Tl )P da Se—Q(p—_+]7)lng(u PO @) [0y
1,1 1 /1\"®! (12)
<z (E) |, e
T e
< CHUHl,p(I)'

We need the following lemma.

Lemma 4.1 The operator B = A+ G? + R? from Wol’p(l)(Q) into W= (#)(Q) s
pseudo-monotone. Moreover, B? is coercive, in the following sense:

(BZv,v)

— +oo if ||v||1,p(m) — +o00.
[vll1,p(z)

Proof of Lemma [4.7] Using the generalized Holder’s inequality and the growth
condition () we can show that A is bounded, and by (1) and (IZ), B is bounded

in W) (Q). The coercivity follows from (@) and the fact that g (z,s,&)s > 0 and
1

——= [ [T (u™)[P@ =Ly dz > 0. Tt remains to show that BY is pseudo-monotone.
€ Q €

Let (ug)r>0 be a sequence in Wy (€) such that
up —u in Wol’p(x)(ﬂ),

Bouj, — x in W—LP'@)(Q), (13)
lim sup(B ug, uk) < (x,u).

k—o0

We will prove that x = B7u and (BZug,ui) = (x,u) as k— 4oc.
Firstly, since Wol’p(m)(Q) s LP@)(Q), then

up — w in LP@(Q) for a subsequence denoted again (ug)r>o. (14)

As (ug)r>o is a bounded sequence in Wol’p(z)(Q), then by @), (a(x,ur, Vuk))kso is
bounded in (L ®)(Q))N. Therefore, there exists a function ¢ € (L2 @) (Q))Y such that

a(@,up, Vug) — ¢ in (L¥@@Q)N as k — . (15)

Similarly, it is easy to see that (g7 (z, ug, Vug))gso is bounded in LP'(*)(Q) with respect
to k, then there exists a function ¢ € L (*)(Q) such that

97 (z,up, Vug) =% in LP@(Q) as k — oo (16)

1 /
and as (—— |71 (ug) [P~ 50 is bounded in LP'(®)(Q), then
6 €

1 — x)— 1 — xT)— : /1
—6—2|T%(uk)|p() 1—>—6—2|T%(u PE L in LP®)(Q) as k — oo. (17)
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It is clear that, for all v € Wol’p(x)(ﬂ), we have

(x,v) = lim (BZug,v) = lim [ a(z,ur, Vug)Vode + lim [ ¢7(x,ug, Vug)vde
k—o0 k—oo Jq k—oo Jq
1
+ lim —= [ [Ta(u;)P@~ o de

On one hand, by (I4) we have

/g?(z,uk,Vuk)uk dx%/i/)gudz as k — oo, (19)
Q Q

1 \ip(a)— 1 —\ ()=
—6—2/Q|T%(uk)|p() lukd$—>—€—2/ﬂ |71 (u P@ =ty de as k — oco. (20)

Consequently, by the hypotheses, we have

lim sup(B? (uk), uk) :Hmsup{/a(:n,uk,Vuk)Vuk dm—i—/g?(m,uk,Vuk)uk dx
Q

k—o0 k—o0 Q

1
~ [P s

€ Ja
1
S/@Vudm—i—/wgudx——Q/ 1Ty (u™)[P@) "ty da.
Q Q & Ja

(21)
Therefore,
lim sup/ a(x, ug, Vug)Vug de < / eVudx. (22)
k—oo JQ Q
Thanks to ([B]), we have
/(a(:z:, Ug, Vug) — a(x, ug, Vu))(Vug — Vu) de > 0. (23)
Q

Then

/a(x,uk,Vuk)Vuk dx > f/ a(z, ug, Vu)Vu dx
Q Q

—|—/a(m,uk,Vuk)Vudx—i—/a(m,uk,Vu)Vuk dz.
Q Q

By (@5), we get

k—o0

1iminf/a(:z:,uk,Vuk)Vu;€ dmZ/goVudx
Q Q

which implies by using (22)

lim [ a(z,ur, Vug)Vug de = / pVudz. (24)
Q

k—o0 O
By means of (1)), (I9), (20) and @24]), we obtain (B u, ur) — (x,u) as k — +oo.
On the other hand, by @4)) and the fact that a(z, ug, Vu) — a(x,u, Vu) in (LP #)(Q))N,
we can deduce that

lim (a(x, ug, Vug) — a(x, ug, Vu))(Vug — Vu) de =0
k——+o0 [e)
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and so, by virtue of Lemma B3] we find Vu,, — Vu a.e. in £, which concludes
a(x, up, Vug) = a(z,u, Vu) in (L@ @Q)N,

92 (@, up, Vug,) = g2 (x,u, Vu) in LP'@(Q)
and

1 e 1 (e
ST )P = = [ TP

Thus, x = BZu.

In view of Lemma [AT] there exists at least one solution u? € Wol’p(z)(Q) to the
problem (I0)), by using the classical theorem in [I2]. The continuation of the proof of
Theorem [4.1] is divided into several steps.

4.1 Study of the approximate problem with respect to ¢

4.1.1 A priori estimates

If we take v = uZ — Ty, (u?) as a test function in (I0]), we obtain

/ z,ul, Vul )V T (u )d:c+/ (z,u%, Vu? )T (u?) dz

/|T1 )PEIT (u dx_/fETk

So, as uZ = uZT —u?~, then

1 - z)— o 1 o— z)— o
— 5 T @)D T (u) = =5 To (u )P T (0 )X ug <0y

1 = (25)
= | 1 (ug ") PO T (wd ) 2 0,

Using the fact that g7 (z,uZ, Vu?)T,(u?) > 0 and by ([20) we get

/ a(x,u?, Vu? )VTi(u?) dz < k| fllLrq)- (26)
Q
So, by ) we get
VT ) < @ [ VT2 do < K s 27)
Q
with .
o { Py ?f ||VTk(Ug)||p(I) <1
p— it VTR [ > 1.

Thanks to Poincaré inequality, we obtain
1
1T (u) 1 p@) < Ck7, (28)

where C' does not depend on e. Consequently (Tj(u?))eso is bounded in W1 jD(I)(Q)
uniformly on € and o.
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4.1.2 Convergence in measure of u?

We prove that u? converges to some function v in measure. To prove this, we show that
u? is a Cauchy sequence in measure. Let k be large enough. Combining the generalized
Holder’s inequality, Poincaré’s inequality and (28], one has

mmem>m>:/ |nwmws/uu@mm
{lug|>k} Q

- 29
< (4 ) meas(@) + D [T )
< Cil|T(ud)|1 p(y < C2k7;

which yields
C
meas({|u?| > k}) < kl_i Ve > 0, Vk > 0. (30)
Y
Hence )
meas({|uZ| > k}) — 0 as k — oo ( since 1 — — > 0), (31)
Y
uniformly in € and o. Moreover, we have, for every § > 0,
meas ({|u? —uf | > 6}) < meas ({|uZ| > k}) + meas ({|u?,| > k}) (32)

+meas ({[Th(u) — Ti(ug,)| > 63).

Since (Tx(u%))eso is bounded in Wol’p(x)(Q), then there exists for o > 0 fixed, v] €
Wy (Q) such that
Tp(u?) — v  in W@ (Q)

and by the compact embedding, we have
Ti(u?) — vy in Lp(z)(Q) and a.e. in . (33)

Consequently, we can assume that (Tx(uZ))c>0 is a Cauchy sequence in measure in Q.
Let 7 > 0. Then by (30) and [B2)), there exists some k() > 0 such that meas({|u? —ug,| >
0}) < n for all n,m > ng(k(n),d). This proves that (u7)cso is a Cauchy sequence in
measure and thus, converges almost everywhere to some measurable function u?.
Therefore, u? — u? a.e. in Q.

Furthermore,

To(ug) = Ti(u?)  in Wy (@)
and (34)
Tp(u?) = Tp(u?) in LP)(Q) and ae. in Q.

4.1.3 Positivity of u”

o

7) as a test function in (I0), we obtain

Taking v = uZ — T1(u

/ a(x,ul, Vul )\VT1(u?) dx + / 92 (x,u? ,Vul ) T1 (u?) de—
Q Q

€ €

1
5 [ PO Ty @) do = [ 1Ty (07 da
€ Jo Q
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Since / a(@,u?, Vul)VT1(u?) dz > 0 and g¢ (z, u?, Vu?)T1 (u?) = 0, we get
0 z

€

1 — x)— o 1
5 [P (1)) do < o
€ Q € €
Thus,

/Q T ()P da < el 1o,

Now, denote by A = {x € Q such that |71 (ugf) | = %} As € is used to tend to 0, we
can take it in (0,1) to get

1\"~ A\ 1o(a
meas(4) (1) < [T < oo

which implies that (by letting € go to 0)
meas(A) = 0.
Hence, since u?Z — u“ a.e. in © and the fact that meas(A) = 0, we conclude that
s (uf) P@) 5 jue P@) ae. in Q.
We use again the Fatou’s Lemma to obtain

[0 de < timipt [ [Ty )P do < limipt el e = 0

which yields
u® > 0.
4.1.4 Almost everywhere convergence of the gradient

For the sake of simplicity we will write (e, h) for any quantity such that

lim limn(e, h) = 0.

h—+o0o0 e—0

Finally, by 7 (€) we will denote a quantity that depends on € and h and is such that
li =
lim 7 (¢) = 0,

for any fixed value of h.
Let h > 2k > 0, we shall use in (IT) the test function

v = ug = nep(wd)
wh? = Tzk( ug — Th(u?) + Ti(u?) — Ti(u”)) (35)
wh o = Tgk( g — Th(u"))

Let @p(t) = te ', X = (2(—?)2, it’s obvious to check that (see [6], Lemma 1)

) o)) =

, 1
t) — -, Vte R. 36
) — “lont)] = 5, Vee (36)
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It follows that

7). or(wl)) + / 62 (17, T Yo () dir—
Q
/ Ty (7 =) PO gy (w7) dr = / fepnlwh®) da,
Q

which is equivalent to saying that

[ atout U Vel ) ot [ 67, Vu)pn(ul) do

Q

1 - x)— o
—a ) 1T PO oy (wi7) da (37)
:/fewk(w?ﬁ) dz.

Q

Note that, Vw™? = 0 on the set {|u?| > s = 4k + h}, therefore, we get by [B1)

[ ate 1), VI @)l ) do+ [ g7l Vi)l ) da
Q

= [ T ()P pop(wi) de
Q

According to (34]), we have @, (wh7) — i (W) weakly-* in L°°(2) as € — 0, and then

/ Feon(w!™) dz — / o) da
Q Q

Finally, by using Lebesgue’s theorem, we can deduce that
/ for(@"?)de — 0 as h — +o0.
Q

Therefore,

/Q For(w!™) dz = (e, h). (38)

Note that ¢ (w/?) and u? has the same sign in the set {z € Q, [u?| > k}, then we
have

92 (@, u, Vud)pp(w!?) 2 0 and  — —ITI( PO o (wi) 2 0.

€ -

From (B1), we deduce that

/ 0, To(u? ), VTa(u? ) Vil gl () dr + / 0 (2, u?, Vul Yor(w!7) da
Ql {lug|<k}

% [ TP = T exp\ ) do

< (e h)
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Since u? > 0, then the third term on the left-hand side of the above inequality is positive,
thus,
[ ale L)) VIVl b do+ [ g(aug Vag)pn(wl) da
Q {lug|<k}
< n(e,h).
(40)

Splitting the first integral on the left-hand side of @), where |u?| < k and |u?| > k, we
can write

[ e Tu(u?), VI(02)) Vil () d

Q

:/{ . a(z, Ts(u?), VT, (u2))[VTx(u) — VT (u®)]@) (W) d (a)
ug|<

+ a(z, Ts(ug), VTis(ud)) Ve o) (we ) da.
{lug >k}

The first term on the right-hand side of the last inequality can be written as

/{ en) a(z, Ty(u?), VTs(ul))[VTi(u) — VT (u®)])@) (W) da

(42)
= | a(w, Te(u), VTi(u?))[VTi (uf) = VT (u”)] g (w]7) d.
Q
For the second term on the right-hand side of ({Il), we can write according to (@),
[ e 1), L) Vel ) de
{lug| >k} (43)
> —¢'(2k) la(z, Ts(ud), VT (u)[[ VT (u?)] da.
{lug|>k}
Since |a(z, Ty(u?), VTs(u?)| is bounded in (L¥'(*)(Q))N | if necessary we have
la(z, Ts(u?), VIs(ul)| = lp,e in (LP @ ()N as e — 0, for a subsequence.
Due to VTk(UU)X{|ug|>k} — VT (UU)X{‘UU|>]€} in Lp(m) (Q) as € — 0, we obtain
@) [ o ), VL)V T %) do
{luZ|>k}
fcp'(Qk)/ I, o|VTi(u®)| dr =0 as e — 0.
{lur|>k}
Therefore,
- @'(2’@)/ la(z, Ts(ug), VTs(ud))IIV Tk (u”)] dz = nn(e). (44)
{lug|>k}
Combining {I) and ([@4]), we deduce that
[ ale L), VL) Vil o 1) do
¢ (45)

> /Q o, T(u2), V(w2 ) [V (u2) — VTe(u® )iy (! dt + 1 (e).
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It follows
/Qa(.’L‘,Ts(U(g),VTs(ug))vwéL,G(pl(wéL,a) dx
Z/[ (z, Tk, (u?), VT, (u?)) — a(z, Tk (u?), VI (u))]

< [V (u?) — VT (u”) ]y (w!7) de
+ / a(e, To(u), VTk(u®)[VTi(u?) — VTi(u® )] (@) daz + 7 (e).

Concerning the second term of the right-hand side of [@8) we can write
| e Tu), VI NPT 02) = V(g ) da
— [ ol T @), VT VT (Th(uf) — T (%)) (47)
f; (o, Tolw?), VT () VT ()} (1) dr

By the continuity of Nemytskii’s operator (cf. [9], [20]), we have

a(@, T (ug), VT (u?)y (T (u) — Ti(u”)) — ale, Ti(u”), VTi(u”)) ¢}, (0)

/

k
and a(z, Ti(u?), VT (u?)) — a(z, Ti(u?), VIi(u?)) strongly in (P @(Q))N, while
VT (u?) — VTk( 7) weakly in (LP@(Q)N and VT (u?)p), (W) = VTi(u)p,(0)
strongly in (LP@)(Q))V
Then, the first and the second term of the right-hand side on ([@7) tend respectively to

/Qa(x,Tk(u”), VT (u”)) VT (u”)p)(0) dz as € — 0

and

- |l @), VT ) VT (0 ) o s € = 0
therefore, !
[ e L), VI T ) - VIl ) do =l @9
Combining ([@8) and @8) yields
[ e 7.0, V) Vel (1) o

> [ ol Tuw?). VI E)) = ale. Tu(u). VT3 ()
X [VTi(ug) = VT (u”)]g), (we ) da + (e, h).
Going back to the second term of the left hand side of (@0, we have

(49)

‘/ a\<k} 7 (2, ul, Vu?)op (W) da
>/ @lpn(ut)| do + ”/Q o, Te(u), VT (00 ) VT 0 ()

a(z, Tio(ug), VT (ud))VTi(u? ) pr(w7)| de.
(50)
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The last term of the last side of this inequality reads as

oy Q[a(x,Tkw;'),VTk(u:’) al Te(u), V()]
(VT (u7) — VT(u)][gr ()| da
9 [ e ). VI @) VT () - VI nl o OV
) [ o ), VI ) VT ) )]
Reasoning as above, it is easy to see that
oy | e D), VIV @) = VTl )] do = )
and
/ 7), V(02 ) VTk(0) i (wl)] da = (e, h).
Therefore,
] [ sl Vet da
AN, (52)
< 23 [ fa(e Tu(u), VI D) = ae. Tu(u?), VT (0"))
% [VT4(u?) — VT ()l or(wl")] da + (e, h).
Combining ({Q), (BI) and (B2), we obtain
[ ot ). VI ) = ale. Tu(u), VT30
b (53)

X [VTi(u?) = VTi(u”)](@} (W) —
< (e, h),

| (we)]) de

which implies by using (B6) that

/Q[ a(a, T (ug), VT (ul)) = alz, T (u?), VI (u?))] [V T (ul) = VT (u”)] dz < nle, h).

(54)
Letting € tend to 0 and h tend to infinity, we deduce that

/Q[ (@, T (uf), VI (ul)) — alz, Ti(uf), VIR () [VTi(w) = VT (u?)] dz — 0.
By Lemma B3] we get from convergence above
Ty (u?) = Ti(u®) in W™ (Q). (55)

Thus,
Vu? — Vu? a.e. in Q. (56)
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4.1.5 Equi-integrability of the nonlinearity g7
In order to pass to the limit in the approximated equation, we now show that
9¢ (w,ug, Vug) = g7 (z,u?, Vu’) in LY(9). (57)

In particular, it is enough to prove the equi-integrability of the sequence
{lg¢ (xz,uZ, Vu?)|}. To this purpose, we take uZ — Ty (uZ — T (uZ)) > 0 as a test function
in (I0), to obtam

/ 192 (&, u?, V)| dr < / \fal .
{lug|>h+1} {lug|>h}

Let n > 0 be fixed. Then, there exists h(n) > 1 such that

/ |92 (z,uZ , Vu?)| dx < ﬂ. (58)
{Jug|>h(n)} 2

For any measurable subset £ C (2, we have

[ laz .z vun)do < [ b (e + VT () da

+/ |92 (z,u?, Vu?)| dz.
{luZ|>h(n)}

In view of (BH)), there exists B(n) > 0 such that

/E b(h(n))(c(x) + VT (u;‘)|P<I>) dr <2 for all E such that meas(E) < B(n). (60)

[\

Finally, by combining (58) and (60), one easily has
/ |6 (x,u? , Vu?)|dx <n for all E such that meas(E) < 8(n).
E
Then, we deduce that g7 (z,u?, Vu?) is uniformly equi-integrable in .

4.1.6 Passing to the limit with respect to ¢

Let v € Ko N L*™®(Q), we take uZ — Ty (uZ — v) as a test function in ({I0) to obtain

.Aa@u Vu)VﬂﬂLf@dz+/

7 (z,ul, Vul )T (u —v dz</f6Tku —v)dz.
Q

(61)
‘We deduce that

/ ol Vug) V(0 )+ g7 (w02, VU Tulug —v)de < [ £T3u—0)do,
{lug —v|<k} Q Q

(62)
which is equivalent to saying that

/ a(z,u?, Vul )\Vu?l de — / a(z,u?, Vul)Vu dz
{|ug —v|<k}

{ug —v|<k}

+/§ (x,u?, Vul )Ty (u? —v) dz (63)

< feTk -
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By Fatou’s lemma and the fact that

a(@, Ty o] (U2)s Vs ol (1)) = @@, Tip oo (W) Vg oo () in (L7 @(Q))N,

we get
/ alaa” Vo)V do — (&, Tt (47), Vi o (u7)) V0 d
{lur—v|<k} {lu7—v|<k}
+/ 97 (x,u”, Vu® )Ty (v’ —v) dz
< | fTi(u® —v)dx.
Q
(64)
Consequently,

/ a(z,u’, Vu?) VT (u® —v) dz + / 9° (z,u’, Vu® )T (u’ —v) dz
0 0 (65)
< / fTi(u® — o) dx, Vv € Ko N L*(Q) and Vk > 0.
Q

4.2 Study of the problem with respect to o
4.2.1 Estimates with respect to o

We are going to give some estimates on the sequence (u”),~¢ identical to (27)). For that,
we take v = Ts(u” — Ti(u?)) in (@0) and we let s — oo; then, by the same argument as
in section 4.1 we can prove that

o[ VT (u)l 5y < oz/Q VT3 (u”) P do < k| fllpi(o) for all k> 1. (66)

Thus, as in section [£T1.2] there exists u such that Ty (u) € Wol’p(z)(Q) and

Tp(u®) — Ti(u) in W™ (q), (67)
Ti(u®) = Tp(u) in LP@(Q) and a.e. in Q.
So, u? > 0 a.e. in Q and we have also u > 0 a.e. in ().
4.2.2 Strong convergence of truncation with respect to o
Here, in (63 we shall use the test function
v o= Ts(u’ — op(wh)),
who = Top (UU — Th(u“) + Tk(ua) — T (u)), (68)
W= Top(u — Th(u)),

where h > 2k > 0. It follows that for all [ > 0,
[ aleu”, Vu )T~ 07~ (") do
Q
n / 67 (2,1, VUV T (47 — To(u® — pi("*))) dac

[y

< /Q T — Tu(u” — i) de.
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Therefore,
/ a(z,u”, Vu)VTi(pr(w")) do
{|’U‘°'*4Pk( ho)|<s}
(x,u’, Vu?)Ti(u® — Ts(u® — v (w hg))) dx

/sz 7~ Ty(u” — prp(w™?))) da.

