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Abstract: An existence result of a solution for a class of nonlinear parabolic systems
is established. The source term is less regular (bounded Radon measure) and no coer-
civity is made in the non-divergentiel lower order term div(c(z,t)|u(z,t)|" " 2u(z, t)).
The main contribution of our work is to prove the existence of a renormalized solu-
tion without the coercivity condition on the nonlinearities, so we used the Gagliardo-
Nirenberg theorem to prove it.

Keywords: Dirichlet problem; parabolic systems; Gagliardo-Nirenberg inequality;
renormalized solutions.

Mathematics Subject Classification (2010): Primary 35K41; Secondary 35K55,
35K65.

1 Introduction

Given a bounded-connected open set 2 of RN (N > 2), with Lipschitz boundary 99,
Qr = Q x (0,T) is the generic cylinder of an arbitrary finite hight, ' < co. We prove
the existence of a renormalized solution for the nonlinear parabolic systems

i) _ div(al(a, t,ui, Vi) — di(x,t,u;) — Fi) = fi(z,u,uz) in Qr,
wi(z,t) =0 on 90 x (0,T), (1)
bi(x7ui(xa O)) = bi(x7u0,i(x)) in Q,

* Corresponding author: mailto:aberqi_ahmed@yahoo.fr
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where i = 1,2. Here the vector field a : Q x (0,7) x R x RV — R¥ is a Carathéodory

function such that A(u;) = —div (a(m,t,ui, Vui)) is a Leray-Lions operator defined on

L?(0,T; Wol’p(u)), ¢i(x,t,u;) is a Carathéodory function (see assumptions 7),
and b; : Q@ xR — R is a Carathéodory function such that for every = € Q, b;(x,.)
is a strictly increasing C'-function, the data wp; is in L'(Q) such that b;(.,ug;) in
L'(Q). The data f; : @ x R x R — R is a Carathéodory function (see assumptions
H4) and F; € (L? (v))N. When problem is investigated, there is a difficulty due to
the fact that the data by (x,uj(z)) and by(x,ud(z)) only belong to L' and the functions
(a(m,t,ui,Vui)), ¢i(z,t,u;) and fi(x,u1,uz) do not belong to (L, .(Qr))Y in general,
so that proving existence of weak solution seems to be an arduous task, and we cannot
use the Stocks formula in the a priori estimates of the nonlinearity ¢;(z,t,u;). In order
to overcome this difficulty, we work with the framework of renormalized solutions (see
Definition 3.1). The notion of renormalized solutions was introduced by R.-J. DiPerna
and P.-L. Lions [§] for the study of the Boltzmann equation. It was adapted to the
study of some nonlinear elliptic or parabolic problems in fluid mechanics, see [6]. In
the case where b(z,u) = u, the existence of renormalized solutions for has been
established by R.-Di Nardo [5|. In the case where ¢(z;t;u) = 0 and f € LY(Q7),
the existence of renormalized solutions has been established by H. Redwane [13] in the
classical Sobolev space, the existence results are already proved by the authors in the
case where f;(z, uy, us) is replaced by f —div(g), where f € L' (Qr)and g € (L (Qr))Y.
For the elliptic version of (1)) we refer to [10].
One of the models of applications of these operators is the system of Boussinesq:

% + (W) — 2div(p(6)e(u) + Vp = F(6) in Qr,
827(5) +u.Vb(0) — A0 =2u(0)|e(u)* in Qr,

u(t =0) =up, b(8)(t =0) =b(fy) on Q,
u=0 6=0 on 00 x(0,7).

The first equation is the motion conservation equation, the unknowns are the fields of
displacement u : Q7 — R and temperature 6 : Qp — R. The field e(u) = 3(Vu+(Vu)")
is the strain rate tensor.

It is our purpose, in this paper to generalize the result of [2,/5,/13] and we prove the
existence of a renormalized solution of system .

