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Existence of Solution for Nonlinear Anisotropic
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Abstract: In this paper, we prove the existence of entropy solutions of anisotropic
elliptic equations Au + Zf;l gi(z,u, Vu) = f, where the operator Au is a Leray-

v
Lions anisotropic operator from I/Vol’7 (Q, &) into its dual W1 (€, JE) The critical
growth condition on g; is with respect to Vu and there is no the growth condition
with respect to u and no the sign condition. The right-hand side f belongs to L*().

Keywords: nonlinear elliptic equations; quasilinear degenerated unilateral problems;
non-variational inequalities.

Mathematics Subject Classification (2010): 35J60, 35J70, 35J87.

1 Introduction

Let Q be a bounded open subset of RY (N > 2) with Lipschitz continuous bound-
ary and let Au = — Zivzl 0;a;(z,u, Vu) be a degenerate anisotropic operator of Leray-
Lions type defined in the weighted anisotropic Sobolev space wL? (Q, Z?), where
= (wo, w1, -..,wn) is a vector of weight functions defined on Q and 7= (po, -, PN) 18
a vector of real number such that p; > 1 for ¢ =0,...,N.

We consider the following nonlinear elliptic anisotropic problem

— Zi\; Oia;(x,u, Vu) + Zﬁil gi(x,u,Vu) = f in Q, (1)
u =0, on 0f,

where g;(z, s, ) is a Carathéodory function satisfying only the following growth condition
lgi(,5,€)] < v(z) + p(s)[& [P and where the right-hand side f belongs to L!(Q). In the

* Corresponding author: mailto:akdimyoussef@yahoo.fr
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particular case, where Zfil gi(z,5,&) = —ColulP~2u, the following degenerated equation
—div(a(z,u, Vu)) — Colu|P~?u = f(x,u, Vu) has been studied by Drabek-Nicolsi in [11]
under more degeneracy and some additional assumptions on f and a(z,u, Vu).

In the isotropic case, more precisely, when pg = p1 = ... = py = p and
Zﬁil gi(x,u,Vu) = g(x,u, Vu), the existence result for the unilateral problem with
g(x,u, Vu) satisfying the following growth condition

N
MWJﬁﬂébWD@@ﬁ+§:wkﬁ) (2)

and the sign condition

g(x,5,€)s >0, 3)

when f belongs to W1 (Q,w*), is studied by Akdim et al. in [7] under the following
integrability condition

o' e LL (Q) with 1<gq< oo, (4)

where o is a weight function which is assumed satisfying the Hardy inequality

S }
/Q|u|qa(x)dx§C(;/Qmiuvwi(m)dx) . (5)

Our aim in this paper is to prove the existence of entropy solution for the following
weighted unilateral elliptic anisotropic problem

u > 1 a.e. in €,

T (u) € W7 (. 0),

N N
6
Z/ a;(z,u, Vu)0; T (u — v) + Z/ gi(z,u, Vu)Ti(u — v) < / fTe(u—wv), ()
i=179 =179 Q
Yo € Ky(Q,d) N L®(Q) and Yk > 0,
without the conditions and .

2 Preliminaries

Let Q be a bounded open subset of RV (N > 2) with the Lipschitz continuous boundary
and let 1 < pg,p1,....,pn < oo be N + 1 real numbers, p* = max{p1,....,pn}, p~ =

0]
min{p1,...,pn} . We denote 9; = e let w; be non negative functions on €2 such
"

that w; > 0 a.e. in Q for all ¢ = 0,1,..,N. We set & = (wo, w1, ...,wy) and
7= (po,p1,.--,pN). We suppose that for i =0,1,..., N and for j =0,1,..., N

1

wi € Lioe(Q) and w, 77" € Li,u(Q). (7)

As the classical weighted Sobolev space in [10], we define the anisotropic weighted Sobolev
space by

WL (Q,3) = {u € LP(Q,wo) : yu € LP(Qwi),i = 1,2, N}
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As in Theorem 1.11 in [13], by @) the space Wl’?(Q,ﬁ) is a Banach space under the
following norm
N
lullws7 9.3y = Il oo @) + D 105t Lo (@00 (8)
i=1
Since w; € L}, .(£2), we have that C5°(£2) is a subset of Wl’ﬁ(ﬂ, W) and we can introduce
the space Wol’?(ﬂ, W) as the closure of C°(2) with respect to norm . We recall
that the dual space of weighted anisotropic Sobolev space WO1 ’?(Q, Z?) is equivalent to
= N )
w-bp (Q,?), where @ = (Wi, wiy), wf = wil Polph = (py,...,ply) and pi = S,
foralli=1,...,N.
Now, we introduce the following assumptions:
Assumptions (Hy):
— The expression

N
lll 2.7 0y = D 1950l 201 (2 (9)

i=1

is a norm defined on VVO1 7 (Q, 3) and it is equivalent to the norm .
— There exist a weight function o on €2 and a parameter ¢, 1 < ¢ < oo, such that the

Hardy inequality
(/ |u|q0d:c>é <C§N:(/ ]a“
Q T T Vaelom

holds for every u € WO1 ’?(Q, E?), where C is a positive constant independent of u.
— The embedding

pi’u%—) 2 (10)

WP (Q,3) < LUQ, 0) (11)
expressed by is compact.

Remark 2.1 Let us take pg = p1 = p2 = ... = py = p, wo(z) = w1(z) = wa(x) =
o = wn(x) = [dist(z,00)]* and o(z) = [dist(z,00Q)]7, A,y € R. In this case, the Hardy
inequality reads

( /Q \u|q[dist(x,8§2)]"’)%dm < Ei:: ( /Q \8iu|p[dist(x7aﬂ)]>‘dx)%.

The imbedding WP (Q, dist(x,Q)) < LI(Q, dist(x,dQ)) is compact (see Example 1.5
in [10]) if and only if either:

Dl<p<g<too, A<p-1,F=F+1>0, 92 A -N+NL—gor

i) l<g<p<+too,A<p-1,y2Al-1+1-¢q

Similarly, in the isotropic case, see [1], we can construct an isometric from
Wol’?(Q,ﬁ) in Hiil LPi(Q,w;) which implies with that the space Wol’?(ﬂ, W)
is a reflexive and separable Banach space. Moreover, we consider 751’?(9,3) =
{u measurable in Q : Ty (u) € W(}’?(Q, W), Vk > 0}
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3 Mains Results

Let Q be a bounded open subset of RY (N > 2) with the Lipschitz continuous boundary
09Q. The functions a: Q@ x RxRY — RY such that a(z, s, &) = (al(m, $,8),...,an(z,s, f))
and g;: QxRxRY — R with a; and g; are Carathéodory functions satisfying the following

assumptions for all s € R, £ € RN,QJ €RY anda.e in Q:
Assumptions Hs:

N N
Zai(x75,€)£i Z OKZWA& ;D7‘,7 (12)
i=1 i=1
lai(, 5,6)] < Bl [ja(x) + o7 |s| 7 + w7, (13)
(ai(x,5,6) — ai(z, 5,6 ))(& — &) >0 for & #¢,, (14)

’
where «a, § are some positive constants, j; is a positive function in LPi ().
Assumptions Hs:

where + is a positive function in L'(2) and p : R — R™ is a continuous positive function

in L'(R).
Moreover, we suppose that

feL Q). (16)

Let us define the convex set Ky (€, &) ={uce W&’?(Q, W), u > ae. in Q}, where ¢
is a measurable function with values in R such that

bt e WET(Q, D) N L(Q). (17)

3.1 Some technical lemmas

The following lemma generalizes to the anisotropic case the analogous Lemma 5 in [9].
We use the method of 7] and [9).

