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1 Introduction

This work is devoted to the study of the limiting behavior of the optimal control problem
for dynamic equations, defined on a family of time scales T, in the regime when the
graininess function py converges to zero as A — 0. At the same time the segment of
the time scale [to,t1]t, = [to,t1] N Tx approaches [to,¢1] e.g. in the Hausdorff metric.
The natural question that arises is how the optimal control problem on the time scale is
related to the corresponding control problem on the interval [tg, ¢1].

The answer to the above question is well understood for Eulerian time scales (accord-
ing to classification [6]) that is, if Ty = AZ4+, A > 0, and the equation on time scales
becomes a difference equation.
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The results listed above are based on Euler polygonal method, which guarantees that
the corresponding solutions of differential and difference equations on finite time intervals
are close to each other, provided the steps are small. This method works really well if the
right-hand sides of differential equations are continuous. In this case, both solutions are
smooth, which makes it relatively easy to estimate the difference between them. However,
the right-hand sides of the optimal control problem, considered in this paper, depend on
the control parameter function u(t). Generally speaking, u(t) is only measurable. This
makes the solution of the differential equation only absolutely continuous. In turn, this
significantly complicates the estimates for the difference between corresponding solutions.
Estimates of this type were obtained with convex analysis techniques in the works 9] —
[11]. Using these estimates, the authors showed that the value function for the difference
equation approximation converges to the corresponding value function for continuous
differential equation as the approximation step goes to zero.

Our work extends the result [9] — [11] on the limiting behavior of the value function to
the case of general time scales. However, we use different methods since the topological
structure of the time scale we are considering may be complex. The main difficulty in
our work is to establish the uniform convergence of solutions of the Cauchy problem on
[to, t1]NT, to the solution of the corresponding Cauchy problem on [tg,¢1]. This makes
our analysis significantly different from |12, where only special pointwise convergence
was obtained. More sophisticated approach is necessary because, in contrast with [12],
the right-sides of our equations are not piecewise continuous, as well as we are dealing
with much more general time scales (as opposed to the Eulerian time scale in [9] — [11]).

This paper is organized as follows. In Section [2] we provide some definitions and
preliminary results on time scales calculus, and state the main result. The main result
on the convergence of the family of the value functions to the value function of the limit
problem is proved in Section

2 Preliminaries and Main Result

2.1 Basic notions of time scales theory

The time scales theory was introduced by S. Hilger in his PhD thesis [13] (1988) as a
unified theory for both discrete and continuous analysis. This theory was further devel-
oped by a number of authors, see [4] and references therein. For reader’s convenience,
we present several notions from this theory, which are used in this paper.

Time scale T is a non-empty closed subset of R; Ap:= ANTfor ACR; 0:T — T,
o(t) :=inf{s € T : s > t} is the forward jump operator; p: T — T, p(t) =sup{s € T: s <
t} is the backward jump operator (here inf @) := sup T and sup () := inf T); p : T — [0, 00),
w(t) = o(t) — t is called the graininess function. A point t € T is called left-dense
(LD) (left-scattered (LS), right-dense (RD) or right-scattered (RS)) if p(t) =t (p(t) < t,
o(t) =tora(t) >t); TF := T\ {M} if T has a left-scattered maximum M, T* := T
otherwise.

A function f: T — R? is called A-differentiable at t € T* if the limit

fA(t> = lim f(O'(t)) — f(s)

sot  o(t)—s

exists in R?. The properties of the Lebesgue A — measure and the Lebesgue A —
integrability are described, e.g. in [3].
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2.2 Control theory on time scales
Let T be a time scale, such that sup T = +o0, tg,t; € T, and U C R™ is a compact set.
> An optimal control problem on the time scale T is the problem of the type
xA = f(t7x7u)7
Z’(fo) = Zo, (21)
J(u) = f[to,tl)w L(s,z(s),u(s))As + U(x(t1)) — inf,u € U(ty),
where f : [to,t1]r X RT x U — R?, L : [to,t1]r x R x U — R! and ¥ : R — R!.

> U(t) := L= ([t,t1]1,U), i.e. the set of bounded, A—measurable functions |5, Chap-
ter 5.7] defined on [t, 1)1 and taking values in U for each ¢ € [tg, ¢1)T, is called the
set of admissible controls.

