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Abstract: We study the existence of homoclinic orbits for second order non-
autonomous damped vibration system

(t) + Bq(t) + V' (t, q(t)) = f(t),

where B is a skew-symmetric constant matrix, t € R, ¢ € RY and V € C* (Rx RY, R),
V(t,q) = —K(t,q) + W(t,q) is T-periodic with respect to ¢, T > 0. We assume
that W(t,q) satisfies an assumption weaker than the global Ambrosetti-Rabinowitz
condition and that the norm of B is sufficiently small. This homoclinic orbit is
obtained as a limit of 2kT-periodic solutions of a certain sequence of second order
differential equations. This result generalizes and improves some existing findings in
the known literature.
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1 Introduction and Main Results
We consider the following system
q(t) + Bq(t) + V'(t,q(t) = f(1), (DS)

where B is a skew-symmetric constant matrix, V : R x RY — R, (t,2) — V(t,z) is a
continuous function, T-periodic in the first variable with 7" > 0 and differentiable with
respect to the second variable such that V'(t,z) = %—Z(t,x) is continuous on R x RY
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and f: R — R¥ is a continuous and bounded function. We say that a solution z(t) of
(DS) is a nontrivial homoclinic(to 0) if z #Z 0 and x(t) — 0 as ¢ — £oo. The importance
of the study of the existence of homoclinic orbits for damped vibration systems has
been recognized by Poincaré at the end of the 19th century. Therefore, the existence
of homoclinic orbits has become one of the most important problems in the research of
damped vibration systems. Firstly, when B = 0 and f = 0 the system (DS) is just the
following second order non-autonomous Hamiltonian system:

G(t) + V'(t,q(t)) = 0. (1)

In 1990, Rabinowitz |14] showed the existence of homoclinic orbits for system
by taking the limit of 2kT-periodic solutions of approximating problems under the well

known Ambrosetti-Rabinowitz condition: there exists a constant pu > 2 such that for
every t € R and ¢ € RV\{0}

0<puV(t,q) <V'(tq)q.

By using the same approach, the existence of homoclinic orbits for the system has
been intensively studied by many mathematicians via variational methods in critical point
theory, see( [4], |5], 16], 18], 19], |13], [14], [16]) and the references therein. Particularly,
in [10], Izydorek and Janczewska considered a more general Hamiltonian system

)+ V'(tqt)) = f(b), (2)

where V(t,q) = —K(t,q) + W(t,q). If V is neither autonomous nor periodic in t, the
problem of the existence of homoclinic orbits of is more complicated because the
compactness arguments derived from Sobolev imbedding theorem are not available for
the study of (1)), see, for example, ( [1], [4], [5], [6], [8], [10], [11], [15]). Secondly, if B #0,
f#Z0and V = —K + W the existence of homoclinic orbits for system (DS) has not been
previously studied. Our aim in this paper is to study the existence of homoclinic orbits for
the system (DS), where K is a quadratic growth function and W satisfies an assumption
weaker than the global Ambrosetti-Rabinowitz condition. Here and subsequently, (.,.):
RY x RN — R denotes the standard inner product and |.| is the induced norm in R¥.

Definition 1.1 A vector field v defined on R¥ is called positive if v(z).z > 0 for
all z € RV\{0}. We call v a normalized positive vector field if v is positive, linear and
satisfies the following condition:

v(z).x =z.x, VreRY. (v1)

Our basic hypotheses on V' and f are the following:
(V1) There exist normalized positive vector field v and constant by, by > 0 such that
bilz|? < K(t,z) < bolz|?, K(t,z) < K'(t,z).v(z) < 2K(t, )

for all (t,xr) € R x RN,
(Vo) W'(t,x) = o(|z|) as |z| — 0 uniformly in t € R,
(V3) There exists a constant g > 2 such that for every t € R and x € RV\{0}

0 < uW(t,x) < W'(t,z).v(x),
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(Vi) W(t,x) < M|z|*, for allt € Rand || < 1, where M = sup W(t,x).
teR,|z|=1

1/2
(Vs5) by = min{1,2b;} > 2M and (/R |f(t)2dt) < %, where 0 < 3 < by — 2M, and

C' is a positive constant defined in [10].

Remark 1.1 We see that if v(z) = z, then (V}) becomes (H3) and (V3) becomes
(Hs) in [10]. From (V2)-(Vi) we see that W (t,z) = o(|z|?) as |x| — 0 uniformly in
t and W (t,0) = 0,W’(t,0) = 0. Moreover, from (V;) we conclude that K(¢,0) = 0,
K'(t,0) = 0. Example below shows that (V3) is weaker than the global Ambrosetti-
Rabinowitz condition.

