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Abstract: This paper is concerned with the approximate controllability of nonlinear
fractional impulsive stochastic differential equations with nonlocal conditions and
infinite delay in Hilbert spaces. By using the Krasnoselskii-Schaefer-type fixed point
theorem and stochastic analysis theory, some sufficient conditions are given for the
approximate controllability of the system. At the end, an example is given to illustrate
the application of our result.
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1 Introduction

The controllability is one of the fundamental concepts in linear and nonlinear control
theory, and plays a crucial role in both deterministic and stochastic control systems
(see e.g. Zabczyk, [27]).The controllability of nonlinear systems represented by evolution
equations or inclusions in abstract spaces and qualitative theory of fractional differential
equations has been extensively considered in many publications and monographs, an

∗ Corresponding author: mailto:slama_dj@yahoo.fr

c© 2016 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua 35

mailto: slama_dj@yahoo.fr
http://e-ndst.kiev.ua


36 A. BOUDAOUI AND A. SLAMA

extensive list of these publications can be found in Mahmudov [16] and the references
contained therein.

On the other hand, the study of stochastic differential equations has attracted great
interest due to their applications in characterizing many problems in physics, biology,
chemistry, mechanics, and so on (see [6,7,9,12,17]) and the references contained therein).
In practice, deterministic systems often fluctuate due to environmental noise. So it is
important and necessary for us to discuss the stochastic control problems.

The problem with nonlocal condition, which is a generalization of the problem of clas-
sical condition, was motivated by physical problems. The pioneering work on nonlocal
conditions is due to Byszewski (see [3–5]). Since it is demonstrated that the nonlocal
problems have better effects in applications than the classical Cauchy problems, stochas-
tic differential equations with nonlocal conditions were studied by many authors and
some basic results on nonlocal problems have been obtained. Slama and Boudaoui [26]
obtained sufficient conditions for the existence of mild solutions for the fractional im-
pulsive stochastic differential equation with nonlocal conditions and infinite delay. (For
more details see [1, 24] and the references contained therein).

The approximate controllability of stochastic or deterministic systems has received
extensive attention where a pioneering work has been reported by Bashirov and Mah-
mudov [2]. Mahmudov [15] investigated the controllability of infinite dimensional linear
stochastic systems, and in [10] Dauer and Mahmudov extended the results to semilinear
stochastic evolution equations with finite delay. Sakthivel et al. [23] studied the approx-
imate controllability of nonlinear deterministic and stochastic evolution systems with
unbounded delay in abstract spaces. Kumar and Sukavanam [13] established sufficient
conditions of the approximate controllability for a class of fractional order semilinear
control systems with bounded delay. Shukla et al. [25] studied the approximate con-
trollability of semilinear stochastic control system with nonlocal conditions in a Hilbert
space, the results are obtained by using Sadovskii’s fixed point theorem.

Recently, the approximate controllability of fractional stochastic differential systems
has been investigated. Sakthivel et al. [22] studied a class of control systems described
by nonlinear fractional stochastic differential equations in Hilbert spaces. Sufficient con-
ditions for approximate controllability of fractional stochastic differential equations are
formulated by using fixed point technique, fractional calculus, and stochastic analysis
technique. Rajiv Ganthi and Muthukumar [20] discussed the approximate controllability
of fractional stochastic integral equation with finite delays in Hilbert spaces, and the re-
sults are obtained by using the assumption that the corresponding linear integral equation
is an approximate controllable and a stochastic version of the Banach fixed point theorem.
Muthukumar and Rajivganthi [18] studied the approximate controllability of fractional
order neutral stochastic integro-differential system with nonlocal conditions and infinite
delay in Hilbert spaces under the assumptions that the corresponding linear system is
approximately controllable. Guendouzi [11] discussed the existence and approximate
controllability for impulsive fractional-order stochastic infinite delay integro-differential
equations in Hilbert space, sufficient conditions for the approximate controllability of
impulsive fractional stochastic system are derived by using Krasnoselskii’s fixed point
theorem with stochastic analysis theory. Zang and Li [28] studied the approximate con-
trollability of fractional impulsive neutral stochastic differential equations with nonlocal
conditions and infinite delay. Sufficient conditions are given for the approximate control-
lability of the system by using the Krasnoselskii-Schaefer-type fixed point theorem and
stochastic analysis theory.
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For the best of our knowledge, there is no work reported on approximate control-
lability of nonlinear fractional impulsive stochastic differential equations with nonlocal
conditions and infinite delay. Motivated by this consideration, in this paper we will study
the approximate controllability of nonlinear fractional impulsive stochastic differential
equations with nonlocal conditions and infinite delay in Hilbert space. Our approach
is based on the fixed point theorem. The rest of this paper is organized as follows. In
Section 2, we introduce some preliminaries such as definitions of fractional calculus and
some useful lemmas. In Section 3, we prove our main results. Finally in Section 4, an
example is given to demonstrate the application of our results.