Letting s — oo and choosing ! large enough (I > |¢r(2k)|), we deduce that

/a(:z:,u",Vu”)Vgok(wh"’)dx—l—/g"(m,u",Vu")gok(wh"’)de f(pk(wh’”)dx.
Q Q Q

Then, by using the same techniques as in section ET.4 we can deduce that

Ty (u”) — Tr(u) in WoP™(Q) and Vu® — Vu a.e. in Q. (70)

4.2.3 Equi-integrability of the nonlinearity g with respect to o
Moreover, since g is a Carathéodory function, it is easy to see that
g(z,u’, Vu?) = g(z,u,Vu) ae. in Q as o — 0.

Then, by assumption () (note that this hypothesis is only used here), it is clear that
9% (z,u”,Vu) = d,g9(x,u’,Vu’) = g(z,u, Vu) a.e. in {z € Q,u(z) > 0}.

Similarly, we claim that g7 (z,u%, Vu®) = g(x,u, Vu) in L'(Q).
Indeed, taking u” — Ty (u” — T;(u”)) > 0 as test function in (G2, we obtain

/ |g”(m,u”,Vu")|dx§/ |f] dx.
{luo|=1+1} {lu|>1}

Let 8 > 0 be fixed. Then, there exists [(8) > 1 such that

/ |97 (x,u?, Vu?)| dx < é (71)
{Jur |1>1(8)} 2

For any measurable subset E C {2, we have

[E 197 (@, u?, Vu?)| dz < /E b(U(B)) (c(x) + [V Ti(s)(u®)|"™) dax

Jr/ |97 (z,u”, Vu)| da.
{lu|>1(8)}

In view of (T0)), there exists «(8) > 0 such that

/E b(1(B)) (c(x) + [VTis) (u?)[P™)) do < g for all F such that meas(F) < «(8). (73)

(72)

Finally, by combining (7)) and (73]), one easily has
/ lg° (x,u’, Vu?)|dx < B  for all E such that meas(E) < a(f).
E

Therefore, we deduce that ¢7(z,u”, Vu?) is uniformly equi-integrable in €. So, as in
section [L.1.6l we can pass to the limit in ¢ and conclude. This achieves the proof of
Theorem (.11
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Case when the Nonlinearity g is Negative

We consider the convex set Ko = {u € Wol’p(x)(ﬂ); u <0 a.e. in Q}.

Theorem 5.1 Assume that @) — @) hold true and that f € LY(Q). Then, there

exists at least one solution (entropy solution) to the following unilateral problem,

(P)

we TPNQ), u<0 ace. inQ, gla,u, Vu) € L1Q)
a(z,u, Vu)VTi(u — v) dx + / g(x, u, Vu) T (u — v) de < / fTi(u —v) de,
Q Q Q
Yo e KgNL>(Q), Vk>0.

Proof. The same proof as for Theorem L1l can be applied with the following changes:

i) We approach the sign function by an increasing Lipschitz function.
i) The Lipschitz function d,(s) is replaced by:

%"'U ifs>o>0,

do(s) = 0, if |s| < o,
sto ifs<—0o<0.

s )

iii) The approximated problem becomes:

—o

(Pe

ue € Wi ()
) <Aug,ugfv>+/ (x,u?, Vu?)(u der—/ |T1 |p(x) Hu? —w) da

/fe dz, Vo e Wit Q).

iv) The set K is replaced by K¢ = {u € Wol’p(x)(ﬂ); u <0 a.e. in Q}.
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1 Introduction

In this paper we are concerned with the existence of solutions to fractional order initial
value problem (IV P for short), for the system

(“Dou)(t,x) = f(t, 2, up ) + gt o, u@q)), if (t,x) € J, (1)

u(t, ) = ¢(t, @), if (t,2) € J, (2)

u(t,0) = o(t), u(0,z) =(x), (t,z) € J, (3)

where 90(0) = 1/)(0)7 J = [0,00) X [0,00), j = (70074»00) X (700,4»00)\[0,00) X
[0,00), °Dj is the standard Caputo’s fractional derivative of order r = (ry,7r2) €

* Corresponding author: mailto:benchohra@yahoo.com

(© 2014 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.uaR44
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(0,1] x (0,1], f,g : J x B = R™ are given functions, ¢ : J — R" is a given continu-
ous function with ¢(¢,0) = ¢(t), ¢(0,2) = ¥(z) for each (t,z) € J ¢ : [0,00) = R™,
¥ : [0,00) = R™ are given absolutely continuous functions and B is called a phase space
that will be specified in Section 3.

We denote by u,,) the element of B defined by

u(t,z)(svT) = u(t+ S,SC+7'); (557—) S (70050] X (70070]7

here u(; 4)(.,.) represents the history of the state u.

There has been a significant development in ordinary and partial fractional differential
equations in recent years. We can find numerous applications of differential equations
of fractional order in viscoelasticity, electrochemistry, control, porous media, electro-
magnetic, etc. (see [IHD]). There has been a significant development in ordinary and
partial fractional differential equations in recent years; see the monographs [6H8], and
the papers [OHI5] and the references therein.

The theory of functional differential equations has emerged as an important branch of
nonlinear analysis. Differential delay equations, or functional differential equations, have
been used in modeling scientific phenomena for many years. Often, it has been assumed
that the delay is either a fixed constant or is given as an integral in which case it is called
a distributed delay; see for instance the books [16H20], and the papers [21122].

In this paper, we present existence result for the problem (I)-(B]). Our main result for
this problem is based on a nonlinear alternative for the sum of a completely continuous
operator and a contraction one in Fréchet spaces due to Avramescu [23]. To our knowl-
edge, there are very few papers devoted to fractional differential equations with delay on
Fréchet spaces. This paper can be considered as a contribution in this setting case.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used
throughout this paper. Let p € N and Jy = [0, p] x [0,p]. By C(Jo,R) we denote the
Banach space of all continuous functions from Jy into R™ with the norm

[wlloo = sup Jw(t, z)]l,
(t,x)eJo
where ||.|| denotes a suitable complete norm on R".

As usual, by AC(Jy, R) we denote the space of absolutely continuous functions from Jy
into R™ and L'(Jo,R) is the space of Lebesgue-integrable functions w : Jo — R™ with

the norm S
el = / / lw(t, )| dtd.
0 0

Definition 2.1 [24] Let r = (r1,72) € (0,00) % (0,00),8 = (0,0) and u € L (Jo, R™).
The left-sided mixed Riemann-Liouville integral of order r of u is defined by

(Igu)(t,x) = m/o /Oz(t —8)" o —7)"2 (s, T)drds.

In particular,

t T
(I§u)(t,z) = u(t,z), (Iu)(t,z) = / / u(s, 7)drds; for almost all (t,z) € Jo,
o Jo
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where o = (1,1). For instance, Iju exists for all ri,r2 € (0,00) x (0,00), when u €
L'(Jo,R™). Note also that when u € C(Jo, R™), then (Iju) € C(Jo, R™), moreover

(Ipu)(t,0) = (Igu)(0,2) = 0; t,z € Jo.

Example 2.1 Let A\,w € (—1,00) and r = (r1,72) € (0,00) x (0, 00), then

ra+Mra+w)
F14+XA4+r)I(14+w+rg)

Itra® = M@+ for almost all (¢, z) € Jo.

By 1 —r we mean (1 —ry,1 —ry) € [0,1) x [0,1). Denote by D2, :=
second order partial derivative.

ata , the mixed

Definition 2.2 [24] Let r € (0,1] x (0,1] and u € L*(Jo, R™). The mixed fractional
Riemann-Liouville derivative of order r of u is defined by the expression

pu(t,z) = (Di Iy~ u)(t, @)

and the Caputo fractional-order derivative of order r of u is defined by the expression

(“Dyu)(t,z) = (I;_T 8f8mu)(t’z)'

The case 0 = (1,1) is included and we have

(Dgu)(t,x) = (°Dgu)(t,z) = (D?,u)(t,z), for almost all (t,z) € Jo.

Example 2.2 Let A\,w € (—1,00) and r = (r1,7r2) € (0,1] x (0, 1], then

I(1+ M1 +w)
PA+A—r)TQ4+w—r9)

Ditrz® = A9 72 for almost all (t,z) € Jp.

In the sequel we will make use of the following generalization of Gronwall’s lemma
for two independent variables and singular kernel.

Lemma 2.1 [25] Let v : J — [0,00) be a real function and w(.,.) be a nonnegative,
locally integrable function on J. If there are constants ¢ > 0 and 0 < 1,72 < 1 such that

v(t,x) < w(t,x) / / drds,
(t—s)r x—T)

then there exists a constant § = 6(r1,12) such that

v(t,x) < wl(t,x) +5c// T—s) .T—T) drds,

for every (t,z) € J.
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3 The Phase Space B

The notation of the phase space B plays an important role in the study of both qualitative
and quantitative theory for functional differential equations. A usual choice is a semi-
normed space satisfying suitable axioms, which was introduced by Hale and Kato (see
[22]). For further applications see for instance the books [I6L17.[19] and their references.

For any (t,x) € J denote E .y = [0,t] x {0} U {0} x [0,z], furthermore in case
t = a, © = b we write simply E. Consider the space (B,]|(.,.)||s) is a seminormed
linear space of functions mapping (—oo, 0] x (=00, 0] into R™, and satisfying the following
fundamental axioms which were adapted from those introduced by Hale and Kato for
ordinary differential functional equations:

(A1) If y : (—00,a] x (—o0,b] — R™ continuous on J and y(; .y € B, for all (t,z) € E,
then there are constants H, K, M > 0 such that for any (¢,x) € J the following
conditions hold:

(i) Y,z is in B;
(id) [ly(t, o)l < Hlly(e,)lls,
(118) |lyce.2)llB < Ksup(s ryefo.x 0,21 19(s: DI + Msup(s nyep, ., 1Y, 8
(A2) For the function y(.,.) in (A1), y«,z) is a B-valued continuous function on J.
(As) The space B is complete.
Now, we present some examples of phase spaces [26]27].

Example 3.1 Let B be the set of all functions ¢ : (—00,0] x (—o0,0] — R™ which
are continuous on [—a, 0] X [—3,0], «, 8 > 0, with the seminorm

16l = sup 6 (s, T

(s:7)€[=a,0]x[=6,0]

Then we have H = K = M = 1. The quotient space B = B/|.||s is isometric to the
space C([—a, 0] x [-5,0],R™) of all continuous functions from [—«, 0] x [—£, 0] into R
with the supremum norm, this means that partial differential functional equations with
finite delay are included in our axiomatic model.

Example 3.2 Let v € R and let C, be the set of all continuous functions ¢ :
(=00,0] x (—00,0] — R™ for which a limit lim ry|-oc e"5+7) g (s, 7) exists, with the
norm

16llc, = sup T (s, 7).
(s,7)€(—00,0] X (—00,0]

Then we have H = 1 and K = M = max{e~ 7@+ 1}

Example 3.3 Let a, 3,7 > 0 and let

0 0
folles, = s o7 + / / ) 6(s, 7) | drds

(s,7)E[—a,0] X[
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be the seminorm for the space C'L.,, of all functions ¢ : (—o0, 0] x (—o0, 0] — R™ which are
continuous on [—a;, 0] x [—3, 0] measurable on (—oo, —a] x (—o0, 0]U (=00, 0] X (—o0, — 4],
and such that [|¢[/cr, < co. Then

0 /0
H=1, K:/ / "t drds, M = 2.

—aJ-p

4 Some Properties in Fréchet Spaces

Let X be a Fréchet space with a family of semi-norms {|| - ||, }nen. We assume that the
family of semi-norms {|| - ||} verifies :

lullr < ullz < Julls < ... for every u € X.
Let Y C X, we say that Y is bounded if for every n € N, there exists M,, > 0 such that
lylln <M, forallyey.

To X we associate a sequence of Banach spaces {(X™, ||-||»)} as follows : For every n € N,
we consider the equivalence relation ~,, defined by : u ~, v if and only if ||u — v||, =0
for u,v € X. We denote by X" = (X|~,,| - [|n) the quotient space, the completion of
X™ with respect to || - ||. To every Y C X, we associate a sequence {Y"} of subsets
Y™ C X™ as follows: For every u € X, we denote by [u], the equivalence class of u of
subset X™ and we define Y™ = {[u], : u € Y}. We denote by Y™, int,(Y") and 9, Y™,
respectively, the closure, the interior and the boundary of Y™ with respect to || - ||, in
X™. For more information about this subject see [28].

Definition 4.1 Let X be a Fréchet space. A function N : X — X is said to be a
contraction if for each n € N there exists &, € [0, 1) such that

IN(u) = N(0)|ln < knllu—v|ln for all u,v € X.

Theorem 4.1 (Nonlinear Alternative of Avramescu) [23] Let (X, |.|n) be a Fréchet
space and let A, B : X — X be two operators. Suppose that the following hypotheses are
fulfilled:

(i) A is a compact operator;

(1i) B is a contraction operator with respect to a family of seminorms ||.||, equivalent
to the family |.|n;

(ii7) the set £ = {u € X :u = AA(u) + AB(%) for some A € (0,1)} is bounded.
Then there is u € X such that u = Au + Bu.

5 Existence of Solutions

In this section, we give our main existence result for problem (I)-(B]). Before starting and
proving this result, we give what we mean by a solution of this problem. Let the space

Q:={u:R* = R":up,) € Bfor (t,z) € E and ul; € C(J,R™)}.
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Definition 5.1 A function u € Q is said to be a solution of (I)-(3) if u satisfies
equations (Il) and @) on J and the condition (2]) on J.
For the existence of solutions for the problem (I)-(]), we need the following lemma:

Lemma 5.1 A function u € Q is a solution of problem (d)-(3) if and only if u
satisfies the equation

! e el — et e(s T u Tds
ut,z) = z(t,x)—i—m/o/o(t—s) (& — 1) f (5, 7y ey )drd

1 t x 1 1
F— t—s)" " (x—T1)2 g(s, T, uis ) )dTds,
e L e e = et )
for all (t,x) € J and the condition (@) on J.

For each p € N we consider following sets,

Cp ={u: (—00,p] x (=00,p] = R™ w4 € B, upy =0 for (t,2) € £ and
u|J0 € C(JO,R'”)},

and Co = {u € Q:up,) =0 for (t,x) € E}.
On Cy we define the semi-norms:

full, = sup lugoll + sup ut, z)[[ = sup |lu(t,z)|, weCp.
(t,x)eE (t,x)EeJo (t,z)eJo

Then Cj is a Fréchet space with the family of semi-norms {|/u||,}.
Theorem 5.1 Assume:

(H1) The functions f,g:J x B—R"™ are continuous.

(H2) For each p € N, there exist constants £y,(t, z) € C(Jo,R™) such that

lg(t, z,u) — g(t, z,v)|| < £p(t, x)||lu—v||B, for any u,v € B and (t,z) € Jp.
(H3) For each p € N, there exist p,q € C(J,Ry) such that

| f(t, z,w)| <p(t,x)+ q(t,z)||ullg, for (t,z) € Jo and each u € B.
If
K[* T1+72 1 (4)
F(r1+1)F(r2—|—1) ’

where £, = sup(y uye 5, Lp(t, @), then there exists a unique solution for IVP (1)-(3) on
(—00,400) X (—00, +00).

Proof. Transform the problem (-] into a fixed point problem. Consider the
operator N : Q — ) defined by,

o(t, ), (t,x) € J,
z(t, :c)

(Nu)(t, z) = o / / )Y — ) (s, 7 g ) drds

// )@ = 1) (s, Tougs  )drds, (L) € .
['(r2)
(5)



250 M. BENCHOHRA AND M. HELLAL

Let v(.,.) : R™ = R™ be a function defined by,
ozt x), (tx)e
e ={ S0 e

Then v 5) = ¢ for all (t,z) € E.
For each w € C(J,R™) with w(t,z) = 0 for each (¢t,z) € E we denote by w the
function defined by

_ _fow(tx), (tx) e,
wit,z) = { 0, (tz) € J.

If u(.,.) satisfies the integral equation,
1 t x L L
ult,z) = z(t,z +7// t—s)*" (x—T1)" " f(s, T, uis. 1) )dTds
() = 200)+ oo [ [ = @ = )

1 Lo o .
er/o /0 (=) @ —m) 19(5777U(s,7—))d7ds,

we can decompose u(.,.) as u(t,z) = w(t,x) + v(t,z); (t,x) € J, which implies u ) =
W(t,z) + V(t,z), for every (t,z) € J, and the function w(.,.) satisfies

1

t x
_ _ Tlfl _ ’1“271 —
’LU(f, :C) - F(Tl)F(TQ) /O /0 (t S) (:E T) f(S, T, w(t,x) + ’U(t,x))deS

1 ! * ri—1 ro—1 _
JrF(m)l‘(m) /0 /o (=) (@ = 1) 98 7 Weea) + Vit Jdrds.

Let the operators A, B : Cy — Cj be defined by

(Aw)(tvx) = m /0 /0 (t - S)T171($ - T)Tzilf(S,T, W(t,e) + 'U(t,m))deS

and

1 t x _ o -
(Bu)t.5) = s [ =97 o= ) g B + s,

Obviously, the operator IV has a fixed point which is equivalent to finding the fixed
point of the operator equation (Aw)(t,z) + (Bw)(t,z) = w(t, x), (t,z) € J. We shall
show that the operators A and B satisfy all the conditions of Theorem 1]

For better readability, we break the proof into a sequence of steps.

Step 1: A is continuous.

Let {w,} be a sequence such that w, — w in Cy. Then

1 t x
Awy)(t,x) — (Aw)(t, x < 7// t—s)1 Yo —7)2t
G tn) ~ ()l < s [ [ e
X ||f(sa T, En(s,‘r) + vn(s,T)) - f(sa T, E(5,7') + U(s,T))”deS'

Since f is a continuous function, we have

PRIS G B + Vn0) = £ + 90l

(| (Awy,)—(Aw)|l, < L(ri + D0(ry + 1)

— 0 asn — oo.
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Thus A is continuous.

Step 2: A maps bounded sets into bounded sets in Cy. Indeed, it is enough to show
that, for any 1 > 0, there exists a positive constant ¢ such that, for each w € B,, = {w €
Co : |wllp <}, we have [|A(w)]|, < ¢

Let w € B,. By (H3) we have for each (¢,z) € Jo,

1 t x 3 e .
I(Aw)(t,2)]| < 77,2/ / (t— 8y (@ — 7)Y (5, 7 Boomy + Vi)l drds
< rl 1 _ ’1“271
e A ) (s, 7)
+q(8, T)||W(s,7) + V(s,r) || BdTdS
S HpHP // rl 1 77’)7“271de8
7”2
HqHPTI // 7‘1 1 —T)TZ_ldeS
7’2

< HpHP + ||q||P77 pT1+T2 = [*,

F(Tl + ].)F(TQ + ].)
where
[Wis,ry +vemlls < [Werls+[venlls < Kpn+ Kpll¢(0,0)|| + My 6|5 :=n".

Hence ||(Aw)||, < ¢*.

