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Abstract: This paper studied the implementation of fractional order PIαDβ con-
troller for the control of an induction motor (IM). The perfection of the system
performance in terms of response time and robustness is illustrated by adjusting the
fractional order integral action and derivative action. A comparative study with a
conventional PID controller is carried out. The observer is simple and robust, and
suitable for online implementation for induction motor. Simulation tests under load
disturbances and parameter uncertainties are provided to evaluate the consistency
and performance of the proposed control technique.
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1 Introduction

The conventional PID controller is widely used in automatic and especially in indus-
try because of its simplicity but due to the complexity of the controlled systems and
parametric variations, the PID controller can not reach the desired performance control
where the use of fractional order controller with integral action and derivative action,
non-integer order.

The fractional order PIαDβ controller is an improved version of the conventional
PID controller. It allows two degrees of freedom to better adjust the dynamic properties
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of the system and can control non-integer order systems [1–4]. The fractional PIαDβ

controller is less sensitive to parameter variations of the system, it is a robust controller.
The fractional control was developed by mathematicians in the eighties [5, 6]. In the

last decade, the calculation of fractional order is applied to each field of engineering. It
made a profound impact in the theories of control [7–12].

There are several methods of approximation of the derivative and integral fractional
controller [13–15]. The methods of approximations are distinguished by the entire model
obtained being continuous or discrete. Researches are ongoing to improve and adjust the
controller parameters to expand the scope of application of the fractional control.

In this paper, we will determine the theory of fractional PIαDβ controller for control-
ling an induction machine. A parametric variation of the controller is used to determine
the influence of fractional controller of control system with and without the presence of
disturbance on the system [16–18].

The paper is organized as follows: In Section 2 the Induction Machine modeling
is presented. In Section 3, synthesis of the IM controllers is studied. In Section 4,
implementation of fractional order controller is considered. In Section 5 the simulation
results are presented and discussed, and finally in Section 6 conclusions are drawn.

2 IM Modelling

Prior to the IM equating, some assumptions are considered [19, 20]:

• The gap is constant.

• The Hysteresis, the saturation and the eddy currents are neglected.

• The magneto-motive forces generated by the stator and rotor phases have a sinu-
soidal distribution.

(a) Mathematical model for the IM.

- Electrical equations:

VdS = RSIdS + dφdS

dt
− ωSφqS , VqS = RSIqS +

dφqS

dt
+ ωSφdS ,

0 = RrIdr +
dφdr

dt
+ ωSlφqr , 0 = RrIqr +

dφqr

dt
+ ωSlφqr ,

(1)

where
φdS = LSIdS + LmIdr, φqS = LSIqS + LmIqr,
φdr = LmIdS + LrIdr, φqr = LmIqS + LrIqr ,

(2)

ωS = 2πf =
dθS
dt

, (3)

ωSl = ωS − ωr, (4)

with:
LS : Stator proper cyclical inductance,
Lr: Rotor proper cyclical inductance,
Lm: Cyclical mutual inductance between stator and rotor,
ωS : Synchronization speed,
ωSl: Sliding angular velocity.
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- Mechanical equation:

The mechanical equation is defined by:

Cem =
3

2
p
MSr

Lr

(φdrIqS − φqrIdS) . (5)

- Torque equation:

The orientation of the (dq) frame with the d axis associated with the rotor flux allows
writing: φdr = φr and φqr = 0. Thanks to this flux orientation, which allows a high
starting torque, the torque expression can be simplified as follows:

Cem =
3

2
p
MSr

Lr

φdrIqS . (6)

3 Synthesis of the IM Controllers

The IM state equations are as follows:

dISd

dt
= −

1

σLS

(

RS +
M2

SrRr

L2
r

)

ISd+

ωSISq +
1

σLS

MSrRr

L2
r

φrd +
1

σLS

MSr

Lr

pΩmφrq +
1

σLS

VSd, (7)

dISq

dt
=

1

σLS

(

RS +
M2

SrRr

L2
r

)

ISq+

ωSISd +
1

σLS

MSrRr

L2
r

φrq −
1

σLS

MSr

Lr

pΩmφrd +
1

σLS

VSq, (8)

dφrd

dt
=

MSrRr

Lr

ISd −
Rr

Lr

φrd + (ωS − pΩm)φrq, (9)

dφrq

dt
=

MSrRr

Lr

ISq −
Rr

Lr

φrq − (ωS − pΩm)φrd, (10)

Ωm

dt
=

3

2

MSrP

LrJ
(φrdISq − φrqISd)−

F

J
Ωm −

1

J
Cr, (11)

while: σ = 1−
M2

SrRr

LSLr
.