> The Bellman function (or the value function) is

V(t = inf  J(¢ . 2.2
(to, o) u(-)lenu(tg) (to,wo,u) (2.2)

2.3 Main result

Let A C R, such that 0 is a limit point of A, be the set of indices. Consider the
family of time scales Ty, A € A, such that supTy = co. For any tg,t; € Ty, denote
[to, t1]Ty, = [to,t1]) N'Ty and py = SUDye1g, 1], p(t). Assume

ux(t) > 0as A — 0. (2.3)

In this case Ty converges (e.g. in the Hausdorfl metric) to a continuous time scale Tg
(here we use the classification from [6]), and hence [to,t1]T, becomes [tg,t1] in the limit
A — 0. For every T consider the optimal control problem on the time scale [to, 1], :

2 = f(t,z,u),
x(to) = x, (2.4)
Ja(u) = f[to,tl)m L(t,z(t), u(t)) At — inf,u € U(ty).

Along with (2.4)), consider the corresponding continuous optimal control problem on
the interval [to, ¢1]:

d;fi(tt) = f(twf(t)vu(t)),
x(tg) = x, (2.5)
J(w) = [ L(t,x(t), u(t))dt — inf, u € U to).

Denote V) (tg, z) and V (tg, ) to be the corresponding Bellman functions for these prob-
lems, given by (2.2). Our main result is the following theorem.

Theorem 2.1 Let Ty be such that holds. In addition, assume that
1) The functions f, f, and L are continuous on [tg,t1] x R x U;
2) f and L are globally Lipschitz in x, with Lipschitz constant K > 0.

Then
Va(to,-) = V(to,-) in Cloe(R?), X — 0. (2.6)
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3 Proof of Theorem 2.1l

Without loss of generality, we assume that ¢y = 0 and t; = 1. Consider an arbitrary time
scale T and an arbitrary admissible control uy(t) on it. Let x)(¢) be a corresponding
admissible trajectory. Denote @y (t) to be the extension of uy(t) to the entire interval

[0, 1]:
i — ux(t),t € [0,1]r,,
M) {UA(T),t € [r,o(r)), r € RS. (3.1)

This control is admissible for the problem ([2.5). The proof of the main result will heavily
rely on the following two lemmas.

Lemma 3.1 Let z(t) be a solution of
% = f(tax,ﬁ)\(t))v
z(0) = xo.

Then
—0,A—0. (3.2)

/ L(t,x,\(t)7u)\(t))At—/ L(t, (1), i (1) )dt
[0,1)r, 0

Proof. Fix € > 0. Our goal is to show that the expression in (3.2)) can be made less
than e for all sufficiently small A\. Using Gronwall inequality and its analogue for time
scales [4], one can show that for any r > 0 there is C'(r) > 0 such that

lza()] < C(r), t € [0,1]r,, |z(&)] < C(F), t € [0,1], |zo| < 7. (3.3)

The estimates (3.3]) are uniform for all admissible controls, since U is compact. Therefore,
there is a constant Cy(r) > 0 such that

[L(t, zA(t), ux(t)] < Ci(r), [f(t, za(t), ua(t))] < Ci(r),
|fo(t, 2x (), ux(t))| < Cy(r), ¥t € [0,1]1, and \ € A.

Then we have
/ L(t,z\(t), ux(t))dt :/ L(t,z\(t), ux(t))dt
[0,1) [0,1)r\RS
+ 37 Liraa(r), us(r)u().

reRS
In view of ,
D Llraa(r),ua(r)u(r) < Cr Y pa(r)

reRS reRS

which holds true regardless the sums are finite or infinite. Then

N
D Llryaa(r),un(r)p(r) =Y Lrk, (i), ua(ry)) u(ry)
reRS k=1 (3.6)

+ Z (7, X (rr), un (T2) ) (k)
E>N+1



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 17 (3) (2017) 307
where N = N(X) > 1 is chosen so that

S um) <2 (3.7)

2
E=N(\)+1

We now remove the right-scattered points, which appear in the sum , from the
time scale. By construction, their total A-measure does not exceed 4. Denote A =
Uk:N(A)+1[Tk’U(Tk))' Clearly, |A| < &, where |A| stands for Lebesgue measure of A.
Denote B := [0, 1]\ A.