Step 3: A maps bounded sets into equicontinuous sets in Cj.
Let (t1,21), (t2,x2) € Jo, t1 < t2, x1 < x2, By be a bounded set as in Step 2, and let
w € By. Then

||(Aw)(t2,x2) — (Aw)(tl,:rl)H S m/{) ' /Oml[(tQ — S)Tlfl(xg — 7-)7“2*1
—(t — &) Yy — 7)Y f (s, T, W(s,7) + V(s,r))l|dTds

1 t2 ) .
- to — g)1™ B ro— _ drd
+ F(Tl)F(T‘Q /tl /I1 ( 2 S) (:CQ 7_) ||f(577_7w(s,7—) + v(s,7’)>|| TS
1 b
+ m/ /Z (ta — S)Tl—l(xg - T)rz—1||f(s,7', Wy + U(s,r))HdeS

1 to x1
+ T(r T (1) ta—s not L2 —T 2l S7vas7' +’UST deS
L(r)T(r2) /tl /0 (t2 — )" (w2 = 7)™ ( (s.7) T Vs,
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< Il / J A e R U L R I T
+ 7||p1”€rj—)f|‘((l7|":)n /1 / (ty — s)"* " xy — 7)™ Ldrds

t
+ 7”])1”63}?1:;7 / / )1 ey — )2 Ydrds
+ 7||pll|€rj)f|‘((l7|":)n / / (ty — )" Nag — 1) Ldrds
B A T
—(ta — 1) (@we — 1) + ] 2 — t5 x5?)
+ F(lljfllj IL)|F((17|~§W+ 1) (b2 = t2)" (w2 — 21)"
e R
B
< F(|7|*]1)”£ ;—)|F((J7|"§T ) (2257 (t2 — t1)™ + 285 (v2 — 21)"™
ey =ty ay’ = 2ty — )" (w2 — 1) "]

The right-hand side of the above inequality tends to zero as t1 — t2, 1 — 2.

The

equicontinuity for the cases t;1 < to <0, x1 <23 < 0and t; <0<ty, 1 <0< o is

obvious.

As a consequence of steps 1 to 3 together with Arzela-Ascoli theorem, we can conclude

that A : Cy — Cp is a compact operator.

Step 4: B is a contraction.

Let w, w* € Cy. Then we have for each (¢,z) € Jy

[(Bw)(t,z) — (Bw)(t,z)|

T1

oo, ), -
< e e

sup [w(s, ) —
(s,7)€[0,t]x[0,z]

K@*ST //

X

Therefore,

< i Jy 0ot

X ”9(5 T w(s T) + Vs, ‘r)) -

(S T W(s,r) + U(s,T))HdeS
7‘1 1

— 1)y (5, 7) [ Wis,r) — W (s,) I8

’1“11

T)T271K€p(s,7')

w*(s, )| drds
7‘1 1

— )27 drds||w — W

g* T1+72

[(Bw) = (Bw

Mo < T DT+ 1)

[0 = w*|lp,
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since by (@), B is a contraction.
Step 5: (A priori bounds)
Now it remains to show that the set
E={w € C(J,R) : w = NA(w) + AB(¥) for some X € (0,1)}

is bounded. Let w € &, then w = AA(w) + AB(¥) for some 0 < A < 1. Thus for each
(t,z) € Jy, we have

A
w(t,z) = Tl)F ) / / ) 1 - T)TZ_lf(S,T, W(s,r) + v(s,T))des
A / / 1 1 Wes,r) + Us,m)
4+ — t—s)  (x—1)" s, T, ————"2)drds.
T Jo (t—s)" " )" g( By )

This implies by (H2) and (H3) that, for each (¢, z) € Jy, we have

1 t x 1 1
w(t, < —— t—s)"* (z—7)2""[p(s, T
ol < Ty ) ) €9 e b
+q(8, T)||W(s,7) + V(s,r) | BldTds
)\ t x 1 1
+ t—s) " (x—T1)""
F(H)F(m)/o /0 E=a )
w S, T + S, T
’g(s’/r’ M) g(s,7,0)| drds
- / / (t =)z —71)="Yg(s,7,0)|drds
Tl) 7’2
- Pl Pty
= T+ D +1)  T(r+ DT(r2 + 1)
+ ||Q||pr / / 7‘1 1 o T)TQ_IHE(S,T) + v(s,‘l’)”Bdes
2)
n / / )1 @ — 7)™ (5, 7) | [W (s py + V(s IBdTds
7"1 7’2
¢ ply i)
- F(T1 +1)r T2 +1)
—|— ;)
N ||fZ||p / / )Y@ — )2 Wy + V(e || BT,
where g* = sup | (S T, 0)| and
(s,7)€Jo

1W(s,ry + vis,m B 1W(s,m) I8 + llvs,mlls

K sup{w(5,7): (5,7) € 10,s] x [0,7]}

IN N

+ M||¢|lz + Kl|¢(0,0)]. (6)
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If we name y(s, 7) the right hand side of (@), then we have

1@,y + v, < y(t ),
and therefore, for each (¢, z) € Jy we obtain

P2 (llplly + 9%)
F( 1 + 1)F(T2 + 1)

+€*
||q||;0 / / t_s r1— 1 T)Tz_ly(S,T)deS.

Using the above 1nequahty and the definition of y for each (¢,2) € Jy we have

[w(t, )| <

Kp 2 (lpllp + %)
I(ri+1)C(ra + 1)

+€*
HqHP / / r1 1 —T)TZ_ly(S,t)deS.

Then by Lemma 2.1 there exists 6 = d(rq, r2) such that we have

y(t,z) < Mol + K|¢0,0) +

+€*
Hy(tax)H < R+6 HqHP / / t— S rl 1 —T)Tz_leTdS,

where

Kp™ 2 (|lpll, +97)

R = Mgl + KJ6(0,0)] + T Fo )

Hence
ROKp™ " (|lallp, +4;)  ~

<R+ = R.
”y”p - F(?"l + 1)F(7"2 + 1)

Then, (@) implies that

1472
[ —
F(Tl + ].)F(TQ + ].)

lplly + 9" + R(lall, +€)] = By,

This shows that the set £ is bounded. As a consequence of Theorem 1] we deduce that

A + B has a fixed point which is a solution of problem ([)-(@). O

6 An Example

As an application of our results we consider the following partial perturbed hyperbolic

functional differential equations of the form

2+ e (|lu(t — 2,2 — 3)| + 3)

CDow)t2) = = o+ -2z - 3)])

u(t,0) =t, u(0,z) =27, (t,z) €

u(t,r) =t + 22 (t,x) € J,

if (t,2) € J :=1[0,00) x [0, 00),

(8)

(10)
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where J := R?\[0, 00) x [0, 00).

et lu(t — 2,2 — 3)| +3
u(t —2,x — +
t = ’ if (t J.
f( azau(t,z)) cp(2+|u(t—2,$—3)|)’ 1 (7':6)6 )
2
t = if (¢ J.
9(t, 2, Ur.0)) cpettr (24 |u(t — 2,2 — 3)])’ if (t,2) € J,
and

3pr1 +r2

cp = .
P F(Tl + 1)F(T2 + ].)
Let v > 0, and consider the following phase space

By= {u € C((—00,0] x (—00,0],R) : limy (g, —00 €7 TPu(0,n) exists € R}.

The norm of B, is given by

lully = sup D u (8, ).
(0.1 (—00.0] x (—o0,0]

Let
E :=10,1] x {0} u{0} x [0,1],

and u : (—o0,1] x (=00, 1] — R such that u ,) € B, for (t,x) € E, then

Ny o (0,m) = lim Oy (g, p)

1(0,m)i|—o0 @ —oe

=2 lim w8, n) < co.
1(8,m)[|—o00 (©.m)
Hence u(;,,) € B,. Finally we prove that
[ty lly = K sup{lu(s, 7)[ : (s,7) € [0,7] x [0, 2]}
+M sup{|[ugs,lly : (5:7) € Et,0)}

where K =M =1and H = 1.
Ift4+6<0, z4+n <0 we get

% (t,2)lly = sup{|u(s, )| : (s,7) € (—00,0] x (=00, 0]},
and if t+6 >0, x+n >0, then we have
|tz lly = sup{lu(s, 7)| : (s, 7) € [0,] x [0, z]}.
Thus for all (¢t + 6,z +n) € [0,1] x [0, 1], we get

luaylly = supflu(s,7)|: (s,7) € (=00,0] x (o0, 0]}
+sup{|u(s,7)| : (s,7) € [0,1] x [0, z]}.

Then

[wa)lly = sup{llucs.nlly : (s,7) € E} +sup{fuls, 7)| : (s,7) € [0, ] x [0, ]}

(B4, |-]ly) is a Banach space. We conclude that B, is a phase space.

255
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For each u, u € By and (t,x) € J, we have

|g(ta €T, u(t,z)) - g(ta zaﬂ(t,l)” < WHU - EHBW'
i
Hence condition (H2) is satisfied with £,e'™ = —i—. Since
P

) 1 1
fpzsup{m, (t,ZC)EJXR}S—

Cp

and K =1, we get

kﬂ;p”JrT? 1
==-<1
F(Tl + ].)F(TQ + ].) 3

Hence condition () holds for each (r1,72) € (0,1] x (0,1] and all p € N*. Also, the
function f is continuous on [0, 00) x [0,00) X [0, 00) and

|f(t, z,w)| < |w| + 3, for each (¢, z,w) € [0,00) x [0,00) X Bs.

Thus conditions (H1) and (H3) hold. Consequently Theorem [5.1] implies that problem
[®)- () has at least one solution defined on (—oo, +00) X (—00, +00).
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Abstract: In this paper, we study the existence and multiplicity of periodic solutions
of the following second-order Hamiltonian systems

() + V' (t,z(t)) = 0,

where t € R, z € RY and V € C'(R x RY,R). By using a symmetric mountain
pass theorem, we obtain a new criterion to guarantee that second-order Hamiltonian
systems has infinitely many periodic solutions. We generalize and improve recent
results from the literature. Some examples are also given to illustrate our main
theoretical results.

Keywords: periodic solutions; Hamiltonian systems; mountain pass theorem; sym-
metric mountain pass theorem.

Mathematics Subject Classification (2010): 34C25, 58E05, 7T0HO5.

1 Introduction

Consider the second-order Hamiltonian systems
Z(t) + V'(t,z(t)) = 0, (HS)

where z = (z1,...,zy), V € C}YR x RY R) and V'(t,x) = V,V(t,x). The existence
and multiplicity of periodic solutions for system (H.S) have been studied in many papers
via critical point theory, see the classical monographs [§] and [I0] and the recent papers
[BL6, 12,315, 8]. In [I0], Rabinowitz established the existence of periodic solutions for
(HS) under the well known Ambrosetti-Rabinowitz condition:
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(AR) there is a constant p > 2 such that
0 < uV(t,r) < V'(t,x) . x
for all t € [0,7], T > 0, and z € RV\ {0} .

The potential V (¢, z) in (HS) is of the following form:
1
V(t,xz) = —§L(t):zz cx + W(t ),

where L € C(R,RY") is a symmetric matrix valued function and W € C*(R x RN R)
and satisfy:

(W1) there exist constants ag > 0 and dp > 0 such that

W'(t,z)| < do (|z|*™ +1)Vte[0,T], = €RY,

He and Wu [6] have obtained some results of the existence of nontrivial T'—periodic
solutions for (HS). See also Fei [5].

Motivated by the ideas of [5H7LTOL12,T4H18], in this paper we will further study the
existence of T'—periodic solutions for (H.S) under some general conditions.

Here and in the following z . y denotes the inner product of z,y € RY and |.| denotes
the associated norm.

Our main results are the two following theorems.

Theorem 1.1 Assume that V satisfies

(Vi) V(t,z) = —K(t,x) + W(t,x), where K,W : R x RN — R are C'-maps and are
T—periodic in its first variable with T > 0, and V (t,0) = 0,
Vit x)

(V) limsup

|z]—0 x

? < 0 uniformly in t € [0,T],
(V3) there exist constants pn > 2, 0 € [2,u), A € (1,2] and b > 0 such that
K(t,z) > blz|*, K'(t,x) .2 < 0K(t,z), V (t,z) € [0,T] x RN,
(V4) there exist constants o € (1, \) and C' € R such that
0 < uW(t,z) < W'(t,z) . x+Clx|”
for allt € [0,T] and x € R,

(Vs) there exist ap(t) > 0 and constants a1 > 0, R > 0 such that

W(t,z) > ao(t)|z|* Y(t,z)€[0,T] xRN, |z| > R.

Then the system (HS) has a nontrivial T—periodic solution.

Moreover, if V (¢, ) is symmetric in z, i.e. V satisfies
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(Ve) V(t,—z) = V(t,x), Y(t,z)e[0,T]xRN;
then we obtain the following result by using the symmetric mountain pass theorem.

Theorem 1.2 Assume that V' satisfies (V1) — (Vs), then the system (HS) has an
unbounded sequence of T'—periodic solutions and, in particular, infinite T — periodic solu-
tions.

Remark 1.1 There are functions K and W which satisfy the hypotheses of Theorem
1.1 and Theorem 2.2, but do not satisfy the corresponding results in [4H7110,12,T4HIS)].
For example, define a function K € C'(R x R, R) as follows

5 1 ,

j2ff eap(af?) + o, if Jal < 1,
K(t,z) = .

eap(1)[a]? + |, if |e| > 1.

An easy computation shows that K satisfies the condition (V3) but do not satisfy the
corresponding results in [4H7,[10,[12,T4HI8]. Define a function W € C*(R x RV, R) as
follows . )

Wi(t,z) = || exp(|z[*).

Then we have
, 5, & 1 1, 1 s 1
Wit z) . = Jlz|* exp(|a]?) +  Jo|* |2]* exp(|z]*)

5 1, 1 5 1
= 4 g el ol eapal).

So, W does not satisfy (7).
Moreover, for any constant p > 2, we have

5 1, 1 5 1
pW(t,x) =Wt 2) . x = (n— 7 = 7 lal*) |2|* exp(|a]*)

which yields that
5 5
0<uW(t,z)—W'(t,z) .z < (u-— Z> |x|i exp(4p —5)

for all (t,7) € R xRY and 0 < |#| < (4p —5)%, i.e. the condition (AR) does not hold for
every t € R and z € RV\ {0} and

pW (t,z) — W' (t,z).x <0,V (t,2) € R x RN |z > (4p — 5)%;
then (V4) holds.
Corollary 1.1 Assume that V' satisfies (V1),(V3) — (V5) and
(V%) W(t,z) = o(|z|?) as |z| = 0 uniformly in t € [0,T).

Then the system (HS) has a nontrivial T—periodic solution.
Moreover, if V satisfies (Vs) then the system (HS) has an unbounded sequence of
T —periodic solutions.
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2 Proof of the Main Results

Let

Hy = {x:[0,T] =R, x is absolutely continuous, (0) = z(T), and

i€ L*([0,T],RN)}

Then H1 is a Hilbert space with the norm defined by

T 3
]l = (/0 (lz(t)* + |5c(t)|2)dt>

for x € H%. Consider the functional ¢ : H¥ — R defined by

T
() = /0 (% 12(t)|* + K (t, z(t)) — W(t,z(t))) dt .

It is well known that ¢ € C*(HX,R) and for all z,y € Hh

¢ (z)y = /0 (@()-y(t) + K (¢, x(t)).y(t) — W't x(t)).y()) dt .
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(2)

It is well known that the T'—periodic solution of system (HS) corresponds to the critical
points of ¢ in H3. We will obtain the critical point of ¢ by using the mountain pass theo-
rem and the symmetric mountain pass theorem. We say that ¢ satisfies the Palais-Smale
condition if every bounded sequence {uy} in the space H such that limg_,oo ¢'(ug) = 0

contains a convergent subsequence. Therefore we state these theorems.

Theorem 2.1 [1()] Let H be a real Banach space and ¢ € C1(H,R) satisfying the

Palais-Smale condition. If ¢ satisfies the following conditions:
(i) ¢(0) =0,
(ii) there exist constants p, a >0 such that ¢,55,0) > «,
(iii) there exists e € H\B,(0) such that ¢(e) < 0.
Then ¢ possesses a critical value ¢ > «a given by

— inf
¢= inf max o(9(s)),

where B,(0) is the open ball in H centered in 0, with radius p, 0B,(0) its boundary and

I'={g€C([0,1],H) : g(0) = 0, g(1) =e}.

Theorem 2.2 [1()] Let H be a real Banach space, ¢ is even and ¢ € C1(H,R)
satisfyies the Palais-Smale condition. If ¢ satisfies (i) and (ii) of Theorem 2.1 and the

following condition:

(i1i’) For each finite dimensional subspace E C H, there is r = r(E) such that ¢(x) <0

for x € E\B,(0) where B.(0) is an open ball in H centered in 0, with radius r.
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Then ¢ possesses an unbounded sequence of critical values.

In the following, we denote C; (i = 1,2, 3...) for different positive constants.

Lemma 2.1 [7] For all x € H%

2]l oo < Coo ]| - 3)

where ||z|| = Jmax |(2)].

2.1 Proof of Theorem 1.1

Let y7 : H: — [0, +o0) be given by

W=

() = </0 (Ii(t)l2+2K(t,z(t)))dt> : (4)

By (@) and () we have

|~

T
o) = = () - / W (t, 2(t))dt . (5)

Moreover, using (V3) and (2) we obtain

T T
¢’(z>x§/0 (|§c(t)|2+9K(t,x(t))) dt/o W (¢, 2(t)).z(t)dt. (6)

It is clear that ¢(0) = 0. Firstly, we will show that ¢ satisfies the Palais-Smale condition.
Let (y;) C Hy be a sequence such that (¢(y;));jen is bounded and ¢'(y;) — 0 as j — +o0.
Then, there exists Cy such that

¢(y;) < Co, " Wil g~ < Co, (7)

for every j € N. Without loss of generality, we can assume that |ly;|| # 0. Then from
@), @) and (V3), we obtain for j € N

) = [ 150 + 2K (s 0)) i

T 2 A
/OT (5O + 2y 1))
. — T
Jo 15O dt 20 (Coe J5)*2 i 350 d
min {1, 26(Coe [l3;1)*~*} Jlys|
= min {57 26022 1}

v

IV v

By @), (6) and (V1) we have

T
- % ) < % 16 @)l sl - % / Wty (8) . w5(t) dt. (9)
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By Sobolev’s embedding theorem, (&), (@), (@) and (V1) we obtain
w—0 2 2 (T "
(") ) < 2000042 10 s+ 2 [ Clustol”a
2 2 HJo
< 2Co + Ch ly;ll + Cz [ly; |17 - (10)
Combining ) with (ZII), we obtain

. — 1% o
mln{||yj||2,2170§o 2 ||yj||A} < ﬂ(co + 1yl + Ca ;7). (11)

It follows from (L)) that ||y;|| is bounded in Hz. In a similar way as in Proposition 4.3
in [8], we can prove that (y;) has a convergent subsequence in H7.. Hence, ¢ satisfies the
Palais-Smale condition. Now, let us show that ¢ satisfies assumption (i7) of Theorem
2.1. By (V2), there exist constants ag, pg > 0 such that

V(t,z) < —ag |30|2 (12)

for all |z| < po and t € [0,T]. Choose p = £ and let S = {x € Hy, ||z = p}. ByB]
we have ||z|| < po, for all z € S, which together with (I2) implies

P(z) = 2f0 |z | dt — fo dt
> 2f0 | ( | dt + aofo |:c 2 at
> min{},a}p? =0

for every z € S.
It remains to prove that ¢ satisfies assumption (#i¢) of Theorem 2.1. By (V3) we have

K(t,z) < Cs |z’ +Cy ¥ (t,2) € [0,T] x RY, (13)

where C5 = sup  K(t,z) and Cy = sup  K(t,z). By (@) and (I3) we have,
te(0,T],|z|=1 te(0,T],|z|<1

for every s € R\ {0} and z € H+\ {0},

2

2 T . (7 , T
qs(sx)g?/o ((0)|7 dt + Cys /0 ()| dt+C5—/O Wit sz(t)) dt.  (14)

Take some @) € Hi such that ||Q]| = 1. Then there exists a subset {2 of positive measure
of [0,T] such that Q(t) # 0 for ¢ € Q2. Take s > 1 such that s|Q(¢)| > R for ¢t € 2. Then

by (Va), (V5) and ([{I4)

6(5Q) < Cas’ 5 [ ao(t) QDI (15)
Q

Since ap(t) > 0 and oy > 6, (IH) implies that ¢(sQ) < 0 for some s > 1 such that

s|Q()] > R for t € Q and s||Q| > p. By Theorem 1.1, ¢ possesses a critical value

¢ > a > 0 given by

)

where

I'={g€C([0,1], H) : g(0) = 0, g(1) = e} .
Hence, there is * € HL such that ¢(z) = ¢,¢'(z) = 0. The proof of Theorem 1.1 is
complete.
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2.2 Proof of Theorem 1.2

(Vs) implies that ¢ is even. By Theorem 2.1 and the proof of Theorem 1.1, it suffices to
prove that ¢ satisfies (iii’) of Theorem 2.2.