In addition, we need the following hypothesis on B.

(Vs) ||B|| < min {51 — B —2M, £=2p, L b—l} , where b = ||v|| is the norm of the operator
V.

’ u+2b D

Now, we state our existence result of homoclinic orbits for problem (DS).

Theorem 1.1 Suppose that K and W are T-periodic with respect to t, T > 0 sat-
isfying (V1) — (Vs), then the system (DS) possesses a montrivial homoclinic solution
q € WH2(R,RYN) such that ¢(t) — 0, as t — Foc.

Example 1.1 Let (x) be the argument of z = (&1, &) € R?\{0} defined by

arctan(&s/&1),if & > 0,& >0,
5, 1f§1=0,6&>0,
0(x) =  arctan(§2/&1) +m, if & <0,
37777 Zf gl :0752 < Oa
arctan(&a/&1) + 2m,if & > 0,& < 0.

Define a function K € C1(R x RY R) as follows:

0, ifx=0.

|| .
I((?‘I7 1}) = { eXp(.Qsin4(ln|w‘+9(w)))7 ’Lf €T ;é O7

Define a normalized positive vector field v by

v(x)=<11 1)95

An easy computation shows that K satisfies (V7).
For any p > 2, define a function W € C1(R x RV R) as follows:

, if ©=0.

] :
W(t, ) :{ exp((Zsin4(In[a[+0()))) ? if =#0,

A direct computation (see [3]) shows that W satisfies (V2), (V3) and (V4). Moreover, W
does not satisfy the global Ambrosetti-Rabinowitz condition.
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2 Variational Setting and Preliminaries

Similarly to [10] and [14], we will prove the existence of homoclinic orbits for (DS) as the
limit of 2kT-periodic solutions of the following systems of differential equations:

G(t) + Bq(t) + V' (¢, q(t)) = fi(D), (DSk)

where f;, : R — RY is a bounded continuous function, 2kT-periodic extension of f to the
interval [—kT, kT), k € N. For each k € N, let L2, be the Hilbert space of 2kT-periodic
functions on R with values in RY equipped with the norm

1
2

kT
lallzs = /Wmmﬂﬁ ,

and L3, be the space of 2kT—periodic essentially bounded functions from R into RV
equipped with the norm

lqllLse, = esssup{lq(t)|: t € [-kT,kT1}.

Denote by Ej := WzllfT the Hilbert space of 2kT-periodic functions on R with values
in RY under the norm

kT kT 1/2
lall e = V |Q(t)|2dt+/ Id(t)lzdt] :
—kT —kT
Next, we need the following lemma.

Lemma 2.1 ( [10]). There is a positive constant C' such that for each k > 0 and
q € Ey the following inequality holds:

lallzs;, < Cligllz- 3)

Let ny : Ex, — [0, +o0o[ be given by

kT 1/2
m(q) = (/_kT[ld(t)2 + 2K(t,q(t))]dt> : (4)
By using (V1), we have
billal, < nile) < b2llallZ,, ()

where by = max{1,2b,}. Let I, : E;, — R be the functional defined by

TPy .
In(q) = /_kT [QIq(t)l +QBq(t).q(t)JrK(t,q(t))—W(t,q(t))Jrfk(t).q(t)] dt
- %ﬂm+/”[Hﬁ@me@«m+ﬁumm}w (6)
9 k T 2 ’ 7

It is easy to check that I € C1(Ey,R) and by using the skew-symmetry of B, we have
for every q,v € Ej

Ii(q)v = / [4(£)-0(t) = Bq(t).v(t) — V'(t, q(t).v(t) + fu(t)-0(t)] dt. (7)

—kT
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It is known that the critical points of I} in Ej are the classical 2kT-periodic solution of
(DS});). We will obtain a critical point of Ij; by using a standard version of the mountain
pass theorem:

Lemma 2.2 ( [15]). Let H be a real Banach space and I € C'(H,R) satisfying the
Palais-Smale condition. If I satisfies the following conditions:

(1) 1(0) = 0,
(i) there exist constants p, a > 0 such that I )5p,0) > @,
(iii) there exists e € H\B,(0) such that I(e) < 0.

Then I possesses a critical value ¢ > a given by

= inf I
¢ = Inf max (9(s)),

where
I'={g€C([0,1],H) : g(0) = 0,9(1) = e}.