(a) Control loop of the rotor flux.
The decoupling allowed by the oriented flux and the relation (3) can give

dφrd

dt
=

MSrRr

Lr

ISd −
Rr

Lr

φrd. (12)

Wherein the direct stator current expression is:

ISd =
1

MSr

(

φrd +
Lr

Rr

dφrd

dt

)

. (13)
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Let Tr = Lr

Rr
be the rotor time constant and TS = LS

RS
be the stator time one. The

relations (7) and (13) can lead to:

VSd =
RS

MSr

(

φrd + (TS + Tr)
dφrd

dt

)

+ σTSTr

d2φrd

dt2
− ωSσLSISq = VSdf + VSdc. (14)

To ensure the decoupling between the two axes, the term VSdc must be compensated:

VSdf = RS

MSr

(

φrd + (TS + Tr)
dφrd

dt

)

+ σTSTr
d2φrd

dt2
, VSdc = −ωSσLSISq. (15)

The system transfer function is:

Gflux(p) =
φrd(p)

VSdf (p)
=

MSr

RS

1

1 + (TS + Tr)p+ σTSTrp2
. (16)

Let p1 and p2 be the denominator roots such that p2 ≻≻ p1, where p1 =
σTSTSq

TS+TSq+∆ ,

p2 =
σTSTSq

TS+TSq−∆ .

The flux error is ǫ = e2 PI = φrd rf − φrd. The following figure shows the block
diagram of the flux control loop.

Figure 1: Flux control loop.

(b) Control loop of the electromagnetic torque.
Considering that the flux response is faster than the torque one, the flux reaches its

final value φrd = φrd0, and the expression of the torque could be given by the following:

Cem =
3

2

MSrP

Lr

φrd0ISd. (17)

The voltage equation VSq becomes:

VSd = RSISq + σLS

dISq

dt
+ φrdωS

MSr

Lr

+ σLSωSISd. (18)

Let
VSq = VSqt + VSqc. (19)

The VSqc component represents a decoupling term that we have to compensate,

VSqc = φrdωS

MSr

Lr

+ σLSωSISd, (20)

VSqt = RSISq + σLS

dISq

dt
. (21)

The system transfer function becomes:

Gcem(p) =
Cem(p)

VSqt(p)
=

3MSrPφrd0

2LrRS (1 + σTSp)
. (22)

The flux error is ǫ = e1 PI = Cem rf − Cem. The following figure shows the block
diagram of the torque control loop.
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Figure 2: Torque control loop.

4 Implementation of Corrective Fractional Order

The simulation part is usually performed by integer order of finite dimension. So it is
necessary to replace the transfer functions of non-integer order by the transfer functions
of integer order. The methods of approximations are distinguished by the entire model
obtained, being continuous or discrete.

(a) Continuous Approximation Methods: singularity function.
There are several approximation methods analog continuous (or frequency) for the

fractional operators existing in the literature [21, 22]. These methods are based on the
continuous model, such as the approximation of fractional order model by a continuous
rational model.

The method consists in replacing the derivative operator Sn by a transmittance,
where poles and zeros are related by a recurrence relation. To replace Sn by an entire
model, it is necessary to apply the following approximations:

• Approximation in a frequency band [ωB;ωH ] of non-integer operator by a non-
integral model Sn

[ωB ;ωH ].

• Approximation of the non-integer model obtained by an entire model.

The approximation methods are: SFEC approximation Method (Fractional Expansion
Continues), Oustaloup approximation method [23], Charef approximation method [24],
other methods (Carlson, Matsuda, Roy Wang, ...). In the following we will define the
Charef method as an example.

- Approximation of fractional order integration.