2 Preliminaries and Basic Properties

In this section, we introduce some notations and preliminary results, needed to establish
our results. Throughout this paper, H,U are two separable Hilbert spaces and L(U,H)
is the space of bounded linear operators from U into H. For convenience, we will use
the same notation ‖ . ‖ to denote the norms in H,U and L(U,H), and use 〈., .〉 to
denote the inner product of H and U without any confusion. Let (Ω,F , {Ft}t≥0,P) be
a complete filtered probability space satisfying the usual conditions (i.e., it is increasing
and right continuous, while F0 contains all P-null sets of F). Let W = (Wt)t≥0 be a
Q-Wiener process defined on (Ω,F , {Ft}t≥0,P) with the covariance operator Q such that
TrQ <∞. Let W =W (t)t≥0 be a Q-Wiener process defined on (Ω,F , {Ft}t≥0,P) with
the covariance operator Q, that is

E〈W (t), x〉〈W (s), y〉 = (t ∧ s)〈Qx, y〉 ∀x, y ∈ U and t, s ∈ [0, T ],

where Q is a positive, self-adjoint, trace class operator on U.
Let L 0

2 = L2(U,H) be the space of all Hilbert-Schmidt operators from U to H

with the inner product < ϕ,ψ >L 0

2

= Tr[ϕQψ∗]. We consider the following fractional
stochastic impulsive integro-differential systems with nonlocal conditions:





Dα
t x(t) = Ax(t) +Bu(t) + f(t, xt, B1x(t))

+σ(t, xt, B2x(t))dW (t), t ∈ J = [0, T ], T > 0, t 6= tk,
∆x(tk) = Ik(x(t

−
k )), k = 1, · · · ,m,

x(0) + g(x) = x0 = φ, φ ∈ Bh,

(1)

where Dα
t is the Caputo fractional derivative of order α, 0 < α < 1, the state variable x(.)

takes the value in the separable Hilbert space H; A : D(A) ⊂ H → H is the infinitesimal
generator of a strongly continuous semigroup of a bounded linear operators T (t), t ≥ 0
in the Hilbert space H. The control function u(.) is given in L2(J ;U), U is a Hilbert
space; B is a bounded linear operator from U into H. The history xt : (−∞, 0] →
H, xt(θ) = x(t+ θ), θ ≤ 0 belongs to an abstract phase space Bh; f : J ×Bh ×H → H,
σ : J × Bh × H → L 0

2 and g : Bh → H are appropriate functions to be specified later;
Ik : H → H, (k = 1, 2, · · · ,m), are appropriate functions. The terms B1x(t) and B2x(t)

are given by B1x(t) =
∫ t

0
K(t, s)x(s)ds and B2x(t) =

∫ t

0
P (t, s)x(s)ds respectively, where

K,P ∈ C(D,R+) are the set of all positive continuous functions on D = {(t, s) ∈ R
2 :

0 ≤ s ≤ t ≤ T }. Here 0 = t0 ≤ t1 ≤ · · · ≤ tm ≤ tm+1 = T , ∆x(tk) = Ik(x(t
−
k )) =

x(t+k )−x(t
−
k ), x(t

+
k ) = limh→0 x(tk+h) and x(t

−
k ) = limh→0 x(tk−h) represent the right

and left limits of x(t) at t = tk respectively. The initial data φ = {φ(t); t ∈ (−∞, 0]}
is an F0-measurable, Bh-valued random variable independent of W (t) with finite second
moments.
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Now, we present the abstract space phase Bh. Assume that h : (−∞, 0] → (0,+∞)

with l =
∫ 0

−∞
h(t)dt < ∞ is a continuous function. We define the abstract phase space

Bh by

Bh :=
{
φ : (−∞, 0] → H, for any a > 0, (E | φ(θ |2)

1

2

is bounded and measurable function on

[−a, 0] and

∫ 0

−∞

h(s) sup
s≤θ≤0

(E | φ(θ |2)
1

2 < +∞

}
.

If Bh is endowed with the norm

‖φ‖Bh
:=

∫ 0

−∞

h(s) sup
s≤θ≤0

(E | φ(θ) |2)
1

2 , φ ∈ Bh,

then (Bh, ‖.‖Bh
) is a Banach space [19, 21].

Now we consider the space

Bb := {x : (−∞, T ] → H, such that x|Jk
∈ C(Jk,H)

and there exist x(t+k ), and x(t−k )

with x(tk) = x(t−k ), x0 = φ ∈ Bh, k = 1, · · · ,m
}
,

where x|Jk
is the restriction of x to Jk = (tk, tk+1], k = 0, 1, 2, · · · ,m. We endow a

seminorm ‖.‖Bb
on Bb, it is defined by

‖x‖Bb
= ‖φ‖Bh

+ sup
0≤s≤T

(E‖x(s)‖2)
1

2 , x ∈ Bb.