The plan of the paper is as follows: In Section 2 we give basic assumptions. In Section
3 we give the definition of a renormalized solution of ([J), and we establish (Theorem 3.1)
the existence of such a solution.

2 Preliminaries and Auxiliary Results

We recall here some standard notations, properties and results which will be used
throughout the paper.

Let Q be a bounded open set of RY and Q7 = Q x (0,7), T is a positive real number.
Let v(x) be a nonnegative function on Q such that v(z) € L™ (), r > 1, v(z) "t € LY(Q),
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p > 14 1/t. We denote by LP(§2,v), or simply L?(v) if there is no confusion, p > 1, the
space of measurable functions u on €2 such that

1

llullzr ) = (/ |u|pu(x)dx)p < +o00, (2)
)
and by WP (v) the completion of the space C''(Q2) with respect to the norm
[ullwrrwy = lullLe@) + [IVullLew)- (3)

Moreover, we denote by W,"*(v) the closure of CA(Q) in W'?(v), provided with the
induced topology defined by the induced norm, and by W’l’p'(ylfp'), p = p’%l, its dual
space. WP (v) and WP (v) are reflexive Banach spaces if 1 < p < oo, (see [11]).
Denote V = Wy*(v), H = L2(v) and V* = W(;l’p/(l/l’pl), with p > 2. The dual
space of X = LP(0,T;Wy*(v)) denoted X* is identified with L?'(0,T;V*). Define
W3 (0,T,V,H) ={v e X :v" € X*}. Endowed with the norm

lullw, = llullx + u'llx-,

Wp1 (0,T,V, H) is a Banach space. Here u’ stands for the generalized time derivative of
u, that is,

T T
/ u' (t)p(t)dt = 7/ u(t)g' (t)dt for all € CF°(0,T).
0 0

Lemma 2.1 [14]

1. The evolution triple V.— H < V™ is verified.

2. The imbedding WZ} (0, T,V,H) < C(0,T,H) is continuous.

3. The imbedding W;(O,T, V,H) — LP(Qr,v) is compact.

Lemma 2.2 [ Let {v,} be a bounded sequence in LP(0,T;V) such that

vy,

W =ap + ﬁn m DI(QT)

with {a,} and {B,} being two bounded sequences respectively in X* and in L*(Qr). Then
vp, — v in LY (Qr,v). Furthermore, v, — v strongly in L' (Qr).

From now on, we assume that the following assumptions hold true

1
; 1+ - <p<N(1+-), (4)

P ()

An important tool that we will use here, is the following weighted version of the
Sobolev inequality (see Theorem 3.1 and Corollary 3.5 in [11]).
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Proposition 2.1 [11] Assume that and hold true. Let p denote the number

associated with p defined by

220

1_,(1(1+1) 1)
o \pn T TN

Then the imbedding of Wy (v) into LP(v) is continuous. moreover, there exists a con-
stant Cy > 0 depending on N,p,v,t, such that
lull sy < ColllVull Loy, Yu € Wo'™ (). (6)

Using this proposition, we can prove the following interpolation result

Proposition 2.2 Assume that [4)) and (B]) hold true. Let v be a function in Wy (v)
L5(Q) with2 < p < N and s > r'. Then there exists a positive constant C, depending on

N, p, v, t and q, such that

[vllzo@w) <

for every 8 and o satisfying
Nt

)1 1) <
-— =, r .
p N/’ pt— N

+
| =

1
0<0<1,1<0< +oo, 7:9+r'(170)((1
(o

1 1-6
Proof. For every 1 < o < p, we can write — = § + —— for some 0 < § < 1. then
o

by the Holder inequality and @, one has

lollzey < ColllVollliny 100250, < ColllVolllzad, V117 Le ()

Ls’ Q)HU|

which gives the desired result.
As an immediate consequence of the previous result, we get