The transfer function of the fractional order integrator is given by the following irrational
function [4, 25]:

H1(p) =
1

Pα
, (23)

where α is a positive number 0 ≺ α ≺ 1 and p = jω is the complex frequency. This
operator may be approximated in a given frequency band [ωB;ωH ] by:

H1(p) =
k1

(

1 + P
ωC

)α = k1

∏N−1
i=0 (1 + P

τi
)

∏N

i=0(1 +
P
Pi
)
. (24)

For systems with integrator: The transfer function of the fractional order integrator
is given by the following irrational function [26]:

H1(p) =
1

Pα
=

1

P
P 1−α. (25)
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Thus

H1(p) =
kD
P

∏N

i=0(1 +
P
Ti
)

∏N

i=0(1 +
P
Zi
)
, (26)

- Approximation of fractional order differentiation

The transfer function of fractional order differentiator is given by the following irrational
function:

HD(p) = P β , (27)

where β is a positive number 0 ≺ β ≺ 1 and p = jω is the complex frequency. This
operator may be approximated in a given frequency band [ωB;ωH ] by:

HD(p) =
kD

(

1 + P
ωC

)β
= kD

∏N

i=0(1 +
P
Ti
)

∏N

i=0(1 +
P
Zi
)
. (28)

(b) Adjusting the parameters of the controller PIα.

- Adjustment of parameters kp and ki

For flow control, we will apply the compensation method for compensating the slow term
and make the system faster, hence the use of a corrector PI. This type of corrector is
generally used for the first order systems such as the torque control. The adjustment
of parameters kp and of fractional order PIα control is done with α = 1, which means
adjusting the parameters of a simple classical PI controller. To compensate for the
dominant pole, we will use a fractional order PIα controller. The shape of the fractional
order PIα controller, including a fractional integrator of order α, such as 0 ≺ α ≺ 1,
see [27]. The transfer function of fractional order control is given by:

C(p) = kp

(

1 + ki
1

Pα

)

. (29)

- Flow Control:

The transfer function of open loop flow control is:

H0(p) = Gf (p)C(p) =
φrd(p)

ǫ(p)
=

MSr

RS

.ki.
1

(1 + p1p)(1 + p2p)
.
1 +

kp

ki
p

p
. (30)

Using the compensation method of dominant pole (offset slow time constant) is to make
the system faster. The transfer function in simplified open loop is given by:

H0(p) =
MSr

RS

.ki.
1

p(1 + p1p)
. (31)

The transfer function of the closed loop is:

HF (p) =
1

1 + RS

MSrki
p+ RS

MSrki
p1p2

=
1

1 + 2z
ωn

p+ 1
ω2

n
p2

(32)

with kp = kip2, ki =
RS

MSr
.ωn

2z and ωn = 1
2zp1

.
Choice of parameters z and ωn.
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• A good starting point is to clean the pulse ωn equal to the open-loop process.

• The excess is determined by the value z = 0.7 providing a good response time.

• To have a positive adjustment we need ki ≻ 0.

- Electromagnetic torque control:

The transfer function in open lopp is:

H0(p) = Gcem(p)C(p) =
φrd(p)

ǫ(p)
=

3MSrPφrd0

2LrRS

.ki.
1

(1 + σTSp)
.
1 +

kp

ki
p

p
. (33)

The transfer function in simplified open loop is given by:

H0(p) =
3MSrPφrd0

2LrRS

.ki.
1

p
. (34)

The transfer function of the closed loop is:

HF (p) =
1

1 + 1
k.ki

p
. (35)

Choice of parameters: ki and τ.

• A good starting point is to take the constant τ equal to the process time.

• To have a positive adjustment we need ki ≻ 0.

- Adjustment parameter α

To adjust the parameters α or (β) by minimizing a performance criterion is the
integral square error (ISE). The integral square error (ISE) is given by:

J =

∫

∞

0

[e(t)]
2
dt =

1

2πj

∫ +j∞

−j∞

E(p)E(−p)dp. (36)

The error signal E(p) is obtained as:

E(p) =
R(p)

1 + C(p)G(p)
, (37)

where R(p) is a unit step input

R(p) =
1

p
. (38)

- Hall-Sartorius method

To calculate ISE we use the Hall-Sartorius method. It is to minimize the integral squared
error of a loop with an entry level system

J =
1

2πj

∫ +j∞

−j∞

NE(p)NE(−p)

DE(p)DE(−p)
dp, (39)
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NE(p) = b0 + b1p+ b2p
2 + . . .+ bn−1p

n−1, (40)