Lemma 3.1 Assume that — hold and let (u,), be a sequence in Wol’?(ﬂ, W)
such that w, — u in VVOL?(Q7 W) and lim / (a(m, Un, Vy) — a(x, Uy, Vu))V(un —u)
n—+oo /o

= 0. Then u,, — u strongly in Wol’?(Q, j) for a subsequence.

Definition 3.1 A function u is an entropy solution for problem if it satisfies @

Theorem 3.1 Assume that (@— hold. Then there exists at least one entropy
solution in the sense of the definition of problem .
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Proof of Theorem [3.1]

The proof of this theorem is done in four steps.
Step 1 : Approximate problems.

We consider the following approximate problems

U, € Ky(9, ).

/a(xvunvvun +Z/91 xunvvun n_v /fn n—’l) (18)
Q

Yo € Ky (Q, W),
where ¢*(z,s,§) = %T%(cﬁ(x)) and f,(z) = % We have

197(2,5, )| < lgi(, 5, )], 97 (2,5,)] <, |g (@, u, V)| < n2o (@), |fa(2)] < |f(@)]
and | f,(2)] < n.

For all u and v in W’ ?( W), we have
|/g?(x,u,Vu)vdx < /|gZ z,u, Vu)|? o da:) (
Q

Q
1
a

<ut( [ oo dr) folluom
Q

< Cn”UHWOL?(Q@?)'

1
|v|qadx> !

Proposition 3.1 Under the conditions (@)-, there exists at least one solution
of the problem (@)

Proof of Proposition
Thanks to the Leray-Lions theorem and Theorem 8.2 from Chapter 2 in [14], there exists
at least one solution to problem .
Step 2 : A priori estimate.

Proposition 3.2 Assume that (@)- hold and if u, is a solution of the approz-
imate problem (@, then there exists a constant C' such that

N
Z/ 10, Ty (un) [Prw; < Ck Yk > 0.
: Q

Proof: Let v = u, — nexp(G(u,))Tk(u — ), where G(s) = [ p((;) dt and n > 0.
Since v € Wol’y(ﬂ, W) and for all  small enough, we have v € Kw(Q7 W). We take v as
a test function in problem (18], thanks to and (15, we obtain

N
Il
S [ et Vi) explGlun) 06T (] = 0%) < (1 s + P2y exp (2 )

< Ck.
By and Young’s inequality, we have
N
3 / Ot Piands < C'k k> 0. (19)
i1/ {lun —wF|<k}

Since {z € Q, |uf| <k} C{zr e, |uf —vT|<k+|9Y" |}, we have

Z/ |0: Ty, (w))|Piw;da = Z/ |0;ut [Piw;dx

|un|<k}
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N
< Z/ |0t |Piw;da.
i=1

{lud =9t | <k+]vt]loc}
This implies, by , that

i/ﬂ |05 Tk (

Similarly, taking v = u, +exp(—G (uy))Tk(u;, ) as a test function in approximate problem

, thanks to and , we obtain

u)Piwsda < C'k, Vk > 0. (20)

N
Z/ a;(x, Up, Vuy) exp(—G(u,)) 0Tk (u,) < Ck.
{u, <0}

By , we deduce that

Z/ 10, T () |Piw; < Ck. (21)
{u,<0}

N
Comblnmg and , we obtain Z/ |0: Ty (un) |Piw; < Ck. Tt yields
i=1 7%

1T () 17 0 3y < k7=, k> 1. (22)

Step 3: Strong convergence of truncations.

Lemma 3.2 There exist a measurable function v and a subsequence of u, such that
Ti(un) = Ti(u) strongly in Wol’?(ﬂ, ).

Proof: By (22), the sequence (Tj(uy)), is bounded in W&’?(Q,W), there exists
a subsequence (T (uy)), such that Tjy(u,) converges to vy a. e. in £, weakly in
W&?(Q,ﬁ) and strongly in LI(Q,0) as n tends to +oo. Since (uy), is a Cauchy
sequence in measure in €, there exists a subsequence denoted by (uy), such that u,
converges to a measurable function v a. e. in 2 and

Ti(up) — Ti(u) weakly in Wol’?(Q, W)and a. e. inQ, Vk>0. (23)

Now, we prove that

lim i/ﬂ (ai(x,Tk(un),VTk(un))—ai(x,Tk(un),VTk(u))> (aiTk(Un)_aiTk<U)) =0.

n—00 4
1=

(24)
Let us take v = u, + exp(—G(un))T1 (un, — Trn(uy))~ in approximate problem (L§), by

and , we have

N
Z/ i (%, Un, Vg ) exp(—G(un))0iun
= - min<un<-m)
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_/anexp(—G(un))Tl(un m(Un)) +Z/ x) exp(—G (un)) T (ty, — Ton(un)) ™.

(25)
By Lebesgue’s theorem, we have the right-hand side in tends to zero as n and m
tend to oo. Then, we get

a;(x, Up, V) 0w, = 0. (26)

Similarly, taking v = u,, — nexp(G(up))T1 (un — T (uy))t as a test function in approxi-
mate problem , we get

N
lim lim supz /{m<u i) a; (2, p, V)i, = 0. (27)

m—r o0 n—oo

We consider the following function of one real variable:

1, if |s| <m,
hm(s)=<¢ 0, if |s|>m+1,
m+1—|s|, if m<|s|<m+1,

where m > k. Let ¢ = u, —nexp(G(up))(Tk(un) — T (w)) T hp(uy,) be a test function in
approximate problem , using and , we get

N

Z/ ai (@, U, V) exp(G(un )0 (Tr (un) — Ti(w) T h ()

/o

' N
+Z/ i (%, U, Vi) exp(G (tn) (Ti (un) — Tho(w)) T Ostunh,, (un)
i=179

<Z/ ) exp(G(un)) (T (un) = Ti(w)) " h (1)

[ exp(Glun)) (Tulun) = Tu(w)) ),
Q
This implies that
N
Z/Qai(x,un,Vun)exp(G(un))ai(Tk(un)—Tk(u))+hm(un)

N
: Z /{m<un<m+1} @i ((E, Un, vun) exp(G(un))(Tk (Un) - Tk (u))+8lun

i= 1

+Z / 2) exp(G(un)) (T (un) = Ti(w)) " h (11

" / o eXD(G 1)) (Tic (1) — T () i (o).
Thanks to Lebesgue’s theorem and , we obtain

lim lim Z/al (2, Uun, V) exp(G(un)0i (T (wn) — T (w)) T hy (un) <0,

mM—r00 N—r00
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which implies that

lim lim Z/ a;(z, upn, V) exp(G(un )0 (Tk (un) = T (w) ) (1)
{Ts (wn Tk (u)>0,|u, | <k

— lim lim Z/ ;i (T, U, Vg ) exp(G (1)) 0; (Ti (w)) T hi (1) <
T (un) =Tk (u) >0 |un|>k}

mM—+00 N—00 4
K2
0,

since A, (up) = 0 if |u,| > m + 1, we have
N

/ a;i (2, Un, Vg ) exp(G (un )0 (T (1)) R (uy)
{Tx (un)—Tr(u)>0,|un| >k}

- Z / 05(a T2 (), VT2 (1)) exD(G (1)) 04 (Te(0)) * o ).
{Tk(un) =Tk (u)>0,|un| >k}