We recall the following lemma.

Lemma 2.1 [21] Assume that x ∈ Bb; then for t ∈ J, xt ∈ Bh. Moreover

l(E‖x(t)‖2)
1

2 ≤ l sup
s∈[0,t]

E‖x(s)‖2)
1

2 + ‖x0‖Bh
,

where l =
∫ 0

−∞
h(s)ds <∞.

Definition 2.1 [8] The Caputo derivative of order α for a function f : [0,∞) → R,
which is at least n-times differentiable can be defined as

Dα
a f(t) =

1

Γ(n− α)

∫ t

a

(t− s)n−α−1f (n)(s)ds = I(n−α)
a

(
dnf

dtn

)
(t) (2)

for n− 1 ≤ α < n, n ∈ N. If 0 < α ≤ 1, then

Dα
a f(t) =

1

Γ(1− α)

∫ t

a

(t− s)−α

(
df(s)

ds

)
ds. (3)

Obviously, the Caputo derivative of a constant is equal to zero. The Laplace transform
of the Caputo derivative of order α > 0 is given as

L{Dα
t f(t);λ} = λαf̂(λ) −

n−1∑

k=0

λα−k−1f (k)(0) n− 1 ≤ α < n.
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Definition 2.2 The fractional integral of order α with the lower limit 0 for a function
f is defined as

Iαf(t) =
1

Γ(α)

∫ t

0

(s− t)α−1f(s)ds (4)

provided the right-hand side is pointwise defined on [0,∞), where Γ is the gamma func-
tion.

Definition 2.3 A stochastic process x : J × Ω → H is called a mild solution of the
system (1) if

(i) x(t) is measurable and Ft-adapted, for each t ≥ 0;

(ii) x(t) ∈ H has càdlàg paths on t ∈ [0, T ] a.s., and satisfies the following integral
equation

x(t) = Tα(t)(φ(0) − g(x)) +
∫ t

0
(t− s)α−1Sα(t− s)Bu(s)ds

+
∫ t

0
(t− s)α−1Sα(t− s)f(s, xs, B1x(s))ds

+
∫ t

0
(t− s)α−1Sα(t− s)σ(s, xs, B2x(s))dW (t)

+
∑

0<tk<t Tα(t− tk)Ik(x(t
−
k )), t ∈ J ;

(5)

(iii) x0 = φ ∈ Bh on (−∞, 0] satisfying ‖φ‖Bh
<∞, where

Tα(t) =

∫ ∞

0

ξα(θ)T (t
αθ)dθ, Sα(t) = α

∫ ∞

0

θξα(θ)T (t
αθ)dθ

ξα(θ) =
1

α
θ−1− 1

α̟α(θ
− 1

α ) ≥ 0,

̟(θ) =
1

π

∞∑

n=1

(−1)n−1θ−nα−1Γ(nα+ 1)

n!
sin(nπα), θ ∈ (0,∞),

ξα is a probability density function defined on (0,∞), that is,

ξα ≥ 0, θ ∈ (0,∞), and

∫ ∞

0

ξα(θ)dθ = 1.

Lemma 2.2 [29] The operators Tα and Sα have the following properties:

(i) For any fixed t ≥ 0, Tα(t) and Sα(t) are linear and bounded operators, i.e., for any
x ∈ X,

‖Tα(t)x‖ ≤M‖x‖, ‖Sα(t)x‖ ≤
αM

Γ(1 + α)
‖x‖.

(ii) {Tα(t), t ≥ 0} and {Sα(t), t ≥ 0} are strongly continuous, which means that for
every x ∈ H and for 0 ≤ t

′

< t
′′

≤ T , we have

‖Tα(t
′′

)x− Tα(t
′

)x‖ → 0 and ‖Sα(t
′′

)x− Sα(t
′

)x‖ → 0, as t
′

→ t
′′

.

(iii) For every t ≥ 0, Tα(t) and Sα(t) are also compact operators if T (t) is compact for
every t > 0.
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In order to study the approximate controllability for the fractional control system
(1), we introduce the following linear fractional differential system

{
Dα

t x(t) = Ax(t) +Bu(t), t ∈ J,
x(0) = x0.

(6)

The controllability operator associated with (6) is defined by

ΓT
0 =

∫ T

O

(T − s)α−1Sα(t− s)BB∗S∗
α(T − s)ds,

where B∗ and S∗
α denote the adjoint of B and Sα, respectively.

Let x(T ;φ, u) be the state value of (1) at terminal time T , corresponding to the
control u and the initial value φ. Denote by R(T, φ) = {x(T ;φ, u) : u ∈ L2(J,U)} the
reachable set of system (1) at terminal time T , its closure in H is denoted by R(T, φ).

Definition 2.4 The system (1) is said to be approximately controllable on J if
R(T, φ) = L2(Ω,H).