Next, in the same way as it was done in , we may define a piecewise-constant
extension of x(t) to the entire interval [0,1]. This extension is denoted with Z,(¢).
Similarly, the function L(t,x,u), which is defined only for ¢t € T, may be extended
to Z(t,x,u), defined for ¢ € [0,1]. Clearly, this extension satisfies the same bound
|L(t, ,u)| < C. Therefore, using the results from |7, Theorem 2.9.],

/ L(t,x,\(t),u,\(t))At:/ L(t, 2 (1), fix (1)) .
[0,1], 0

Consequently,

‘/ L(t,xA(t),uA(t))At—/ Lt (1), iy (1)) dt
[0,1)r, 0

< Cro+ [ |(Etan0.00(0) - Lta i) de. (35)

Let us estimate the last integral in . The set B consists of a finite number
of right-scattered points (r1,...,7n) and possibly intervals between them, consisting
of limit points. In view of and the compactness of U, the functions f(t,x,u)
and L(t, z,u), without loss of generality, are defined on a compact set, hence they are
uniformly continuous. Therefore, there exists €; = €1(g) > 0 such that

|L(t,z,u) — L(s,x,u)| <e, |f(t,z,u) — f(s,z,u)] <e, if |t —s| < e;. (3.9)

In view of (2.3), we can choose A small enough so that py < e;. Denoting B; =
N
B\ Ui:ﬂri’ o(r;)), we have

o(r;

~ N )
/BL(t,i')\(t),ﬂA(t))dt_/Bl L(t,l’)\(t),uA(t))dt+;/r L(ri,@(t),ﬂ,\(t))dt.

Hence,

7

/ Lt 2 (1), in(8)) — L(t o(t), i (1)) |dt < K/ oAt —e()ldt+2,  (3.10)
B B

where we used and the Lipschitz property of L. Now, we estimate the difference
|ZA(t) —x(t)]. Without loss of generality, assume that the time scale T has the following
structure (Figure 1).

Here

1) the solid line indicates the line segments, which consist of limit points;
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Figure 1: The structure of time scale.

2) the dashed line indicates the line segments [r;,o(r;)), i.e. r; are the remaining
right-scattered points;

3) the boldface solid line indicates the set of points which were removed, i.e. the set
A.

The argument is similar for other structures of time scales.
1) For t € [0,71] we have uyx(t) = (), therefore Z)(t) = x(t).
2) For t € [r1,0(r1)), clearly Za(t) = za(r1) = x(r1) and x(t) = ur(ry). It follows
from the integral representation of the solution

£(t) = 2(r) + / F(5,2(5), ux(r1))ds

that € C?[ry,0(r1)). Hence, using Taylor’s expansion with the remainder in the
Lagrange form, we obtain

z(t) = x(r1) + f(ri,z(r), ux(r))(t —r1)

(t — 7’1)2

+ fa(s1,2(s1), un(rr)) - f(s1,2(s1), ua(r1)) (3.11)

2 b
for some s1 € [r1,0(r1)]. Here f. is the Jacobian matrix. It follows from ([3.4]) that
1208 2(0), 0 () (0, 0(0) r(0)] < €. (3.12)
0,01

Thus, when ¢ € [r1,0(r1)), we obtain

o(r1)
|z(t) — ()] < / £ (&, (1), ux(r1))| dt < Crpa(ry). (3.13)
But when ¢t = o(r1) we have

Ex(o(r1)) = zx(r1) + f(ri,za(r), ua(r))p(r) = z(r) + f(ro, z(r), ua () p(re).
Thus, from and we get

() ~ a(o(r))] < CPAL. n

3) For t € [o(r1),r2], it follows from (3.14) and Gronwall inequality

2
|Z2(t) — z(t)] < wcfef((“—““”. (3.15)
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4) For t € [rq,0(r2)) we may argue the same way as for ¢t € [r1,0(r1)) to get

A ui(m) 2 K(ro—o(r1))
|z(t) — ZA(1)] < —5 Cie + pa(re)Ch. (3.16)

oo r2)) = ()] < B2+ K (ra))er o) 1),
5) On the line segment ¢ € [o(rs), 7, ] we have
|Z(rn,) — Z(0(r2))] < Ci(rn, —12) = Cipa, |x(ry,) — x(o(r2))| < Crpa,
#ar) = 2(r)| < 210 + (1 4+ Kpa(ra)) P cerraatrn L 15002) o