By . ) and (22)), we have a;(x, Trt1(un), Vg1 (un)) = X7, in LPi(Q,w]). It yields
N

mlrlbrgooz / @i (2, Tr1 (Un)y Vi1 (un)) exp(G(un )0 (Th (w)) T hon (un)

YTk ()T ()20, | >}
N

—hm Y /{ sy K epG)IT ) (1) =0

m—o0 4
i=1

Using a;(z, T (un), VI (Un)) hm (un) — ai(x, T (w), VI (1) hy(w) a. e. in §, we see
that the sequence
(ai (z, T (un), VTk(un))hm(un)) is equi-integrable in LP:(Q,w}) and Vitali’s theorem

n

implies that

ai(x, Ti(un), VI (un)) o (un) = ai(z, T (w), VI (w) hi (u) in L (Q,wi).
Since 0; Ty (un) — 0;Tk(u)) weakly in LPi(Q,w;), we get

lim Z/ ai(z, T (un), VT (1)) exp(G(un))0i (Ti(un) — Tk (w))hm (un) =
"I ATk (un )~ T (u) 20}
0, thus we conclude that

lim  lim Z/Tk sy (ai(:c,Tk(un),VTk(un)) — ai(z,Tk(un),VTk(u))) X

m—00 N—r00

(91‘ (Tk (un) — Tk; (u))hm(un) =0. (28)

Similarly, we take ¢ = u, + exp(—G(un))(Tk(un) — Tk (w)) " hm(uy,) as a test function in
approximating problem , we obtain
N

lim lim Z/Tk T <0) (ai($7Tk(Un)7ka(un)) - ai(fE,Tk(Un),ka(u))> X

M—00 N—00 4
i=

0i(Tx (un) — Ti(w)) o () = 0. (29)
Combining and , we deduce that

N
%gnoonh_)n;ozlé (ai(x,Tk(un),VTk(un)) —ai(x,Tk(un),VTk(u)))

O0i(Tk () — Ti(w)) o () = 0. (30)
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Let ¢ = up+exp(—G(up))Tk(un) ™ (1—hp (uy,)) be a test function in approximate problem

and using and (15)), we get
N
3 / 01 (2 s Vi) exp(— G (1)) 05T (1) (1 = B (1)
{u, <0}
N
< - Z/ a; (2, Up, V) exp(—G(un)) Tk (un ) Oiuny,
{=G+D<un<—j}

+Z [ 20 PG Tl (1 )

*Z /Q Fo (1) exD(— G (1)) T (1)~ (1 = P (11)).

In view of and Lebesgue’s theorem, the integrals in the righthand side converge to
zero as n and m tend to infinity. Then

N
lim lim / @i (T, Un,, Vup )0 Tk (un) (1 — by (uy)) = 0. (31)
{u, <0}

m—00 N—00 4
i=

On the other hand, we take ¢ = un — nexp(G(up)) Tk (ut — ) (1 = hyy(uy)) as a test
function in approximate problem ([18]) and using and , we get

Z / 022, 1, V) DG ) OLTi (1 — 7)1 — B ()
N
< / 03 (2, i, V) exp(G 1)) T (1) ™ — 6 )st
{-U+)<Lun <35}

z 1
+Z / ) exp(G ) Te(uf —%+)(1 — by (1)
3 | ) explGlun) Tt = 07)(1 = i)
i=1
By Lebesgue’s theorem and , we deduce that

(7, Un, Vuy) exp(G(un))0iut (1 — hy, (un
Z/un . ) exp(G 1) i (1~ (1)

< Z/ (@, tn, Vit )05 (1 = B (1)) + £1.(n, m). (32)

{lut - w+|<k}

Thanks to and Young’s inequality, we have

(z, Un, V) ex w w1 — " o
Z/u w+|<k} s Vg ) exp(G(un )0t (1 — B () < €2(n, m),

where £1(n, m) and e5(n, m) converge to zero as n and m tend to infinity. Since p € L*(R),
we have exp(G(uy,)) is bounded. It yields

Z/ (2, Up, Vur )0t (1 — by (uy)) < e3(n,m).
{luif — ¢+|<k}
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Since {z € Q, |uf| <k} C{z e Q, |Juf —¥T| <k+ [T ||L=(q)}, hence

Z/ a; (2, un, Vun)0pu (1—hy, (u,)) < e3(n, m), which implies that, for all k > 0,
TI<k}

mM—r00 N—00

lim lim Z/ (@, Tie(un), VIi (un,))0i T (tun) (1 = By (uy,)) = 0. (33)
un>0}
Combining and , we obtain

N
lim lim Z/Qai(m,Tk(un),VTk(un))a,»Tk(un)(l — hu(uy)) = 0. (34)

m—0o0 N—r 00 -

Moreover, we have

N
Z/Q (ai(m,Tk(unLVTk(un)) - ai(x,Tk(un),VTk(u))) (&Tk(un) - &-Tk(u)) -
=1
N
3 /Q (ai(z,Tk(un),VTk(un)) - ai(x,Tk(un),VTk(u))> (&Tk(un) - &-Tk(u))hm(un)
i:lN
30 [ o ). FT )0 (1 = s (1)
i;l
=3 [ oo i), VT ) 0T () (1 = ()

N
_ Z/ 0 (2, T (1), VT (1)) (95 T (1) — DT (w)) (1 = P (1))
=178
By and , the first and the second integrals of the right-hand side converge to
zero as n,m — +oo. Since (ai(m,Tk(un),VTk(un))) is bounded in L?i(Q,w?) and
0;Ti (1) (1 = hyp(uy,)) converges to zero in LP (9, w;), the third integral converges to zero.
So the fourth integral converges to zero while 9;Tj(u,) — 9;Tk(u) weakly in LPi (2, w;)
and a;(z, Tk (un), VT (un))(1 — b (uy)) converges to a;(z, Tr(u), VI (u))(1 — hpy(w))
strongly in LP: (2, w}). We conclude the proof of .
Using , and Lemma we deduce
Tk (uy) — Ti(u) strongly in W&’F(Q, W) and a. e. in Q, Vk > 0. (35)
This implies that
Vu, = Vu a. e. in Q, (36)
which gives
a;(x, upn, Vuy) = a;(z,u, Vu) in LPi (Q,wy). (37)
Step 4: Equi integrability of the non linearity sequence.

We shall prove that g@*(z, u,,, Vu,) — gi(z,u, Vu) in L (Q).
We have g7 (z, un, Vuy) = gi(x,u, Vu) a. e. in Q.
0

Let v = u, + exp(—G(un))/ P(V)X{v<—nydv. Since v € Ky (2, W), we take v as a test

Un
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function in approximate problem . Then, by and , we have

N
Z /Q ai(xa Un, Vun) eXp(_G(un))8iunp(un)X{un<—h}
=1

< i [ A@ (-G [

Un

< exp (M) (/_: p(s)ds) (NH’YHLl(Q) + Hf||L1(sz))-

0 0

P() X<y — /Q fo exp(~Gun)) / ()X (<t

n

@
N —h
Using again 1) we obtain Z/ | Oiun [P wi p(Un) X fu, <—ny < c/ p(s)ds.
=179 —oo
Since p € L'(R), we have
N
lim sup / a|Osun [Prw;p(uy,) = 0. 38)

—+oo
Let h be such that h > exp(G(un))/ p(v)dv + || || L () and we take
0

Un

V= Uy — exp(G(un))/ p(V)X{v>h}dv as a test function in approximate problem .
0
Then, similarly as in , we deduce that

N
lim supZ/ a|Ojun|Piwip(u,) = 0. (39)
1 J{un>h}

h—00 neN =

Combining and , we deduce
N

lim sup / alOiuy,
h—o0 nGN; {|un|>h}
Using , , and Vitali’s theorem, we obtain
9 (@, U, V) — gi(z,u, Vu) in LH(Q). (41)

On the other hand, let ¢ € Ky, N L>(Q) and v = u,, — Ti(u,, — ) be a test function in
approximate problem . We get

Piw,p(uy) = 0. (40)

Up € Kw

N N

Z/ ai(m,un, Vun)asz(un - 90) + Z/ g?(x7 Un, vun)Tk(un - 4,0)

i=1 /0 i=178 (42)

< [ $Titun - )
Q
Vo € Ky N L™(Q) and Vk > 0,

Using , and , we can pass to the limit in .