DE(p) = a0 + a1p+ a2p
2 + . . .+ an−1p

n−1 + anp
n, (41)

NE(p) = c0 + c1p
2 + c2p

4 + . . .+ cn−1p
2(n−1), (42)

or the general formula

J =
(−1)n−1

2
.
det(∆N

n )

det(∆D
n )

(43)

with ∆D
n ∈ ℜ(n+1)(n+1),

DeltaDn =
(−1)n−1

2
.
det(∆N

n )

det(∆D
n )

, (44)

∆D
n =

















a0 0 0 0 0 0 0 0
a2 a1 a1 0 0 0 0 0
. . . . . 0 0 0
. . . . . . . .
0 0 0 0 0 an an−1 an−2

0 0 0 0 0 0 0 an

















(45)

and ∆N
n ∈ ℜ(n)(n). The matrix ∆N

n is obtained by removing the last column and last row
of the matrix ∆N

n and replacing the last column of this matrix by the following vector:

∆D
n =

[

c0 c1 a2 . . . a1
]

. (46)

The smallest index J of the criterion ISE, J = 0.5094 is calculated with α = 0.92
for the flow control, and J = 0.0054 is obtained with α = 0.65 for the electromagnetic
torque control. The integrator and the differentiator to the fractional order controller
C(p) are approximated in the frequency band [ωB;ωH ] = [0.1ωB; 10.ωH ] with a frequency
ωmax = 100ωh and an approximation error y = 1dB.

Hence, the controller fractional order PI0.65 is given by:

C(p) = 286.308

(

1 +
1.4054

p
.

∏3
i=0(1 +

p
0.2215.(433.873)i )

∏3
i=0(1 +

p
1.8556.(352.1189)i )

)

. (47)

The controller fractional order PI0.65 is given by:

C(p) = 0.0351

(

1 +
64.9076

p
.

∏6
i=0(1 +

p
2.2624.10−4.(28.84)i )

∏6
i=0(1 +

p
2.9058.10−4(22.84)i )

)

. (48)

Table 1 summarizes some performance characteristics of the conventional control
system and fractional order in terms of the cutoff frequency ωu(rad/s), response time
tr(s), Gain Margin GM(dB, Phase Margin PM(deg), and overshoot D%.

5 Simulation Results

The following figures are determined using the Matlab / Simulink software to demonstrate
the performance of the fractional order control. The performance of the control technique
is defined by:
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cont ωu tr GM PM D%5
Flux control PI 120 0.1805 - 65.5 4.54

PI0.65 120 0.1805 - 65.5 4.54
Torque control PI 1 3.29 - 90 -

PI0.92 0.984 2.8 - 96.4 -

Table 1: Characteristics of performance for (PI ; PIα).

• Stability in steady state.

• Response quickness.

• A relatively small static error.

The simulation is performed with unloading start, at t=60s rotation is reversed, then a
load torque Cr = 20Nm is introduced at t=100s.

Figure 3 represents the evolution of the electromagnetic torque considered, real and
reference of the asynchronous motor in the presence of radial force Cr = 20Nm t=100s.
It is noted that the electromagnetic torque does not admit oscillations and reaches steady
operation with a response time trPI = 3.92s et trPI0.92 = 2.8s. The machine answers
successfully to the inversion of its direction of rotation.
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Figure 3: Evolution of the electromagnetic torque(- - PI ; - PI0.92).

Figure 4 shows the influence of controls applied on the response of flow along the two
axes (d, q):

- Along the axis (d): the fractional order control is less sensitive to the reversal of
direction of rotation or the introduction of load than the PI controller.

- Along the axis (q): the flow is zero regardless of the order.
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Figure 4: Rotor flux response.

Changes in the motor flux demonstrate the robustness of the control slide, it follows
exactly the desired set point, with overshoot negligible, see Table 1, and without static
error even for the impact load torque or reversal of direction of rotation. The evolution
of direct rotor flux is not a static error with short response time.

Figure 5 is a representation of the evolution of the speed of asynchronous techniques
for both commands. The response speed of the MAS shown in Figure 5 is similar to
that of a first order system without overshoot, steady and stable with a response time
of the order of 5.36s for the speed defined by the PI0.65 controller and 5.63s for the
speed determined by the classical PI controller. The evolution of the velocity shows at
t = 100s the robustness of the fractional order control to the introduction of charging.
SPI0.65 = (4.8%)SPI .

