Nonlinear Dynamics and Systems Theory, 17 (3) (2017) 229

&\IFOR $

M s
Publishing
Group

Existence Result for Nonlinear Degenerated Parabolic
Systems

A. Aberqi'*, J. Bennouna? and M. Hammoumi

L University of Fez, National school of applied sciences,
Laboratory LISA, Department of Electrical and Computer Engineering,
Fez, Morocco
2 University of Fez, Faculty of Sciences Dhar El Mahraz,
Laboratory LAMA, Department of Mathematics,

B.P 1796 Atlas Fez, Morocco

Received: June 10, 2016; Revised: July 28, 2017

Abstract: An existence result of a solution for a class of nonlinear parabolic systems
is established. The source term is less regular (bounded Radon measure) and no coer-
civity is made in the non-divergentiel lower order term div(c(z,t)|u(z,t)|" " 2u(z, t)).
The main contribution of our work is to prove the existence of a renormalized solu-
tion without the coercivity condition on the nonlinearities, so we used the Gagliardo-
Nirenberg theorem to prove it.

Keywords: Dirichlet problem; parabolic systems; Gagliardo-Nirenberg inequality;
renormalized solutions.

Mathematics Subject Classification (2010): Primary 35K41; Secondary 35K55,
35K65.

1 Introduction

Given a bounded-connected open set 2 of RN (N > 2), with Lipschitz boundary 99,
Qr = Q x (0,T) is the generic cylinder of an arbitrary finite hight, ' < co. We prove
the existence of a renormalized solution for the nonlinear parabolic systems

i) _ div(al(a, t,ui, Vi) — di(x,t,u;) — Fi) = fi(z,u,uz) in Qr,
wi(z,t) =0 on 90 x (0,T), (1)
bi(x7ui(xa O)) = bi(x7u0,i(x)) in Q,
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where i = 1,2. Here the vector field a : Q x (0,7) x R x RV — R¥ is a Carathéodory

function such that A(u;) = —div (a(m,t,ui, Vui)) is a Leray-Lions operator defined on

L?(0,T; Wol’p(u)), ¢i(x,t,u;) is a Carathéodory function (see assumptions 7),
and b; : Q@ xR — R is a Carathéodory function such that for every = € Q, b;(x,.)
is a strictly increasing C'-function, the data wp; is in L'(Q) such that b;(.,ug;) in
L'(Q). The data f; : @ x R x R — R is a Carathéodory function (see assumptions
H4) and F; € (L? (v))N. When problem is investigated, there is a difficulty due to
the fact that the data by (x,uj(z)) and by(x,ud(z)) only belong to L' and the functions
(a(m,t,ui,Vui)), ¢i(z,t,u;) and fi(x,u1,uz) do not belong to (L, .(Qr))Y in general,
so that proving existence of weak solution seems to be an arduous task, and we cannot
use the Stocks formula in the a priori estimates of the nonlinearity ¢;(z,t,u;). In order
to overcome this difficulty, we work with the framework of renormalized solutions (see
Definition 3.1). The notion of renormalized solutions was introduced by R.-J. DiPerna
and P.-L. Lions [§] for the study of the Boltzmann equation. It was adapted to the
study of some nonlinear elliptic or parabolic problems in fluid mechanics, see [6]. In
the case where b(z,u) = u, the existence of renormalized solutions for has been
established by R.-Di Nardo [5|. In the case where ¢(z;t;u) = 0 and f € LY(Q7),
the existence of renormalized solutions has been established by H. Redwane [13] in the
classical Sobolev space, the existence results are already proved by the authors in the
case where f;(z, uy, us) is replaced by f —div(g), where f € L' (Qr)and g € (L (Qr))Y.
For the elliptic version of (1)) we refer to [10].
One of the models of applications of these operators is the system of Boussinesq:

% + (W) — 2div(p(6)e(u) + Vp = F(6) in Qr,
827(5) +u.Vb(0) — A0 =2u(0)|e(u)* in Qr,

u(t =0) =up, b(8)(t =0) =b(fy) on Q,
u=0 6=0 on 00 x(0,7).