4 Example

Let us consider the following case:
1

plil‘%gn(gz) and gz(wvsvg) = 1 +82

(Li(m,s,f) :wz|§l wl|£2|pL
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Abstract: The paper is devoted to the problem of delay-independent stability for
a class of nonlinear mechanical systems. Mechanical systems with linear velocity
forces and essentially nonlinear positional ones are studied. It is assumed that there
is a delay in the positional forces. With the aid of the decomposition method and
original constructions of Lyapunov-Krasovskii functionals, conditions are found under
which the trivial equilibrium positions of the considered systems are asymptotically
stable for any constant nonnegative delay. An example is given to demonstrate the
effectiveness of the obtained results.
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1 Introduction

An efficient approach to investigation of dynamical properties of complex systems is the
decomposition method [15/21]. The approach is successfully applied in various forms to
the stability analysis of mechanical systems, see, for example, [15}/17}/20,/22,/24] and the
bibliography therein.

An interesting and practically important result on the decomposition of mechanical
system was obtained by V.I. Zubov [24]. He studied the stability of gyroscopic systems
described by linear time-invariant second order systems and found conditions under which
the stability problem for an original system can be reduced to that for two auxiliary
independent first order subsystems. However, it should be noted that the Zubov approach
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is based on the Lyapunov first method, and it is inapplicable to nonstationary and
nonlinear systems.

Another approach to derive the Zubov result has been proposed by A.A. Kosov [14].
He suggested to use a special transformation of variables and the Lyapunov direct
method. This approach was further developed in [1,4,[5], where it has been applied
not only to linear time-invariant systems but also to switched systems and systems with
nonlinear force fields. Furthermore, in [3,/7], with the aid of the Kosov approach and
a special technique of using the Razumikhin theorem, new delay-independent stability
conditions for some classes of mechanical systems were obtained.

In the present contribution, we consider mechanical systems with linear velocity forces
and essentially nonlinear positional ones. It is assumed that there is a delay in the
positional forces. We will look for conditions guaranteeing that the trivial equilibrium
positions of the systems under consideration are asymptotically stable for any constant
nonnegative delay.

Let us note that such conditions were derived in [7] with the aid of the decomposi-
tion method and Lyapunov-Razumikhin functions. In this paper, instead of Lyapunov—
Razumikhin functions, we will use special constructions of Lyapunov—Krasovskii func-
tionals. It will be shown that such an approach permits us to obtain less conservative
delay-independent stability conditions than those in |7].

2 Notation

Throughout the paper the following notation is used:

e R is the field of real numbers and R™ denotes the n-dimensional Euclidean space.

e || - || is the Euclidean norm of a vector.

e P > 0 (P < 0) means that the matrix P is symmetric and positive (negative)
definite.

o AT is the transpose of a matrix A.

o A matrix C is called Metzler [13] if all its off-diagonal entries are nonnegative.

e diag{A1,..., A} is the diagonal matrix with the elements Aq, ..., A,.

e A matrix C is called diagonally stable if there exists a diagonal matrix A =
diag{\1,..., A} > 0 such that AC + CTA < 0.

e For a given positive number 7, let C'([—7,0],R™) be the space of continuously
differentiable functions ¢(f) : [—7,0] — R™ with the uniform norm

el = max le@l + @)

e (A is the set of functions p(8) € C1([—, 0], R") satisfying the condition [|p||, < A,
0< A< +oo.

3 Problem Formulation
Consider the system
Ag(t) + Bq(t) + Cf(q(t)) + Df(q(t —7)) = 0 (1)

describing motions of a nonlinear mechanical system. Here ¢(t), ¢(t) € R™; A,B,C,D
are constant matrices; vector function f(q) is continuous for [|¢]] < A, 0 < A < 4005 T
is a constant nonnegative delay.
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Assume that f(q) is a separable nonlinearity, i.e., f(q) = (fi(q1),..., fa(gn))", and
each scalar function f;(g;) satisfies the sector-like condition ¢;f;(¢;) > 0 for ¢; # 0,
1=1,...,n. It is worth noting that such functions are widely used in models of automatic
control systems and neural networks [2}13}|16].

Hence, we consider a mechanical system with linear velocity forces and nonlinear
positional ones. The term —Df(q(t — 7)) can be treated as a control vector, and the
presence of delay 7 might be caused by a time lag between the moments of measuring of
the state and the application of the corresponding control force, see [12,/19].

Let q(t,to, ¢, ) stand for a solution of the system (1) with the initial conditions
to > 0, p(0) € Qa, and ¢:(to, p, ®) denote the restriction of the solution to the segment
[t —7,t], i.e., q(to, o, @) : 0 = q(t+0,t0,p,¢), 0 € [—T7,0].

In what follows, we will impose additional restrictions on the system (1).

Assumption 3.1 Let the matrices A and B be nonsingular.

Assumption 3.2 Let f;(¢;) = a;q!"", where «; are positive coeflicients and u; > 1
are rationals with odd numerators and denominators, i =1,...,n.

Remark 3.1 Without loss of generality, we will consider the case where «; = 1,
t=1,...,n,and pu1 < ... < lp.

Thus, the positional forces in (1) are essentially nonlinear ones. It should be noted
that models with essentially nonlinear forces are widely used in contemporary mechanical
and civil engineering, see, for instance, [8H10L|18].

The system (1) has the trivial equilibrium position

q=q¢=0. (2)

We will look for conditions providing the asymptotic stability of the equilibrium position
for an arbitrary constant nonnegative delay.

4 Main Results

According to the Zubov approach, consider two auxiliary isolated delay-free subsystems

y(t) = Pf(y(t)), 3)
#(t) = —A1Bz(t). (4)
Here P = {pij}ijl = —B7Y(C + D). Tt is worth mentioning that the subsystem (4)

is linear, whereas the subsystem (3) belongs to the well-known class of Persidskii type
systems [13].

Assumption 4.1 Let the subsystem (4) be asymptotically stable.

Define entries of the matrix P = {ﬁij};jzl by the formulae p;; = py;, and pi; = |pijl
for i # j; 4,5 = 1,...,n. The matrix P is Metzler, see [13].

In |7], with the aid of the decomposition method and Lyapunov-Razumikhin func-
tions, it was proved that if Assumptions 3.1, 3.2, 4.1 are fulfilled, and the matrix P is
Hurwitz, then the equilibrium position (2) of the system (1) is asymptotically stable for
any 7 > 0.