Corollary 2.1 Letwv € LP((0,T), WO1 P(v))NL>((0,T), L5(2)), with2 < p < N and

s>1r'. Then v € L°(v) with o = % Moreover,

/ V(x)fu|"dxdt§0v||Lfo(07T’LS(Q))/Q v(z)|VolPdzdt.
T T

Proof. By virtue of Proposition we can write

(1-0)o (2o

[ v@lerde < clvdifd)

Integrating between 0 and T', we get
(1-0)o

// \v|“dzdt<C/ 190l

L?(9)), we have

Since v € LP((0,T), Wy (v)) N L>=((0,T),
(1 G)O'dt

T
/ [ @l et < Cloli iy [ 90O
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Now we choose 6 such that (1 —0)o = p and o = p . This choice yields

0— p—Dp _pp+p—0p
— T < <~ O=———.
pp+p—p D

Then, becomes

T
/ | vl drdt < 1o 1 Z g raay [ V0O

3 Assumptions on Data

Let Q be a bounded open set of RY (N > 2), T be a positive real number, and Q7 =
Q% (0,7).

3.1 Assumptions

Throughout this paper, we assume that the following assumptions hold true:
Assumptions (H1)

b : 2 xR —= R is a Carathéodory function such that for every x € Q, (8)

bi(z,.) is a strictly increasing C!(R)-function with b;(z,0) = 0, for any k > 0, there exist
a constant \; > 0 and functions A% € L*>(2) and Bi € LP(2) such that: for almost
every x in )

Obi(x,s)

A <
- Os

<) and [vo(PON) gy vi<k @

Assumptions (H2) Let a: Qr x R x RY — RY be a Carathéodory function such
that, for any k > 0, there exist v and a function hy € LP (v) with

lale, 5,6 < v(@) (hila,t) + IEP7) VI8 <, (10)
a(z,t,8,€)E > av(x)|EP with a > 0, (11)
(a(z,t,8,8) —a(z,t,s,m) (€ —n) >0 with £ #n. (12)

Assumptions (H3) Let ¢, : Qr x R = RY be a Carathéodory function such that
‘¢i($,t,8)| < Ci(l',t)|8|’yl/($)7 (13)

p(3p — p) _2(p—1)(pp+p—p)
-DG-» p(3p —p)
for almost every (x,t) € Qr, for every s € R and every &, n € RV,
Assumptions (H4) We suppose for that for i=1,2 f; : @ xR xR — Ris a
Carathéodory function with fy(z,0,s) = fo(z,5,0) =0 ae z € Q,
Vs € R. And for almost every x € €, for every s1,s2 € R

ci(z,t) € L™ (v) with 7=

(14)

signe(s;) fi(z, s1,82) > 0. (15)
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The growth assumptions on f; are as follows: for each k > 0 there exist o > 0 and a
function Fy in L'(Q) such that

|f1(z,81,82)| < Fi + ok|ba(x, 82)]. ae x€QV|s1| <k, VsyeR. (16)
for each k > 0 there exist pu; > 0 and a function G}, in L*(£2) such that
|f2(x, 81, 82)] < Gi(x) + pr|br(z,51)]. ae x€Q Vs <k, Vs €R. (17)

up; is a measurable function such that b;(z,ug ;) € L'(Q) for i = 1,2.

4 Main Results

In this section, we study the existence of renormalized solutions to systems .

Definition 4.1 A couple of measurable functions (u1,us) defined on Qr is called a
renormalized solution of if for i=1,2. the function u; satisfies

bi(x, u;) € L(0,T; LY(R)), (18)
Ti(us) € LP(0,T; W, P(v)) for any k > 0, (19)
lim 1 a(z,t,u;, Vu; )Vu; de dt = 0, (20)

M=He0 M L (w,6)eQr: |us(,t)|<m}

and if for every function S in W2°°(R) which is piecewise C! and such that S’ has a
compact support

831,5(1‘, ul)

ot — div (a(m?t’ui’vui)sl(ui)) +S” (ui)a(m7t7ui7vui)vui (21)