The first equation is the motion conservation equation, the unknowns are the fields of
displacement u : Q7 — R and temperature 6 : Qp — R. The field e(u) = 3(Vu+(Vu)")
is the strain rate tensor.

It is our purpose, in this paper to generalize the result of [2,/5,/13] and we prove the
existence of a renormalized solution of system .

The plan of the paper is as follows: In Section 2 we give basic assumptions. In Section
3 we give the definition of a renormalized solution of ([J), and we establish (Theorem 3.1)
the existence of such a solution.

2 Preliminaries and Auxiliary Results

We recall here some standard notations, properties and results which will be used
throughout the paper.

Let Q be a bounded open set of RY and Q7 = Q x (0,7), T is a positive real number.
Let v(x) be a nonnegative function on Q such that v(z) € L™ (), r > 1, v(z) "t € LY(Q),
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p > 14 1/t. We denote by LP(§2,v), or simply L?(v) if there is no confusion, p > 1, the
space of measurable functions u on €2 such that

1

llullzr ) = (/ |u|pu(x)dx)p < +o00, (2)
)
and by WP (v) the completion of the space C''(Q2) with respect to the norm
[ullwrrwy = lullLe@) + [IVullLew)- (3)

Moreover, we denote by W,"*(v) the closure of CA(Q) in W'?(v), provided with the
induced topology defined by the induced norm, and by W’l’p'(ylfp'), p = p’%l, its dual
space. WP (v) and WP (v) are reflexive Banach spaces if 1 < p < oo, (see [11]).
Denote V = Wy*(v), H = L2(v) and V* = W(;l’p/(l/l’pl), with p > 2. The dual
space of X = LP(0,T;Wy*(v)) denoted X* is identified with L?'(0,T;V*). Define
W3 (0,T,V,H) ={v e X :v" € X*}. Endowed with the norm

lullw, = llullx + u'llx-,

Wp1 (0,T,V, H) is a Banach space. Here u’ stands for the generalized time derivative of
u, that is,

T T
/ u' (t)p(t)dt = 7/ u(t)g' (t)dt for all € CF°(0,T).
0 0

Lemma 2.1 [14]

1. The evolution triple V.— H < V™ is verified.

2. The imbedding WZ} (0, T,V,H) < C(0,T,H) is continuous.

3. The imbedding W;(O,T, V,H) — LP(Qr,v) is compact.

Lemma 2.2 [ Let {v,} be a bounded sequence in LP(0,T;V) such that

vy,

W =ap + ﬁn m DI(QT)

with {a,} and {B,} being two bounded sequences respectively in X* and in L*(Qr). Then
vp, — v in LY (Qr,v). Furthermore, v, — v strongly in L' (Qr).

From now on, we assume that the following assumptions hold true

1
; 1+ - <p<N(1+-), (4)

P ()

An important tool that we will use here, is the following weighted version of the
Sobolev inequality (see Theorem 3.1 and Corollary 3.5 in [11]).
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Proposition 2.1 [11] Assume that and hold true. Let p denote the number

associated with p defined by

220

1_,(1(1+1) 1)
o \pn T TN

Then the imbedding of Wy (v) into LP(v) is continuous. moreover, there exists a con-
stant Cy > 0 depending on N,p,v,t, such that
lull sy < ColllVull Loy, Yu € Wo'™ (). (6)

Using this proposition, we can prove the following interpolation result

Proposition 2.2 Assume that [4)) and (B]) hold true. Let v be a function in Wy (v)
L5(Q) with2 < p < N and s > r'. Then there exists a positive constant C, depending on