To obtain less conservative stability conditions, we will use the original construction
of Lyapunov—Krasovskii functionals for systems of the form (3) proposed in [6].
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Theorem 4.1 Let Assumptions 8.1, 3.2, 4.1 be fulfilled, and the matriz P be diago-
nally stable. Then the equilibrium position (2) of the system (1) is asymptotically stable
for an arbitrary nonnegative delay.

Proof. Introduce new variables by the formulae

() =4q(t),  y(t) =B Aq(t) +q(t). (5)
Then
By(t) = —(C+ D) (y(®) +C (f(y(t) — f (y(t) — B~ Az(1)))
+ D (f(y(t)) — f(y(t—7)— B 1Az(t — 7)), (6)
Az(t) = —Bz(t ) — Cf (y(t) = B7*Az(t)) = Df (y(t —7) — B7*Az(t — 7)) .

Taking into account properties of the transformation (5), we obtain that the equilibrium
position (2) of the system (1) is asymptotically stable if and only if the zero solution of
(6) is asymptotically stable.

It is known, see [23], that under Assumption 4.1, for any number v > 1, there exists
a continuously differentiable for z € R™ positive homogeneous of the order v Lyapunov
function V(z) such that the estimates

Vv (z)
0z

~ T
oV (z
< agll=lP, (a”> A7UBz > au#|”

ar|lz|" < V(2) < a7, ‘

hold for z € R™. Here a; > 0,:=1,2,3,4.

The matrix P is diagonally stable. Therefore, one can choose a matrix A =
diag{\1,...,A\n} > 0 such that AP + PTA < 0.

Using the approach proposed in [6], construct a Lyapunov—Krasovskii functional for
the system (6) in the form

m+1

Vi) = V() + 1 [ la(o) s+ ZA Vi [ 1P

t

s [ (s =D = T @)ABD [ fats)s

t—71
where (31, B2, B3 are positive coefficients.
Differentiating functional V' (y;, z;) along the solutions of the system (6), we obtain

~ T
v (W) A1B(8) + Bl a2t — D)

aV (z(

~ T
- (azt))> ATH(CF (y(t) = BT Az(1)) + Df (y(t — 7) — B™' Az(t — 7))

T WOIPF(O) + (B + 780 FO)IE = Bl o =) =5 [ () s
1T W)AB™(C (F(t) — f (u(t) - B~ A(1)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18(3) (2018) 229

+D (f(y(t — 7)) — f (y(t = 7) = B As(t - 7))

+ t (y(s))dsDT (B )T 8f59y( ) B! (Cf (y(t) - BflAz(t))

t—7

+Df (y(t — ) — B Az(t — T))).
If ||2(€)]| < 1 for € € [t — 7,¢], then

V < (mas+ B =@ = Buillz(t = )" + (B2 + 785 — ) | F DI = Ball f(y(t — 7))

+co

SRWN T* i stutsls QeI+ o) + 11ute = ) + st = )
O (S5 SO + 1ot -+ e = )
o [ MRS e O 000 - £ () ~ B A1)
e SN |t~ )~ £ (ot —7) — B4t - 7))

where ¢y, co, €3, ¢4, c5 are positive constants.

Let 2 < v < 2u;. Using homogeneous functions properties, see [23], it is easy to show
that, for sufficiently small values of parameters (1, 82, 83, there exist positive numbers
¢1, €2, €3,0 such that if ||y(&)| + ||z(€)]| < d for & € [t — 7,1], then

‘1 <||Z(15)||v + nyi+1(t)> < V(ye, 21)
i=1

<& <| o+ [ e |ms+zy“ SCEY A ||f<y<s>>||2ds>,

V < —é (IIZ(t)II7 + 2t = I+ IFGED I + 1f @yt =) + /t_ f(y(S))||2d8> :

From the obtained estimates it follows |11] that the zero solution of the system (6)
is asymptotically stable. This implies that the equilibrium position (2) of the original
system (1) is asymptotically stable as well. O

Remark 4.1 On the one hand, it is well known, see [13], that if the matrix P is
Hurwitz, then the matrix P is diagonally stable. On the other hand, the matrix

-1 10
P= ( -10 -1 )
is diagonally stable, but the corresponding matrix
= -1 10
P= ( 10 -1 )

is not Hurwitz. Hence, conditions of Theorem 4.1 are less conservative than those ob-
tained in [7].
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Next, together with (1), consider the perturbed system

AG(t) + Bq(t) + Cf(q(t)) + Df(q(t — 7)) = G(t, q(t), q(t — 7). (7)
Here vector function G(t, g, u) is continuous for ¢t > 0, ||q|| < A, |lu]| < A.

Assumption 4.2 The estimate |G(¢,q,u)|| < a(||f(q)]| + ||f(w)]))? is valid for ¢ > 0,
llgll < A, JJul] < A, where @ and o are positive constants.

If Assumption 4.2 is fulfilled, then the system (7) admits the equilibrium position (2).
We will look for conditions under which perturbations do not disturb the asymptotic
stability of the equilibrium position.

Theorem 4.2 Let Assumptions 3.1, 3.2, 4.1, 4.2 be fulfilled, and the matriz P be
diagonally stable. If o > 1, then the equilibrium position (2) of the system (7) is asymp-

totically stable for an arbitrary nonnegative delay.

The proof of the theorem is similar to that of Theorem 4.1.

5 Example

Let system (1) be of the form

(t) = Uy,
(t) = U3.

41 (t) + b1 (t) + gga(t) — cq
G2(t) + bga(t) — gdi(t) — cq

Dot =
—
oo
=

Here ¢1(t), g2(t) € R, b, g, ¢ are positive constants, uj, us are control variables.
If uy = us = 0, then the equilibrium position

G=q@=¢=q¢=0 9)

of the system (8) is unstable, see |17]. We are going to design a feedback control providing
the asymptotic stability of the equilibrium position.

Assume that the control law depends on ¢; and ¢», and is independent of ¢; and ¢s.
Moreover, we consider the case where there exists a delay 7 in the control scheme.

It should be noted that for the linear control law

w1 = a11¢1(t — 7) + a12q2(t — 7), Uz = a21¢1(t — 7) + ageqa(t — 7),

where a11, a2, a21, 29 are constants, the presence of delay might result in instability of
the equilibrium position. Therefore, we choose a nonlinear control in the form

up = —dgs(t — ), uy = dgs(t — 1), d = const > 0.
Verifying the conditions of Theorem 4.1, it is easy to show that if d > be/g, then the

equilibrium position (9) of the corresponding closed-loop system is asymptotically stable
for an arbitrary constant nonnegative delay.
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6 Conclusion

In this paper, new delay-independent conditions of the asymptotic stability are found for a
class of nonlinear mechanical systems. Compared with the results of [7], these conditions
are less conservative. However, it is worth mentioning that in [7] it was assumed that
the delay may be a continuous nonnegative and bounded function of time, whereas the
results of the present paper are valid only for systems with constant delays.

It should be noted that the approach to construction of Lyapunov-Krasovskii func-
tionals proposed in the paper not only permits us to prove the asymptotic stability but
also can be used to derive estimates of the convergence rate of solutions to the equilibrium
position.
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Abstract: The goal of this study is twofold. The Jacobi elliptic expansion method
is used to extract new solutions for the phi-four equation and the breaking soliton
system. Special values of the Jacobi elliptic module and other involved parameters
are chosen to produce solutions of soliton type and singular periodic solutions. The
obtained solutions are verified and presented graphically.
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1 Introduction

Solitary waves occur due to nonlinear phenomena appearing in different fields of science
and engineering. These nonlinear phenomena are interpreted as (n + 1)-dimensional
nonlinear partial differential equations. Seeking the exact solutions to these equations
provides essential information about the physical structure of such phenomena. Since
there is no specific method that produces such solutions, researchers made all the efforts
to construct and modify methods to retrieve different kind of solutions for the same
nonlinear model. We may mention some of these well-known techniques such as: the
simplified bilinear method [11}/18,31], sine-cosine method [4}5], rational trigonometric
function method [6], tanh method [7], extended tanh method [12,27], Yan transformation
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method [33135], sech-tanh method [8-10,/32], exponential-function method [25], the first
integral method [2[29], the (G'/G)-expansion method [3,|23}[24], etc.