Lemma 2.3 [14] The linear fractional control system (6) is approximately control-
lable on J if and only if λ(λI + ΓT

0 ) → 0 as λ→ 0+ in the strong operator topology.

Lemma 2.4 [29] (Krasnoselskii’s fixed point theorem) Let E be a Banach space, let
Ê be a bounded closed and convex subset of E, and let F1, F2 be maps of Ê into E such
that F1x + F2y ∈ Ê for every pair x, y ∈ Ê. If F1 is a contraction and F2 is completely
continuous, then the equation F1x+ F2x = x has a solution on Ê.

3 Main Results

In this section, we formulate sufficient conditions for the approximate controllability of
system (1). For this purpose, we first prove the existence of solutions for system (1).
Second, in Theorem 3.2, we shall prove that system (1) is approximately controllable
under certain assumptions.

In order to establish the results, we impose the following conditions

(H1) f : J × Bh ×H → H is continuous and there exist µ1, µ2 > 0 such that

E‖f(t, γ, x)− f(t, ψ, y)‖2
H
≤ µ1‖γ − ψ‖2Bh

+ µ2E‖x− y‖2
H
,

and there exist two continuous functions µ1, µ2 : J → (0,∞) such that

E‖f(t, ψ, x)‖2
H
≤ µ1(t)‖ψ‖

2
Bh

+ µ2(t)E‖x‖2
H
, (t, ψ, x) ∈ J × Bh ×H,

where µ∗
1 = sups∈[0,t] µ1(s) and µ

∗
2 = sups∈[0,t] µ2(s).

(H2) There exist ν1, ν2 > 0 such that

E‖σ(t, γ, x)− f(t, ψ, y)‖2
L 0

2

≤ ν1‖γ − ψ‖2Bh
+ ν2E‖x− y‖2

H
,

and there exist two continuous functions ν1, ν2 : J → (0,∞) such that

E‖σ(t, ψ, x)‖2
L 0

2

≤ ν1(t)‖ψ‖
2
Bh

+ ν2(t)E‖x‖2
H
, (t, ψ, x) ∈ J × Bh × L

0
2 ,

where ν∗1 = sups∈[0,t] ν1(s) and ν
∗
2 = sups∈[0,t] ν2(s).
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(H3) g is continuous, and there exist some positive constants δ1 such that

E‖g(x)‖2
H
≤ δ1‖x‖

2
Bh
.

(H4) The function Ik : H → H is continuous and there exist continuous nondecreasing
functions Lk such that, for each x ∈ H,

E‖Ik(x)‖
2
H
≤ LkE‖x‖2

H
and lim

r−→+∞

Lk(r)

r
= βk <∞, k = · · · , n.

(H5) The linear stochastic system (6) is approximately controllable on [0, T ].

The following lemma is required to define the control function.

Lemma 3.1 [15] For any xT ∈ L2(FT , H), there exists η(.) ∈ L2
F(Ω;L

2(J ;L0
2))

such that xT = ExT +
∫ T

0 η(s)dW (s).

Now, for any λ > 0 and xT ∈ L2(FT , H), we define the control function

uλ(t) = B∗S∗
α(T − t)(λI + ΓT

0 )
−1

×
[
ExT +

∫ t

0

η(s)dW (s) + Tα(T )(φ(0)− g(x))
]

−B∗S∗
α(T − t)

∫ t

0

(λI + ΓT
s )

−1(T − s)α−1Sα(T − t)f(s, xs, B1x(s))ds

−B∗S∗
α(T − t)

∫ t

0

(λI + ΓT
s )

−1(T − s)α−1Sα(T − t)g(s, xs, B2x(s))dW (s)

−B∗S∗
α(T − t)(λI + ΓT

0 )
−1

∑

0<tk<T

Tα(T − tk)Ik(x(t
−
k )).

Theorem 3.1 Assume that the conditions (H1)− (H4) hold. Then for each λ > 0 ,
the system (1) has a mild solution on [0, T ], provided that

[
4l2M2δ1+

(
MTα

Γ(1+α)

)2

(4l2µ∗
1 + µ∗

2B
∗
1) +

T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(4l2ν∗1 + ν∗2B
∗
2)

+4l2mM2
∑m

k=1 βk

]
.
[
5 + 30T 2α

λ2α2

(
αMMB

Γ(1+α)

)4]
≤ 1

and

2

[
T 2α

α2

( αM

Γ(1 + α)

)2

(µ1l + µ2B
∗
1) +

T 2α−1

2α− 1

( αM

Γ(1 + α)

)2

(ν1l + ν2B
∗
2 )

]
< 1,

where B∗
1 = supt∈[0,T ]

∫ t

0 K(t, s)ds <∞ and B∗
2 = supt∈[0,T ]

∫ t

0 P (t, s)ds <∞.

Proof. For any λ > 0, define the operator Ψ : Bb → Bb by
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Ψx(t) = φ(t), t ∈ (−∞, 0],

Ψx(t) = Tα(t)(φ(0) − g(x)) +

∫ t

0

(t− s)α−1Sα(t− s)Buλ(s)ds

+

∫ t

0

(t− s)α−1Sα(t− s)f(s, xs, B1(x(s)))ds

+

∫ t

0

(t− s)α−1Sα(t− s)σ(s, xs, B2(x(s)))dW (t)

+
∑

0<tk<t

Tα(t− tk)Ik(x(t
−
k )), t ∈ J.