Let E C HL be a finite dimensional subspace. From the proof of Theorem 1.1 we
know that for any Q € E C Hx such that [|Q|| = 1, there is sg > 1 such that ¢(sQ) < 0,
for every |s| > sg > 1. Since E C Hx is a finite dimensional subspace, we can choose
r =r(E) > 0 such that

¢(z) <0, Ve FE\ B(0).

Hence, by Theorem 2.1, ¢ possesses an unbounded sequence of critical values (¢, )nen
with ¢, — +00. The proof of Theorem 1.2 is complete.

2.3 Proof of Corollary 1.1.
It follows from (V3) and (V)

lim sup Vit,z) < limsup <M - b|x|)‘_2> <0

2
lz|—0 || 2| —=0

uniformly in ¢ € [0, T], which implies the conditions (V3). An easy application of Theorem
2.1 and Theorem 2.2 will show that Corollary 1.1 holds.

References

[1] Abbondandolo, A. Morse theory for asymptotically linear Hamiltonian systems. Nonlinear
Anal. 39 (2000) 997-1049.

[2] Bahri,A. and Beresttycki, H. Existence of forced osciallations for some nonlinear differential
equations. Commun. Pure Appl. Math. 37 (4) (1984) 403-442.

[3] Benhassine, A. and Timoumi, M. Homoclinic Orbits for a class of second order Hamiltonian
systems. Nonlinear Dynamics and Systems Theory. 12 (2) (2012) 145-156.

[4] Ding, Y.H. Existence and multiplicity results for homoclinic solutions to a class of Hamilto-
nian systems. Nonlinear Anal. 25(11) (1995) 1095-1113.

[5] Fei, G.H. On periodic solutions of superquadratic Hamiltonian systems. Electron. J. Differ-
ential Equations 2002 (8) (2002) 1-12.

[6] He, X.M. and Wu, X. Periodic solutions for class of nonautonomous second order Hamilto-
nian systems. J. Math. Anal. Appl. 341(2) (2008) 1354-1364.

[7] Izydorek, M. and Janczewska, J. Homoclinic solutions for a class of second order Hamiltonian
systems. J. Differential Equations 219 (2) (2005) 375-389.

[8] Mawhin, J. and Willem, M. Critical Point Theory and Hamiltonian Systems. Applied Math-
ematical Sciences, Vol. T4, Springer-Verlag, New Yorek. 1989.

[9] Qu, Z.Q. and Tang, C.L. Existence of homoclinic orbits for the second order Hamiltonian
systems. J. Math. Anal. Appl. 291 (1) (2004) 203-213.

[10] Rabinowitz, P.H. Minimax Methods in Critical Point Theory with Applications to Dif-
ferential Equations, CBMS Regional Conference Series in Mathematics, Vol.65, American

Mathematical Society, Providence, RI, 1986. Published for the Conference Board of the
Mathematical Sciences, Washington, DC.

[11] Rabinowitz, P.H. Periodic solutions of Haliltonians systems. Comm. Pure Appl. Math. 31
(1978) 157-184.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 14 (3) (2014) 265

[12] Schechter, M. Periodic solutions of second order non-autonoumous dynamical systems. J.
Differential Equations 223(25) (2006) 290-302.

[13] Schechter, M. Periodic solutions of second order non-autonoumous dynamical systems.
Bound. Value Probl. (2006) 1-9.

[14] Sun, J., Chen, H. and Nieto, J.J. Homoclinic solutions for a class of subquadratic second-
order Hamiltonian systems. J. Math. Anal. Appl. 373 (2011) 20-29.

[15] Sun, J., Chen, H. and Nieto, J.J. Infinitely many solutions for second-order Hamiltonian
system with impulsive effects. Mathematical and Computer Modelling 54 (2011) 544-555.

[16] Sun, J., Chen, H. and Nieto, J.J. Homoclinic orbits for a class of first-order nonperiodic
asymptotically quadratic Hamiltonian systems with spectrum point zero. J. Math. Anal.
Appl. 378 (2011) 117-127.

[17] Sun, J., Chen, H. and Nieto, J.J. On ground state solutions for some non-autonomous

Schredinger-Poisson systems. Journal of Differential Equations 252 (2012) 3365-3380.

[18] Sun, J., Chen, H., Nieto, J.J. and Otero-Novoa, M. The multiplicity of solutions for per-
turbed second-order Hamiltonian systems with impulsive effects. Nonlinear Analysis, The-
ory, Methods and Applications 72 (2010) 4575-4586.

[19] Timoumi, M. Periodic and subharmonic solutions for a class of noncoercive superquadratic
Hamiltonian systems. Nonlinear Dynamics and Systems Theory 11 (3) (2011) 319-336.



Nonlinear Dynamics and Systems Theory, 14 (3) (2014)

St

@%ATH
Publishing

Group

Approximate Controllability of a Functional
Differential Equation with Deviated Argument

Sanjukta Das*, D. N. Pandey and N. Sukavanam

Department of Mathematics, Indian Institute of Technology, Roorkee - 247667, India.
Received: November 22, 2013; Revised: July 4, 2014

Abstract: This paper deals with the approximate controllability of a functional dif-
ferential equation with deviated argument and finite delay. Sufficient condition for
approximate controllability is proved under the assumption that the linear control
system is approximately controllable; thereby removing the need to assume the in-
vertibility of a controllability operator which fails to exist in infinite dimensional space
if the generated semigroup is compact. Schauder fixed point theorem is used and the
Coh semigroup associated with mild solution has been replaced by the fundamental
solution.
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1 Introduction

In certain real world problems, delay depends not only on time but also on the unknown
quantity. The differential equations with deviated arguments are generalization of de-
lay differential equations in which the unknown quantity and its derivative appear in
different values of their arguments. Functional differential equations with deviated argu-
ment model various control problems arising in the field of engineering, physics and so
on. Many partial differential systems can be reduced to functional differential equations
with deviated arguments, see for instance [38L[I5[16]. Aftereffect, hereditary systems,
equations with deviated arguments, etc. feature in several mathematical models. As a
matter of fact delay differential systems are still resistant to many classical controllers.
In recent years, controllability of infinite dimensional systems has been extensively
studied for various applications. The papers of Benchohra et al. [I0] and Chang [19]
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discuss the exact controllability of functional systems with infinite delay. However, in
these papers the invertibility of a controllability operator is assumed. As a consequence
their approach fails in infinite dimensional spaces whenever the generated semigroup is
compact. Also it is practically difficult to verify their condition directly. This is one of
the motivations of our paper.

Controllability results are available in overwhelming majority of investigations for
abstract differential delay systems (see [4H6]OHITL[I8H20]); rather than for functional
differential equations with deviated arguments. It is interesting to note that approximate
controllability problem for nonlinear dynamical systems with deviated argument has not
been investigated thoroughly in literature. In an attempt to fill this gap we study the
approximate controllability of the following control system using fixed point approach
which removes the above restrictions.

However C.G. Gal [I] studied the existence and uniqueness of local and global solu-
tions for initial value problem with deviated argument

' (t) = Au(t) + f(t,u(t), ula(u(t),t)]),t € Ry, u(0) = uop.

Muslim and Bahuguna [12] studied a neutral differential equation with the same type
of deviated argument as studied by C.G. Gal [I]. Haloi, Pandey and Bahuguna [I7]
studied a system with the same deviated argument. Fractional operators, analyticity
and compactness are mostly used to establish these results which impose more restriction
on the semigroup and the nonlinear part of the semilinear system. Thus, in this paper
the Cpy semigroup associated with mild solution has been replaced by the fundamental
solution.

Several papers studied the approximate controllability of semilinear control systems,
see for instance [2[71[T4] and references therein. Generally these papers proposed con-
ditions on the systems operators by assuming the corresponding linear system is ap-
proximately controllable. For instance, Naito [7] proved that a semilinear system is
approximately controllable under range condition on the control operator and uniform
boundedness of the nonlinear operator. Sukavanam [14] proved sufficient conditions for
approximate controllability where the nonlinear function satisfies growth conditions.

Motivated by results in [7] and [14] the purpose of this paper is to study the exis-
tence and uniqueness of mild solution and approximate controllability of a functional
differential equation with deviated argument and finite delay using Schuader fixed point
theorem. However we proceed by establishing a relation between the reachable set of
linear control problem and that of the semilinear delay control problem.

In this work we study the approximate controllability of the functional differential
equation with finite delay and deviated argument, which is illustrated as follows.

dn;(tt) = Axz(t) + Ayzy + Bu(t) + f(t, 2, z(a(z(t),1))),t € J = [0, 7],

z(t) = ¢(t),—h <t <0,

(1)

where 2(t) € X and u(t) € U, X and U being Hilbert spaces. Let Z = Ly([0,7); X), Zp, =
Ly([—h,7]; X), 0 < h < 7 and Y = Ly([0,7]; U) be the corresponding function spaces.
A:D(A) C X — X is a closed linear operator which generates a strongly continuous
semigroup T'(t). A; is a bounded linear operator from C([—h,7]; X) to L2([0, 7], X).
B:Y — Z is a bounded linear operator. When « : [—h, 7] — X is a continuous function
then z,(.) is denoted by z;(0) = z(t + 0), 6 € [-h,0] and ¢ € C([-h,0;X). =, €



268 SANJUKTA DAS, D. N. PANDEY, N. SUKAVANAM
C([—h,0], X) a Banach space of all continuous functions from [—h, 0] to X with norm

[zillo = supoei-nollz:(0)x fort € (0,7].

Cr(J,X)={ueC(J,X):3l >0 such that ||u(t) — u(s)|| < |t — s|,Vt,s € J}.
Simple Lipschitz conditions are required to study the differential equation with devi-
ated argument in Section 3.

2 Preliminaries and Assumptions

Some basic definitions and lemmas are stated which are used in proving the existence and
uniqueness of the mild solution and approximate controllability of (). In equation () if
we put f = 0 the resulting equation without the delay term is called the corresponding
linear system (2I)

dflit) = Az(t) + Bu(t), t € [0, 7],
2(0) = ¢(0) €[~h,0]. Y

Let us consider the linear delayed system
dx(t)

dt
To=0¢ € [—h,O].

= Azx(t) + Ayzy, t € [0, 7],

Let 2?(¢) be the unique solution of system (3. Define a map S : J — £(X) by

st ={ o 120 (@)

Then S(¢) is called the fundamental solution of (3) satisfying

S(t) = T(H)6(0) + /0 Tt — $)ArS(s + 0)ds, £ > 0, o)
S0)=1,5(t)=0, —h<t<O.
It follows from [9] that S(¢) is the unique solution of [B)). It can be easily shown that
S(t) = Koexp(Kol|A41]|7) := M,

where ||T'(t)|| = Ko. Therefore the mild solution of semilinear control system (I)) is
defined as

Definition 2.1 The function x : (—h,7] — X is said to be a mild solution of () if
x(.) € CL(J, X), x(t) = ¢(t) for t € [—h,0] and it satisfies the integral equation.

(1) :S(t)¢(0)+/0 S(t—s)Bu(s)ds+/0 S(t— 5)f (5,25, 2(a(z(s), s)))ds, t € J, (6)
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and the mild solution of the corresponding linear system with delay and control term ()

dfl(tt) — Ax(t) + Ay, + Bu(t), t € [0,7], -
To=¢ € [7h70]7
is defined as
z(t) =S(t)¢(0) —l—/o S(t — s)Bu(s)ds,t € |0, 7], ®)

(t) =6(t), —h < t < 0.

Definition 2.2 The set given by K, (f) = {z(T) € X : z € Z,} is called reachable
set of the system (). K,(0) is the reachable set of the corresponding linear control

system ().

Definition 2.3 The system (I]) is said to be approximately controllable if K, (f) is
dense in X. The corresponding linear system is approximately controllable if K, (0) is
dense in X.

Let us assume that:
(H1) The nonlinear function f: J x X x X — X satisfies Lipschitz condition,

| f(t, 21, 21) —

f(t,
for all 21,2, 21,20 € X, ¢t € (0,7] and 3 a constant g > 0,
such that || /(s,0,2(a(z(0), )] < g, ¥ s € .

f(t, 2, 22)|| < P(lley — @2l + [J21 — 22]])

(H2) Leta: X x RT — R satisfy the Lipschitz condition |a(x1, s) —a(z2,s)| < La||lz1 —
x2|| and a(.,0) = 0.

Lemma 2.1 The fundamental solution S(t) is bounded.

Proof. Since
t
1Sl SK0+K0||A1||/ 1S(s + 0)||ds
0
t+0
<Ko+ kollAil| [ [1S(0)][do
0

t
§m+MM%/Hﬂ®
—h

|do 9)

t+h
gm+mmm/ 15(0)||do

IS <Ko exp Kol[Axl|(t + 7)

< Ko(l+d)expK(r+h) =
maz{||S(t)|| : t € [0,7]} = M,

the fundamental solution is bounded.
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Lemma 2.2 If the Co—semigroup T'(t) is compact then the fundamental solution S(t)
18 compact.

Proof. Let us define the sequence of operators S,,(¢) on [—h, 7]. From the compact-
ness of T'(t) and boundedness of ||A1|| we conclude that S,, is compact. Let ||A;|| = K.
To prove S, (t) = S(t) in L(X) we first show that {5, (¢)} is a Cauchy sequence in L(X).
Let us define

S1(t) =T(¢t),t €0,7],

=0,t € [-h,0],
t (10)
S’ﬂ+1(t) = T(t) + / T(t - S)Sn(s + H)ds,t € (05 T]v 9 € [7h7 0]7
0
=0,t € [-h,0],
forn=1,2,..
Therefore,
t
[152(2) = S1()]] < / 1T (t = s)I[[Ax[[IIS(s + 0)[|ds < KoKy Mt, (
0 11)

1
[|Sn+1(t) — Sn(t)]] < EKSK?MN” —0 as n—0.

Thus {S,(t)} is a Cauchy sequence. As £(X) is the Banach space of all bounded linear
operators on X, 3 an operator S(t) € £(X) such that S, (t) — S(¢) uniformly on [0, 7]
and hence S(t) is compact V¢ € [0, 7]. It is easy to check that S(t) is unique.

2.1 Existence and uniqueness of mild solution

The equation (@) is verified to be the unique mild solution of the semilinear delay control
system ().

Theorem 2.1 The system (1) has a unique mild solution in Cr(J, X) for each control
u € La([0,T);U) if assumptions (H1) and (H2) are satisfied.

Proof. Define the space Cr,([—h,7],X) = {z € C([~h,7],X) : z € Cr([0,7], X)}.
Fix 0 < t; < T such that

PMt(l+21L,)R < M||¢|| + MMBT ||u||+ MTg+ 1.

Define the mapping ® : Cr,([—h,t1], X) = Cr,([—h, t1], X) as

(®)(t) S(t)¢(0)+/0 S(t = s)[Bu(s) + f(s, s, 2(a(z(s), 5)))]ds, t € (0,t1],
= $(0), 0€[—h,0]. (12)

Let us consider the space Br = {z(.) € Cr,([~h,t1], X) : |zllc(=nt],x) < R, x(0) =
#(0)} endowed with the norm of uniform convergence. For any 2 € Br and 0 < t < ¢y,

lzillc = sup—n<o<ollze(O)l x < sup—n<c<t, |2(Q)x < R.
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Then
[@)@] < M)+ MMaT]ul

b [ A5 n(a(a(5),59) ~ £06,0,(ala(0), )]

+ [ (s,0.aa(z(0),0))[)ds

< Mol + MMaTu]

b [ MIPats +0) 0l +1Lale(s) - 2O + gl

< MG+ MMpti]lul

b [ ap(aoae) + [ L) - 2] + gl

< M|¢0)]| + MMpty||u|| + M(t1 + h)P||z|| + 2Mt1 PILy||z|| + gt1

< M|¢0)]| + MMpty||u|]| + M(t1 + h)PR + 2Mt1 PIL,R + gt;.
Let

M||é|| + MMpt||ul| + M(t, + h)PR + 2Mt, PIL R + gt < R.

Then

M||p|| + M Mpty||u|| + gt1 < R(1 — M (t1 + h)P — 2Mt1 PIL,,).
RHS is positive if
t1(PM +2MPIL,) < M(t, +h)P+2Mt;PIL, < 1,

1
(PM +2MPIL,)

th (13)

Hence ® maps Bp into itself when ¢; satisfies (I3]). Next it is shown that ® is a contrac-
tion. Let z1, 22 € Bg

[(@z1)(t) — (Rz2)(@)|| < / M| f(s, (z1)s, 21(a(z1(s),9)))
= f(s,(21)s, w1(alza(s), 8))) — f(s, (22)s, v2(a(z2(s), 5)))
+ f( (1)s, w1 (a(z2(s), 5))) [ ds
< tMP[||lz1(a(z1(s),8)) — z1(a(z2(s), s))|l
+ (l(22)s — (z1)s]l
+ [J2(a(22(s), )*zl(a(fcz( ), )N
< tMP[lla(z1(s), s) — a(z2(s), s)]
+ ||$2(8+9)—$1(3+9)||+(||$2—$1||C[ ht]iX))]
< tM(IPLgll21(s) — z2(8)lo((=h,t:].%)
+  Pllaa(t) — z1 ()| + Pll> (—h,t1],X))
< Mt(IPL,+ 2P)|x2 — $1||C([—h,t1],X)- (14)

So, |Px1—Pxa||c((—h,ty),x) < Mt(IPLoA-2P) |21 —22]|c([—h,t],x)- Thus ® is a contraction
mapping. Therefore, ® has a fixed point in Br. Hence (@) is the mild solution on [—h, #1].
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Similarly it can be shown that (@) is the mild solution on the interval [t1,t2], t1 < t2
Repeating the above process we get that

" n Mt™
19" 21 = ®"@2llc((—hn),x) S — = (PLa + 2P)21 = 22l c-h,0)x)-

Thus (@) is the mild solution on the maximal existence interval [—h, t*], t* < 7.
Now it is shown that x is well defined in [—h, 7].

le@l < Mlg|+M / (Mg u(s)]| + Pllzs — 0]
+ Pla(a(a(s), s) — #(a(z(0), 0)]| + glds
< M||¢H+MMBT||u<s>H
LM / Plllall + ILall(s) — 2(0)]] + g]
< M|6]l+ MMpr|u(s)]|
+ MrP(2(0)] + g) + M / 12(s) | ds. (15)
0

By Gronwall’s inequality ||z(t)| < |lzillc < [M||¢]| + MMp7||u(s)|| + MTP(||z(0)| +
g)]exp(M7P). So ||z(t)|| is bounded on [—h,t*]. Thus z is well defined on [—h,T]. To
prove the uniqueness of solution let 21 and xo be any two mild solutions of (6]) such that
for t € [=h,0], z1(t) = z2(t) = ¢. For t € [0,t%)

les(t) = a0l < 1 s ) aea (), 5))
- f(S (z2)s, z2(a(x1(5),5)))|lds + f(s, (v2)s, z2(a(z1(s), 5)))
15 (@2)esma(aza(s),8)]
< M/ Plll(z1)s — (@2)s ] + l21(5) — 22(5)]
£ ULalei(s) - 2a(s)l}ds
= thP|w1<n> sl + M [ Plas(s) o)
o f PULy 2 (s) — a(s) ds

< M / OhP|x1<n> — 2a(n)ldn + M / P 4 1L 1 (5) — wa(s)]|ds.
Since uniqueness of the mild solution is proved on [—h, 0], we get

[21(t) — 22(t)]| < MP(2+ L) /Ot lz1(s) — 22(s)]|ds.
Hence by Gronwall’s inequality x;(¢) = x2(t) for all ¢ € [—h, 7].
3 Main Result

Define a linear operator L from Z to C([0,7],X) by Lz = [; S(t — s)z(s)ds,t € [0,7].
Let Kx(t fo x(s)ds,t € [0,7].
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Z can be decomposed uniquely as Z = No(L) ® Ng-(L) where No(L) is the null space of
the operator L and Ny(L) is its orthogonal space.
Let us assume

(H3) Vp € Z, 3 a function ¢ € R(B) such that Lp = Lg.