In this work, we use the Jacobi elliptic expansion method to explore further new
solutions for two physical models: the phi-four equation that reads [17]

Ut — QUgy — AU+ Bu? =0, (1)
and the breaking soliton system

U = —QUggy — da(uv)y,

Uy = Vg (2)

The phi-four equation is a mathematical model that is used in nuclear and particle
physics. Many methods have been used to study the solutions of this model. In [13],
the modified simple equation method is used and tanh-coth solutions are derived. The
modified (G’/G)-expansion method is adopted in [26] and produced the same solutions as
in [13]. In [28], tan? and cot? solutions are obtained by using the extended direct algebraic
method. Finally, the exponential-function method is used and rational trigonometric
solutions of the phi-four equation are obtained in [14].

Different versions of the breaking soliton model are also studied by many researchers.
In [30], the mapping method is used to obtain propagating solutions. The tanh-coth
method is implemented [15] to construct solitary and soliton solutions of the breaking
soliton equations. Finally, the exponential-function method is used [16] to obtain multiple
soliton solutions of (2 4 1) and (3 + 1)-dimensional breaking soliton equations.

2 Jacobi Elliptic Sine-Cosine Expansion Method

Partial differential equations can be written as a polynomial of the unknown function
and its partial derivatives, i.e.

f(u7uta uazvuzhumz'-') = Oa u= U(x,t) (3)

By using the variable of the form £ = u(z — ¢t) and the chain rule, equation is
transformed into

glu, —cpd s pud! s —cp®u” P’ ) =0, w=u(f). (4)
For the Jacobi elliptic sine-cosine technique [1,[19H22], we write the solution as a power

series of order m in terms of either the Jacobi elliptic sine sn(§,m) or cosine cn(&, m).
The index m is regarded as the Jacobi module and 0 < m < 1, i.e.

u() = Y a:v?, (5)
1=0

where

Y = sn(&,m), (6)
or

Y = cn(§,m). (7)
Then, we determine the value of n by matching the order of Y in the highest derivative
term with its order in the other nonlinear terms of the equation. Once n is obtained, we
substitute in and collect the coefficients of Y*: ¢ =0,1,2,...,n,.... Setting these
coefficients to zero and solving the resulting non algebraic system lead to identifying the
required ag, ai, ..., an, @ and c.
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3 The Phi-Four Equation

Consider the phi-four equation that reads
Ut — VUgy — AU+ Bu? = 0. (8)
By the wave variable £ = k(z — ct), equation is turned into the differential equation:
E*(c? — a)u” — M+ pu? = 0. (9)
Balancing v” with u? produces the algebraic equation n+2 = 2n whose solution is n = 2.
Thus, the solution of in terms of the elliptic sine function will have the form
u(€) = ag + ay sn(€,m) + ag sn*(€,m). (10)
Substituting into @ and collecting the coefficients of the same power of sn lead
to the nonlinear algebraic system
0 = 2ak*(® —a)+ap(aoB — N),
= —ay (K1 +m?) — E*(1 + m?)a — 2a08 + ),
= a2 — ax(4cPk*(1 +m?) — 4k*(1 + m*)a — 2ap8 + N),
= 2a1(E*m? — E*m*a + asf3),
= as(6c*k*m? — 6k*m’a + a3). (11)

o O O O

By solving the above system for the parameters ag, a1, as, ¢ and k, we get

v A(1_1+mz>
2B VIi—mZ24+mt)’

a; = O7
3m2\
ag = )
26vV1 —m? +mt
1 A
c = —ylda-— , (12)
2 k2v/1—m? + m*
where k is a free parameter. Thus, our first solution to the phi-four model is
3m2\ 1 A
u(z,t) = n sn?(k(x — =4 /4a — t),m)
26v1 —m?2+m? 2 k21 — m2 + ma
A 1+m? )
+ = (1-——). 13
20 ( V1—m?+m? 13)

Substituting m =1 in produces the soliton solution

u(z,t) = —% + % tanh? (k(z — %t\/éla - %)) (14)

Now, replacing sn in by cn will lead to a second solution, which is

—3m?2\ 1 A
u(z,t) = m en?(k(x — =4 /4o — t),m)
28v1 — m?2 4+ m# 2 k2v/1 — m?2 + m#

+ i (1 + W_l) (15)
2\ VT mrimi)
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Let m = 1 in (15)), this produces the soliton solution

A 3 1 A
u(z,t) = R sech 2(k(z — §t 4o — ﬁ)) (16)

Remark 1 The obtained solution given in can be obtained directly from ( . by
using the identity sech 2(z) = 1 — tanh?(z).

Remark 2 If we replace the free parameter k in by iy with ¢ = v/—1, we obtain
the singular periodic solution

Also, in ([I6)), we obtain the singular periodic solution

A3

E — ﬁ sec?(y(z — %t“‘la + %))v (18)

where the singularities occur on the line characteristics y(x — —t, /4o + 7 2) = 5 +nm.

u(x,t) =

Proof: Use the fact that tanh(iz) = i tan(z) and sech (iz) = sec(x).

—
“"‘::“.‘ y10 10§

Figure 1: The obtained solutions given in and respectively, when A\ =a=0=k=1.

4 (24 1)-Dimensional Breaking Soliton Equations
We recall the following (2+1)-dimensional breaking soliton equations

U = —QUggy — da(uv)y,
Uy = Uy (19)

Substituting £ = px + Ay — ct into yields

— cu+ o’ " + dap(uv) =0 (20)
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and
' = . (21)
From we get
v = éu (22)
I
Substituting in yields
— cu + dadu® + a\pPu" = 0. (23)

Balancing v with 4?2 in produces the algebraic equation n + 2 = 2n whose solution
is n = 2. Thus, by the Jacobi elliptic sine expansion, the solution has the form

u(€) = ag + ay sn(&,m) 4 ag sn?(&,m). (24)

Substitute (24) into to get the following algebraic system

= —apc+ 4agax\ + 2asa\p?,

—ay(c+ aX(—8ap + (1 + m?)p?)),

4a2a) — as(c + 4ar(—2a9 + (1 +m?)u?)),

2a; 0\ (day + m?p?),

2a2a\(2ay + 3m?p?). (25)

o o o o o
Il

Solving the above system with respect to ag, a1, as, g, A and ¢, we get

1
ag = §<1+m2j: 1—m2+m4>u2
ap = 0,

-3
az = 77’12#2,

c = Hdarp*V1—m?2+mt (26)
Thus, the solution is
1
u(z,y,t) = §,u2{1 +m? + A = 3m2sn®(ux + My — 4Aalp®t,m)},
1
v(z,y,t) = 5)\/1{1 +m? + A —3m?sn?(ux + Ay — 4Aa\p®t,m)}, (27)
where A = v1—m?2+m* Whenm =1 in , we obtain
3
u(z,y,t) = 5”2 (1- tanh?(puz 4+ Ay — 40¢)\u2t)) ,
_ 3 2 2
v(z,y,t) = 2/\u (1 — tanh®(uz + Ay — 4ap’t)). (28)
Now, by the Jacobi elliptic cosine expansion, the solution has the form

u(€) = ap + a1 en(€,m) + as en*(€,m) (29)
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Substituting into and solving the resulting algebraic system, we arrive at