N, p, v, t and q, such that

[vllzo@w) <

for every 8 and o satisfying
Nt

)1 1) <
-— =, r .
p N/’ pt— N

+
| =

1
0<0<1,1<0< +oo, 7:9+r'(170)((1
(o

1 1-6
Proof. For every 1 < o < p, we can write — = § + —— for some 0 < § < 1. then
o

by the Holder inequality and @, one has

lollzey < ColllVollliny 100250, < ColllVolllzad, V117 Le ()

Ls’ Q)HU|

which gives the desired result.
As an immediate consequence of the previous result, we get

Corollary 2.1 Letwv € LP((0,T), WO1 P(v))NL>((0,T), L5(2)), with2 < p < N and

s>1r'. Then v € L°(v) with o = % Moreover,

/ V(x)fu|"dxdt§0v||Lfo(07T’LS(Q))/Q v(z)|VolPdzdt.
T T

Proof. By virtue of Proposition we can write

(1-0)o (2o

[ v@lerde < clvdifd)

Integrating between 0 and T', we get
(1-0)o

// \v|“dzdt<C/ 190l

L?(9)), we have

Since v € LP((0,T), Wy (v)) N L>=((0,T),
(1 G)O'dt

T
/ [ @l et < Cloli iy [ 90O
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Now we choose 6 such that (1 —0)o = p and o = p . This choice yields

0— p—Dp _pp+p—0p
— T < <~ O=———.
pp+p—p D

Then, becomes

T
/ | vl drdt < 1o 1 Z g raay [ V0O

3 Assumptions on Data

Let Q be a bounded open set of RY (N > 2), T be a positive real number, and Q7 =
Q% (0,7).

3.1 Assumptions

Throughout this paper, we assume that the following assumptions hold true:
Assumptions (H1)

b : 2 xR —= R is a Carathéodory function such that for every x € Q, (8)

bi(z,.) is a strictly increasing C!(R)-function with b;(z,0) = 0, for any k > 0, there exist
a constant \; > 0 and functions A% € L*>(2) and Bi € LP(2) such that: for almost
every x in )

Obi(x,s)

A <
- Os

<) and [vo(PON) gy vi<k @

Assumptions (H2) Let a: Qr x R x RY — RY be a Carathéodory function such
that, for any k > 0, there exist v and a function hy € LP (v) with

lale, 5,6 < v(@) (hila,t) + IEP7) VI8 <, (10)
a(z,t,8,€)E > av(x)|EP with a > 0, (11)
(a(z,t,8,8) —a(z,t,s,m) (€ —n) >0 with £ #n. (12)

Assumptions (H3) Let ¢, : Qr x R = RY be a Carathéodory function such that
‘¢i($,t,8)| < Ci(l',t)|8|’yl/($)7 (13)

p(3p — p) _2(p—1)(pp+p—p)
-DG-» p(3p —p)
for almost every (x,t) € Qr, for every s € R and every &, n € RV,
Assumptions (H4) We suppose for that for i=1,2 f; : @ xR xR — Ris a
Carathéodory function with fy(z,0,s) = fo(z,5,0) =0 ae z € Q,
Vs € R. And for almost every x € €, for every s1,s2 € R

ci(z,t) € L™ (v) with 7=

(14)

signe(s;) fi(z, s1,82) > 0. (15)
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The growth assumptions on f; are as follows: for each k > 0 there exist o > 0 and a
function Fy in L'(Q) such that

|f1(z,81,82)| < Fi + ok|ba(x, 82)]. ae x€QV|s1| <k, VsyeR. (16)
for each k > 0 there exist pu; > 0 and a function G}, in L*(£2) such that
|f2(x, 81, 82)] < Gi(x) + pr|br(z,51)]. ae x€Q Vs <k, Vs €R. (17)

up; is a measurable function such that b;(z,ug ;) € L'(Q) for i = 1,2.

4 Main Results

In this section, we study the existence of renormalized solutions to systems .