+ div (qSi(x,t,ui)S'(ui)) — 5" (uy) s (x, t,u;) Vg

= fix,uy, u2)S" (u;) — div(S' (u;) Fy) + 8" (w;) F;Vu; in D' (Qr),

and
Bi,s(a:,ui)(t = 0) = Bi,s(x,uw) mn Q, (22)

where B; g(z, z) :/ MS/(S)CZS.
0 Os

Equation is formally obtained through pointwise multiplication of equation
by S’(u). However meanwhile a(z,t,u;, Vu;) and ¢;(z,t,u;) do not in general make
sense in . Recall that for a renormalized solution, due to , each term in has
a meaning in L' (Qr) + LP (0, T; W=1¢ (11-7")) (see e.g. [6]).We have

831‘,‘5;3’(;7’”*") belongs to L¥ (0,T; W~ (1'7)) + LY(Qr). (23)
Bi.s(x,u;) belongs to LP(0, T; W, P (v)). (24)

Then and imply that B; s(x,u;) belongs to C°([0,T7]; L*(£2)) (for the proof of
this trace result see [12],) so that the initial condition makes sense.
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Theorem 4.1 Let b(x,ug) € L'(Q), assume that (H1)-(H4) hold true, then there
exists at least a renormalized solution (u1,usz) of problem in the sense of Definition

(4.1).

Proof. Step 1. Let us introduce the following regularization of the data: for i=1,2.
For each n >0

bin(z,7) = b(z, Ta(r)) + % VreR, (25)
an(z,t,5,€) = alx,t,Th(s),€) ae (z,t)€Qr, VseR, V€ RN, (26)
Gin(x,t,7) = ¢i(z,t, Tp(r)) ae. (z,t) €Qr, VreR. (27)

Let fin(x,s1,52) = fi(z,Tn(s1),Th(s2)) a.e x € , Vsq,s2 € R.
and  fa,(z,s1,82) = fa(x, Th(s1), Tn(s2)) a.ex € Q,Vsy,s2 €R. (28)
Let u; 0, € C3°(2) such that
bi n(, wi0n) = bi(x, u;0) strongly in L' (Q). (29)

In view of (25), for i=1,2 b, ,, is a Carathéodory function and satisfies (9), there exists
A; > 0 such that:

0b; n(z, 3)

s
+ Os

< and |b;,(z,8)| < max|g<,|bi(z,s)| ae xe€Q, VseR.

1
n
Let us now consider the regularized problem
Benlotin) — div(an(w,t, i, Vitin) = Gin (@t s0) = Fi) = fin(@,u1,u2) in Qr,

Uin(z,t) =0 on 00N x (0,T),

bi_’n(‘T, Uzyn)(t = 0) = bivn(:z:,uwn) Z’Il Q

(30)

In view of (16)-(17), there exist Fy, € L'(Q) and Fy,, € L'(Q2) and o, > 0,1, > 0

such that :

|f1,n(z,51,82)] < F1n(z) +0p Hllgx bi(z,8)]. ae x€, Vsi,s2€R.
<n

|s

| fon(z,81,52) < Fopnl(x)+ tin |m\3X |bi(z,s)]. ae z€Q, Vsi,so€R.
S n

As a consequence, proving the existence of weak solution u;,, € L?(0,T; Wy (v)) of (30)

is an easy task (see e.g. [7,9]).