1
u(z,y,t) = Z,uz{l —2m? —m* + B+ 2(m® 4+ 2m*) en®(px + Ay — 2Bap’t, m)},
1
v(z,y,t) = Z)\u{l —2m? —m* + B+ 2(m® 4 2m*) en®(px + My — 2Bap’t,m)},
(30)

where B = /1 + 6m?% — 4m® +m38 and \, y are free variables. When m = 1, the solution
is

3
u(z,y,t) = §M2 sech (pux + Ay — darpt),

v(z,y,t) = ;/\u sech ?(ux + Ay — dadp’t). (31)

Remark 3 If we replace A by 6\; and p by 0uy and € by 6, in both and ,
where i = v/—1, two singular periodic solutions are obtained

u(z,y,t) = —%Hf/ﬁ (14 tan® (01 (L1 + Ay + 674ar p3t)))
v(z,y,t) = —%Gf/\l,ul (1 + tan?(01 (pnz + My + 074l pit))) (32)
and
u(z,y,t) = —geflﬁ sec? (01 (g + Ay + 014ad pit)),

3
v(z,y,t) = —§Of>\1u1 sec? (01 (i + Ay + 034a\ uit)). (33)

The singularities of the last two solutions occur on the plane characteristics 61 (uix +
My + 034aX pit) = 5 + nr.

5 Conclusion

In this paper, we used the Jacobi elliptic sine-cosine expansion method to study the solu-
tions of two physical models, the phi-four equation and the (2+ 1)-dimensional breaking
soliton system. Special values of the Jacobi elliptic module and the free parameters lead
us to different types of solutions to these models such as soliton, singular-soliton and
periodic solution. This work reveals that the proposed method is a reliable technique
that provides different types of solutions and is relatively easy when applied to nonlinear
equations.

References

[1] Al-Ghabshi, M., Krishnan, E.V., Al-Khaled, K. and Alquran, M. Exact and approximate
solutions of a system of partial differential equations. International Journal of Nonlinear
Science 23 (1) (2017) 11-21.

[2] Alquran, M., Katatbeh, Q. and Al-Shrida, B. Applications of First Integral Method to
Some Complex Nonlinear Evolution Systems. Appl. Math. Inf. Sci. 9 (2) (2015) 825-831.



3]

[12]
[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18(3) (2018) 239

Alquran, M. and Qawasmeh, A. Soliton solutions of shallow water wave equations by means
of (G'/G)-expansion method. Journal of Applied Analysis and Computation 4 (3) (2014)
221-229.

Alquran, M. and Al-Khaled, K. The tanh and sine-cosine methods for higher order equations
of Korteweg-de Vries type. Physica Scripta 84 (2011) 025010 (4 pp).

Alquran, M. Solitons and periodic solutions to nonlinear partial differential equations by the
Sine-Cosine method. Applied Mathematics and Information Sciences 6 (1) (2012) 85-88.

Alquran, M., Al-Khaled, K. and Ananbeh, H. New Soliton Solutions for Systems of Non-
linear Evolution Equations by the Rational Sine-Cosine Method. Studies in Mathematical
Sciences 3 (1) (2011) 1-9.

Alquran, M. and Al-Khaled, K. Sinc and solitary wave solutions to the generalized
Benjamin-Bona-Mahony-Burgers equations. Physica Scripta 83 (2011) 065010 (6 pp).

Alquran, M., Ali, M. and Al-Khaled, K. Solitary wave solutions to shallow water waves
arising in fluid dynamics. Nonlinear Studies 19 (4) (2012) 555-562.

Alquran, M. Bright and dark soliton solutions to the Ostrovsky-Benjamin-Bona-Mahony
(OS-BBM) equation. J. Math. Comput. Sci. 2 (1) (2012) 15-22.

Alquran, M., Al-Omary, R. and Katatbeh, Q. New explicit solutions for homogeneous KdV
equations of third order by trigonometric and hyperbolic function methods. Applications
and Applied Mathematics 7 (1) (2012) 211-225.

Alquran, M., Jaradat, H.M., Al-Shara’, S. and Awawdeh, F. A New Simplified Bilin-
ear Method for the N-Soliton Solutions for a Generalized FmKdV Equation with Time-
Dependent Variable Coefficients. International Journal of Nonlinear Sciences and Numer-
ical Simulation 16 (6) (2015) 259-269.

Alquran, M. and Al-Khaled, K. Mathematical methods for a reliable treatment of the
(2 + 1)-dimensional Zoomeron equation. Mathematical Sciences 6 (12) (2012).

Akter, J. and Akbar, M.A. Exact solutions to the Benney-Luke equation and the Phi-4
equations by using modified simple equation method. Results in Physics 5 (2015) 125-130.

Bekir, A. and Boz, A. Exact Solutions for a Class of Nonlinear Partial Differential Equations
using Exp-Function Method. International Journal of Nonlinear Sciences and Numerical
Simulation 8 (4) (2007) 505-512.

Bekir, A. Exact solutions for some (2 + 1)-dimensional nonlinear evolution equations by
using Tanh-coth method. World Applied Sciences Journal (Special Issue of Applied Math)
9 (2010) 1-6.

Darvishi, M.T., Najafi, Maliheh and Najafi, Mohammad. Application of multiple exp-
function method to obtain multi-soliton solutions of (2+1) and (3+1)-dimensional breaking

soliton equations. American Journal of Computational and Applied Mathematics 1 (2)
(2011) 41-47.

Djob, R.B., Tala-Tebue, E., Kenfack-Jiotsa, A. and Kofane, T.C. The Jacobi elliptic method
and its applications to the generalized form of the Phi-four equation. Nonlinear Dynamics
and Systems Theory 16 (3) (2016) 260-267.

Jaradat, HM., Awawdeh, F.,; Al-Shara’, S., Alquran, M. and Momani, S. Controllable
dynamical behaviors and the analysis of fractal burgers hierarchy with the full effects of
inhomogeneities of media. Romanian Journal of Physics 60 (3-4) (2015) 324-343.

Krishnan, E.V. and Peng, Y. A new solitary wave solution for the new Hamiltonian ampli-
tude equation. Journal of the Physical Society of Japan T4 (2005) 896-897.

Krishnan, E.V. Remarks on a system of coupled nonlinear wave equations. Journal of
Mathematical Physics 31 (1990) 1155-1156.



240

[21]
[22]

23]

24]

[25]

[26]

27]

[28]

[29]

[30]
31]
32]
33]

34]

[35]

M. ALQURAN, A. JARRAH AND E. KRISHNAN

Lawden, D.F. Elliptic Functions and Applications. Springer Verlag, 1989.

Liu, J., Yang, L. and Yang, K. Jacobi elliptic function solutions of some nonlinear PDEs.
Physics Letters A. 325 (2004) 268-275.

Qawasmeh, A. and Alquran, M. Reliable study of some new fifth-order nonlinear equations
by means of (G’/G)-expansion method and rational sine-cosine method. Applied Mathe-
matical Sciences 8 (120) (2014) 5985-5994.