(3.17)

Continuing this procedure to the remaining intervals of Figure 1 for t € [rp,, 5], we have
the following estimate

Zx(t) = 2(t)] < (14 Kpa(rng)) (1 + Kpa(rs))2C1m

RO 4 2 (14 K (1)) X =709 2 (1) O

1
=D (14 Ky (1)) (14 Kpuar3)) + 5(1+ Kpa (1)
—Oo\T r3g—ol(r 1
xR mT 0D 2 () OF R =7 (14 Kpaa (rs)) + 5 (1 + K pa(rny )
) 1 X
*eK((m—o(vs))Mi(rg)ClQ _|_201’u2(1 +KM>\(Th2)) + 5 g\(rh2)012)eK(75_0'(7'h2)). (3.18)

Denote
Il:i= (14 Kpa(r)) (1 + Kpa(r2)) (1 + Kpa(rs)) (1 + Kpa(rn,)) - .- (1+ Kpa(ry)),
where the product is taken over all right-scattered points of Figure 1. Then
InTI < K (pa(r1) + pa(re) + pa(rs)...) < K.

Note also that the sum of all powers of e that appear in (3.18]) does not exceed K,
since those arguments involve the lengths of disjoint subintervals of [0, 1]. Consequently,
for t ¢ [r,o(rr)) we have

1
Ex(t) — z(t)] < px (MeBCy + =TIC%eX ) -0, A — 0. 3.19
4
For t € [ri,o(ry)), arguing as in (3.19)), we get
- C?
[Zx(t) — x(t)] < px ( <01 + 41) +3Cl> : (3.20)

Therefore, |2 (t) — ()| — 0, A — 0, uniformly for ¢ € [0, 1]. Combining (3.8) and (3.10)
for any time scale T and admissible control uy () for (2.4)), there is an adm1551ble control

ax(t) for (2.5)), such that
|J)\(U)\)—J('I.~L)\)| —)0, A — 0. (321)
This completes the proof of Lemma O



310 O. LAVROVA, V. MOGYLOVA, O. STANZHYTSKYI AND O. MISIATS

Lemma 3.2 For any admissible control u(-) for the proble and for every time

scale Ty there is an admissible control u)\(+) for the problem (2.4)) such that
|J(u) — Jx(u,)| — 0, A = 0. (3.22)

Proof. Let u,(+) be an arbitrary admissible control for the problem (2.4) and 27, (-)
be the corresponding trajectory. Similarly, let z(-) be an admissible trajectory of the
problem ([2.5)) which corresponds to the admissible control u(-). Then

/ L(t, 2 (1), ul (£) At = / L(t, 2, (1), u (1) At
[0,1)r

[0,1)r\RS

+ Z T, xts UtS(T)),U,(T).

reRS

(3.23)

For |zo| < R and t € [0,1]r, the estimates (3.4) hold for any fixed R > 0. Hence

D L(ra) (), u(n)pu(r) < C1 Y palr (3.24)

reRS reRS

uniformly for all u),(-). In particular, the sum in is convergent, similarly to .
Once again, for every A > 0 we choose N(A) > 1 such that >,y u(ry) < 5.
As before, denote A = \J,_y 17k 0(7%)). Its Lebesgue measure is small: [A] < £
Introduce B := [0, 1], \A. In other word, B contains only finitely many right-scattered

points 71, ...,7x. Now, for any admissible u(-) and u}\(-) we write

[ tes@.uoyie— [ Laho.ul @)
0 [0,1)r

(3.25)
<pxt

/ L(t, 2 (t), u(t))dt — / Lty (£), ul (1))
[0,1\A B

Fix ¢ > 0. By Luzin’s theorem, there is function u.(t), which is continuous on [0, 1]
and such that |A.| < e, where A := {t € [0,1] : u(t) # u:(t)}, AM(A:s) < . Denote B, =
[0,1]\ Ac. Since f and L are uniformly continuous on the compact set [0, 1] x B(0,C) x U,
for any 0 < €1 < € there is 0 < g5 = e2(e1) such that if |u — u;| < €9, then

[f(t, z,u) — f(t, x,ur)| + | L(t, z,u) — L(t, xz,u1)| < &1 (3.26)

for any t € [0,1] and |z| < C;. Without loss of generality, assume that e3 < €;. Note
that uc(t) is uniformly continuous on [0,1]. Therefore, one can find 0 < e3 < &2 such
that if |t — s| < e3, then |u.(t) — uc(s)| < e2. Note that, for bufﬁciently small A, uy < e3.