Step 2: The estimates derived in this step rely on standard techniques for problems
of type (30). So we just sketch the proof of them (the reader is referred to [4] ) for the
elliptic version. Let 71 € (0,T") and ¢ be fixed in (0, 7). For i=1,2, using Tk (ui,n)X(0,+) a8
a test function in (30), we integrate between (0, 71), and by the condition (13) we have

/B;fk(%ui,n(t))dx—i—/ an (T, t, Wi m, VUi n)VTE(0in) deds (31)
Q t

S/ c(x, t)|win|"v(x) | VTi(uipn)| dz ds + fim(z,ul, uy) Tk (usn) de ds
t Q¢
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+ / By (w,ullg)dx + / FiVT(u?)dxzds,
Q

t

where Bl',(z,7) = / Tk (s )%(xs)ds Due to definition of B}, we have:
; 0 s :

0< / By (2, uion)dz < K / bin (s w00l = KlJbi(z, wion) sy Wk > 0. (32)
Q Q
Using (31), (11) and (28) we obtain:

/sz(x,ui’n(t))dx—i—a/ v(x)|VTi(uip)|? dz ds g/ c(z, )i n| v (x) VT (u e)| ds dz
Q t

t

E(l1bi (2, wion) |l

)+/ F;VT(u;pn)dzds. (33)
Qt

Let M; = (supn||fi7n||L1(QT) + ||bi (z, Uiy()n)”Ll(Q)). Noting that

. s Ob; n(z,0 )\ +1 g
Biute.s) = [ i) 28Dy > ML) > T
0 a

we deduce from (31) and (32) that

3 [ 1Bwin) Pzt a [ v@) 9Tl dods (34)
Q t

< Mk + / s, ) s 0(2) [V T (i) d ds + | FyVTh(ug ) da ds.
¢ Q¢

By Gagliardo-Nirenberg and Young inequalities we have:

/ s, ) g n| () |V T (i) d s

t

7 —p) /
< Cim———"—llci(z, V)|l (0. sup T ( uzn dzx
S0,y ()P

te(0,71)
2pp+ (2 —)(p —p)
2(pp+p—p)

+C; ||Ci(a:7 t)”L"(Qnﬂ/)

2(pp+H—p)

(%erp p— p)2m> 2—v)(P—p
( / V@)V T (s )P dads) 77 IO (35)
Q

T1

Since v = W and by using (34) and (35), we obtain

Ai
?/ | T (i n)]? dx—|—a/ v(x) VT (uin)P drds < M;k+
Q Qt

,p’

(6 —p)
Corsi 7@ M@ s [ Tt o+ N E

(0,71)
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2pp+(2—7)(P—p)
e 2(pp+ P — p)

|\ci(x,t)||LT(QTl,y)/ v(2)|VTx(u; )|P dz ds

T1

+2 / V(@) V Tk (w5 0)|P de ds
? Jo,

which is equivalent to

by v —p) / 2
(2 12(pp+p—p)|| (@ llzr@n ) te(0,m1) Q| ()l

—|—a/ v(x)|VTi(ui )P deds

T1

7( 2pp+(2—7)(P —p)

o
— ci(z, )|~ V+—)/ v(z)| VT (uin)|P deds < M;k.
A+ B DD e, Dl + 2) [ o))

T1

If we choose 71 such that

Ai V(P —p)
— —C; r— ci(z, )|~ V)>0, 36
(5~ Capnr iyl D@, (36)
o 2pp+(2—-7)(B—p)
— —=C; — ci(z,t)||lLrg.. 1)) >0, 37
(5 son s Na@ Dl @) (37)
and then denote by C; the minimum between the constants (v(ﬁ—p;lil(g: Iz;f)ﬂi )T(QT1)> and

( 2a(pp+p—p)
p'2pp+(2—)(p—p)]llci(z, )L (@r,)

), we obtain
sup / Ty (i) |? do —l—/ v(x) VT (us )P de dt < C; Mk. (38)
te(ole) Q er

Then, by (38) and Lemma 3.1( [?,2]), we conclude that Tj(u;,) is bounded in
L*(0,T, VVO1 P(v)) independently of n and for any k > 0, so there exists a subsequence
still denoted by w; ,, such that

Tr(uin) — Hip weakly in  LP(0, T, WyP(v)). (39)

Lemma 4.1 (see [2])
Uim = U; a.e. Qr, bi(z,u;) € L(0,T; Ll(Q))7 (40)

where u; is a measurable function defined on Qr for i=1,2.