Lemma 2.3 ( [{]). There exist a1,az > 0 such that
W(t,z) > ai|z|* —ag, Vt €R, Vo € RY. (8)

Let v be the normalized positive vector field in (V;) and (V3) of Theorem Then

v is an invertible linear operator from RY to RY. Let a = Hvlll\’ b = ||v||, where ||v|| and

[v=1|| are operator norms. For any = € RY | one has

alz] < |v(z)| < bl]- (9)
Define a vector field © on Ej by

(0(2))(t) = v(x(t)). (10)

Using condition (v1) and Fourier series, we perform direct computation to show the
following lemma.

Lemma 2.4 ( [4]). For any x € F,

kT kT o
/ l(t)|Pdt = / (1) 2@ (0)dt. (11)

—kT —kT

allz) g, < [lo(@)| e < bl s, (12)

From (V7), , and we have

kT

Ii(9)o(q) < nilg) —[kT [Bq(t).v(q(t)) — W'(t,q(t).v(g(t))] dt
kT
+ . Fe(®).v(g(t))dt. (13)

Lemma 2.5 Under the assumptions (V1)—(Vs), for every k € N the system (DSk)
possesses a 2kT -periodic solution q € Ey.
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Proof. Step 1. We will show that [ satisfies the Palais-Smale condition. Assume
that {g;};en C Ex, {g;}jen has a convergent subsequence if {I;(g;)};jen is bounded and
I;(g;) — 0 as j — 4o00. Then there exists a constant M} > 0 such that

1Tk ()] < M, [T3,(g5)]

By < My (14)

for every j € N. We firstly prove that {g;}jen is bounded in Ej. Without loss of
generality, we may assume that ||g;[|z, # 0. Then by (V3) and @, it follows that

kT 92 kT
B) < 2Lulg) + / Bi;(t).ayt)dt+ > [ Wt q5(0)) (e (0)dt
—kT HJ—kT
kT
—- 2 fr(t).q;(t)dt. (15)
kT
From and we obtain
kT kT A
(1—%)77%(%) < zmqj)—%I,;<qj>.a<qj<t>>+ / kTBq'j(w.qj(t)dH% /  Bay ()0, (0)e
kT 2 kT
-2 Te(t).q;(t)dt + = Tr(t).v(g;(t))dt. (16)
—kT mJ kT

Moreover, by , @D and it follows that

2\ - 2b 2b
[(1 - u) b - (1 " M) ||B||} oI, < 202(0) + 2214065 ez

kT H kT 5
+2 (/kT |fk(t)|2dt> gl e + %b </kT |fk(t)|2dt> sl (a7)

By (14), and (V5) we get
2\ - 2b 20My, b
[(1 - M) b (1 ¥ u) ||B} laj3, < 20y + ( PR ;ﬂ) lgjlle,  (8)

Since p > 2 and (V) imply that [(1 - %)51 —(1+ %)HBH} > 0, inequality shows
that {g;};en is bounded in Ej. Going if necessary to a subsequence, we can assume that
there exists ¢ € Ej, such that ¢; — ¢, as j — +o00 in Ej, which implies that ¢; — ¢ as
J — +oo uniformly on [—AT, kT]. By Proposition 4.3 in [17], we can prove that {g;};en
has a convergent subsequence in Ej. Hence, Ij satisfies the Palais-Smale condition.
Step 2. We prove that there exist constants p, &« > 0 independent of k such that
I satisfies the assumption (i¢) of Lemma Letting p = & and ||q||g, = p, we have

lqllzg:,. <1, where C' > 0 is defined in . Tt follows from (V3) that

kT kT
Wt q)dt < M / lg(t) dt < M|lq3,. (19)
—kT —kT
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In consequence, combining this with , (V5) and Holder’s inequality, we obtain

W@ = [ [+ JBa0d) + Kaw) - W) + o]
> Shilall, - 1B, ~ M, — 1l s,
> (50— 5180 - ) lalls, - 5l
> 2 (b= 8- 20— |BI) lally, + Dlally, — s lal (20)

Note that (Vg) implies (by — 8 —2M — || B]|) > 0.
We set a = %ﬂw, than the inequality implies that

I;%Bp >a>0 for keN.

Step 3. It remains to show that I, satisfies assumption (i) of Lemma [2.2] By (5),
@ and , for every s € R\{0} and ¢ € R™V\{0}, we have

6282
2
+ sl frllzz

2kT

kT
Ir(sq) < lgll%, + s*(1Bllllqll%, —a1|8|“/kT lq(t)["dt

lallzz, . + 2kTas. (21)

2kT

Take @ € E; such that Q(T) = Q(—T) = 0. Since u > 2 and a1 > 0, implies that
there exists so € R\{0} such that ||soQ| g, > p and I1(s0Q) < 0. Set e1(t) = soQ(¢) and

_J e(t) for t|<T,
er(t) = { 01 for T < |t| < kT, (22)

for k > 0. Then ey, € Ex, |lexlle, = lle1llz, > p and Ix(ex) = I1(e1) < 0 for every k € N.
By Lemma I possesses a critical value ¢ > « given by

= inf I , 23
ek = Inf max k(g(s)) (23)

where

Fk = {g € C([O7 1]7Ek) : g(O) = 0,9(1) = 6k} .
Hence for every k € N, there exists g € Fj such that
Ii(qk) = cx, Ip(qx) = 0. (24)

The function ¢ is a desired classical 2kT—periodic solution of (DS}) for k£ € N. Since
¢ > 0, qr is a nontrivial solution even if f = 0. The proof of Lemma [2.5]is complete.