Definition 4.1 A couple of measurable functions (u1,us) defined on Qr is called a
renormalized solution of if for i=1,2. the function u; satisfies

bi(x, u;) € L(0,T; LY(R)), (18)
Ti(us) € LP(0,T; W, P(v)) for any k > 0, (19)
lim 1 a(z,t,u;, Vu; )Vu; de dt = 0, (20)

M=He0 M L (w,6)eQr: |us(,t)|<m}

and if for every function S in W2°°(R) which is piecewise C! and such that S’ has a
compact support

831,5(1‘, ul)

ot — div (a(m?t’ui’vui)sl(ui)) +S” (ui)a(m7t7ui7vui)vui (21)

+ div (qSi(x,t,ui)S'(ui)) — 5" (uy) s (x, t,u;) Vg

= fix,uy, u2)S" (u;) — div(S' (u;) Fy) + 8" (w;) F;Vu; in D' (Qr),

and
Bi,s(a:,ui)(t = 0) = Bi,s(x,uw) mn Q, (22)

where B; g(z, z) :/ MS/(S)CZS.
0 Os

Equation is formally obtained through pointwise multiplication of equation
by S’(u). However meanwhile a(z,t,u;, Vu;) and ¢;(z,t,u;) do not in general make
sense in . Recall that for a renormalized solution, due to , each term in has
a meaning in L' (Qr) + LP (0, T; W=1¢ (11-7")) (see e.g. [6]).We have

831‘,‘5;3’(;7’”*") belongs to L¥ (0,T; W~ (1'7)) + LY(Qr). (23)
Bi.s(x,u;) belongs to LP(0, T; W, P (v)). (24)

Then and imply that B; s(x,u;) belongs to C°([0,T7]; L*(£2)) (for the proof of
this trace result see [12],) so that the initial condition makes sense.
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Theorem 4.1 Let b(x,ug) € L'(Q), assume that (H1)-(H4) hold true, then there
exists at least a renormalized solution (u1,usz) of problem in the sense of Definition

(D).

Proof. Step 1. Let us introduce the following regularization of the data: for i=1,2.
For each n >0

bin(z,r) = bz, Tp(r)) + % VreR, (25)
an(z,t,5,6) = a(z,t,T,(s),&) ae. (z,t) €Qr, VseR, VEERY, (26)
Gin(z, t,1) = ¢i(x, 8, Ty (r)) ae. (z,t) € Qpr, VreR. (27)

Let fin(x,s1,52) = fi(z,Tn(s1),Th(s2)) a.e x € , Vsq,s2 € R.
and  fa,(z,s1,82) = fa(x, Th(s1), Tn(s2)) a.ex € Q,Vsy,s2 €R. (28)
Let u; 0, € C3°(2) such that
bi n(, wi0n) = bi(x, u;0) strongly in L' (Q). (29)

In view of , for i=1,2 b, ,, is a Carathéodory function and satisfies @[), there exists
A; > 0 such that:

0b; n(z, 3)

s
+ Os

< and |b;,(z,8)| < max|g<,|bi(z,s)| ae xe€Q, VseR.

1
n
Let us now consider the regularized problem
Pintin) — i (ap (2, b, i m, Viiin) = Gin (2,1, Uin) — Fi) = fim(@,ur,u2) in Qr,

Uin(z,t) =0 on 00N x (0,T),

bi,n(‘T, Uzyn)(t = 0) = bivn(:z:,uwn) ZTL Q

(30)

In view of —, there exist Fy , € L'(Q) and Fy,, € LY(Q) and o, > 0,1, > 0

such that :

|f1,n(z,51,82)] < F1n(z) +0p Hllgx bi(z,8)]. ae x€, Vsi,s2€R.
<n

|s

| fon(z,81,52) < Fopnl(x)+ tin |H‘13X |bi(z,s)]. ae z€Q, Vsi,so€R.
S n

As a consequence, proving the existence of weak solution w;,, € LP(0, T’ VVO1 P(v)) of

is an easy task (see e.g. [7,)9]).