The approximate controllability of the corresponding linear system (2)) follows from
the hypothesis (H3). Then it is to be proved that the linear system () with finite
delay is approximately controllable. Next by assuming that the linear system with delay
(@) is approximately controllable, the system () is to be proved to be approximately
controllable using Schauder fixed point theorem. Define the operator F' : Cr, ([0, 7], X) —
Ly ([0, 7], X) as

F(z)(t) = f(t, ¢, z(a(z(t),1)));0 <t < T

From hypotheses (H1), (H2) we conclude that F' is a continuous map. From hypothesis
(H3) it follows that for any p € Z, there exists a ¢ € R(B) such that L(p — ¢) = 0.
Therefore p — ¢ = n € Np(L) which implies that Z = Ny(L) @ R(B). Therefore, it
implies the existence of a linear and continuous mapping Q from Ng-(L) into R(B)
which is defined as Qu* = v where v is the unique minimum norm element v € (u* +
No(L) N R(B), iee. [|Qu]| = [lo]l = min{]le] : v € {(u* + No(L) \R(B)}. By (H3).
Vv € {u* + Ng-} N R(B) is not empty and Vz € Z has a unique decomposition z = n + q.
Hence the operator @ is well defined. Moreover, ||Q|| = ¢ for some constant c.

—~

Let us consider the subspace My of Cr, ([0, 7], X) which is defined as

Mo — m € Cr,([0,7], X) : m(t) = Kn(t), ne€ No(L);0<t<T, (16)
°7 1 m(t) =0, ~h <t <0;
Let
fo: Mo — My
defined by
Kn, 0<t<Ty

where n is given by the unique decomposition of F(x + m)(t) = n(t) + q(t), n € No(L)
and g € R(B).
The following assumption is made

(A1) R(A;1) C R(B).
Theorem 3.1 The operator f, has a fized point in My if M(1+ ¢)Pt < 1.

Proof. Since S(t) is compact, K is compact and f, is compact. Let z € Z then
z=q+n,n € No(L), ¢ € R(B). Also ||n]lz < (1 + ¢)||z||z for some constant c. Let

B, ={ve My:|l|| <r}.
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Let m € B, and ||£(0,0, (x + m)(a(m(s),0)|| <I;. Suppose on the other hand
t
r <|[fe(m)l| =[[En] < /O ISt = s)n(s)llds
t
§/ M1+ o)||F(x +m)| zds
0

< [ 6o ms o el m(s) )
50,0, G+ m)(alm(s), O + 10,0, (& + m)(a(m(s), 0]
<+ [ Pllie+m)(s+0) -0l

e+ m)a((e +m)(s), ) — (& -+ m)a((m)(s),0) | + 1y1ds

<M(1+ C)/O Plllz]| + [[m|[ + l|a((z +m)(s), s) — a(m(s),0)| + Is]ds
<M(1+ c)/0 Pll|lz|| + 7+ {Lg||(x + m)(s) — m(s)|| + l¢]ds

t
<M(1 +c)/ Pl + 7+ ILallz] + 1;]ds
0
<M1+ ¢)P(||z||T 4 r7 + I Lo ||| T + 1T).
(18)

Dividing by r and taking limit as r tends to oo we get a contradiction. So f, maps
B, into itself. Therefore, by Schauder fixed point theorem it has a fixed point.

Theorem 3.2 Suppose the linear control system (2])

ant)
e Az (t) + Bu(t),

z(0) = ¢(0), (19)
is approximately controllable then the linear delay control system ()

dfl—it) = Az(t) + Ajzy + Bu(t),

z(t) = ¢(t), —h <t <0,

is controllable if assumptions (A1) hold.
Proof. Consider

y'(t) = Ay(t) + Bu(t),t € [0,7],

20
V1) = o(1), £ € [h,0]. 2
The mild solution of equation (20) is as follows
¢
y(t) = T(t)e(0) +/0 T(t — s)Bu(s)ds, t > 0, (21)
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Since R(A1) C R(B),V ¢ > 0,3 w € U such that
[A1ys — Buwlz <e.

Let z(t) be a solution of linear delay control system corresponding to control (v — w)
satisfying

(22)
If t € [~h,0], then
wo(t) —yo(t) =0
and if ¢ € (0, 7] then we get
t
2(8) — y(t) :/ T(t — 5)[~Bu(s) + Ays]
0
t
= / T(t — s)[—Bw(s) + A1ys)ds (23)
0
¢
+ / T(t— s)[A1xs — Aryslds.
0
Take the norm on both sides
t
Ja(®) - y(®)] < Ko [ |Bu(s) - Ava|ds
0
¢
Ko [ Ave, — A
0
t
< Ko7||Bw(s) — Arxsllz + KO/ Ki||zs — ys|lds (24)
0

t
< Koer + KO/ Ko |zs — ysds
0

t
gmw+m/ mmwfmwm,
—h

where ||A;1| < Kj, since A; is bounded linear operator from Cp,([-h,7],X) to
Ly([0,7],X) and A : L2([0, 7], X) — Co([0, 7], X) defined by A(z) = fot T(t — s)Ajzsds
This implies

t
lz(t) = y(®)]] < Koer + KoKy / . l[(n) = y(n)lldn. (25)
Using Gronwall’s inequality
lz(t) — y(®)]] < Koer exp(KoK1{T + h}).

Since RHS depends on €, it can be made as small as possible. This implies that the
reachable set of linear delay control system is dense in the reachable set of the linear
control system (2) which in turn is dense in X as (7)) is apprroximately controllable.
Hence the linear delay control system is controllable.
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Theorem 3.3 The semilinear control system (l) is approzimately controllable if the

linear delay control system (7)

dflit) — Aw(t) + Aves + Bu(t),
a(t) = o), —h<t<0,

18 approximately controllable.

Proof. Let x(.) be the mild solution of the linear delay control system () given by

x(t) = S(t)¢(0) + KBu(t),t € (0,7],

x(t) = ¢(t),t € [~h,0].
We prove
y(t) = x(t) + mo(t)
to be mild solution of semilinear problem (). Since
KFp(x +mo)(t) = Kn(t) + Kq(t),
operating K on both sides at m = my, fixed point of f,

KFy(z+mo)(t) = Kn(t) + Kq(t)

= mo(t) + Kq(t).

Add z(.) to both sides and using y(t) = z(t) + mo(t), we have

2(t) + KFp(z +mo)(t) = a(t) +mo(t) + Kq(t),
2(t) + KFu(y)(t) = y(t) + Kq(t),
=yt) = 2(t)+ KFu(y)) - Kq(t),
=yt) = S(t)o(0)+ K(Bu—q)(t) + KFu(y)(®).

(26)

(27)

This is the mild solution of semilinear problem with control (Bu — ¢). By following the
same proof in [I3] we get the following conclusion that since ¢ € R(B), there exists a
v € U such that ||Bv — ¢|| < e for any given ¢ > 0. Let z, be a solution of the given

semilinear delay control system (1.1) corresponding to the control wv.

Then as shown

by [7] we have ||y(7) — z,(7)|| = ||z(7) — z,(7)|| < €. This implies that z(7) € K, (f).
Then it follows that K,(0) C K,(f). Thus (I is approximately controllable, since the

corresponding linear system () is approximately controllable.

4 Example

Let us consider the heat control system with finite delay

Oy(t, o%y(t,

% = %nLy(tvLG,x)JrBu(t,z)+f(t,z(t+0),
0<t<T, -h<0<0,0<zxz<m,

y(t,0) = y(t,m)=0,0<t<T,

yt,z) = &x), —h<t<0, 0<z<m.

z(a(z(s), s)))ds

(28)
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Let X = Ly(0,7) and A = —-%; . Define

dx?

d
DA)={y € X:y, ﬁ are absolutely continuous,

d?y
Tz € X and y(0) = y(r) = 0}.
Fory € D(A) , y = >0, < y,¢n > ¢ and Ay = —=> 2 n? < y,n > ¢,.

N

where ¢, (z) = % sinnz, 0 <z <m, n=1,2,3... is the eigenfunction corresponding
to the eigenvalue A\, = —n? of the operator A. ¢, is an orthonormal base. A will
generate a compact semigroup 7'(t) such that T'(t)y = > o2, et <y dp > fn, N =
1,2,... V y € X. Let the infinite dimensional control space be defined as U = {u : u =
S Unbn, SooC,u2 < oo} with norm [|ully = (32°°,u2)7. Thus U is a Hilbert space.
Let B:U — X : Bu = 2us¢; + Yoo g undy foru =737, uyp, € U. The bounded
linear operator B : L2(0,T : U) — L2(0,7T; X) is defined by (Bu)(t) = Eu(t) Then
this problem (28) can be reformulated into an abstract semilinear differential equation
with deviated argument and finite delay by substituting I = A;. If the hypotheses
(H1) — (H3) and assumption (A1) are satisfied then it can be shown that this system
([28)) is approximately controllable.

5 Conclusion

Thus, we prove the existence and uniqueness and approximate controllability of the
functional differential equation (Il) with deviated argument and finite delay by using
Schuader fixed point theorem and fundamental solution instead of Cy semigroup.
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Abstract: In this paper, stability analysis for a class of nonlinear time delay system
is done. A state space representation of the class of system under consideration is
used and a transformation is carried out to represent the system by an arrow form
matrix. Taking advantage of this representation and applying the Kotelyanski lemma
in combination with properties of M-matrices, some new sufficient stability conditions
are determined. An illustrative example is presented to show the effectiveness of the
proposed approach.
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1 Introduction

Time delay exists in many practical systems. This includes chemical processes, teleop-
erators, mechanical systems, network control systems etc. see [2LBLRIIT]. The delay can
be an inherent part of the dynamics of the system or can be a result of actuators and
sensors used and the time needed for transmission of control signals. Presence of delay
complicates the analysis of such systems and can even cause instability [6[T0[TT]. In many
situations industrial models have to represent nonlinear phenomena for the delay or the
system itself. This is justified by the insufficiency of the first order linear approximations
to explain the typically nonlinear problem of instability linked to excessive initial condi-
tions or perturbations. Difficulties are greater when delays appear in nonlinear systems,
see [IL[3HE] for an excellent exposition of nonlinear delay equations. For all these reasons,
there has been an extensive literature on stability of time delay systems [(JI921]. In this
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paper, we determine sufficient stability conditions for nonlinear systems with constant
delay.

There are mainly two main approaches in determining stability conditions for time
delay systems, namely, delay independent conditions and delay dependent conditions.
To this extent most of the existing results are delay-independent [6L[9,12,20] and few
are delay-dependent, see [I3|[I8,22] and the references therein. Even fewer give practical
results which can be applied to nonlinear systems. In this paper, we determine sufficient
delay dependent stability conditions for nonlinear systems with a constant delay.

The paper is organized as follows. In Section 2, the main result is given. Delay de-
pendent sufficient conditions for stability of the nonlinear system with delay are derived.
Section 3 is devoted to the application of the obtained result to delayed Lurie systems.
An illustrative example is given in Section 4. We finish this paper by some concluding
remarks in Section 5.

2 Sufficient Stability Conditions

Our work consists of determining stability conditions for systems described by the fol-
lowing equation:

. O+ Y Rt o0+ Y ait oV -m) =0,
y(i)(t)zqzﬁj(ot),we[—r 0],1:5,...,71—1,

where 7 is a constant delay and ﬁ-, g; © =0,...,n—1 are nonlinear functions. Let us fix
the notation used. Let C,,= C([—7 0] , R"™) be the Banach space of continuous functions
mapping the interval [—7 0] into R™ with the topology of uniform convergence. Let
xy € Cy, be defined by x4(0) = x(0), 0 € [-7 0]. For a given ¢ € C,,, we define ||¢| =
SUP_.<g<o 00|, ¢(0) € R™. Let a; € Cy, be defined by x:(0) = z(0), 0 € [-7 0]. The
functions fi, Gi, i =0,1,..,n—1 are completely continuous mapping the set J, x C:Xf x Se
into R, where CH = {¢p € C,,|¢|| <H}, H>0,J,=[a +),a € Rand S, = {p €
R,p<p <% where p <p € R} . Finally we say that the function g satisfies the finite
sector condition if g € E([k1 , ko]) = {g] g(0) =0,k0? < og(o) < kao?,0 # 0 and
k1 < k2}. In the sequel, we denote (t,z:,0) = (.). We start by making the following
changes:
21 (t) =y D), i=0,...,n—1

which implies that

therefore,
Tn(t) = Z Ja(t Zg Jai(t — 7).
=1 =1

The studied system is described by the following state space representation:

#(t) = Fa(t) + GOt - 7,
{ #(t) = 6(t), vt € [~ 0], ®

where

’

x(t) = (zo(t) @a(t) ... @aa(t) za(t) ),
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’

¢(t) = ( ¢1(t) d2(t) ... dna(t) on(t) ) .
The matrices F(.) and G(.) are given by

0 1 0 0
~ 0 0 0 0
P()= ; 3)
0o 0 oo
7f0( ) 7f1( ) 7fn72(-) 7fn71(-)
and
0 0 0 0
0 0 0 0
é() - : : : : : (4)
0 0 0 0
=g0(-) —91() - —Gn-2() —Gn-1()

Applying the following transformation:

x = Pz, (5)
where
1 1 1 0
(051 Qg ap—1 0
a?72 a;hQ aZj 0
o/f_l ag_l ozgj 1

leads to the following state representation
S:z2(t)=F()z(t)+ A()z(t—1) (7)

which describes the dynamics of system () by using the new state vector z. The matrix
F(.) is given by

a B1
o Bo
F()=PlF()P = : (8)
Qp—1 Bn—l
1) 20 () m()

Elements of the matrix F(.) are defined in [15] by

vi(.)=—D(a;,.) i=1..n—1, (9)
where »
Ds,) ="+ Y Fi()s' (10)
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and
’771() = _.]En—l(') - Z Qs (11)
a; — A 1
B = QO\) . 1 =1... 1, (12)
where )
QW) = I —ay (13)

The matrix A(.) is given by

A()=P 'GP = (14)

with
51():71\](0[17')7 1:17 7”715 (]‘5>
where .
N(s,) =Y ai()s' (16)
i=0
and
6() = —n-1(.). (17)
Based on this transformation and the arbitrary choice of parameters o;, it = 1,...,n—

1 which play an important role in simplifying the use of aggregate techniques, we give
now the main result. Let us start by writing our system in another form. By using the
Newton-Leibniz formula

z@—Tyzdo—A;zwma (18)

equation () becomes
t

4@:@@+Aop@—Ao/ 5(0)db. (19)
t—T1
Let Q be a domain of R™, containing a neighborhood of the origin, and sup the
Jr, 2,5,
suprema calculated for ¢ € J; (i.e t > 7), for functions = with values in €2, and for p in S,,.

Next, using the special form of system (IJ) and applying the notation supp) = sup
Je, 0,8,

)
we can announce the following theorem.

Theorem 2.1 The system () is asymptotically stable, if there exist distinct param-
eters a; < 04 =1,...,n — 1, such that the matriz T(.) is the opposite of an M-matriz,
where T'(.) is given by

a1 |51]
Qg | Ba|

Qp—1 |ﬁn—1|

1) () o teea() ta()
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and the elements t;(.), i = 1,...,n are given by

_ Q) 486 O1 + Tlas| supy |6 ()]

tz() 1— T supp |5n()|

and

n—1
T |Bil sup [6;(.)]

tn () =y () +00() +

Proof. We use the following vector norm

’

p(z) = (p1(2) pa(2) p3(2) - pal2) ), (23)

where p;(z) = |z, i =1,...,n— 1 and p,(z) is given by

> supdi(.)]

s 0t
pn(2) = |on| 4 —=2 1 /_ /t ey dvas (24)
1—7 <stl]p|5n(.)|> T

with the condition

T <sup |5n()|> <1 (25)
[]
Let V(¢) be a radially unbounded Lyapunov function given by (24]).
V() = (=) sw) = 3 wipi(=(t), (26)
i=1
where w € R, w; > 0,4 =1,...,n. First, note that
n—1 2
supy; (|9 (-)]) T
Vito) < ) wilzi(to)] + wn (|2n(to)| + sup |¢n|7-) =1 < fo0
; 1= 7supp(|6n()]) (=70 2
(27)
and
Vi(t) = sz |z (t)] - (28)
i=1
The right Dini derivative of V'(¢), along the solution of (I9)), gives
~ dtpi(2(t))
+ — i W NPV
DYV (t) = ;w T (29)
For clarification reasons, each element of %, 1 = 1,...,n is calculated separately.

Let us begin with the first (n — 1) elements. Because |z;| = z;sign(z;), we can write, for
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1=1,..,n—1,
d*pi(2(t)) _ d¥|zi(t)]
et J Ldtt
= LA Gign ) (30)
= (vizi(t) + Bizn(t))sign(zi(t))
< a;|zi(t)] + |Bil [2n (8)]
and 2 ;1(2) is given by

Zsu [0:(

Jr
atpa() _ 4 |z / / )| dode (31)
dt* dt+ * 1 - Tsup [6,(.)] dtJr rJivo ()]
Finally, it is easy to see that equation ([BII) can be overvalued by the following one
dtpn(z) _ &
< S ti() ]z, 32
) < S0 (32)

where elements ¢;(.), i = 1,...,n are given by

Tsup( [0n ()17 () + ()] lai|sup |6i(.)]

ti(-) = |vi() +6:() +

(33)
_ () + 6+ Tlas| supg 6 ()]
1 — 7supy; [0, ()]
and
T |Bi] sup [0;(.)]
7supp) [6n ()|[1n () + 6n(.)] ; [ (34)
b)) = () + 0a () + — + .
Then the inequality (29) becomes
DV () < (T'(Jw,l2l), (35)
where T'(.) is given by (B8]
a |51
Qo | 2]
T() = - (36)

Qp—1 |ﬁn—1|

1) t2() o taoi() tal()

Because the nonlinear elements of T'(.) are isolated in the last row, the eigenvec-
tor v(t,x¢, p) relative to the eigenvalue A, is constant [I7], where A, is such that
Re(Ay) = max{Re(A\),\ € A(T(.))}. Then, in order to have DTV (t) < 0, it is suffi-
cient to have T'(.) as the opposite of an M—matrix. Indeed, according to properties of
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, N1
M-—matrices, we have V o € RY", 3 w € R3}" such that — (T ()) o = w. This enables

us to write the following equation
(T'(Ow, |20 = (~a, 2(0)]) = = 3 ailz4(0) (37)
i=1

which yields
DY) < -3 i), (38)
i=1
This completes the proof of theorem.

Remark 2.1 If the couple (D(s,.)+ N(s,.),Q(s)) forms a positive pair, then
there exist distinct negative parameters «;, ¢ = 1,...,n — 1, verifying the condition
(vi()+6:())Bi>0fori=1,...,n—1.

Using Theorem 2.1 and Remark 2.1, the obtained supremum is a function of «; values,
1=1,....,n— 1. As a result, a sufficient condition for asymptotic stability of our system
is when values of the time delay are less than this supremum.

Corollary 2.1 If the couple (D(s,.) + N(s,.),Q(s)) forms a positive pair and there
exist distinct negative parameters a;, i = 1,...,n — 1, such that:

(0,.) + N(0,.)

D
27 <(7n() + 0n(.)) SF]p [6n ()] — I/()) + 0(0) >0, (39)

then the system () is asymptotically stable.
Proof. According to Remark 2.1, we find that

'Yn() + 5n() _ z_: |7j(') Jlf]()”ﬂ” _ 'Yn() + 5n() B i M

j=1 J j=1 @
__D(,)+N(,.)
Q(0)
The result of Theorem 2.1 becomes
D(0,.) + N(0,.)
—27(n(.) 4+ In(. On(. 21v(.) — 0
(1 () + ())S}}}pl (I +27v() 00 <

which is equivalent to

27 ((%(-) +0n(.))sup [0n ()] — v ()

) . D(0,.) + N(0,.)
(]

This completes the proof of corollary.

Remark 2.2

e Theorem 2] depends on the new basis change, where parameters a; of the matrix
P are arbitrary chosen such that matrix 7'(.) is the opposite of an M-matrix.
The appropriate choice of the set of free parameters a; makes the given stability
conditions satisfied.



286 S. ELMADSSIA, K. SAADAOUI AND M. BENREJEB

e The theorem takes into account the fact that delayed terms may stabilize our
system [22]. Theorem [Z1] can hold even if D(s,.) is unstable. This is another
advantage as the majority of previously published results assume that D(s) is
linear and stable.

e The theorem can easily be extended to the study of systems with multiple time-
delays and can generalize the work of [I4] in the case of fuzzy T'S systems with
time-delay and the work of [I6] in the case of discrete time delay system.

