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Abstract: In order to investigate the generalized periodic solutions of the generalized
phi-four equation, we use the Jacobi elliptic functions. Many kinds of solutions are
obtained. For some parameters, these envelope periodic solutions can degenerate
to the envelope shock wave solutions (dark solitons) and the envelope solitary wave
solutions (bright solitons). The existence of these solutions is determined by the
parameters of the initial equation. The solutions found in this work can be used in
many areas of physics such as telecommunications.
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1 Introduction

Before the discovery of solitons, scientists had taken the nonlinear terms in an equation
as perturbations. The history of solitons (the wave of translation), in fact, dates back
to 1834, the year in which John Scott Russell observed that a heap of water in a canal
propagated undistorted over several kilometers. The results obtained in the linear theory
of waves, by ignoring the nonlinear parts, are most frequently too far from reality to be
useful. The transition from linear to nonlinear description is justified by the necessity
to take into account all the details of the observed phenomena. The wave of translation
was regarded as a curiosity until the 1960s, when scientists began to use computers
to study nonlinear wave propagation. The discovery of mathematical solutions started
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with the analysis of nonlinear partial differential equations, such as in the works of
Boussinesq and Rayleigh, carried out independently. Recently, a new direction related
to the investigation of nonlinear phenomena and processes has been actively developed
in various areas, including hydrodynamics, nonlinear optics, plasma physics, and biology
[1–8], to mention a few. A remarkable number of evolution equations (sine-Gordon,
Korteweg de Vries, Boussinesq, Schrodinger and others) considered by the end of the 19th

century, radically changed the thinking of scientists about the nature of nonlinearity. It
then becomes necessary to solve these nonlinear equations. The exact analytical solutions
of nonlinear equations are hardly obtained. In recent years, quite a few methods for
obtaining explicit traveling and solitary wave solutions of nonlinear evolution equations
in mathematics and physics have been proposed. We can list the generalized iterative
methods [9], computational methods [10], travelling wave solutions method [11], the sine-
cosine method [12,13], Backlund transform method [14], the sinc-collocation method [15],
Darboux transform method [16], Painleve’s singularity structure analysis [17], homotopy
perturbation method [18], variational iteration method [19], inverse scattering transform
method [20], the (G’/G)-expansion method [21], the Hirota’s bilinear method [22], exp-
function method [23], tanh method [24, 25], extended three-wave method [26]. These
methods, however, can only obtain the shock and solitary wave solutions or the periodic
solutions with the elementary functions [27–32], but cannot get the generalized periodic
solutions of nonlinear equations. The objective of this work is to use the Jacobi elliptic
method [33] to obtain the generalized periodic solutions with the phi-four equation.

The standard form of phi-four equation

utt − uxx + u3 − u = 0 (1)

arises in many branches of mathematical physics. Its special solutions are known as kink
and antikink solitons. In our investigations, we consider the following form of equation
(1):

(ul)tt − a(un)xx − bum + cun = 0, (2)

where a, b and c are arbitrary nonzero constants and l, m and n are integers; u(x, t) is
the unknown function depending on the spatial variable x and the temporal variable t.
The subscripts x and t denote partial derivatives with respect to these variables. The
technique that will be used is the most effective direct method to construct generalized
wave solutions of nonlinear evolution equations.

2 Jacobi Elliptic sn Function

By means of the Jacobi elliptic function, u(x, t) can be expressed as follows:

u(x, t) = Asnpξ, ξ = q(x− v0t), (3)

where p > 0 is a constant which will be determined later. A represents the amplitude of
the wave, while v0 is the velocity of the wave; q can represent the inverse width of the
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wave. From equation (3), we have:























um = Amsnpmξ,

un = Ansnpnξ,

(ul)tt = Alplq2v20

[

(pl − 1)snpl−2ξ − pl(1 + k2)snplξ + (pl + 1)k2snpl+2ξ
]

,

(un)xx = Anpnq2
[

(pn− 1)snpn−2ξ − pn(1 + k2)snpnξ + (pn+ 1)k2snpn+2ξ
]

.