Step 2: The estimates derived in this step rely on standard techniques for problems
of type (30). So we just sketch the proof of them (the reader is referred to [4] ) for the
elliptic version. Let 7 € (0,T") and ¢ be fixed in (0, 7). For i=1,2, using Tk (u;,n)X(0,+) a8
a test function in , we integrate between (0,71), and by the condition we have

/B;fk(%ui,n(t))dx—i—/ an (T, t, Wi m, VUi n)VTE(0in) deds (31)
Q t

S/ c(x, t)|win|"v(x) | VTi(uipn)| dz ds + fim(z,ul, uy) Tk (usn) de ds
t Q¢
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+ / By (w,ullg)dx + / FiVT(u?)dxzds,
Q

t

where Bl',(z,7) = / Tk (s )%@s)ds Due to definition of B}, we have:
; 0 s :

0< / By (2, uion)dz < K / bin (s w00l = KlJbi(z, wion) sy Wk > 0. (32)
Q Q

Using , and we obtain:

/sz(x,ui’n(t))dx—i—a/ v(x)|VTi(uip)|? dz ds g/ c(z, )i n| v (x) VT (u e)| ds dz
Q t

t

k(||bi (2, wi 0n)

)+/ F;VT(u;pn)dzds. (33)
Qt

Let M; = (supn||fi7n||L1(QT) + ||bi (z, Uiy()n)”Ll(Q)). Noting that

n 8 abm xr,o )\ + )\i
Biptens) = [ Tl 20T by > 2T o) > T
0 g

we deduce from and that

3 [ 1Bwin) Pzt a [ v@) 9Tl dods (34)
Q

t

< Mk + / s, ) s 0(2) [V T (i) d ds + | FyVTh(ug ) da ds.
¢ Q¢

By Gagliardo-Nirenberg and Young inequalities we have:

/ s, ) g n| () |V T (i) d s

t

7 —p) /
< Cim———"—llci(z, V)|l (0. sup T ( uzn dzx
S0,y ()P

te(0,71)
2pp+ (2 —)(p —p)
2(pp+p—p)

+C; ||Ci(m7 t)”L"(Qnﬂ/)

2(pp+H—p)

(%erp p— P)2m> 2—v)(P—p
( / V@)V T (s )P dads) 77 IO (35)
Q

T1

Since v = W and by using and , we obtain

g
?/ |Tk(ui,n)|2 dx + a/ v(x) VT (uin)P drds < M;k+
Q t
71)/

(6 —p)
Corsi 7@ M@ s [ Tt o+ N E

(0,71)
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‘e 2pp + (? *j)(ﬁ —p)
2(pp+p—p)

|\ci(x,t)||LT(QTl,y)/ v(2)|VTx(u; )|P dz ds

T1

+2 / V(@) V Tk (w5 0)|P de ds
? Jo,

which is equivalent to

by v —p) / 2
(2 12(pp+p—p)|| (@ llzr@n ) te(0,m1) Q| ()l

—|—a/ v(x)|VTi(ui )P deds

T1

7( 2pp+(2—7)(P —p)

o
— ci(z, )|~ V+—)/ v(z)| VT (uin)|P deds < M;k.
A+ B DD e, Dl + 2) [ o))

T1

If we choose 71 such that

Ai V(P —p)
— —Ci——F—||ci(z,t T u)>0a 36
(2 20 p_p)l\ (@, )L (@ry ) (36)

« 2pp + (2 =7)(p — p)
Y _c Z cilz,)lero.. »)) >0, 37
(p’ 2(pp+p —p) lesl@ Ollar @ )) o
and then denote by C; the minimum between the constants ( e ) and
YB=p)llei (@27 (Qr)

( 2a(pp+p—p)
p'2pp+(2—)(p—p)]llci(z, )L (@r,)