1
lim limsup — al(x, t, Ui n, VUi n) Vi, dedt = 0. (41)

M=o ntoo M S|, ,|<m}

Step 4: In this step we prove that the weak limit X, of a(z,t, Tk (win)VTk(win))
can be identified with a(x,t, Tk (u;), VTk(u;)), for i=1,2. In order to prove this result we
recall the following lemma.
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Lemma 4.2 For i=1,2, the subsequence of u;  satisfies for any k > 0:

t t
limsup/ / a(z,s,um,VTk(uiyn))VTk(ui,n)dsdxdt§/ / X xVTi(u;) dzds dt,
T T

n—-+oo

(42)

Jim_ /Q ) /0 (ale . Tews ). VTi(ai0)) — (a1, Ty (s ), ()
(VT,c Uin) VTk(ui)) —0, (43)
Xik =a(x, t,Tp(u;), VI (u;))  a.e. in Qr, (44)

and as n tends to +o0o
a(x,t, T (wim), VI (Uin)) VI (Uin) = a(x, t, T(u;), VI (1)) VT (u;) (45)
weakly in LY (Qr).

For i=1,2. We introduce a time regularization of the T} (u;) for £ > 0 in order to
perform the monotonicity method.

Lemma 4.3 (sece H. Redwane [153]) Let k > 0 be fized. Let S be an increasing
C*(R)—function such that S(r) = r for |r| <k, and suppS’ is compact. Then

T it _ _
liminf lim / / < W,S’(uim)(ﬂﬂ(uim) — (T (wi)) ) >> 0,
0

H—>+00 n——+00 0

where < .,. > denotes the duality pairing between L' () + W1 (b1=P") and L=(Q) N
Wy (v).

Let S, be a sequence of increasing C*°-function such that:
3
S (r) =1 for |r| < m, supp(S,,) C [-2m,2m] and ||S,, || r) < — for any m > 1.
m

For i=1,2. We use the sequence (T (u;)), of approximation of Tj(u;), and plug the test
function S, (w,n)(Tk(win) — (Th(w;))u) for m > 0 and p > 0. For fixed k > 0, let
Wi = Ti(uin) — (T (ui)) . We obtain upon integration over (0,¢) and then over (0,T) :

T t
abi,n(gjvui,n) / n
A /0 < 5 s S (i)W, > dsdt

t
+/ /an(ams,ui’n,Vui’n)S;l(uiﬁn)VW[[dsdtdx
T JO
t
—|—/ /an(x,s,uim,Vui7n)S;'T(ui7n)Vui,nVWﬁdsdtdw (46)
7 Jo
t
—/ / Gin(x, 8, Ui.0) Sy, (Wi n) VW ds dt dz
Qr J0

t t
- / / S (i) Pin (T, 85 Ui ) Vg o VW, dis dt dx = / / fin Sy (win)W,! da ds dt
T J0 QT 0
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¢ t
—|—/ / F; S, (win) VW] ds dt do + / / Fi Sy (win) Vg o VW ds dt da.
T 0 T 0

We pass to the limit in (46) as n — +o00, u — +oo and then m — 400 for k being a
fixed real number. We use Lemma (4.3) and proceed as in ( [4,13]), then it possible to
conclude that

T t
b ,
liminf lim / / < Pinl@Uin) o o o> 0 foranym>k  (47)
p—r+00 n—+o0 [ 0 ot H

t
lim limsup limsup/ / an(x,t,ui’n,Vui’n)S;’l(ui,n)Vui’nVWﬁ dsdtdxr =0,
T JO

m—=>+00 3400 n—+oo

(48)
¢
pngnETm/TA fim S (win)W  dsdtdr =0, (49)
¢
“EIEOO/T/O FiS;n(ui,n)VW/f dsdtdx =0, (50)
¢
li F;S! (uip inW dsdtdr =0. 1
#HHEOO/T/O S (Wi n)Vu; )W) dsdtdz =0 (51)
¢
. . ) ) / ) n _
uEToonErfoo/T/o Gin (2, t, win) Sy, (wi ) VW ds dt dx = 0, (52)
¢
. . 1 . . . n =
Mgrfwngrfw/chA S (Un)Gin (0, t, 15 0) Vs o VW ds dt dz = 0. (53)