We are now in position to construct a new admissible control u, which would take
into account the structure of Ty. The construction is done separately on each of the
intervals as follows:

> for t € A, i.e. for t € [ry,a(r;)),i > N(\) + 1, set u)(t) := u(r;);
> for t € [o(r),riv1),5=1,...., N(A) — 1, set u}(t) = u(t);

> if t € [ry,0(r;)) and B. N [r;,o(r;)) = 0, define u (t) == u(r;), 1 <i < Nj;
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Figure 2: The construction of control.

> finally, if ¢ € [r;,0(r;)) and B N [ry,0(r;)) # 0, for such 1 < i < N set u)(t) :=
uc(tL), where ¢ is an arbitrary point of the set B. N [r;, o(r;)). Since t! € B, then
ue(t1) = u(tl) € U, therefore the control u)(t) on [r;,o(r;)) is admissible.

Figure 2 visualizes this construction. Here, on the z-axis, the intervals [r;, o (r;)),
0 < i < N, are denoted with dashed lines, the set A is comprised of solid boldface
intervals, and the intervals, on which u(t) is continuous, are denoted with solid thin
lines. In addition, the graph of u(t) is dashed, and the graph of the new control u(t) is
solid.

In what follows, we are going to analyze the time scale, depicted in Figure 2. The
analysis is similar in other cases. Let 2 (t) be an admissible trajectory for . By
construction, u(t) is an extension (in the sense of (3.1))) of some admissible control
u),(t) on the time scale Ty. Then, it follows from (3.21) that

[ Ia(ugy) = J(u)| = 0, A = 0. (3.27)

Let us show that
|J(u) — J(u))| = 0, X — 0. (3.28)

‘We have

1
/O (L(t, (1), u(t)) — L(t,xﬁ(t),Uﬁ(t)))dt‘ <

/A (L(t, x(t), u(t)) — L(t, x?(ﬂﬂ?(t)))dt‘

%,

/(L(tvﬂf(t),U(t))L(t,w?(t),U?(f)))df‘- (3.29)

€

The first term in the right-hand side of (3.29)) can be bounded by C1(R)|A.| < C1(R)e.
We now estimate the second term in the right-hand side of ([3.29)):

/ (L(t, 2(t), u(t)) — L(t, w?(t),U?(f)))dt‘ <K B () — 22 (t)]dt

+/ |L(t, (), u(t)) — L(t, z) (t),up (t)dt| . (3.30)
B.
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Next,
/ LGt 22 (1), u(t)) — Lt 2 (1), w2 ()] dt < Cy (R)ps

+ / LG 2 (8), u(t)) — LGt 22 (1), ud (1)) it (3.31)
B-NA

and

/ Lt 2 (1), u(t)) — Lt 2 (8), ud (1)) de
B.NA
N—1
= L(t, 2 (t), u(t)) — L(t, z) (t), u) (t))|dt
3 /[MWWBJ (2 (), u(t)) — L(t, 2 (1), w2 (1))]

i=1

N
D3 /[ L(t 2 (8), u(t)) — Lt (0, ) () |dt. (3.32)

ri,0(7;))NBe

By construction of u), the first term in the right-hand side of (3.32) is zero, and some
of the terms in the second sum may vanish if there are no points from the set B. in the
interval [r;,o(r;)). Since py < €3, by uniform continuity of u.(t) and (3.26]), we have

N N
Z/{ s |L(t, 22 (), u(t)) — Lt 2 (8), ud ()|dt < e ¥ p(ri) <er. (3.33)

i=1 i=1

Then from (3.30)), (3.31)) and (3.33) we have

/|L(t7m(t),u(t))—L(t,xé‘(t),u;\(t)ﬂdt§K |2 (t) — 2 (t)|dt+C1 (R)pa+er. (3.34)
. B.

It remains to estimate the difference |z(t) — x2(t)| in (3.34). We are going to do this in
the setting of Figure 2, the analysis in the general case is analogous.
1) For t € [0,71], u(t) = u)(t), therefore x(t) = x}(t).