We shall show that the operator Ψ has a fixed point in the space Bb, which is the mild
solution of (1).

For φ ∈ Bh, we define φ̂ by

φ̂(t) =

{
φ(t), t ∈ (−∞, 0],

Tα(t)φ(0), t ∈ J ;
then φ̂ ∈ Bb.

Let x(t) = y(t)+ φ̂(t),−∞ < t < T . It is evident that y satisfies y0 = 0, t ∈ (−∞, 0]
and

y(t) =Tα(t)(−g(y + φ̂)) +

∫ t

0

(t− s)α−1Sα(t− s)Buλ(s)ds

+

∫ t

0

(t− s)α−1Sα(t− s)f(s, ys + φ̂s, B1(y(s) + φ̂(s)))ds

+

∫ t

0

(t− s)α−1Sα(t− s)σ(s, ys + φ̂s, B2(y(s) + φ̂(s)))dW (s)

+
∑

0<tk<t

Tα(t− tk)Ik(y(t
−
k ) + φ̂(t−k )), t ∈ J.

Set B0
b = {y ∈ Bb, such that y0 = 0 ∈ Bh} and for any y ∈ B0

b we have

‖y‖B0

b

= ‖y0‖Bh
+ sup

t∈J
(E‖y(t)‖2)

1

2 = sup
t∈J

(E‖y(t)‖2)
1

2 ,

thus (B0
b , ‖.‖B0

b

) is a Banach space.

Let Br =
{
y ∈ B0

b , ‖y‖2
B0

b

≤ r, r > 0
}
. The set Br is clearly a bounded closed

convex set in B0
b for each r > 0 and for each y ∈ Br. By Lemma 2.1 we have

‖yt + φ̂t‖
2
Bh

≤ 2(‖yt‖
2
Bh

+ ‖φ̂t‖
2
Bh

)
≤ 4(l2 sups∈[0,t]E‖y(s)‖2

H
+ ‖y0‖

2
Bh

)

+4(l2 sups∈[0,t]E‖φ̂(s)‖2
H
+ ‖φ̂0‖

2
Bh

)

≤ 4(‖φ‖2Bh
+ l2(r +M2E‖φ(0)‖2

H
)).

For the sake of convenience, we divide the proof into several steps.

Step 1. We claim that there exists a positive number r such that Ψ(Br) ⊂ Br. If
this is not true, then, for each positive integer r, there exists yr ∈ Br such that
E‖Ψ(yr)(t)‖2 > r for t ∈ (−∞, T ], t may depending upon r. However, on the other
hand, we have
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r ≤ E‖Ψ(yr)(t)‖2

≤ 5E‖Tα(t)[−g(y
r + φ̂)‖2

+5E‖
∫ t

0
(t− s)α−1Sα(t− s)Buλ(s)ds‖2

+5E‖
∫ t

0
(t− s)α−1Sα(t− s)f(s, yrs + φ̂s, B1(y

r
s + φ̂s))ds‖

2

+5E‖
∫ t

0
(t− s)α−1Sα(t− s)σ(s, yrs + φ̂s, B2(y

r
s + φ̂s))dW (t)‖2

+5E‖
∑

0<tk<t ‖Tα(t− tk)Ik(y(t
−
k ) + φ̂(t−k ))‖

2, t ∈ J.

By using (H1)-(H4), Lemma 2.1 and Hölder’s inequality, we obtain

r ≤ E‖(Ψyr)(t)‖2

≤ 5M2δ1‖y
r + φ̂‖2Bh

+ 5Tα

α

(
αMMB

Γ(1+α)

)2 ∫ t

0
(t− s)α−1E‖uλ(s)‖2ds

+5Tα

α

(
αM

Γ(1+α)

)2 ∫ t

0
(t− s)α−1E‖f(s, yrs + φ̂s, B1(y

r
s + φ̂s))‖

2ds

+5
(

αM
Γ(1+α)

)2 ∫ t

0 (t− s)2(α−1)E‖σ(s, yrs + φ̂s, B2(y
r
s + φ̂s))‖

2
L 0

2

ds

+5mM2
∑m

0=1E‖Ik(y(t
−
k ) + φ̂(t−k ))‖

2

≤ 5M2δ1r
′ + 30T 2α

λ2α2

(
αMMB

Γ(1+α)