3  Application to Delayed Nonlinear n-th Order All Pole Plant

Consider the complex system S given in Figure 1.

C(t) u g() g(u) e 7S y(t)

Figure 1: Block representation of the studied system.

D(s) is defined by [[) and N(s) = 1, respectively. In this case f;(.) are constants
and ¢ is a function satisfying the finite sector condition. Let § be a function defined as

follows
3(e(0).y(0) = % e(6) # y(6) VO € [~ + oo, (40)

)
%MﬂdmyON79€R+
The presence of delay in the system of Figure 1 makes stability study difficult. The

following steps show how to represent this system in the form of system (Il). Then we
can write

y™ () +Zaz dt, = —g(e(t —7),y(t =)yt =)+ gle(t — 7),y(t —7))e(t — 7).  (41)

We use the following notation
9(.) = g(e(t — 1), ba(t — 7)),
therefore,

YO0 + 3 a0 + G0y — ) = §Jelt — 7). (42)
1=0

It is clear that system ([@2)) is equivalent to system () in the special cases e(d) = 0 and

e(d) = —Kx(0), x(t) = (y(t),y(t), ...,y(")(t)),, V6 e [-1 4+ oo[. We will now consider
each case separately.
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3.1 Casee(t)=0

In the case e(t) =0 Vt € [-7 + o[, the description of the system becomes
n—1 )
y™ (&) + Y aiy () +g()y(t —7) = 0. (43)
=0

This is a special representation of system (@) where f;(.) = a;,51(.) = §(.) §i(.) = 0

. ~ n—1
Vi=2..,n—1 D(s,.) = D(s), N(s,.) = 9(.), () = v = —@n-1— > iy @
and d,(.) = 0. A sufficient stability condition for this system is given in the following
proposition.

Proposition 1 If there exist distinct a; < 01 =1,...,n — 1, such that the following

conditions
T <0,
44
{ ‘Ltl(.)+27'1/1(.)7§1(.) <0, ( )
where
/1/1() = Yn»
vi(.) = g . (45)
&() = | (al)zf(')llﬁl‘ + Z:@:—Q | (OZSH&I,

are satisfied. Then the system S is asymptotically stable.

Suppose that D(s) admits n distinct real roots p;, i = 1,...,n among which there
are n — 1 negative ones. We use the fact that a,,—1 = — .., p;, then the choice o; = p;,
Vi=1,.,n—2and a,_1 = pp—1-+¢€ permits us to write v, = —a,_1 — Z?:_ll Pi = Pn —E.
In this case the last proposition becomes

Proposition 2 If D(s) admits n—1 distinct real negative roots such that the following

conditions
Pn —E< 0,
{ pa(.) +27v2(.) — &a(.) <0, (46)

are satisfied, where

/142() =Pn — €,
va(.) =7, (47)
£(.) = LLIBI] | 1D Dlsa]

then the system S is asymptotically stable.

3.2 Case e(t) = —Kux(t)

In this case, take e(t) = —Kx(t) with K = (ko, k1,...,kn—1), then the obtained system
has the same form as (@), with g% () = g%(.) (ko +1) and g&(.) = §5()ki_1, i =
2,...,n. The stabilizing values of K can be obtained by making the following changes:

n—1, _
Vo = —Qp_1 — Z?:_ll ai, 05() = —g5(Vkn1, vE() = g% 3 |N(a;)| where gi =
i=1

n—1

sup | 197 ()] and N(a) = (1 + ko) + X2 (bs + ki)',

=1
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Proposition 3 If there exist distinct o; < 0,i=1,...,n— 1, such that the following

conditions
TYn — gK(i)kn—l < 0;

< 55 k] 8)
() +2mvf () = €7 () <0,
where
uit () = (1= 29" rlkn_1[) (7 + 077 (),
v () = g% S5 BN ()], (49)
eK() = Z?_ll \D(a1)+g O(”)N(al)llﬁl\

are satisfied. Then the system S is asymptotically stable.

By a special choice of K the result of Proposition ] can be simplified. In fact, if
the conditions of this proposition are verified we can choose the vector K such that
D(p;) = N(p;). In this case we obtain D(p;) = N(p;) = 0, V, i = 1,...,n — 1 and
v1(.) = &(.) = 0 which yields the following new proposition.

Proposition 4 If D(s) admits n — 1 distinct real negative roots p; such that the
following conditions

Pn — G5 ()kn—1 <0, py is the n-th root of D(s),
. (50)
< 7,
29K|kn—1|

are satisfied. Then the system S is asymptotically stable.

4 TIllustrative Example

Let us consider the block diagram in Figure 2] which describes the dynamics of a time-
delayed DC motor speed control system with nonlinear gain, where:

Nonlinear gain DC Motor

Processing

delay

e(t) o) |
= (| Y e N G ) G0

v

e~ 7f

Measurement and
communication delay

Figure 2: Block diagram of time-delayed DC motor speed control system with nonlinear gain.
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e p = TL and ps = i where T, and T, are respectively electrical constant and

mechanical constant.

e 7 present the feedback delay between the output and the controller. This delay
represents the measurement and communication delays (sensor-to-controller delay).

e 7. the controller processing and communication delay (controller-to-actuator
delay) is placed in the feedforward part between the controller and the DC motor.

e g(.): R — Ris a function that represents a nonlinear gain.

The process of Figure [ can also be modeled by Figure 3 where 7 = 74 + 7.

v

o) ML L
_¢©_' g(.) s(s+p1) (s+ p2)

3.
L4

Figure 3: Delayed nonlinear model of DC motor speed control.

It is clear that model of Figure Blis a particular form of delayed Lurie system in the
case where D(s) = s(s+p1)(s+p2) = s>+ (p1 +p2)s® + pip2s and N(s) = 1. Thereafter,
applying the result of Theorem 2.1, a stability condition of the system is that the matrix
T(.) given by

ar 0 [(ar—a) |
T()= 0 az | (a2 — o)
ti(.) ta() ts(.)

N (51)

where
t1() =+ g0+ 1laalg, t2() =l ts(.) =3+ 7|Alg,

must be the opposite of an M-matrix. By choosing «;, i = 1,2, negative real and distinct,
we get the following stability condition:

1Bullvi + 9O [Ballrel -
a1 (%)

¥ +27(B1]g — 0. (52)

For the particular choice of @y = —p; and as = —pas + ¢, € > 0 yields |f1| = || =
|(e + p1 — p2)~'| and we obtain the new stability condition:

275 + [p1| 7 g()] + loz| T D(02)] < ele +p1 — pal- (53)
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Assume that we have this inequality:
g < |D(a2)|.

We can find from (B3) the stabilizing delay given by the following condition:

1 (ele+p1 — p2| —1 —1
< - | == — )

By applying the control e(t) = —Ka(t) with K = (ko, k1, k2), we can determine the
stabilizing values of K that can be obtained by making the following changes: 3 =
2 " . i
—(p1+p2) = Xy @i, 0 () = =% () (ko +1), 67 () = g% ki1, i=2,3. () =
. ~ 2 )

g Z?Zl IBi|| N ()| where g = supy | 195 ()] and N(a) =1+ ko + > ki’
i=1
If we choose «; < 0, ¢ = 1,2, such that the following conditions D(«;) = N(a;) = 0,
1+ k k
vV, v« = 1,2 hold, we get + %o

= p1 + po, L= p1p2 and from Proposition Bl the
2
stabilizing gain values satisfying the following relations:

ko

0— gK()k/’g <0,

ko| < ——.
[k 27gK

Finally we find the domain of stabilizing kg, ki1, ko as follows

1
0<ky < ———,
2 27gK

k1 = p1paka,
ko = (p1 + p2) ko — 1.

5 Conclusion

In this paper, new sufficient stability conditions for a class of time delay systems are
derived. The proposed method is based on a specific choice of a Lyapunov function.
The obtained conditions are explicit and easy to apply. Indeed, the proposed approach
is successfully applied to nonlinear n-th order all pole plant that is a particular form of
delayed Lurie Postnikov systems. In addition, the simplicity of the application of these
criteria is demonstrated on model of time-delayed DC motor speed control.
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Abstract: In this paper, a method is proposed to design asymptotic observers for a
class of semilinear descriptor systems satisfying the complete detectability condition
on the corresponding linear part. The method is based on the properties of restricted
system equivalent, derived here from a given descriptor system by means of simple
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based on the Lyapunov stability theory.
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1 Introduction

In the last three decades, considerable amount of research was focused on the analysis,
design, and numerical simulation techniques for descriptor systems, which arise in mod-
eling of many real and practical systems, e.g. electrical network analysis, power systems,
constrained mechanics, economic systems, chemical process control, see, [IH7] and the
references therein. Depending on the area, descriptor systems are termed by a variety of
names, viz. differential algebraic equations (DAEs), singular, implicit, generalized state
space, noncanonic, degenerate, semi-state and nonstandard systems. In this paper, we
consider the following semilinear system:

E*: = A'x+ B'u+ D*f(Hz, u,t), (1a)

* Corresponding author: mailto:nktomar@iitp.ac.in
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where x € R™, u € R™, y € RP, are the state vector, the input vector and the output
vector, respectively, E* € R"*"™ A* ¢ R"*" B* ¢ R"*™ D* ¢ R"*"4 H € R"»*" and
C € RP*™ are known constant matrices, rank(E*) = r < n. Without loss of generality,
we assume that rank(B*) = m, rank(D*) = ng, rank(C) = p, and rank(H) = n;,. If E' is
nonsingular or £ = I, then the system is called normal system.

To design a controller, the knowledge about the states of the system is important. But
it is not always possible or necessary to measure all the state variables. In such cases, the
states can be estimated from the output of another dynamical system, which is called an
observer for the given system. An observer is a mathematical realization which uses the
input and output information of a given system and its output asymptotically approaches
to the true state values of the given system.

Observer design problem for normal linear systems has received a great attention in
the literature [8HII] and the techniques used for them have been extended successfully
to descriptor linear systems, see [6l[7LI2l[13] and references therein. For normal nonlinear
systems, in general, literature concerned with the design of observers could broadly be
classified into two categories based on the solution approach. In the first approach, the
states are transformed in such a way that the given nonlinear system converts into a
system, where linear theory is applicable [I4HI7]. In another approach, the observers are
designed for nonlinear systems without any state transformation [I8H21]. For a compar-
ison of these approaches, we refer to [22]. On the other hand literature on observers for
descriptor nonlinear systems is not so rich. However some researchers have extended the
approaches mentioned above to descriptor nonlinear systems [23H32].

In [23], authors extended linearization technique to design state observers for de-
scriptor nonlinear systems and illustrated its application to AC/DC converter model.
Boutayeb et al. [24] extended the results of [23] to the rectangular descriptor systems.
In [25], a method for observing the states of continuous quasilinear descriptor systems
is developed by casting the given system as an equivalent system of explicit differential
equations on a restricted manifold. In [26], authors considered a nonlinear observer for
a class of continuous nonlinear descriptor systems with unknown inputs and faults. In
last few years, due to availability of computationally fast and reliable algorithms for
solving convex optimization problems subjected to LMI constraints (like MATLAB LMI
tool box [33]), researchers developed LMI based approaches to design controllers and ob-
servers for normal [34[35] and descriptor systems [27H32]. Semilinear descriptor systems
with the Lipschitz nonlinearities and arbitrary unknown inputs with or without distur-
bances were considered in [26H32] and existence conditions were derived for full-order,
reduced-order, minimal-order, or H,, observers in the form of LMIs.

In this paper, we develop a method for full-order state observer design for a class
of Lipschitz nonlinear descriptor systems. Contrary to the results available in [311[32],
the observer presented in this paper has normal system form. The sufficient condition
for the stability of error dynamics is given in terms of an LMI. In square system case,
the proposed method is simple, easy to understand and implement compared to the
methods available in the literature. Numerical examples are provided in the last section
to illustrate our results.

2 Problem Description and Design Approach

Let us make the following conditions on the system (I):
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(H1) rank [’g } _n,

(H2) nonlinear function f(Hz,u,t) satisfies the Lipschitz property in its first argument,
i.e. there exists a A > 0 such that

||f(H1'17uat) - f(HIEQ,’U,,t)H S )\HH(xl - :CQ)

E (2)

AE* — A*
C
C* = {s|s € C, Re(s) > 0} is the closed right half complex plane.

(H3) rank [ } =nV X € CT, where C represents the set of complex numbers.

The problem is to design the matrices N, L, M, and D of compatible dimensions
such that the following normal system becomes a full-order state observer (i.e., & — x
as t — 0o) for system ()

2 = Nz+Bu+ Ly+ Df(HzZ,u,t), (3a)
T = z+4+ My. (3b)

Our approach is as follows.
First, using the algorithm, which we have designed in the Appendix of this paper, a

nonsingular matrix R € R™*" is constructed such that the system () is restricted system
equivalent to the following descriptor system:

Ei = Az+ Bu+ Df(Hz,u,t) (4a)
y = Cu, (4b)

where £ = RE*, A = RA*, B = RB*, and D = RD*. It is easy to verify that if the
system (I satisfies (H1), then the system (@) satisfies the following property:

rank [I CE] =p. (5)

It should be noted that this matrix R is not unique. The proof of the existence of such
matrix R can be found in [36].

Second, solution of a system does not change by multiplying a nonsingular matrix,
observer for the system (@) works for the system (). From equations [B) and (@) the
error

= xv—2z2—MCx
= (I-MQ)x—=z

gives the dynamics
e = Fiz—z
= Ax+ Bu+ Df(Hz,u,t)
—(Nz+ Bu+ LCx + Df(H%, u,t))

— (A—LC)z— N(Ezx —¢) + DAf

= Ne+ (A—LC - NE)x+ DAf
Ne+ (A—LC - N+ NMC)x + DAY,
= Ne+ DAY (7)
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where Af = f(Hx,u,t)— f(Hi,u,t). Moreover, in the construction of equations (B) and
(@), we have assumed the existence of matrices M, K, N, and L of compatible orders
such that

I-MC = E, (8)
N = A-KC, 9)
K = L-NM. (10)

Finally, the problem of designing the state observer () boils down to determining
the matrices M, K, N, and L such that the equations (8)—(I0) are satisfied with the
stability of error dynamics (7).

3 Main Result

Theorem 3.1 Suppose the assumptions (H1) and (H2) hold for the system ().
Then system ([3) is observer for the system () if the following LMI has a solution for
any P >0

Tp _ o _ OTKT 2T
PA+A"P K%TPC'K +NH"H ]ilI) <0, (11)

where K = PK.

Proof. Equation (B]) implies that there exists a matrix M such that (8] is satisfied.
Now, we show the existence of matrix K such that matrix N (in equation ([@)) and the
error dynamics (7)) are stable if the LMI () has a solution for P > 0. Considering a
Lyapunov function V = eT Pe, and using () and (@) we have

V = é"PetelPé
(Ne 4+ DAf)TPe + e P(Ne 4+ DAY)
e’ (NTP+ PN)e+ AfTDT Pe + e’ PDAF
e'(NTP+ PN)e+ AfTDT Pe + e’ PDAF
+X2eTHTHe — AfTAf

IN

NTP+ PN+ XHTH PD][e

_ T T

= [¢8 Af }[ DTP —I||Af
NTP4+ PN+ XHTH PD] e

— T T

MNEAING [ o "2

According to the stability theory, the error dynamics () is stable if

NTP+ PN+ XHTH PD
DT P 7| <0

_ T _ 2T
:[(A KC)Y'P+P(A—KC)+ XNHTH PD}<O

DTp -1
PA+ ATP - KC - CTKT + 2 HTH PD
= DTp 7 < 0.

Hence by a solution of LMI ([[I]), we can find a matrix K, and hence matrix N, such that
the error dynamics () is stable. Finally using the equation (0], we can find the matrix
L.
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Remark 3.1 If the LMI (II)) is solvable then it is clear that

PA+ATP-KC—-CTKT + \2H"TH < 0.

That implies

PA+ATP-KC-CTKT <0,

which is equivalent to the detectability of matrix pair (A,C). It can be proved easily
that under assumption (H1), condition (H3) is equivalent to the detectability of matrix
pair (A, C'). Hence the condition (H3) is a necessary condition for the solvability of LMI

.

4 Numerical Examples

Example 4.1 Counsider the descriptor system (I]) described by the following matri-
ces. (This example is taken from [28] with zero disturbance vector.)

10

5|

*

|
o OO
o O
O =

c=[1 0 o0,

u(t) = sin(2t). The nonlinearity function f(x,u,t) = sin(za(t)). Since rank[

I —-FE"

and rank[ c

Then

E A=

o O O
O = O
(an]

Now, we can check that rank {I EVE
By using MATLAB LMI tool box w

)

1
1
0

1
A*= |0
1

D*=1[1 1 1]

00 1
R=1{10 0
010
0 1]
0 0
10

—

@

T

3

H=[0 1 0],

E*
c}_g

} # 1, using the algorithm given in the Appendix, we calculate

., B=[1 11, p=[ 1 1]".

—1and M =[1 0 0]".
solve (1)) and find

K = [44252 43573 4.5410] .

Thus

N =

and

—3.4252 0
—3.3573 0
—4.5410 1.0000

L= 10

I

1.0000

0
0
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If we take
2(0) = [-2.8415 1 2|7,

20=[2 3 5",

then the truth and estimated states are plotted in Figure 1. The graph of the error vector
is shown in Figure 2, which clearly shows the efficiency of the proposed observer.

First State
o

L
-
.

Turth x(1)
-- - Estimated x(1)

0 2 4 6 8 10
Time (Sec)

Turth x(2)
4 - - Estimated x(2)

Second State
o

4
-6
0 2 4 6 8 10
Time (Sec)

6
4 I\ Turth x(3)

\

™\ - - Estimated x(3)

Third State
o

Time (Sec)

Figure 1: Plot of the true and estimated values of the states in Example 11

Example 4.2 Counsider the descriptor system ({I]) described by the following matri-
ces:

000 1 2 0 . Lo o
E*=1|0 1 0|, A*=]|0 -2 0|, B*[o12},c[010],
00 1 1 0 -3
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Errorin x(1)
== Errorinx(2)
Error in x(3)

0 2 4 fime (sec) 6 8 10

Figure 2: Estimation performance in Example 11

p=[1 2 1", H=[0 0 1],

u(t) = t2. The nonlinearity function f(x,u,t) = cos(w3(t)). Since rank [I _CE ] =2,

10
R=1I;and M = |0 0] .By using MATLAB LMI tool box we solve (II)) and find
0 0

—172.2387 132.1813
K = |—-386.6106 180.5962
—193.7974 103.5193

Thus,
173.2387 —130.1813 0
N = [386.6106 —182.5962 0
194.7974 —103.5193 —3.0000
and
1.0000 132.1813
L= 0 180.5962
1.0000 103.5193
If we take

2(0) = [-1.5839 1 2|7,
20)=[10 12 15]",

then the truth and estimated states are plotted in Figure 3. The graphs of the errors are
plotted in Figure 4, which clearly shows that error vector converges to zero.

5 Conclusions

A method has been developed to design the state observers for a class of semilinear
descriptor systems. This class is characterized by two properties: (i) the linear part
of each member system is completely detectable, and (ii) the nonlinear part satisfies
the Lipschitz property. The sufficient condition for the stability of error dynamics is
given in terms of an LMI. A new restricted equivalent system which follows the same
state representation as the given descriptor system, has been made with the help of an
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20
0 I\ Turth x(1)
- - Estimated x(1)
=20 -

First State
A
o
.

Time (Sec)

Second State
N w B 1%
(=] o o (=]
! ! !

=
[S)
L

Turth x(2)

0 -
v - - Estimated x(2)
-10
0 2 4 6 8 10
Time (Sec)
40
30
20

Third State
=
(=]

Turth x(3)
- - Estimated x(3)

o
L

-
[S)

0 2 4 6 8 10
Time (Sec)

Figure 3: Plot of the true and estimated values of the states in Example

Time (Sec)

Figure 4: Estimation performance in Example
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invertible matrix R. The advantage of using this equivalent system is the fact that the
detectability of its corresponding normal system is equivalent to the detectability of the
given descriptor system, and this fact gave necessary condition for the solution of the
proposed LMI (see Remark B1)). The extension of this work to rectangular semilinear

and

nonlinear descriptor system is under construction.
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Appendix

Algorithm to find the matrix R:

1.