To demonstrate the performance of control system by fractional order control, we will
vary the time constant and process gain for the torque control in closed loop. And, we
will vary the damping factor for the flux control in closed loop.

Figures 6 and 7 represent the influence of the variation of time constant. It is assumed
that the gain is fixed at its nominal value Knom. To study the influence of the variation
of the time constant τ the parameter τ is varied around its nominal value. The results
show that:

- the response time Defines by the fractional order PI0.92 controller is still less than
the response time defines by the conventional controller for different values of the
time constant τ .

- the overshoot is insensitive to the variation of the time constant τ .

- the servo by the PI0.92 controller, ensure the desired specifications with the pres-
ence of a very important property of robustness.

Figures 8 and 9 represent the influence of the variation of process gain. It is assumed
that the time constant is fixed at its nominal value τnom. To study the influence of the
variation of the process gain K the parameter K is varied around its nominal value. The
results show that:
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Figure 5: Evolution of the speed (- - PI ; - PI0.65).
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Figure 6: Evolution of the electromagnetic torque for different values of time constant τ , (-
τ = τnom; -.- τ = 150%τnom; - - τ = 50%τnom) (conventional PI).

- the response time defined by the fractional order PI0.92 controller is still less than
the response time defined by the conventional controller for different values of the
process gain K.

- the overshoot is insensitive to the variation of the process gain K.

- the servo by the PI0.92 controller, ensures the desired specifications with the pres-
ence of a very important property of robustness.

Figures 10 and 11 show the impact of the variation of the damping factor (m) on the
flux response along the axe (d). It was found that, the rise in response to the desired
value, the higher the damping factor (m).
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Figure 7: Evolution of the electromagnetic torque for different values of time constant τ , (-
τ = τnom; -.- τ = 150%τnom; - - τ = 50%τnom) (PI0.92).
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Figure 8: Evolution of the electromagnetic torque for different values of process gain K, (-
K = Knom; -.- K = 150%Knom; - - K = 50%Knom) (conventional PI).

- the response time defined by the fractional order controller is still less than the
response time defined by the conventional controller for different values of the
damping factor m. trPI(m = 0.5) = 0.071s; trPI (m = 0.7) = 0.18s and

trPI(m = 1.2) = 1.797s. trPI0.65

(m = 0.5) = 0.069s; trPI0.65

(m = 0.7) = 0.156s

and trPI0.65

(m = 1.2) = 1.687s

- the overshoot of flux defined by the fractional order PI0.65 controller is less sensitive
than the overshoot defined by the conventional controller for different values of the
damping factor m. For example, m=0.5: DPI(m = 0.5) = 13.32% andDPI0.65

(m =
0.5) = 11.53%
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Figure 9: Evolution of the electromagnetic torque for different values of process gain K, (-
K = Knom; -.- K = 150%Knom; - - K = 50%Knom) (PI0.92).

Figure 10: Response flux for different values of the damping factor m (conventional PI).

6 Conclusion

The nonlinear control system with a fractional order controller was presented in this
paper, with a comparative study of the conventional controller. We define the correction
order and fractional approximation of Charef to determine the rational expression of
the integration and the derivation of the correction. The adjustment of the order of
fractional order (α, β) is done by minimizing the control error defined by ISE using
the Hall-Sartoruis method. The results obtained by simulation and comparative study
demonstrate the performance of the control technique with fractional order correction in
the presence of load variation and control parameters, as well as the profitability of ISE
using the method of Hall-Sartoruis.
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Figure 11: Response flux for different values of the damping factor m (PI0.65).
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[3] Dorčák, L. et al. Design of the fractional-order PIλDµ controllers based on the optimization
with self-organizing migrating algorithm. Acta Montanistica Slovaca 12 (4) (2007) 285–293.

[4] Alka, C. and Dwijendra, N.P. Approximations of Solutions for a Sobolev Type Fractional
Order Differential Equation. Nonlinear Dynamics and Systems Theory 14 (1) (2014) 11–29.

[5] Youwei, Z. Time-Fractional Generalized Equal Width Wave Equations: Formulation and
Solution via Variational Methods. Nonlinear Dynamics and Systems Theory 14 (4) (2014)
410-425.