)4

δ2

+5
(

MTα

Γ(1+α)

)2

(µ∗
1r

′ + µ∗
2B

∗
1(sups∈[0,T ]E‖x‖2)

+5T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(ν∗1r
′ + ν∗2B

∗
2(sups∈[0,T ]E‖x‖2)

+5mM2
∑m

0=1 Lk(r
′),

≤ 5M2δ1r
′ + 30T 2α

λ2α2

(
αMMB

Γ(1+α)

)4

δ2

+5
(

MTα

Γ(1+α)

)2

(µ∗
1r

′ + µ∗
2B

∗
1r) + 5T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(ν∗1r
′ + ν∗2B

∗
2r)

+5mM2
∑m

k=1 Lkr
′,

where r′ = 4(‖φ‖2Bh
+ l2(r +M2E‖φ(0)‖2

H
)) ,‖B‖ ≤MB and

δ2 = 2E‖x̄T‖
2 + 2

∫ t

0
E‖η(s)‖2

L 0

2

ds+M2‖φ‖2Bh
+M2δ1r

′

+
(

MTα

Γ(1+α)

)2

(µ∗
1r

′ + µ∗
2B

∗
1r) +

T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(ν∗1r
′ + ν∗2B

∗
2r)

+mM2
∑m

k=1 Lkr
′.

Dividing both sides by r and taking the limit as r −→ ∞, we obtain

1 ≤
[
4l2M2δ1+

(
MTα

Γ(1+α)

)2

(4l2µ∗
1 + µ∗

2B
∗
1) +

T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(4l2ν∗1 + ν∗2B
∗
2)

+4l2mM2
∑m

k=1 βk

]
.
[
5 + 30T 2α

λ2α2

(
αMMB

Γ(1+α)

)4]

which is a contradiction to our assumption. Thus, for each λ > 0, there exists some
positive number r such that Ψ(Br) ⊂ Br.

Next, we show that the operator Ψ is condensing, for convenience, we decompose
Ψ as Ψ = Ψ1 +Ψ2, where

(Ψ1y)(t) =

{ ∫ t

0 (t− s)α−1Sα(t− s)f(s, ys + φ̂s, B1(y(s) + φ̂(s)))ds

+
∫ t

0 (t− s)α−1Sα(t− s)σ(s, ys + φ̂s, B2(y(s) + φ̂(s)))dW (t),

(7)
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and

(Ψ2y)(t) =

{
Tα(t)(−g(y + φ̂)) +

∫ t

0 (t− s)α−1Sα(t− s)Buλ(s)ds

+
∑

0<tk<t Tα(t− tk)Ik(y(t
−
k ) + φ̂(t−k )), t ∈ [0, T ].

(8)

Step 2. We prove that Ψ1 is a contraction on Br. Let t ∈ J and y, y∗ ∈ Br, we have

‖(Ψ1y)(t)− (Ψ1y
∗)(t)‖2

H

≤ 2E‖
∫ t

0 (T − s)α−1Sα(T − s)
[
f(s, ys + φ̂s, B1(y(s) + φ̂(s)))

−f(s, y∗s + φ̂s, B1(y
∗(s) + φ̂(s)))

]
ds‖2

H

+2E‖
∫ t

0
(T − s)α−1Sα(T − s)

[
σ(s, ys + φ̂s, B2(y(s) + φ̂(s)))

−σ(s, y∗s + φ̂s, B2(y
∗(s) + φ̂(s)))

]
dW (t)‖2

H

≤ 2Tα

α

(
αM

Γ(1+α)

)2 ∫ t

0
(T − s)α−1

[
µ1‖y(s)− y∗(s)‖2Bh

+µ2E‖B1(y(s) + φ̂(s))−B1(y
∗(s) + φ̂(s)‖2

H

]
ds

+2
(

αM
Γ(1+α)

)2 ∫ t

0
(T − s)2(α−1)

[
ν1‖ys − y∗s‖

2
Bh

+ν2E‖B2(y(s) + φ̂(s))−B2(y
∗(s) + φ̂(s))‖2

H

]
ds

≤ 2

[
T 2α

α2

(
αM

Γ(1+α)

)2

(µ1l + µ2B
∗
1)

+T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(ν1l + ν2B
∗
2)

]
‖y − y∗‖2

B0

b

,

where 2

[
T 2α

α2

(
αM

Γ(1+α)

)2

(µ1l + µ2B
∗
1 ) +

T 2α−1

2α−1

(
αM

Γ(1+α)

)2

(ν1l + ν2B
∗
2 )

]
< 1, hence

Ψ1 is a contraction.