For the proof of (52) and (53) the reader is referred to ( [2]),(44) and (45) hold true. Note
that, taking the limit as n tends to +o0o in (41) and using (45) show that u satisfies (20).
Now we want to prove that u satisfies the equation (21).

Let S be a function in W2°°(R) such that suppS’ C [k, k] where k is a real positive
number. Pointwise multiplication of the approximate equation (30) by S’(u,,) leads to

3335(93, Ui n)
ot

+ div ((bi,n(xa t, ui,n)S/(ui,n)) - S//(ui,n)gbi,n(x; t, ui,n)vui,n = fi,nsl(ui,n)
—div(F;S (uin)) + 8" (wi ) FiVu;,, in D'(Qr),
" 0b; p(x,8) o
0 Js
tends to +oo in each term of (54). Since the fact that u, , converges to u; a.e. in Qr
implies that By (7, ui,,) converges to B; s(x,u;) a.e. in Qr and L*>(Qr) is weak-*, we

—div (an(a:, t, Ui s Vui,n)S’(um)) +8" (wip)a(z, t,u; py Vi n) Vi, (54)

where Bj'g(z,r) = (s)ds. In what follows we pass to the limit as n

have that in D'(Qr). We observe that the term
an (T, t, Ui m, VUi n)S (U ) can be identified with a(z,t, Ty (uin), VIk(win))S (u; ) for
n > k, so using the pointwise convergence of u;,, to u; in @7 and the weak convergence
of Ty (win)to Ty (u;)in LP(0,T; Wy P (v)), we get

an (T, t, Uim, VUi n)S (Ui n) —  alx,t, Tp(uwin), VIE(w;))S (u;) in L”/(Vl_p/), and
S (Wi ) an (@, T, Uin, VUi ) Vs o = S (wi)a(z, t, T (win), VI(w;) VIk(u;)

converges to
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in L'(Qr). Furthermore, ¢ ,(z,t,uin)S (uin) = Gin(x,t,Ti(u;n))S (uin) ae. in
Qr. By (27) we obtain |¢; n(x,t, T (i n))S (win)| < v(z)|ci(z,t)|k", it follows that
Gin (@, t, T (win))S" (Uin) = Gin(z,t, Te(u;))S (u;) strongly in Lp/(vl_pl).

In a similar way

S" (i) i (5t i) Vi = 8" (Th (i n)) i (@, 8, Tho (i) )V Tk (win)  ace. in Q.

Using the weak convergence of T} (u;,,) in LP(0,T; W, () it is possible to prove that
S" (i) (m, t,ui ) Vi — S"(wi)gi(z,t,u;)Vu; in LY(Qr), and S”(uin)F;Vu,,
converges to S”(u;)F;Vu; in L*(Qr). Since |S"(u; )| < C, it follows that F;S” (u;.)
converges to F;S” (u;) strongly in L¥ (v). Finally by (28) we deduce that f,S"(u;.,)
converges to fiS'(u;) in L'(Qr). It remains to prove that B;gs(z,u;) satisfies the
initial condition B; s(x,u;)(t = 0) = B;g(z,u;0) in Q. To this end, firstly note
that B'g(x,u;y) is bounded in LP(0, T} WyP(v)). Secondly, the above considerations

of the behavior of the terms of this equation show that W is bounded in

LY(Qr) + )i (0, T W’“’/(Vl*p/)). As a consequence, B{fs(ui,n)(t =0) = Bz?fs(x, U;,0n)
converges to B; g(z,u;)(t = 0) strongly in L'(Q) (for the proof of this trace result
see [12]). On the other hand, the smoothness of S implies that B; g(z,u;)(t = 0) =
B s(x,ui0) in Q. The proof of Theorem 3.1 is complete.
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Abstract:  This work is devoted to the study of the existence of positive periodic
solutions of the second order nonlinear neutral di erential equation