7.

8.

. Calculate E = E*P { 0 }

Determine
p := rank of matrix C,
n :=order of matrix E*.

. Check

I1-FE*

(i) If rank { -

} = p. Take R = I,, and stop.

*

(ii) If rank {%] = n, then go to steps 3-8.

. Carry out the singular value decomposition (SVD) of matrix C = Uy [D; 0] V{L.

15T
Calculate P =1 [Dl Ui 0 ]

0 Iy

I,

n—p

. Carry out the SVD of matrix E= Us [DQ] V5.

0

0 Iy 1
‘/2TD;1 0:| U2 .

Calculate R = PRy.

Calculate Ry = [
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Abstract: The stabilization of homogeneous bilinear systems constitutes the main
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1 Introduction

Bilinear systems constitute an important class of nonlinear systems. Since their in-
troduction in the early sixties, they have got great interest and have been used to model
processes in several fields; biologic, ecologic, economic, social ... [4[16,[17]. As they are
partially linear in state and in input without being jointly linear in both, they constitute
a gateway between linear and nonlinear systems and that’s why they need special atten-
tion in their study. In the last decades, many researchers investigated the control design
and the stability analysis of this special category of systems [11[9,[13][1519]120].

Many results in this field are yet demonstrated, since the stabilization by linear or
quadratic state feedback has been widely treated especially for non homogeneous bilinear
systems. However it was shown that there exists a large class of homogeneous bilinear
systems which can not be stabilized by a continuous feedback even in planar case [6]. In
fact for this type of systems the relative degree isn’t defined in zero and the linearized

* Corresponding author: mailto:zohra.kardous@enit.rnu.tn
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system is control independent. For such systems, R. Chabour and al. proposed, in the
case of second order dimension, zero degree homogeneous positive controls. For three
dimensional systems, Celikovsky investigated in [5] the global asymptotic stabilization
by constant feedback and the practical stabilization by a family of linear feedbacks for
a special class of single input homogeneous bilinear system (¢ = Az + uNz), where
A is a diagonal matrix with a negative trace and N is a skew-symmetric matrix. This
work was extended by O. Chabour for n dimensional systems where matrix A has not to
be diagonal and its trace has not to be negative, [7]. An integrated overview of bilinear
system research presented by Mohler and al. in [I8] deals with the efficiency of the optimal
control and the variable structure control such as bang-bang control. Later, in [2] Amato
and al. suggested a procedure to design a stabilizing state feedback controller formulated
in a convex optimisation problem involving LMIs.

In this paper, we interest in the stabilization of homogenous bilinear systems of any
dimension. No restriction on the system’s structure are imposed. The sliding mode
approach is adopted to design a variable structure control. Stability study is investi-
gated leading to sufficient conditions of global stabilization formulated in computation-
ally resolvable nonlinear matrix constraints. Besides a simplified algorithm is provided
making use of the linear quadratic control approach. The resolution of the stabilization
constraints system enables to provide the matrix C characterising the sliding surface
(S = Cz). The proposed approach is successfully applied to homogeneous bilinear sys-
tems of different orders.

In the following section the control design procedure is detailed for homogeneous
bilinear systems leading to the definition of two control laws; the switching control needed
in the reaching phase toward the sliding surface, and the equivalent control required
while the system slides on the surface. In Section 4 an extended stabilization study is
carried out based on quadratic Lyapunov function. To formulate the global stabilization
conditions during the sliding mode in resolvable matrix constraints the ”vec” operator
and the tensor product are employed. Finally two numeric examples are considered in
Section 6 to underline the effectiveness of the proposed approach.

2 Homogeneous Bilinear Systems and Sliding Mode Control Design

Bilinear systems are generally represented by a state equation of the form:
& = Az(t) + Bu(t) + Y Njz(t)u;(t), (1)
j=1

where 2 € X C R" is the state vector, u = [u ... uy]T € U C R™ is the control input,
A, B and Nj, j =1...m, are matrices of suitable dimensions.

When the matrix B is not null, this general form characterises non-homogeneous
bilinear systems, and if B is null, the represented system is said to be homogeneous.

As we are interested in this paper in this last class of systems, we will consider the
state space equations of the form:

i = Az(t) + Z Nz (t)u;(t). (2)

The sliding mode approach consists in bringing the system’s state up to a well defined
surface where it will slide toward the equilibrium point. Thus the sliding mode control is
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usually constituted by two parts, the switching control and the equivalent control. The
first is discontinuous and it is needed during the reaching phase until the system’s state
attend the sliding surface, and the second is continuous and aims to keep the state on
this surface while sliding.

2.1 Reaching condition and switching control
Let define the sliding surface with C' € RP*™:
S(t) = Cx(t) = 0. (3)

The reaching mode to the sliding surface is guaranteed if ! |

d or T AT s

E(S S)=2z"C"Ci <. (4)
When substituting @ by its expression (2) one gets:

227 CTC(Ax + Z Nzu;) < 0. (5)

i=1

So the controls u; (i = 1...m) must be designed such that to satisfy the inequality above.
We consider a switching control law defined by:

2T NTCT Cxl|aTCT CAx .
e IHzTCT(‘JNﬂHz L, if S+#0and2TCTCN;z # 0,

0, else.

Let L be the set of the indices i such that 27 CT CN;x # 0,Va # 0, and let [ be the number
of its elements, then when substituting u; by w,_, the left hand term of the inequality (5)
will be reduced to:

2T CTC Az — ad|z” T C Azl (7)

which is negative for all & > 1 and [ > 1.

2.2 Sliding mode and equivalent control

In order to keep the system’s state on the surface S during the sliding mode, the following
condition must be fulfilled:

S=0 when S=0, (8)

S =CAx + Z CN;zu;. (9)
i=1
Let ¥ be the set of the indices i such that CN;x # 0, Vx # 0, and let s be the number
of its elements, so we can write

. 1
S = Z[;CAJC + CNjzug). (10)

i=1

! In the following we will omit the time symbol ’(¢)’ of dynamic variables for the aim of simplification
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Thus S = 0 if we have u; = U, foralli=1,...,m, where

L CNw)TCAz e g gpd O Nz # 0,V # 0
Ui, = s (CN;z)T(CN,x) (11)

0, else.

The homogeneous bilinear system (2) can then be efficiently controlled by the sliding
mode control defined by:
uw=[u ... un|" (12)

where for alli=1,...,m
Ui = Uiy, T Uigyy s (13)

The switching control u;, and the equivalent control u;,,, are those defined by (6) and
(11).

3 Stability Analysis

As the considered bilinear system is controlled by the sliding mode control, its behav-
ior depends on two phases: the reaching mode and the sliding mode. The stability of the
controlled system is guarantied unless the reaching condition is fulfilled and the system
remains stable on the sliding surface. The first condition is already verified (% (STS) <0
when S # 0), so we must prove the stability during the sliding mode.

On the sliding surface the function S(z) = Cz(t) = 0 where C is a matrix of dimension
p X n. One can write C = [C; Cs] where C; € RP*P and C € RP*(n=P) then we have:
Cx = Ciz1 + Coxg = 0 with 21 € RP and x5, € R 7P,

Suppose that ! C; = Ipl, so we obtain a relationship between x; and xs:

xr, = 702562. (].4)

Thanks to the above relationship, the convergence of the system’s state to the zero
equilibrium point can be demonstrated by the convergence of its second part xo. Then
we can eliminate x; from the system and the control formulations. For this consider the
following notations:

A= [i; i;z], N, = [%ﬁu %ﬁu} Vi=1...m, with Ay;,N;,, € RP*P,

A12, Ni12 S §Rp><(n7p)7 A21, Nim c §R(n7p)><p, AQQ and Ni22 S %(nfp)x(nfp). So the
equation (2) can be detailed as follows:

. e
T2 Aimzl + Aizsz Nijmxl + Nij221'2 ’

|:Sb1:| _ |:Ai111'1 + Ai12$2:| i Z |:Nij11:61 =+ Nijlzl'2 w (15)
j=1
Replacing x; by its expression in (14), the derivative of 2 can be expressed by:

m

Zi'2 = (AQQ — AglcQ)SCQ =+ Z(Nizz — N»L'2ICQ).T2U,Z'. (].6)

i=1

L I, denotes the identity matrix of dimension p
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The control u; on the sliding surface is equal to the equivalent control u;,,, and it can
also be expressed as function of zs:

1 (CN;z)TCAx
U; = uieqv = ——

—_ ,=1,...,s. 1
SONaT(CNg) P b (17)

It is easy to obtain:

where
Gi = CQ(Niu 121 02) + Nln 111025
H = (A — A21Cs)+ Ais — A1 Cy,
so r T
1 H
wi =i, = u (18)

sl GTGxy
24

Consider the Lyapunov function V(xg) = 21 Pxy where P is a positive definite sym-
metric matrix, we have to prove that V(z3) < 0 for all x € X C R™.

V(x2) =  Pig + &l Pas. (19)

Let
A= AQQ - AQlcQ. (20)
N = 122 12102, Vi=1. (21)

Then the derivative of the Lyapunov function becomes:

S

. T G Hx 1 2TGTHx
V(ws) = x5 P[A - —Z QGTG ;2 NiJzg + 23 [A — EZ#NZ}T%. (22)
=1

Noting that V(x2) can be rearranged in the following form

xQG Huxo o7

TG G T(PN; + N} P)xy (23)
Ly i Gy

. 1<
1% =2l (PA + ATP)gy — =
(32) = rE (PA+ ATP)zy = 23

and since the term 2 GT G;z5 is usually positive, then we can deduce that V(zg) < 0 if
foralli=1,...,s we Verlfy

T T
{ x5 (PA + AT P)xs <0, ¥ 29 £ 0. (24)

¥ GT Hzoxd (PN; + NT P)zy > 0,

The first inequality is equivalent to the definite negativity of the matrix (PA + AT P)
while the second necessitates additional developments. This latter represents a product
of two scalars:

(3 Vizo) (23 Wizs), (25)

where

=T
{VZ—GZH, (26)

W, = PN; + NI'P.
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Using the relation between the 'vec’ operator and the tensor product (®) [3]:
vec(AXB) = (BT @ A)vec(X), (27)

where A, X and B are any matrices of coherent dimensions, the expression (26) can be
reformulated as follows:

23 Vizoxt Wize = vec(xd VizoxlI Wias) = (z[;])T(WiT ® Vi)(z[;]). (28)

This expression is strictly positive for all z5 # 0 if the matrix W' ® V; is positive
definite. However, since the vector :c[22] has redundant terms, it might exist a solution
to this problem even with non-positive definite matrix. Therefore, it is possible to relax

(2]
2

this condition by eliminating the redundancy in the vector x5 . For that a transition

matrix T can be introduced, [3],such that:
o2 =7zl (29)
Hence the expression(28) becomes:
2TV,200T W2y = EENTTT(WT @ V)T (30)

Finally we can confirm that the derivative of the Lyapunov function (23) is negative
definite if we have:

T
{PA—i-A P <0, (31)

TTWIF@V)T >0,Vi=1...s.
The above results are then summarized in the following theorem.

Theorem 3.1 The homogeneous bilinear system (2) is stabilizable by the sliding mode
control (12),(13),(6), (11) for all real o > 1 if there exist a positive definite symmetric
matriz P and a matriz Cy verifying the conditions (31), with all defined notations re-
spected.

The conditions (31) constitute nonlinear matrix inequalities system which can be
solved via a multi-objective optimization function such as ’fgoalattain’ or 'fmincon’ of
the Matlab optimization toolbox. The resolution of this problem will provide the matrix
Cs and the positive definite symmetric matrix P if there exist any.

One way to get round this nonlinear optimization problem is to search Cy that sta-
bilizes the pair (Ass, A1), for example by the linear quadratic regulator function "lqr’
(which ensures the negativity of the first inequality), while verifying the positivity of the
second inequality of the system (31).

Consider the linear system

Z(t) = Aggz(t) + Aglu(t). (32)

If the pair (Aaz, Ao1) is stabilizable then we can calculate Co as the optimal gain
matrix such that the state-feedback law u = —C5z minimizes the quadratic cost function:

J(u) = /OOO(ZTQ,Z + uT Ru)dt, (33)
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while verifying the Riccati equation:
PAgy + ALP -~ PAy R A5)TP+Q =0, (34)
where (Q and R are matrices satisfying:

R >0,

Q=>0,
@ and Ass have no unobservable mode on the imaginary axis.

The gain matrix C5 is then deduced by the expression:
Cy=R1AL P (35)
When choosing R = I,,,the Riccati equation and the matrix gain become:

PAgy + ALP = PAy AL P —Q,
Cy = AL P.

So the constraint (P (A — A21Co) 4 (Aga — A21C2)T P < 0) will be satisfied for whatever
@ > 0. Then it will be easy to find a Cy fulfilling the constraints (31) by adjusting the
matrix parameter Q.

4 Simulation Examples

4.1 Second order bilinear system

In the case of second order homogeneous bilinear systems the state subvector s is scalar
and so does Cy, so all the matrices involved in the inequality system (31) are also scalar
terms. Hence this latter leads to the following conditions of global stability:

GiH,P(N,,, — Ni,, Cs) > 0, Vi=1,..s, (36)

{ P(Ayy — Ay1C2) <0,
where P is a positive scalar.
Since GG; and H do not depend on P, the problem can be reduced to the search for
only one unknown variable which is Cy such that:

{ Agy — A1 (s <0, Vi=1,..,s. (37)

GiH;(Niy, — N;21C2) > 0,

Consider the second order homogeneous bilinear system defined by (2) where m = 2

and
13 -12 0.7 0.1 2.0
A= (10 -10)’ M= (0.1 0.7)’ Na = (0 -1)'

In free run mode, the systems’ states are divergent. The sliding mode control law is
designed according to the expressions (12), (13), (6), (11). The sliding surface is defined
by S = Cz =0 with C = [1 Cy].

To search C5 that guarantees the stability of the controlled system, we solve the
matrix inequalities system (36) and we obtain P = 0.1449 and Cy = 2.3 .
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x1 x2 ul u2

3 2 0 4

2.5 -1 35
1.5 -

2 2 3
-3

1.5 1 2.5
-4

1 2
05 -

05 6 1.5

o 0 -7 1

0 5 10 0 5 10 9] 5 10 [0} 5 10
Figure 1: Second order system responses with sliding mode control, X (0) = [3 2]7 and a =

1.01.

When implementing the proposed control law with the sliding surface C' = [1 2.3]
for a = 1.01 and the initial conditions z(0) = [3 2], we obtain the simulation results
presented in Figure 1. We note that the states converge to zero before 3s and with low
control levels (between -8 and +4).

Even when trying to enlarge the initial conditions values or the uncertainties domains,
the designed control ensure the convergence of the system’s states, as shown in Figure 2.

x1 x2 ul u2
30 20 0 4
25 -1 35
15 -

20 2 3
-3

15 10 2.5
-4

10 2
5 -5

5 6 15

o 0 -7 1

0 5 10 0 5 10 9] 5 10 [0} 5 10

Figure 2: Second order system responses with large initial values X (0) = [30 20]” and o = 1.01.

4.2 Third order bilinear system
Consider the third order bilinear system defined by (2), where m = 1 and

-2 3 1 2 0 0
2 1 0.5 0 0 2

The resolution of the stabilization constraints system (31) gives the symmetric pos-
- . . 0.0777 0.0661
itive definite matrix P and the vector Cy defined by: P = ,

0.0661  0.6308
Cy = [0.2100 1.3278].
Simulations of the so controlled system are presented in Figures 3 and 4 respectively
for small and large initial conditions, with o = 2.5. We notice that the states converge
to zero within two seconds at least. The control amplitude doesn’t exceed four units.
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x1 x2 x3 u
3 5 2 0
2.5
4 15
2 -1
3
1.5 1
2 -2
1 05
05 o 3
0 0 °
-05 -1 -05 -4
0 5 10 0 5 10 o 5 10 0 5 10

Figure 3: Third order system responses with sliding mode control, X (0) = [3 5 2] and a = 2.5.

x1 x2 x3 u
30 50 20 0
25
40 15 -1
20
30
15 10 -2
20
10
5 -3
’ ’ L
o 0 o -4
[¢] 5 10 [¢] 5 10 [¢] 5 10 [¢] 5 10

Figure 4: Third order system responses with large initial values X (0) = [30 50 20]7 and
a = 2.5.

5 Conclusions

A sliding mode control approach is proposed for homogeneous bilinear systems. The
control design strategy detailed in this paper enabled to provide an efficient sliding mode
control constituted by two components: a switching control law basically built so as to
ensure the system stability during the reaching phase, and an equivalent control law
deduced from the condition of keeping the system’s state quietly on the sliding surface
once reached. The meticulous study held on the system’s closed loop stability during
this sliding phase allowed to provide sufficient conditions of global stabilization formu-
lated in a set of linear and nonlinear matrix inequalities. The sliding surface can be
automatically defined through the resolution of the stability constraints problem. Ana-
lytical and numerical cleverness have permitted to facilitate the resolution of so complex
optimisation problem. In fact, for the second order systems, simplified form of the sta-
bilization constraints is retrieved showing that the problem can be reduced to the search
for only one unknown variable. On the other hand, for higher order systems the linear
quadratic based algorithm suggested enables to obtain feasible solutions to the nonlinear
constrained problem if there exist ones.

References

[1] AL-Shamali, S. A., Crisalle, O. D. and Latchman, H. A. Sliding Mode Control for a class
of Bilinear Systems. In: Proceeding of the 46th IEEE Conference on Decision an Control.
New Orleans, LA, USA, 2007, 1981-1985.

[2] Amato, F., Cosentino, C. and Merola, A. Stabilization of Bilinear Systems via Linear State
Feedback Control. In: Mediterranean Conference on Control and Automation (MED °07),
2007.



312

8]

[4]

[5]
(6]
[7]

8]

[9]
[10]
[11]

[12]

13]
14]
[15]
[16]
17]
18]
[19]

[20]

Z. KARDOUS AND N. BENHADJ BRAIEK

Braiek, Benhadj N. and Rotella, F. Stabilization of Nonlinear Systems using a Kronecker
Product Approach. In: European Control Conference (ECC’95). September, 1995, 2304—
2309.

Bruni, C., Di Pillo, G. and Koch, G. Bilinear Systems: An Appealing Class of Nearly Linear
Systems in Theory and Applications. IEEE Transactions on Automatic Control 19 (1974)
334-348.

Celikovsky, S. On the stablization of the homogeneous bilinear systems. Systems Control
Letters 21 (1993) 503-510.

Chabour, R., Sallet, G. and Vivalda, J.C. Stabiization of nonlinear two dimentional systems:
a bilinear approach. Math. Control Signals Systems 6 (1993) 224-246.

Chabour, O. and Vivalda, J.C. Remark on local and global stabilization of homogeneous
bilinear systems. Systems and Control Letters 41(2) (2000) 141-143.
Chen, T. T., Tsai, S. H., Tsai, K. L. and Li, C. L. Fuzzy Control for T-S Fuzzy Bilinear
Systems with Time-Delay in State and Control Input. In: International Conference on
System Science and Engineering. Macau, China, June 2011, 346-351.

Gao, H., Lam, J., Mao, X. and Shi, P. H*® Filtering for Uncertain Bilinear Stochastic
Systems. Nonlinear Dynamics and Systems Theory 7(2) (2007) 151-168.

Haitao, W. and Xianlai, W. Sliding Mode Control of Uncertain Bilinear System. Transac-
tions of Tianjin University 5(1) (1999) 57-60.

Jerbi, H. Global Feedback Stabilization of New Class of Bilinear Systems. Systems and
Control Letters 42 (2001) 313-320.

Khapalov, A. Y. and Mohler, R. R. Reachable Sets and Controllability of Bilinear Time-
Invariant Systems: A Qualitative Approach. IEEE Transactions on Automatic Control 41
(1996) 1342-1346.

Kim, B.S., Kim, Y.J. and Lim, M.T. Robust H* State Feedbak Control Method for Bilinear
Systems. IEEE Proceeding, Control Theory Applications 152 (2005) 553-559.