Step 3. Ψ2 maps bounded sets into bounded sets in Br, Let us prove that for r > 0
there exists a r̂ > 0 such that for each y ∈ Br we have E‖(Ψ2y)(t)‖

2
H
< r̂ for t ∈ J .

Now we have

E‖Ψ2y(t)‖
2
H

≤ 3E‖Tα(t)(−g(y + φ̂))‖2

+3E‖
∫ t

0 (t− s)α−1Sα(t− s)Buλ(s)ds‖2

+3E‖
∑

0<tk<t Tα(t− tk)Ik(y(t
−
k ) + φ̂(t−k ))‖

2

≤ 3M2δ1r
′ + 18

λ2

T 2α

α2

(
αMMB

Γ(1+α)

)4

δ2 + 3M2m2
∑m

k=1 Lkr
′

= r̂.
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Step 4. The map Ψ2 is equicontinuous. Let u, v ∈ J , 0 ≤ u < v ≤ T , y ∈ Br, we obtain

E‖(Ψ2y)(v)− (Ψ2y)(u)‖
2
H
≤

5E‖Tα(v)− Tα(u)(−g(y + φ̂))‖2

+ 5E‖

∫ u

0

(u− s)α−1[Sα(v − s)− Sα(u− s)]Buλ(s)ds‖2

+ 5E‖

∫ u

0

[(v − s)α−1 − (u− s)α−1]Sα(v − s)Buλ(s)ds‖2

+ 5E‖

∫ v

u

(v − s)α−1Sα(v − s)Buλ(s)ds‖2

+ 5E‖
∑

0≤tk≤T

[Tα(v − tk)− Tα(u − tk)]Ik(y(t
−
k ) + φ̂(t−k ))‖

2.

Noting the fact that for every ǫ > 0, there exists a δ > 0 such that, whenever
|s1− s2| < δ for every s1, s2 ∈ J , ‖Tα(s1)−Tα(s2)‖ < ǫ and ‖Sα(s1)−Sα(s2)‖ < ǫ.
Therefore, when |v − u| < δ, we have

E‖(Ψ2y)(v)− (Ψ2y)(u)‖
2
H
≤5ǫ2δ1r

′ +
30ǫ2M2

B

λ2
T 2α

α2
δ2

+
30δ2
α2λ2

( αMMB

Γ(α+ 1)

)4

[vα − uα − (v − u)α]2

+
30δ2
α2λ2

( αMMB

Γ(α+ 1)

)4

(v − u)2α + 5mǫ2
m∑

k=1

Lkr
′.

The right hand of the inequality above tends to 0 as v −→ u and ǫ −→ 0, hence
the set {Ψ1y, y ∈ Br} is equicontinuous.

Step 5. The set V (t) = {Ψ2y(t), y ∈ Br} is relatively compact in Br. Let 0 < t ≤ T be
fixed and 0 < ǫ < t . For δ > 0, y ∈ Br, we define

Ψǫ,δ
2 y(t) ≤

∫∞

δ ξα(θ)T (t
αθ)(−g(y + φ̂))dθ

+α
∫ t−ǫ

0

∫∞

δ θ(t− s)α−1ξα(θ)T ((t− s)αθ)Buλ(s)dθds

+
∑

0<tk<t

∫∞

δ ξα(θ)T ((t− tk)
αθ)Ik(y(t

−
k ) + φ̂(t−k ))dθ

= T (ǫαδ)
∫∞

δ
ξα(θ)T (t

αθ − ǫαδ)(−g(y + φ̂)dθ

+αT (ǫαδ)
∫ t−ǫ

0

∫∞

δ
θ(t− θ)α−1ξα(θ)T ((t− s)αθ − ǫαδ)Buλ(s)dθds

+
∑

0<tk<t T (ǫ
αδ)

∫∞

δ
ξα(θ)T ((t− tk)

αθ − ǫαδ)Ik(y(t
−
k ) + φ̂(t−k ))dθ.

Then from the compactness of T (ǫαδ), we obtain that Vǫ,δ(t) = {Ψǫ,δ
2 y(t) : y ∈ Br}

is relatively compact in H for every ǫ, 0 < ǫ < t. Moreover, for y ∈ Br, we can
easily prove that Ψǫ,δ

2 y(t) is convergent to Ψ2y(t) in Br as ǫ −→ 0 and δ −→ 0,
hence the set V (t) = {Ψ2y(t) : y ∈ Br} is also relatively compact in Br. Thus, by
Arzela-Ascoli theorem Ψ1 is completely continuous. Consequently, from Lemma
2.4 Ψ has a fixed point, which is a mild solution of (1).

Theorem 3.2 Assume that (H1)-(H5) are satisfied, and the conditions of Theorem
3.1 hold. Further, if the functions f and σ are uniformly bounded, and T (t) is compact,
then the system (1) is approximately controllable on [0, T ].
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Proof. Let xλ be a solution of (1), then we can easily get that

xλ(t) = x̄T − λ(λI + ΓT
0 )

−1
[
ExT +

∫ t

0

η(s)dW (s) − Tα(T )(φ(0)− g(x))
]

+λ

∫ T

0

(λI + ΓT
s )

−1(T − s)α−1Sα(T − t)f(s, xλs , B1x
λ(s))ds

+λ

∫ T

0

(λI + ΓT
s )

−1(T − s)α−1Sα(T − t)σ(s, xλs , B2x
λ(s))dW (s)

+λ(λI + ΓT
0 )

−1
∑

0<tk<T

Tα(T − tk)Ik(x(t
λ
s )).