2 2

d d N : : :
gz X0+ p1) x (O + a)x(t) = 7 QEx( (M) + F(Lh x(®) gt (V)):

The method used here is one of the most e cient techniques for studying this type of

equations since it combines some useful properties of Green's function together with
Krasnoselskii's xed point theorem.

Keywords:  positive periodic solutions; nonlinear neutral di erential equations; xed
point theorem.

Mathematics Subject Classi cation (2010): 34K13, 34A34, 34K30, 34L30.

1 Introduction

In this work we are essentially interested in the study of the existence of positive peri-
odic solutions for certain classes of second order nonlinear neutral di erential equations
which are ubiquitous in di erent scienti ¢ disciplines and arise specially in beam theory,
viscoelastic and inelastic ows and electric circuits.

There is a sizeable literature related to this topic, for instance in the middle of the pre-
vious century, the existence of solutions of di erential equations was extensively studied
by many investigators, see, for example, the papers and books [1]- [9], [11], [12]. During
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the last two decades, there has been an increasing activity in the study of periodic prob-
lems of second-order nonlinear neutral di erential equations (see [1]- [3], [9], [11], [12]
and references therein).

Some mathematicians used transformation in order to reduce the equation into more
simple equation or system of equations or used synthetic division, others gave the solution
in a series form which converges to the exact solution and some of them dealt with second-
order nonlinear neutral di erential equations by using some numerical techniques such
as Ritz method, nite dierence method, nite element method, cubic spline method
and multiderivative method. In this paper, these usual methods may seem ine cient to
establish the existence of positive periodic solutions of the second-order nonlinear neutral
di erential equations

2 2
L X0+ p(0) SXO* AOXM = QEX(E O+ T (Gh () igx(t () ()

wherep, g are positive continuous real-valued functions. The functionsQ: R R! R,
h;g:R! Randf :R R R! R are continuous with respect to their arguments.
Our ideas are inspired by the ones given in the recent papers [1, 3,9, 11, 12], we will
convert the nonlinear neutral di erential equation into an integral equation before using
the Krasnoselskii's xed point theorem.

This paper is organized as follows. In the next section, we start by providing some
background de nitions, lemmas and some preliminary results, then we give Green's func-
tion of a second order di erential equation and some of their useful properties. We in-
troduce Green's functions of a second order di erential equation and we show that the
solution of a given equation can be explicitly expressed in terms of Green's function of
the corresponding homogeneous equation. Next, we present the inversion of (1) and we
assert without proof the well-known Krasnoselskii's xed point theorem which will be
useful in what follows.

Finally, in the last section, we study the neutral functional di erential equation (1)
and present an existence result for positive periodic solutions for this equation by combin-
ing some properties of Green's function together with Krasnoselskii xed point theorem.

2 Preliminaries

For T > 0, let Py be the set of all continuous scalar functionsx, periodic in t of period
T. Then (Pr; kik) is a Banach space with the supremum norm

kxk =sup jx (t)j = sup jx(t)j:
t2R t2[0;T]

Since we are searching for the existence of periodic solutions for equation (1), it is natural
to assume that

p(t+T)=p(t); alt+ T)=q(t); (t+T)= (1); )
with  being scalar function, continuous, and (t) > 0. Also, we assume
p(s)ds > 0; g(s)ds > O: 3)
0

We also assume that the functionsQ (t;x) and f (t; x;y) are periodic in t with period T,
that is,

Qt+T:;x)=Q(tx); f(t+ Ti;xy)=f (txy): (4)
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