Li, T. S. and Tsai, S. H. T-S Fuzzy Bilinear Model and Fuzzy Controller Design for a Class
of Nonlinear Systems. IEEE Transaction on Fuzzy Systems 15(3) (2007) 494-506.

Mahout, V., Tarbouriech, S. and Garcia, G. Controller Design For Unstable Bilinear Sys-
tems. In: Proceedings of the 10th Mediterranean Conference on Control and Automation -
MED2002. Lisbon, Portugal, July 2002, 9-12.

Mohler, R. R. Bilinear Control Processes. Academic Press, New York, NY, 1973.

Mohler, R. R., Bruni, C. and Gandol, A. A Systems Approach to Immunology. Proceedings
of the IEEE 68 (1980) 964-990.

Mohler, R. R. and Khapalov, A. Y. Bilinear Control and Application to Flexible a.c. Trans-
mission Systems. Journal of Optimization Theory and Applications 105(3) (2000) 621-637.

Pardalos, P.M. and Yatsenko, V. Optimization and Control of Bilinear Systems: Theory,
Algorithm and Applications. Springer Science+Business Media, LLC 2008.

Sayem, H., Braiek, Benhadj N. and Hammouri, H. Trajectory Planning and Tracking of
Bilinear Systems Using Orthogonal Functions. Nonlinear Dynamics and Systems Theory
10(3) (2010) 295-304.



Nonlinear Dynamics and Systems Theory, 14 (3) (2014)

St

@%ATH
Publishing

Group

On the Convergence of Solutions of Some Nonlinear
Differential Equations of Fourth Order

E. Korkmaz! and C. Tunc %*

L Department of Mathematics, Faculty of Arts and Sciences, Mus Alparslan University,
49100, Mus — Turkey
2 Department of Mathematics, Faculty of Sciences, Yiizinci Yil University,
65080, Van — Turkey

Received: January 11, 2013;  Revised: July 4, 2014

Abstract: In this paper, we consider a nonlinear differential equation of fourth order.
By the Lyapunov function approach, we discuss the convergence of the solutions of
the equation considered. Our findings generalize some well known results in the
literature.

Keywords: convergence of solutions; monlinear fourth order equation; Routh-
Hurwitz interval; Lyapunov functions.

Mathematics Subject Classification (2010): 34D20, 34C11.

1 Introduction

As we know the qualitative theory refers to the investigation of the behaviors of solutions
of differential equations such as the stability, instability, boundedness,convergence of
solutions etc. without determining explicit formulas for the solutions.The relative works
can be summarized as follows:

In [ILA5LI6], the authors investigated the asymptotic behaviour of the solutions of
certain fourth-order differential equations. In [11L[I3,[19H25], the authors considered the
stability, instability and boundedness properties of the solutions of some nonlinear third,
fourth and fifth-order differential equations (see, also, [10, 14]). In [7], Afuwape studied
the existence of a limiting regime in the sense of Demidovic for a certain fourth-order
nonlinear differential equations. These studies were done using the Lyapunov’s second
method. In [2BI89], the authors created conditions for the existence of periodic, almost
periodic, exponential stability and dissipative solutions by using the frequency domain
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method. In [3[4[6)12], the authors discussed the convergence of solutions. In [I7],
Tejumola studied periodic solutions of boundary value problems for some fifth, fourth and
third order ordinary differential equations. In [I8], Tiryaki and Tunc created Lyapunov
functions for certain fourth-order autonomous differential equations.

This paper is concerned with differential equations of the form

() + fl(l',l’/,.%’”, w///) + fa(z, x/,x”) + f3(, x/) + fa(z) = p(t,l‘,l’l,l’”, x///), (1)

where the functions fi, fo, f3, f4 and p are real valued and continuous in their respective
arguments such that the uniqueness theorem is valid, the solutions are continuously
dependent on the initial conditions. The function p(t, z,2’, 2", z"") is assumed to have
the form

p(t, z, 1'/, :L'N,:CW) _ q(t) + T(t,SC,SC/, :L'N,:CW)

with the functions ¢ and r depending explicitly on the arguments displayed and being
continuous in their respective arguments. Furthermore, it is assumed that r(¢,0,0,0,0) =
0 for all ¢.

Definition 1.1 Any two solutions z1(t), 22(t) of Eq.(d) are said to converge (to

each other) if z1 —xo =0, 2] — 25 — 0,2 — 24§ =0, 2 — 24 = 0 ast — oo.

Our results assert the existence of convergence of solutions with the functions f1, fa, f3
and f4 not necessarily differentiable. Here, the functions f4 are only required to satisfy

the increment ratio
fa(€+n) = fa(§)

Ui
where [y is closed sub-interval of the Routh -Hurwitz interval defined by

o[22

for some positive constants a, b, ¢, d, D, Ag, Ko, and (ab — ¢) ¢ — a*d > 0,ab — ¢ > 0.

€ I,

2 Main Results

Theorem 2.1 In addition to the basic assumptions imposed on the functions

f1, fa, fs and fa, we assume that fi(z,y,2,0) = fa(r,y,0) = f3(x,0) = f1(0) = 0 and
that:

(i) there are positive constants &, dg, v, Yo, B and By such that

5 < f1($27y2,22,uz) - fl(xlvylvzlaul)

< 50, (u2 %ul)a
U — U
< f2(22, Y2, 22) — fal®1,91,21) < 0, (22 # 21), (2)
zZ9 — 21
5 < f3(@2,92) — f3(z1,91) < Bo, (Y2 # v1)

Y2 — Y1

(i) for any &,m (n#0), the increment ratios for f4 satisfy

fa(€+n) — fa(§)
U

GIO)
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(i11) there is a continuous function ¢(t) such that
r(t, @2, Y2, 22, u2) — r(t, 1, Y1, 21, u1)| (3)
< o) {lz2 —za| + [y2 — ya| + 22 — 21| + Juz —w |}

holds for arbitrary t,x1,y1, 21, U1, T2, Y2, 22, U2.
Then,there exists a constant D1 such that if

/Ot @°(1)dr < D1t (4)

for some v in the range 1 < v < 2, then all solutions of Eq.(]) converge.

Theorem 2.2 Let x1(t),x2(t) be any two solutions of Eq.(d). Suppose that all the
conditions of Theorem [21] hold. Then, for each fized v in the range 1 < v < 2, there
exist constants Do, D3, and Dy such that

t

S(tg) < DQS(tl) exp {—Dg (tg — tl) + Dy ’ ¢U(T)dT} for to > 11, (5)

t1

where
S(t) = [wa(t) — 21 () + [wh(t) — 2\ (0] + [25 (1) — 2 (1)]

We have the following corollaries when x1(t) =0 and t; = 0.

2l () — 2 ()

Corollary 2.1 Suppose that p = 0 in Eq.([) and assumptions (i) and (ii) of Theorem
211 hold for arbitrary n # 0. Then the trivial solution of Eq.({dl) is exponentially stable.

Corollary 2.2 If p # 0 and assumptions (i) and (i) of Theorem [21] hold for arbi-
trary n # 0 and & = 0, then there exists a constant D5 > 0 such that every solution x(t)

of Eq.[) satisfies
lz(t)] < Ds, |2'(t)| < D5, [2"(t)| < Ds,  [2"(t)| < Ds.

Proof of Theorem Writing Eq.(d) as a system of first order equations, we
obtain

x y)
J o=, (6)
u' = —fl(x,y,z,u)—fg(x,y,z)—fg(:u,y)—f4(:13)—i—r(t,:z:,y,z,u)—i—q(t).

Let (z;(t), yi(t), zi(t), us(t)), (i = 1,2), be two solutions of (), such that
Ay < fa(wa) = falwn) < K, |:(abc)c:|

Ty — X1 a?
hold. For the proof of the convergence theorem, we define a function
2V = [B(l—e)x+yy+z+u’ +[(1—e)D—1] (62 +u)’
+86[e+ (1 —€)D —1]y* + v (D — 1) 22 + eDu? (7)
+B%(1—€)z® +275 [(1 — €)°D — 1] yz,
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where 0 < € < %, ’YT;; > (1 —¢), B,7,0 are positive real numbers and D = 1+

BU=90S-BU=9)] with D > ﬁ always. Indeed, we can rearrange the terms in (7))

yo—Pe
to obtain
2V =2V, + 2V, (8)
where
2V = [B(l—ez+yy+dz+u’ +[(1—e)D—1] (62 +u)’
+eDu” + B%e (1 — €) 2° + ey,
2V = Bo[(1—¢€)D — 1]y2 + 2796 [(1 —6)2D— 1} yz+v(D— 1)2:2.

We note that V7 is obviously positive definite. This follows from the condition above.
Also V5 can be regarded as quadratic form in y and z, and is always positive.
Let us recall that a real 2 x 2 matrix

ap a2
as aq

is positive definite < a; > 0, a4 > 0 and aja4 — azas > 0. Thus we can rearrange the
terms in V5 as

(SO 9p =1 00D ) (1),

76 [(1—€)2D —1] v(D-1) z
Hence V is positive definite. We can therefore find a constant Dg > 0, such that
Dg(x? +y> + 22 +u?) < V. (9)

Furthermore, by using the Schwartz inequality |y|[z| < %(y* + 2?), we obtain the
following estimate:

2|Vs| < D*(y* 4+ 2%), D* = D*(B,v,6,D,€) > 0.
Thus there exists a constant D7 > 0 such that
V < Dp(a? 4+ 92 + 22 +u?), (10)
Using inequalities (@) and (), we obtain
Dg(x? + 9y + 22 +u?) <V < Dr(a® + 9 + 22 +u?). (11)
The following lemma can be easily verified for W =V. O

Lemma 2.1 Let the function W (t) = W(xgo — x1,y2 — Y1, 22 — 21, u2 — u1) be defined
by
2W = [B(1—e)(x2 — 21) +Y(y2 — 1) + 8(22 — 21) + (w2 — )]
+[(1 =)D = 1] (8(22 — 21) + (ug — 1))’
+B0[e+ (1 =)D = 1] (y2 —y1)* +7 (D = 1) (22 — 21)°
+eD(uz —u1)* + B2 (1 — €) (w9 — x1)?
+274 [(1 — 6)2D - 1} (y2 — y1)(z2 — 21),
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where 0 < € < %, ’YT;; > (1 —¢€), B,7,0 are positive real numbers and D = 1 +

% with D > 5155 always.

i) W (0,0,0,0) = 0.

ii) There exist finite positive constants Dg, D7 such that

w > D6{(xz*$1)2+(y2*y1)2+(22*21)2+(U2*ul)Q}v
}

W < Dy {(xg - $1)2 + (y2 — y1)2 + (22 — 21)2 + (ug — up)? (12)

The solutions (x;, yi, 2, u;), (i = 1,2) satisfy the system (@). Then S(¢) as defined
in (@) becomes

S(t) = [wa(t) = 2] + [y2(t) — 91O + [z2(0) = z1(D]” + [ua () — wa ()]
Next we prove a result on the derivative of W (¢) with respect to t.

Lemma 2.2 Assume that conditions (i) and (i) of Theorem [21] hold. Then there
exist positive constants Dg and Dg such that

% < —2DgS + DyS% |9)], (13)

where 0 = 1 (t,T2,Y2, 22, u2) — 7 (t, 21,91, 21, U1).

Proof of Lemma 2.2 Using the system (@), a direct computation of W gives after
simplification

. AW
WZWZ—Wl-FWQ, (14)
where
Wi = B(l—e)Fi(xz—1)* +7[Fs—B(1—e)](y2—y)°

+(1=e)DS[Fy —y(1—6)](z2—21)° + D[Fy — 6 (1 —€)] (ug — uy)*
+{B(L =€) [F3 — Bl +vFu} (x2 — 1) (y2 — v1)

+{B(1 =€) [F2 =]+ (1 — €) DoFy} (w2 — 21) (22 — 21)
+{B(1 =€) [F1 — 0] + DFy} (x2 — 1) (ug — uq)
+{y[F2 =]+ (1 —€) DS [F5 — B} (y2 — y1) (22 — 21)
+{Y[FL = 0]+ D[Fs =] +~v5+ DB — B(1 —¢)

=6 (1 - f) (Y2 — y1) (ua — u1)

+{D[F2 =9+ (1 =€) D [F1 — 0]} (22 — 21) (uz — u1),

Wy = 00 {B(L—e)(xa —x1) +7(y2 —y1) + (1 — €) Dé(22 — 21)
+D (ug —u1)}, (15)
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Fl _ fl(-rQayQ)ZQauQ) - fl(‘rl’yl’zl’ul)’ (UQ 7é U/l)a
U — Uq
Fy = Jo(x2,y2, 22) — f2(50173/1,21)7 (22 # 21),
zZo0 — 21
ZTo, - X1,
P f3(22,92) — f3(m1 91), (Y2 # 1),
Y2 — 4
F, = 14@2) ~ fale) (22 # 21),
To9 — T

and A;, u;, 7, 0; are strictly positive constants such that

Then W7 can be rearranged as

Wi = Wi +Wia+Wis+ Wi+ Wis + Wig + Wiz + Wig + Wig (16)
+Wao + War + Waa + Wag + Way,

where

Wi = MB(— ) Fy(wy —x1)> + {7y [Fs — 8] + myBe} (y2 — 1)
+{(1 =€) DS [Fy — ]+ 71 (1 — €) Dye} (22 — z1)?
+{D[F\ — 0] + 01Dde} (uz — u1)2 ,
Wiz = Af(1 — €) Fy(z2 — 501)2 +B(1 =€) [F3 — B] (v2 — 1) (y2 — y1) + p2yBe (y2 — y1)2 )
Wiz = XsB(1 — €)Fi(wz — 1) + vFy (w2 — 21) (y2 — y1) + sy Be (y2 — y1)?

Wiy = MB(1—e)Fu(xy —x1)? + B(1 —€) [Fa — 7] (x2 — 1) (22 — 21)
+75 (1 — €) Ddvye (22 — 21)°,

Wis = )\5ﬁ(1 — 6)F4($2 — $1)2 + (1 — 6) DOFy (.TQ — .Tl) (ZQ — Zl)
+73 (1 —€) Déve (22 — 21)2 ,
Wie = )\6ﬁ(1 — 6)F4($2 — $1)2 —l—ﬁ(l — 6) [Fl — (S] ($2 — $1) (U2 — ’U,1) + o9 Dde (UQ — U1)2 s
Wiy = )\7ﬁ(1 — 6)F4($2 — .T1)2 + DF, ($2 — $1) (’LLQ — ’U,1) + o3 Dée (UQ — U1)2 s

Wis = pavBe (y2 — 1)+ [Fo =] (y2 — y1) (22 — 21) + 74 (1 — €) Ddve (22 — 21)°,

Wie = psyBe(y2—11)° + (1 —€) DS [Fs — Bl (y2 — y1) (22 — 21)
+75 (1 — €) Déve (29 — 21)2 ,

Wao = pi678e (y2 — y1)° + v [Fy — 8] (y2 — y1) (u2 — uy) + 04 Dde (us — u1)”,
War = pryBe (yo — y1)° + D [Fs — B] (y2 — y1) (w2 — u1) + 05D3¢€ (uz — uy)?
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Wa = psyBelye — 1) + {10+ DB~ 81— ) =70 (1= )’ D} (32 — 1) (w2 — )
+06Dde (uz — u1)?,
Was = 76 (1 — €) Ddye (22 — z1)2 + D[Fy — 4] (22 — z1) (u2 — u1) + o7 Dde (ug — u1)2 ,
Woy = 77(1—€)Ddye(z2 —21)° + (1 — €) DS [Fy — 6] (22 — 21) (ug — uy)
+ogDde (ug — u1)2 .
It is clear that W17 > 0. Since each Wio, W13, ..., Wags, Way are quadratic forms in their
respective variables, then from the fact that any quadratic of the form Ap? + Bpq + Cq?
is non negative if 4AC — B2 > 0, it follows that

ng Z 0 if [Fg — 5]2 S 16)\3#3)\2#2(66)2,

4\ 2(1-—
Wiz >0 if F4§M,

v
Wis >0 if [Fy —4]® < 16AsAs7273 (v6)°
: 4As 38y
Wis >0 if Fy < ———~
15 = 1 4 > DS )

W16 Z 0 if [Fl — 5]2 S 16)\6)\70'20’3 (56)2,

4dX7038 (1 —€) 0

Wiz 20 if Fy < ) )

Wis >0 if [Fp — 7]2 < 4pym4 BDSE (1—¢),

: A5 (ve)?
2 _ g2 < 2HsTEP E)
WIQ_O if [F3 ﬂ] - (1—€)D57
4 2p
Wao >0 if [Fy— o) < He7ade Do
ol

2
War >0 if [F5— )" < ‘WU%M’
2
Was >0 if 4usyBeogDde > {16+ D — f(1 =€) =76 (1- > D},

Was >0 if [Fy —1]? < dre077 (1 — €) (d¢)?,

4r708v€?

Was >0 if [Fy —6)° < e

That is,

dr708v€%  4pgos el D6
(1—¢) "’ gl

[Fy — 7]2 < min {16/\4)\57'27'3 (’}/6)2 ,ApaTy BDOE (1—¢€), drgo7y (1 —¢) (56)2} ,

[F1 — 5]2 S min{ 5 16)\6)\70’20'3 ((56)2} 5
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. 45T €)? AurosBe2yd
[Fgﬂ]2§m1H{16/\3M3/\2M2(65)2’ /(ijf)(z?g = ZB . }7

~ ’ D5 D

Because of W15 > 0, Wiz > 0,..., Woy > 0, we obtain W7 > Wiy;. Then we find a
constant Dg such that

2 - —
Fy < min{4)\3’u36ﬁ (1—¢€) 4XAsm3eBy 4038 (1 —¢) 56} ,

Wi > Wi > 2DgS(t), (17)
where

2Dg = min {B(1 — €)Ag, 8¢, (1 — €) Dd~ye, Dée} .

Similarly, we can find from the value of Wj, a constant Dg > 0 small enough such
that
Wy < DyS*® 0], (18)

where Dg = max {3(1 —¢€),v, (1 —€) Do, D} .
Writing (I7)) and (I8) in (I4), we get

aw
I < —2DgS 4 DoS 6] .

Let v be any constant in the range 1 <v <2 and 2u=2—v, sothat 0<pu<1/2.
One can arrange the estimate in (I3]) as

AW
—p T DsS < -DsS+ DySY? 0| = DyoSHW*,

where
W = (16| - Dy sV2) 812, (19)
with D1, = Dng_Ol. We consider the following two cases:
a) |6] < D11SY2, b) |0] > D152
If |0 < D152, then W* < 0. On the other hand, if |f] > D182 | then the
definition of W* in (I9) gives at least
w* < 81/27# |9|7

and also S'/2 < |0| /D11. The foregoing inequality leads to

Sl/2(1—2;,¢) < |: |9| :|(1_2M)
— D]‘1 b
so that
g1/2(1-2p) 0] < [ﬂ](l—m) ol
~ [ D1

The above estimate implies

W* < Dio |9|2(1_H) ;
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where Dy = D§21“71). Hence, it is clear that

d -
d_v;/ + DsS < D1gD128* [0]*1 7" < Dy SHg(t=m g0-m),

where D5 = S17*D;yD12 which follows from

|9| = |7" (t,-’L'Q,yQ,ZQ,UQ) - T(taxlaylazlaulﬂ
<o (t) {|ze — @] + ly2 — y1| + |22 — 21| + |uz —wa]}.

Using the estimate v = 2 (1 — p), we obtain

dw
g < —DgS + D13¢"S.

By the inequality ([I2]), we find

4+ (D1~ Dusg” () W < 0 (20)

for some positive constants D14 and Di5. Integrating 20) from ¢ to to (t2 > t1), we
have

W (ts) < W (1) exp {—DM (ts — 1) + D15 /tt qsv(T)dT} .

Again, using Lemmal[ZT] we obtain (Bl with Dy = D7D6_1, D3 = Dy, and Dy = Dq5.
This completes the proof of Theorem O

Proof of Theorem [2.1] Choose D; = DgDZl in @). From the estimate (&), if

ta
¢ (r)dr < DsDy ' (ta — t1)
t1

then the exponential index remains negative for all to—t; > 0. Then, ast = t5—t; — o0,
we have S (t) — 0, and this gives

.T2—$1—>0, yg—y1—>0, 22—21—>0, us —up — 0

as t — oco. This completes the proof of Theorem 2.1l O
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