In view of the assumptions that f and σ are uniformly bounded on J , there is a
subsequence still denoted by f(s, xλs , B1x

λ(s)) and σ(s, xλs , B2x
λ(s)), which converges

weakly to, say f(s) in H , and σ(s) in L(U,H). On the other hand, by assumption
(H5), the operator λ(λI + ΓT

s )
−1 −→ 0 strongly as λ −→ 0+ for all 0 ≤ s ≤ T , and,

moreover, ‖λ(λI + ΓT
s )

−1‖ ≤ 1. Thus, the Lebesgue dominated convergence theorem
and the compactness of S yield

E‖xλ(t)−x̄T ‖
2 ≤ 4‖λ(λI+ΓT

0 )
−1‖2E‖ExT +

∫ T

0

η(s)dW (s)− Tα(T )(φ(0)− g(x))‖2

+ 4E
(∫ T

0

‖λ(λI+ΓT
s )

−1(T − s)α−1Sα(T − t)f(s, xλs , B1x
λ(s))‖ds

)2

+ 4E
∥∥∥
∫ T

0

‖λ(λI+ΓT
s )

−1(T−s)α−1Sα(T−t)σ(s, x
λ
s , B1x

λ(s))dW (s)
∥∥∥
2

+ 4‖λ(λI+ΓT
0 )

−1‖2E‖
∑

0<tk<T

Tα(T − tk)Ik(x(t
λ
s ))‖

2 → 0, as λ→ 0+.

This gives the approximate controllability of (1), the proof is complete.

4 An Example

As an application, we consider an impulsive stochastic partial differential equation of the
following form





Dα
t x(t, y) =

∂2

∂y2x(t, y) + b(y)u(t) +
∫ 0

−∞
H(t, y, s− t)Q(x(s, y))ds

+
∫ t

0
K(s, t)e−x(s,y)ds+

[ ∫ 0

−∞
V (t, y, s− t)U(x(s, y))ds

+
∫ t

0 p(s, t)e
−x(s,y)ds

]
dW (t) y ∈ [0, π], t ∈ [0, T ], T > 0, t 6= tk,

Ik(x(t
−
k , y)) = x(t+k , y)− x(t−k , y), k = 1, · · · ,m,

x(t, 0) = x(t, π) = 0, t ∈ [0, T ],
x(0, y) +

∫ π

0
G(y, z)x(t, z)dz = φ(t, y), t ∈ (−∞, 0].

(9)

Let U = H = L2([0, π]) and h(t) = e2t, t < 0, Then l =
∫ 0

−∞
h(s)ds = 1

2 .To study the
approximate controllability of (9), assume that H , Q, V and U are continuous; φ ∈ Bh.

We define the operator A by Ax = ∂2x
∂y2 . with domain D(A) = {x ∈ H, ∂x∂y ,

∂2x
∂y2 ∈

H and x(0) = x(π) = 0}. It is well known that A generates an analytic semi-

group T (t), t ≥ 0 given by T (t)x =
∑∞

n=1 e
−n2t〈x, en〉en, x ∈ H , and en(y) =

(2/π)1/2 sin(ny), n = 1, 2, · · · , is the orthogonal set of eigenvectors of A.
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Define the operators f : J × Bh × L2([0, π]) → H, σ : J × Bh × L2([0, π]) →
L 0

2 (U,H), g : Bh → L2([0, π]),

f(t, φ,B1x(t))(y) =

∫ t

−∞

H(t, y, s− t)Q(x(s, y))ds+

∫ t

0

K(s, t)e−x(s,y)ds,

σ(t, φ,B2x(t))(y) =

∫ 0

−∞

V (t, y, s− t)U(x(s, y))ds+

∫ t

0

p(s, t)e−x(s,y)ds,

g(y) =

∫ π

0

G(y, z)x(t, z)dz.

With the choice of A, f , σ and g can be rewritten as the abstract form of system (1).
Under the appropriate conditions on the functions f , σ, g and Ik as those in (H1)-(H5),
system (9) is approximately controllable.

5 Conclusion

Approximate controllability of nonlinear fractional impulsive stochastic differential equa-
tions with nonlocal conditions and infinite delay in Hilbert spaces has been investigated.
By employing fractional calculus, Krasnoselskii-Schaefer-type fixed point theorem and
stochastic analysis theory, sufficient conditions for the approximate controllability of
nonlinear fractional impulsive stochastic differential equations are formulated and proved
under the assumption that the associated linear system is approximately controllable.
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