), we obtain
sup / Ty (i) |? do —l—/ v(x) VT (us )P de dt < C; Mk. (38)
te(ole) Q er

Then, by and Lemma 3.1( [?,[2]), we conclude that Tj(u;,) is bounded in
L*(0,T, VVO1 P(v)) independently of n and for any k > 0, so there exists a subsequence
still denoted by w; ,, such that

Tr(uin) — Hip weakly in  LP(0, T, WyP(v)). (39)

Lemma 4.1 (see [2])
Uim = U; a.e. Qr, bi(z,u;) € L(0,T; Ll(Q))7 (40)

where u; is a measurable function defined on Qr for i=1,2.

1
lim limsup — al(x, t, Ui n, VUi n) Vi, dedt = 0. (41)

M=o ntoo M S|, ,|<m}

Step 4: In this step we prove that the weak limit X, of a(z,t, Tk (win)VTk(win))
can be identified with a(x,t, Tk (u;), VTk(u;)), for i=1,2. In order to prove this result we
recall the following lemma.
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Lemma 4.2 For i=1,2, the subsequence of u;  satisfies for any k > 0:

t t
limsup/ / a(z,s,um,VTk(uiyn))VTk(ui,n)dsdxdt§/ / X xVTi(u;) dzds dt,
T T

n—-+oo

(42)

Jim_ /Q ) /0 (ale . Tews ). VTi(ai0)) — (a1, Ty (s ), ()
(VT,c Uin) VTk(ui)) —0, (43)
Xik =a(x, t,Tp(u;), VI (u;))  a.e. in Qr, (44)

and as n tends to +o0o
a(x,t, T (wim), VI (Uin)) VI (Uin) = a(x, t, T(u;), VI (1)) VT (u;) (45)
weakly in LY (Qr).

For i=1,2. We introduce a time regularization of the T} (u;) for £ > 0 in order to
perform the monotonicity method.

Lemma 4.3 (sece H. Redwane [15]) Let k > 0 be fized. Let S be an increasing
C*(R)—function such that S(r) = r for |r| <k, and suppS’ is compact. Then

T it _ _
liminf lim / / < W,S’(uim)(ﬂﬂ(uim) — (T (wi)) ) >> 0,
0

H—>+00 n——+00 0

where < .,. > denotes the duality pairing between L' () + W1 (b1=P") and L=(Q) N
Wy (v).

Let S, be a sequence of increasing C*°-function such that:
3
Sp(r) = for |r| <m, supp(S,,) C [-2m,2m] and ||S, || @) < — for any m > 1.
m

For i=1,2. We use the sequence (T (u;)), of approximation of Tj(u;), and plug the test
function S, (w,n)(Tk(win) — (Th(w;))u) for m > 0 and p > 0. For fixed k > 0, let
Wi = Ti(uin) — (T (ui)) . We obtain upon integration over (0,¢) and then over (0,T) :

T t
abi,n(gjvui,n) / n
A /0 < 5 s S (i)W, > dsdt

t
+/ /an(ams,ui’n,Vui’n)S;l(uiﬁn)VW[[dsdtdx
T JO
t
—|—/ /an(x,s,uim,Vui7n)S;'T(ui7n)Vui,nVWﬁdsdtdw (46)
7 Jo
t
—/ / Gin(x, 8, Ui.0) Sy, (Wi n) VW ds dt dz
Qr J0

t t
- / / S (i) Pin (T, 85 Ui ) Vg o VW, dis dt dx = / / fin Sy (win)W,! da ds dt
T J0 QT 0
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¢ t
—|—/ / F; S, (win) VW] ds dt do + / / Fi Sy (win) Vg o VW ds dt da.
T 0 T 0

We pass to the limit in as n — +oo, p — +oo and then m — +oo for k being a
fixed real number. We use Lemma (4.3) and proceed as in ( [4,[13]), then it possible to
conclude that