Lemma 2.6 Let (qi)ren be the solution of system (DSy) which satisfies for
k € N. Then there exists a positive constant My independent of k such that

larllg, < My, VkeN. (25)
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Proof. For k € N, let gi : [0,1] — Ej be a curve given by gi(s) = sey, where e,

is defined by (22)). Then g € T'x and Ix(gr(s)) = I1(g1(s)) for all k € N and s € [0, 1].
Therefore, by (23))

¢y = inf max I(g(s)) < max Ix(g1(s)) = My, Vk €N, (26)

g€l s€0,1] s€0,1]
where My is independent of k. Since I} (qx) = 0, we get from (V1), (V3), (6) and

kT kT

W e (1))dt + / Bau(t).du (1)t

o = Ieaw) — 3T 0(an) = (5~ 1) .

—kT

1 kT kT 1 kT
+5 [ Ba@sa@ds [ p@aoi- [ R
—kT —kT —kT

Then we have

kT 1 kT 1 kT —_——
W(t, q(t))dt < —— By (t).qr(t)dt + — Bai.v(qx(t))
—kT =2 ) pr =2 ) gr
2 KT 2
_ s i Tre(®).qx(t)dt + =
1 kT
+ — Tre(@®).v(qx(t)dt. (27)
w=2J kr

Combining with (), (6), ([12), (26), (V5) and (V) we obtain

by 1+0D 9 uMy B+ b)
A _2T%p < + : 2

Since (Vg) implies that %1 - i—f; |B|| > 0 and all coeflicients of are independent of
k, there exists a constant M; > 0 independent of k£ such that

larllg, < My, VkeN. (29)

The proof of Lemma [2.6]is complete. O
Let C? (R,RY) (p € N) denote the space of C? functions on R with values in RV
under the topology of almost uniformly convergence on compact subintervals of R and all
derivatives up to order p. Using the Arzela-Ascoli theorem, we can prove the following

lemma.

Lemma 2.7 Let {qi}ren be the 2ET—periodic solution of problem which satisfies
for k € N. Then there exists a subsequence {qy,} convergent to q in C}, (R,R"Y).

loc

Proof. Arguing as in Theorem 2.1 in |11}, we conclude from the fact

to to 1/2
av(t2) -~ astt0)] < [ |qk<t>dts<t2—t1>1/2(/t |q'k<t>|2dt)

that the sequence (g) is equicontinuous on every interval [—IT,IT] C [-kT, kT]. By
and Arzela-Ascoli theorem, the sequence (gi) has a uniformly convergent subsequence
on each [—IT,IT)].
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Let (g, ) be a subsequence of (gx) that converges on [T, T]. Then (g, ) is equicon-
tinuous and uniformly bounded on [-2T,2T]. So we can choose a subsequence (g;, ) of
(q,im) that converges uniformly on [—2T, 2T]. Repeat this procedure for all k£ and take
the diagonal sequence (gj* ). It is obvious that (¢ ), is a subsequence of (gj, ) for any
1 < ¢ < m. Hence, it converges uniformly to a function ¢(¢) on any bounded interval. In
the following, for simplicity, we also denote the subsequence (g ) by (gx). The proof of
Lemma [2.7] is complete. O

Lemma 2.8 Let ¢ : R — RN be the function given in Lemma . Then q is the
desired nontrivial homoclinic solution of (DS) such that u(t) — 0, as t — +oo.