[6] Ross, B. The development of fractional calculus. Hist. Math. (1977) 75–89.

[7] Podlubny, I. Fractional-order Systems and PIλDµ controller. IEEE Transaction on Auto-
matic Control 44 (1999) 208–214.

[8] Oustaloup, A., Mathieu, B. and Lanusse, P. The CRONE control of resonant plants: ap-
plication to a flexible transmission. European Journal of Control 1 (2) (1995) 113–121.

[9] Yu, J.M., Luo, Y.W., Zhou, S.B. and Lin, X.R. Existence and Uniqueness for Nonlinear
Multi-variables Fractional Differential Equations. Nonlinear Dynamics and Systems Theory
11 (2) (2011) 211–221.

[10] Sanpet, T. and Kuntanapreeda, S. Force Control of an Electrohydraulic Actuator using a
Fractional-Order Controller. Asian Journal of Control 15 (2013) 764-772.



162 A. LTIFI, M. GHARIANI, M. KHARRAT AND R. NEJI

[11] Moje, C., Chen, Y., Vinagre, V., Xue, D. and Feliu, V. Fractional-Order Systems and
Controls: Fundamentals and Applications. Advances in Industrial Control. Springer, 2010.

[12] Maione, G. and Punzi, A. Combining differential evolution and particle swarm optimization
to tune and realize fractional-order controllers. Mathematical and computer modelling of
dynamical systems. 19 (3) (2013) 277–299.

[13] Denton, Z., Ng, P.W. and Vatsala, A.S. Quasilinearization Method Via Lower and Upper
Solutions for Riemann-Liouville Fractional Differential Equations. Nonlinear Dynamics and
Systems Theory 11 (3) (2011) 239–351.

[14] Lino, P. and Maione, G. Loop-Shaping and Easy Tuning of Fractional-Order Proportional
Integral Controllers for Position Servo Systems. Asian Journal of Control 15 (3) (2013)
796–805.

[15] Kheirizad, I., Khandani, K. and Jalali, A. Stability analysis of high-order unstable processes
by fractional-order controllers. International Journal of Control 86 (2) 2013 244-252.

[16] Khanra, M., Pal, J. and Biswas, K. Rational Approximation and Analog Realization ofFrac-
tional Order Transfer Function with Multiple Fractional Powered Terms. Asian Journal of
Control. 15 (3) (2013) 723–735.

[17] Ahmad, B., Ntouyas, S. and Assolami, A. Caputo type fractional differential equations
with nonlocal Riemann-Liouville integral boundary conditions. J. Appl. Math. Comput. 41
(2013) 339–350.

[18] Biju, K. D. and Laxmi, K.A. On the existence and uniqueness of solutions of a class of
initial value problems of fractional order. Mathematical Sciences, 2013.

[19] Wang, C., Zhang, H. and Wang, S. Positive solution of a nonlinear fractional differential
equation involving Caputo derivative. Discrete Dyn. Nat. Soc. 2012, 16 pp.

[20] Ahmad, B., Ntouyas, S. and Assolami, A. Caputo type fractional differential equations
with nonlocal Riemann-Liouville integral boundary conditions. J. Appl. Math. Comput. 41
(2013) 339–350.

[21] Fu, Y. Commandes dcouples et adaptatives des machines asynchrones triphases. PHD The-
sis, montpellier II, 1991.

[22] Funabiki, S. and Himei, T. Estimation of torque pulsation due to the behaviour of a con-
vertor and an inverter in a brushless DC-drive system. Proceedings 132 (4) 1985.

[23] Petras, I., Podlubny, I., O’Leary, P., Dorcak, L. and Vingre, B.M. Analogue realisations of
fractional order controllers. Faculta Berg, TU Koosice, 2002.

[24] Vinagre, B.M., Podlubny, I., Hernandez, A., Feliu, V. Some approximations of fractional
order operators used in control theory and applications. Fractional Calculus and Applied
Analysis 3 (2000) 231–248.

[25] Oustaloup, A. La Drivation non Entire. Herms, Paris, 1995.

[26] Charef, A., Sun, H.H., Tsao, Y.Y., and Onaral, B. Fractal systems as represented by
singularity function. IEEE, Trans. Aut. Control. 37 (1992) 1465–1470.
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