T t
b ,
liminf lim / / < Pinl@Uin) o o o> 0 foranym>k  (47)
p—r+00 n—+o0 [ 0 ot H

t
lim limsup limsup/ / an(x,t,ui’n,Vui’n)S;(uiﬁn)Vui’nVWﬁ dsdtdxr =0,
T JO

m—=>+00 3400 n—+oo

(48)
t
pngnng/TA fim S (win)W  dsdtdr =0, (49)
t
“EIEOO/T/O FiS;n(ui,n)VW: dsdtdx =0, (50)
t
lim / / Fi Sy, (win)Vug oW dsdt dz = 0. (51)
p——+00 rJ0
t
. . ) ) / ) n _
HEIEWnEIEW/T/O Gin (2, t, win) Sy, (wi ) VW ds dt dx = 0, (52)
t
. . 1 . . . n =
Mgrfwngrfw /QT/O S (Un)Gin (0, t, 15 0) Vs o VW ds dt dz = 0. (53)

For the proof of and the reader is referred to ( [2]),(44) and hold true. Note
that, taking the limit as n tends to +o0 in and using (45)) show that u satisfies (20)).
Now we want to prove that u satisfies the equation .

Let S be a function in W2°°(R) such that suppS’ C [k, k] where k is a real positive
number. Pointwise multiplication of the approximate equation by S’ (u,) leads to

3Bz?fs(9:, Uin)
ot

+ div (¢i,n(xat7ui,n)sl(ui,n)) — 5" (Ui ) i (T3t Ui ) VUi = finS (W)
_dlv(FZS/(u%n)) + Sll(ui,n)Fivui,n in DI(QT))
" 0b; p(x,8) o
0 Js
tends to 400 in each term of (54)). Since the fact that u;, converges to u; a.e. in Qr
implies that By (7, ui,,) converges to B; s(x,u;) a.e. in Qr and L*>(Qr) is weak-*, we
8325 (z, ui,n) aBi7s($, u;)

—div (an(a:, t, Ui s Vui,n)S’(um)) +8" (wip)a(z, t,u; py Vi n) Vi, (54)

where Bj'g(z,r) = (s)ds. In what follows we pass to the limit as n

have that in D'(Qr). We observe that the term
an (T, t, Ui m, VUi n)S (U ) can be identified with a(z,t, Ty (uin), VIk(win))S (u; ) for
n > k, so using the pointwise convergence of u;,, to u; in @7 and the weak convergence
of Ty (win)to Ty (u;)in LP(0,T; Wy P (v)), we get

an (T, t, Uim, VUi n)S (Ui n) —  alx,t, Tp(uwin), VIE(w;))S (u;) in L”/(Vl_pl), and
S (Wi ) an (@, T, Uin, VUi ) Vs o = S (wi)a(z, t, T (win), VI(w;) VIk(u;)

converges to
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in L'(Qr). Furthermore, ¢;,(z,t,u;n)S (Uin) = Gin(x,t,Th(uin))S (uin) ae. in
Qr. By we obtain [¢; n(x,t, T (Ui n))S (uin)| < v(x)lci(z,t)|k”, it follows that
Gin (@, t, T (win))S" (Uin) = Gin(z,t, Te(u;))S (u;) strongly in Lp/(vl_pl).

In a similar way

S" (i) i (5t i) Vi = 8" (Th (i n)) i (@, 8, Tho (i) )V Tk (win)  ace. in Q.