(&

2) For t € (ry,0(r1)], we have

o) - 220 < [ 702 0),0(0) = (82 (0) ()|

[r1,0(r1))NAe

o K|x(s) = 2 (s)|ds + [F(t a2 ue(t)) = £t 22(1), ue(t2))] dt
[r1,0(r1))NB
S/ Klz(s) = 22(s)lds + 2C1(R) [[r1, 0(r1)) 0 Ae| + e1p(r1),

where we used the uniform continuity of f on [0,1] x B(0,C;) x U. Then by
Gronwall inequality, we obtain

() = 22 ()] < (e1p(ry) + 201 (R)[fr1, 0 (1)) N Ae)e 1) = §1eRr) - (3.35)

where 61 = e1p(r1) + 2C1(R)|[r1, 0(r1)) N Agl.
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3) For t € [o(r1),72) we have |z(t) — z)(t)] < §efHr)eKrz=a(r),

Continuing this procedure to the remaining intervals of Figure 2 for ¢ € [rq,0(r5)) we
have the following estimate

() — 22 ()] < (e1p1(r1) +2C1(R) [[r, o(r1)) N Ac|
s LB u(r)+(ra=o (r)+u(ra)+u(ra)+(rny =0 (ra)) +a(rs)+(ra—riy )}

+ (2C1(R) |[r2, o(r2)) N A| 4 e1pu(rg) ) e (lr2)a(ra)+(rny o (ra)) a(rs)+(ra=rny )}

+204 (R)u1€{K((73 Thy ) HR(ra)+(rny —o(rs))+u(rs))} (2C1(R) |[rs,o(r3)) N A|
+ ey p(rs))etE ra)Hrny, —a(ra))+u(ra))t 4 90 (R) [[rs, o(rs)) N A.| ef#(s)
+2C4 (R)ugeK“(’”s) + e pu(rs)efnrs), (3.36)

Once again, the sum of all powers of e in (3.36) does not exceed K, since it is the
sum of lengths of disjoint subintervals of [0, 1]. Altogether, for ¢ € [0, 1] we have

lz(t) — 22 (t)] < (g1 + 2C1(R)e + C1(R)py)eX. (3.37)

From (3.29)-(3.34) we get

/O (L(t, 2 (1), u(t) — L(t, 22 (1), u2 (1)) | dt

< K(e1 4 2C1(R)e + C1(R)px)eX + C1(R)ur + €1 + C1(R)e.  (3.38)

Since € and &1 can be chosen arbitrarily small, we have |J(u) — J(u2)| — 0, A — 0, hence
the proof of Lemma follows from . O

We now return to the proof of Theorem [2.1] In Lemma [3.I] we have shown that for an
arbitrary time scale Ty and an arbitrary admissible control for the problem ux (),
there is an admissible control @, for the problem (2.5)), such that |Jy(uy) — J(@\)| =
©(A) = 0, A = 0. Consequently, J(@ty) < Jx(uyx) + ¢(A). Using the definition of the
value function, we have V(0,2) < Jx(uy) + ¢(A). We may take the infimum over all
admissible controls to get V' (0,z) < V3(0,x) 4+ ¢(X). There exists a uniformly converging
subsequence Vi, (0,z): Vi, (0,2) = V5(0,2), |z| < r, with A,, — 0 as n — oco. Passing
to the limit as A, — 0, we have V(0,z) < V(0, z).

Let us show that inequality V (0, z) < V5(0, x) is impossible. By contradiction, assume
V(0,2) < V5(0,2). Then there are § > 0 and ng > 1 such that for A\, < A,, we have
Wi, (0,2) > V(0,z) + 6. However, for such 6 > 0 we may construct an admissible
control u(t) for the system 7 such that J(u) + § < Vi, (0,2). For such u(t) we now
apply Lemma to construct an admissible control u?s", such that holds. Then
for sufficiently small \,, we have Jy, (up) < Vi, (0,), which leads to a contradiction.
Therefore, V(0,z) = V5(0,z), i.e. any convergent sequence V3 (0,2) has V(0,x) as its
limit. Since the family V) (0,z) is compact, we have V(0,z) — V5(0,2), A — 0, which
proves Theorem O
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