(4)
The following relations are taken into account:

cn2(ξ, k) + sn2(ξ, k) = 1, dn2(ξ, k) + k2sn2(ξ, k) = 1. (5)

Substituting the expression (4) into (2) yields

Alplq2v20

[

(pl − 1)snpl−2ξ − pl(1 + k2)snplξ + (pl + 1)k2snpl+2ξ
]

−aAnpnq2
[

(pn− 1)snpn−2ξ − pn(1 + k2)snpnξ + (pn+ 1)k2snpn+2ξ
]

−bAmsnpmξ + cAnsnpnξ = 0. (6)

From equation (6), equating the exponents of snpn+2ξ and snpmξ functions we get

p =
2

m− n
. (7)

Also from equation (6), equating the exponents of snplξ and snpnξ functions we have

l = n. (8)

If we make the same gymnastic with the exponents of snpl+2ξ and snpn+2ξ and for
snpl−2ξ and snpn−2ξ functions, we also obtain l = n. Now, in view of equation (8), the
functions snpl+jξ with j = −2, 0, 2 in (6) are linearly independent. Thus, their respective
coefficients must vanish. Setting their coefficients to zero gives the system of algebraic
equations:

Anpnq2(pn− 1)(v20 − a) = 0, (9)

Anp2n2q2(1 + k2)(a− v20) + cAn = 0, (10)

Anpnq2k2(pn+ 1)(v20 − a)− bAm = 0. (11)

If v20 − a 6= 0, then equation (9) gives the relation between the two parameters p and n,
that is

p =
1

n
, (12)

and using relation (7), we have:

m = 3n. (13)

From equation (10), one obtains

q2 =
c

(1 + k2)(v20 − a)
. (14)
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Inserting (14) into (11) yields

A =
[ 2k2c

b(1 + k2)

]
1

2n

. (15)

Thus, the generalized solutions of equation (3) are given by

u(x, t) =
{

√

2k2c

b(1 + k2)
sn

[

√

c

(1 + k2)(v20 − a)
(x− v0t)

]}
1

n

. (16)

We clearly observe that these solutions exist if and only if c(v20 − a) > 0 and bc > 0. As
k → 1, corresponding envelope solitary wave solutions are

u(x, t) =
{

√

c

b
tanh

[

√

c

2(v20 − a)
(x− v0t)

]}
1

n

. (17)

Namely dark solitons of equation (17) look like those found by Triki and Wazwaz in [34].
This justifies the fact that the present method is more explicit.

3 Jacobi Elliptic cn Function

In this section, u(x, t) is expressed as follows:

u(x, t) = Acnpξ, ξ = q(x− v0t). (18)

In this equation, p > 0. From equation (18), we get:























um = Amcnpmξ,

un = Ancnpnξ,

(ul)tt = Alplq2v20

[

(pl − 1)(1− k2)cnpl−2ξ + pl(2k2 − 1)cnplξ − (pl + 1)k2cnpl+2ξ
]

,

(un)xx = Anpnq2
[

(pn− 1)(1−k2)cnpn−2ξ + pn(2k2 − 1)cnpnξ − (pn+ 1)k2cnpn+2ξ
]

.

(19)
Inserting (19) into (2), one obtains:

Alplq2v20

[

(pl− 1)(1− k2)cnpl−2ξ + pl(2k2 − 1)cnplξ − (pl + 1)k2cnpl+2ξ
]

−aAnpnq2
[

(pn− 1)(1− k2)cnpn−2ξ + pn(2k2 − 1)cnpnξ − (pn+ 1)k2cnpn+2ξ
]

−bAmcnpmξ + cAncnpnξ = 0. (20)

In equation (20), equating the exponents of cnpn+2ξ and cnpmξ functions gives

p =
2

m− n
. (21)

Also from equation (20), equating the exponents of cnplξ and cnpnξ functions we get

l = n. (22)

The same work can be done with the exponents of cnpl+2ξ and cnpn+2ξ and for cnpl−2ξ

and cnpn−2ξ functions; we also obtain l = n. Now, the functions cnpl+jξ with j = −2, 0, 2
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in (20) are linearly independent. Thus, their respective coefficients must vanish. Setting
their coefficients to zero gives the system of algebraic equations:

Anpnq2(pn− 1)(1− k2)(v20 − a) = 0, (23)

Anp2n2q2(2k2 − 1)(v20 − a) + cAn = 0, (24)

Anpnq2k2(pn+ 1)(a− v20)− bAm = 0. (25)

If v20 − a 6= 0, then equation (23) gives the following two relations, that is
{

p = 1
n
,

k2 = 1.
(26)

Equation (24) gives

q2 =
c

p2n2(2k2 − 1)(a− v20)
, (27)

and (25) yields

A =
[ (pn+ 1)k2c

bpn(2k2 − 1)

]
1

m−n

. (28)

Thus, the generalized solutions of equation(3) are given by:

Case 1: p = 1
n
, i.e. m = 3n; q2 = c

(2k2
−1)(a−v2

0
)
, A =

[

2k2c
b(2k2

−1)

]
1

2n

and

u(x, t) =
{

√

2k2c

b(2k2 − 1)
cn

[

√

c

(2k2 − 1)(a− v20)
(x− v0t)

]}
1

n

. (29)

Case 2: k2 = 1; q2 = c(m−n)2

4n2(a−v2

0
)
, A =

[

(m+n)c
2nb

]
1

m−n

and

u(x, t) =
{ (m+ n)c

2nb
sech2

[

√

c(m− n)2

4n2(a− v20)
(x − v0t)

]}
1

m−n

. (30)

It is evident that these solutions have a physical sense if and only if c(a − v20) > 0 and
bc > 0. k must be different from zero in (29). Equation (30) is an exact bright soliton
solution of (3).

4 Jacobi Elliptic dn Function

In this section, u(x, t) is expressed as follows:

u(x, t) = Adnpξ, ξ = q(x − v0t). (31)

Here again, p has to be positive. From (31), we get:






















um = Amdnpmξ,

un = Andnpnξ,

(ul)tt = Alplq2v20

[

(pl − 1)(k2 − 1)dnpl−2ξ + pl(2− k2)dnplξ − (pl + 1)dnpl+2ξ
]

,

(un)xx = Anpnq2
[

(pn− 1)(k2 − 1)dnpn−2ξ + pn(2− k2)dnpnξ − (pn+ 1)dnpn+2ξ
]

.

(32)
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Inserting (32) into (3), one obtains:

Alplq2v20

[

(pl − 1)(k2 − 1)dnpl−2ξ + pl(2− k2)dnplξ − (pl + 1)dnpl+2ξ
]

−aAnpnq2
[

(pn− 1)(k2 − 1)dnpn−2ξ + pn(2− k2)dnpnξ − (pn+ 1)dnpn+2ξ
]

−bAmdnpmξ + cAndnpnξ = 0. (33)

In (33), equating the exponents of dnpn+2ξ and dnpmξ functions gives

p =
2

m− n
. (34)

Also from (33), equating the exponents of dnplξ and dnpnξ functions we have

l = n (35)

which is also obtained by equating the exponents’ pairs pl+2 and pn+2, pl−2 and pn−2.
Setting the coefficients of the linearly independent functions dnpl+jξ, where j = −2, 0, 2,
to zero gives the system of algebraic equations:

Anpnq2(pn− 1)(k2 − 1)(v20 − a) = 0, (36)

Anp2n2q2(2 − k2)(v20 − a) + cAn = 0, (37)

Anpnq2(pn+ 1)(a− v20)− bAm = 0. (38)

If v20 − a 6= 0, then equation (36) gives the following two relations
{

p = 1
n
,

k2 = 1.
(39)

Equation (37) gives

q2 =
c

p2n2(2− k2)(a− v20)
, (40)

and (38) yields

A =
[ (pn+ 1)c

bpn(2− k2)

]
1

m−n

. (41)

The generalized solutions of equation (3) are given by:

Case 1: p = 1
n
, i.e. m = 3n; q2 = c

(2−k2)(a−v2

0
)
, A =

[

2c
b(2−k2)

]
1

2n

and

u(x, t) =
{

√

2c

b(2− k2)
dn

[

√

c

(2− k2)(a− v20)
(x− v0t)

]}
1

n

. (42)

Case 2: k2 = 1; q2 = c(m−n)2

4n2(a−v2

0
)
, A =

[

(m+n)c
2nb

]
1

m−n

and

u(x, t) =
{ (m+ n)c

2nb
sech2

[

√

c(m− n)2

4n2(a− v20)
(x − v0t)

]}
1

m−n

, (43)

with c(a− v20) > 0 and bc > 0.
These soliton solutions can be controlled well by adjusting the parameters of the

system. From one ansatz, we carry out many types of solutions, and we conclude that
the present method is straightforward and concise.
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5 Conclusion

In this work, we have considered a generalized phi-four equation with arbitrary constant
coefficients and general values of the exponents in the dissipation and nonlinear terms.
With the aid of Jacobi elliptic functions, the generalized periodic solutions are obtained.
We have noted that the existence of these solutions depends on whether c(v20 − a) > 0
or c(a − v20) > 0 and bc > 0. We have also pointed out that for some parameters,
these envelope periodic solutions can degenerate to the non-topological and topological
solitons.
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