Using the weak convergence of T} (u;,,) in LP(0,T; W, () it is possible to prove that
S" (i) (m, t,ui ) Vi — S"(wi)gi(z,t,u;)Vu; in LY(Qr), and S”(uin)F;Vu,,
converges to S”(u;)F;Vu; in L*(Qr). Since |S"(u; )| < C, it follows that F;S” (u;.)
converges to F3S”(u;) strongly in LP (v). Finally by we deduce that f,5 (uin)
converges to fiS'(u;) in L'(Qr). It remains to prove that B;gs(z,u;) satisfies the
initial condition B; s(x,u;)(t = 0) = B;g(z,u;0) in Q. To this end, firstly note
that B'g(x,u;y) is bounded in LP(0, T} WyP(v)). Secondly, the above considerations

of the behavior of the terms of this equation show that W is bounded in

LY(Qr) + )i (0, T W’“’/(Vl*p/)). As a consequence, B{fs(ui,n)(t =0) = Bz?fs(x, U;,0n)
converges to B; g(z,u;)(t = 0) strongly in L'(Q) (for the proof of this trace result
see [12]). On the other hand, the smoothness of S implies that B; g(z,u;)(t = 0) =
B s(x,ui0) in Q. The proof of Theorem 3.1 is complete.

References

[1] Aharouch, L., Azroul, E. and Rhoudaf, M. Strongly nonlinear variational degenerated
parabolic problems in weighted sobolev spaces. The Australian journal of Mathematical
Analysis and Applications 5 (2008), Article 13, 1-25.

[2] Aberqi, A., Bennouna, J., Mekkour, M. and Redwane, H. Existence of renormalized solution
for a nonlinear parabolic problems with lower order terms. Int. Journal of Math. Analysis
7 (27) (2013) 1323-1340.

[3] Abdur Raheem. Existence and Uniqueness of a Solution of Fisher-KKP Type Reaction
Diffusion Equation. Nonlinear Dynamics and Systems Theory 13 (2) (2013) 193-202.

[4] Blanchard, D., Murat, F. and Redwane, H. Existence and uniqueness of a renormalized
solution for a fairly general class of nonlinear parabolic problems. J. Differential Equations
177 (2) (2001) 331-374.

[5] Di Nardo, R., Féo, F. and Guibé, O. Existence result for nonlinear parabolic equations
with lower order terms. Anal. Appl. Singap. 9 (2) (2011) 161-186.

[6] Dal Maso, G., Murat, F., Orsina, L. and Prignet, A. Renormalized solutions of elliptic
equations with general measure data. Ann. Scuala Norm. Sup. Pisa Cl. Sci. (4) (1999) 28.

[7] Desale, B.S. Vivek Sharma. Nonlinear Plane Waves in Rotating Stratified Boussinesq Equa-
tions. Nonlinear Dynamics and Systems Theory 12 (4) (2012) 375-382.

[8] Diperna, R.-J. and Lions, P.-L. On the Cauchy Problem for the Boltzmann Equations:
Global existence and weak stability. Ann. of Math. 130 (1989) 285-366.

[9] Elahachimi, A. and Elouardi, H. Attractor for a class of doubly Nonlinear parabolic systems.
Electron. J. Diff. Eqns 1 (2006) 1-15.

[10] Greco, L., Moscariello, G. and Zecca, G. An obstacle problem for noncoercive op-
erators. Abstract and Applied Analysis, Article ID 890289, Vol. 2015, 8 pp. pag.
http://dx.doi.org/10.1155/2015/890289.

[11] Murthy, M.K.W. and Stampacchia, G. Boundary value problems for some degenerate el-
liptic operators. Ann. Mat. Pura Appl. 80 (1968) 1-122.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (3) (2017) 229

[12] Porretta, A. Existence results for nonlinear parabolic equations via strong convergence of
trauncations. Ann. Mat. Pura ed Applicata 177 (1999) 143-172.

[13] Redwane, H. Existence of Solution for a class of a parabolic equation with three unbounded
nonlinearities. Adv. Dyn. Syt. A2PL. 2 (2007) 241-264.

[14] Zeidler, E. Nonlinear Functional Analysis and its Applications. Springer-Verlag, New York-
Heidlberg, 1990.



	Introduction
	Preliminaries and Auxiliary Results
	 Assumptions on Data 
	Assumptions

	Main Results