Proof. Firstly, we will show that ¢ is a solution of . Let {qx, }ren be defined in
Lemma then we have

Gr; (1) + Bar, (t) + V' (t, gk, (1) = fr, (t) (30)

for every j € N and t € [—k;T,k;T]. Take a,b € R such that a < b. There exists jo € N
such that for all j > jo and ¢ € [a,b] C [—k,;T, k,;T], we have

Gr; (1) = —Bdr,(t) = V'(t,qx, (1)) + fi,; (1) (31)

Hence, G, (t) is continuous in [a, b] and Gy, () is a classical derivative of g, (t) in [a, b] for
every j > jo. Moreover, since g, — ¢ uniformly on [a, b] and

Gr, (1) = =Bk, (t) = V'(t,qr, (1)) + f, (t) (32)

we obtain

G(t) + Ba(t) + V'(t.q(t)) = f(1), (33)

for every ¢ € [a,b]. Since a and b are arbitrary, we conclude that ¢ satisfies (DS). O

3 Proof of Theorem [I.1l

We have shown that ¢ satisfies . It remains to prove that ¢ is nontrivial and homoclinic
to 0. First, we show that ¢ is nontrivial. Obviously, this will be the case if f # 0. Consider
the function ¢ : [0, +o00[— [0, +00] defined by
max W't z)v(@) s>0
©(8) = ¢ teRr,0<]z|<s || ’ ’
0, s=0.

Then by (V2), (V3), (§) and (9) ¢ is a continuous, nondecreasing function and ¢(s) > 0
for s > 0. The definition of ¢ implies that

kT
W' (t i (t)v(gr(®)dt < ollar s, )llarl (34)

—kT
for every n € N. Since I (qx).v(gx) = 0, we have

/ Wt (1)) 0(ge () dt =

—kT
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kT kT kT
/ i (1) 2t — / Bin@)wla()di + [ Kt au)olan()dt.  (35)
kT kT —kT

From (34), (3), (V1) and (V5), we obtain

\%

kT kT kT
gl ) g3, > / \q‘k<t>|2dt7/ quu).v(qk(t)))cm/ K (1 g (1))o(gu () dt
kT kT —kT

(min{1, b1} — bl B]) llaxll%, -

v

Since ||gx||g, > 0, it follows that
e(llarllzg;,) = (min{1, b1} — b B|) > 0.

If lgrllzg, — 0 as k — oo, we have ¢(0) > (min{1,b1} — b[|B) > 0, which is a
contradiction. Passing to a subsequence of (gi) if necessary, we see that there is a
constant Cy > 0 such that

lakllLgg, = Ch (36)

for every k € N. Moreover, for all j € N, ¢ — qi (t) = qr(t + jT) is also a 2kT-periodic
solution of system (3). Hence, if the maximum of |gx| occurs in 0, € [—kT,kT] then

the maximum of |¢]| occurs in 77 = 6 — jT. Then there exists a j, € Z such that
¥ € [T, T). Consequently,

Tk Jk
oo — —_ t .
||qk (73 ([—kT,kT],RN) tel[l_l%%(ﬂ \Qk (t)]

Suppose the contrary to our claim, that ¢ = 0. Then

5 || oo (1— = ma ()] — 0
a7 || oo (|- kT, k), R Y)Y o lgi* ()] — 0,

which contradicts .
Second, we now prove that ¢(t) — 0 as t — *oo. We have, from (29)

kT

| Qa0F +laPyie < Jaili, < M.

Obviously, for each i € N there is k; € N such that for all & > k;
iT

/_T(que(?f)l2 + gk (0)1*)dt < llgrlls, < M.

Letting £ — +o00, we obtain

T
/ (g + d(t)P)de < M?.

—1
As i — 400, we have

+o0
[ GaoP +laoPyan < .
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Hence we get

[ 0P + 0Pt~ 0 0

By Corollary 2.2 in [16], we have

t+1
a®F < [ (o) + lits) s
for every t € R. Then, by and we conclude that

q(t) = 0as |t] = oo.

(37)

Finally, we have to show that ¢(t) — 0 as ¢ — £oo. From Corollary 2.2 in [16] we have

t+1

t+1
IWWS/ m@ﬁﬂwmm+/ (s)

t—1 t—1

for every t € R. Since ¢ € W12(R,RY), we get

-1
Hence, it suffices to prove that
t+1
/ |iG(s)|?ds — 0 as [t| — oco.
t—1

Since ¢ is a solution of (DS), we obtain

A

[ oras < s [ ieras s [ v aonpas [

-1 -1

vl ([ o)

~+

-1

N|=

By (Vs), we get

t+1
/ |£(s)|?ds — 0, as |t| — occ.
t—1

t+1
/t (|g(s))* + |4(s)|*)ds — 0 as [t| — oo.

[T

([jw%mm%ﬁ
([ o)’ ([ o)
([ vor) ([ o)

(39)

|f(s)[*ds

(40)

t+1
Since / l4(s)|?ds — 0 as |t| — oo, q(t) — 0 as [t| — oo and V'(t,q) — 0 as |q| — 0
t

-1

uniformly in ¢ € R, then follows. The proof of Theorem is complete. O
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