Qawasmeh, A. and Alquran, M. Soliton and periodic solutions for (2 + 1)-dimensional
dispersive long water-wave system. Applied Mathematical Sciences 8 (50) (2014) 2455—
2463.

Raslan, K.R. The Application of Hes Exp-function Method for MKdV and Burgers Equa-
tions with Variable Coefficients. International Journal of Nonlinear Science 7 (2) (2009)
174-181.

Rayhanul Islam, S.M. Application of an enhanced (G’/G)-expansion method to find exact
solutions of nonlinear PDEs in particle physics. American Journal of Applied Sciences 12
(11) (2015) 836-846.

Shukri, S. and Al-khaled, K. The extended tanh method for solving systems of nonlinear
wave equations. Applied Mathematics and Computations 217 (5) (2010) 1997-2006.

Soliman, A.A. and Abdo, H.A. New exact solutions of nonlinear variants of the RLW, the
Phi-four and Boussinesq equations based on modified extended direct algebraic method.
International Journal of Nonlinear Science 7 (3) (2009) 274-282.

Taghizadeh, N., Mirzazadeh, M. and Paghaleh, A.S. The First Integral Method to Nonlinear
Partial Differential Equations. Applications and Applied Mathematics 7 (1) (2012) 117-
132.

Wang, S.F. Analytical multi-soliton solutions of a (2 + 1)-dimensional breaking soliton
equation. SpringerPlus 5:891 (2016). DOI: 10.1186/s40064-016-2403-2.

Wazwaz, A.M. A variety of distinct kinds of multiple soliton solutions for a (3 + 1)-
dimensional nonlinear evolution equation. Math. Meth. Appl. Sci. 7 (19) (2012).

Wazwaz, A.M. Peakons and soliton solutions of newly developed Benjamin-Bona-Mahony-
like equations. Nonlinear Dynamics and Systems Theory 15 (2) (2015) 209-220.

Yan, C. A simple transformation for nonlinear waves. Physics Letters A. 224 (1996) 77-84.

Yan, Z.Y. and Zhang, H.Q. New explicit and exact travelling wave solutions for a system of
variant Boussinesq equations in mathematical physics. Physics Letters A. 252 (6) (1999)
291-296.

Yan, Z.Y. and Zhang, H.Q. On a new algorithm of constructing solitary wave solutions for
systems of nonlinear evolution equations in mathematical physics. Appl. Math. Mech. 21
(2000) 383-388.



Nonlinear Dynamics and Systems Theory, 18 (3) (2018)

&\IFOR $

M s
Publishing
Group

Average Edge Betweenness of a Graph

A. Aytac* and H.A. Oztiirk

Department of Mathematics, Faculty of Science, Ege University, Izmir/TURKEY
Received: February 11, 2016; Revised: June 19, 2018

Abstract: Vulnerability is an important concept in network analysis. When a failure
occurs in some of the components of the network, vulnerability measures the ability
of the network to disruption in order to avoid the external or internal effects. Graph
theory is an important concept in network vulnerability analysis. If a network is
modeled as an undirected and unweighted graph composed of processing vertices
and communication links, there have been several proposals for measuring graph
vulnerability under link or vertex failures. In this paper, we consider the concept
of average edge betweenness of a graph in order to measure the network stability.
The average edge betweenness is related to the edge betweenness of an edge. The
edge betweenness of a given edge is the fraction of shortest paths, counted over all
pairs of vertices that pass through that edge. The average edge betweenness considers
both the local and the global structure of the graph. In this paper, we obtain exact
values for average edge betweenness and normalized average edge betweenness for
some special graphs and E; graph.

Keywords: network vulnerability; network design and communication; stability; av-
erage edge betweenness.
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1 Introduction

Many complex systems in the real world can be conceptually described as networks, where
vertices represent the system constituents and edges depict the interaction between them,
such as social networks (collaboration network), technological networks (communication
networks, the Internet), information networks (the World Wide Web), biological networks
(protein-protein interaction networks, neural networks) and etc. [10,/11] . A central issue
in the analysis of complex networks is the assessment of their stability and vulnerability.
Vulnerability is an important concept in network analysis related with the ability of
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the network to avoid intentional attacks or disruption when a failure is produced in
some of its components. Often enough, the network is modeled as an undirected and
unweighted graph. Different measures for graph vulnerability have been introduced so far
to study different aspects of the graph behavior after removal of vertices or links such as
connectivity, toughness, scattering number, integrity, residual closeness and exponential
domination number [1}/4}/9,/12H15].

As an important parameter in the study of networks associated with complex systems
in both modeling and measuring the reliability, the graph-theoretical concept of vertex
betweenness was first proposed by Freeman [7] in 1977. Then, Girvan and Newman
in [8] generalize this definition to edges and introduce the edge betweenness of an edge
as the fraction of shortest paths between pairs of vertices that run along it. The edge
betweenness of a given edge is the fraction of shortest paths, counted over all pairs of
vertices that pass through that edge. This measure considers both the local and the global
structure of the graph. Since average edge betweenness gives information on which edge
carries the most of the network vulnerability, it is important to determine the average
edge betweenness of several graph classes.

In this paper, we consider simple finite undirected graphs without loops and multiple
edges. Let G = (V, F) be a graph with a vertex set V' =V (G) and an edge set E = E (G).
The complement G of a graph G is the graph with a vertex set V(G) such that two vertices
are adjacent in G if and only if these vertices are not adjacent in G. A vertex dominating
set for a graph G is a set S of vertices such that every vertex G belongs to S or is adjacent
to a vertex of S. The minimum cardinality of a vertex dominating set in a graph G is
called the vertex dominating number of G and is denoted by v(G). The distance d (u,v)
between two vertices u and v in G is the length of the shortest path between them. If u
and v are not connected, then d (u,v) = oo, and for v = v, d (u,v) = 0. In addition, the
distance between the vertices v and v in G can be denoted by d (u,v |G). The diameter
of G, denoted by diam (G), is the largest distance between two vertices in V (G) [2].

The paper proceeds as follows. In Section 2, definitions and known results for average
edge betweenness and normalized average edge betweenness are given. In Sections 3 and
4, average edge betweenness and normalized average edge betweenness of some special
graphs are respectively determined and exact values are given. Conclusions are addressed
in Section 5.

2 Average Edge Betweenness and Normalized Average Edge Betweenness

In this paper, we consider a simple finite undirected graph that has no self-loops and
possesses no more than one edge between any two different vertices. Let G = (V, E) be
a graph with a vertex set V=V (G) and an edge set E = E (G).

Average edge betweenness of the graph G is defined as b(G) = ﬁ >~ be, where |E|
eckE
is the number of the edges, and b, is the edge betweenness of the edge e, defined as

be = > be(i,7), where be(i,7) = nij(e)/ni; , nij(e) is the number of geodesics (shortest
i#]

paths) from vertex i to vertex j that contain the edge e, and n;; is the total number of

shortest paths [3L[5].

Let us compare two graphs G; and Ga. If b(G1) < b(G2), then Gis more stable than
Go. Since for a graph with a fixed number of vertices b(G) decreases as the number of
edges in the graph increases, it can be said that they represent how “well connected” the
graph is. The higher the values of b(G), the more vulnerable G is to the loss of edges. We
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consider the concept of average edge betweenness of a graph because when computing
b(G), we can gather information on which edge carries the most of the graph vulnerability.
A complete graph is a simple graph in which every pair of distinct vertices is connected
by an edge. The complete graph with n vertices has n(n — 1)/2 edges. For a complete
graph, we have b (Gcompiete) = 1. A path graph is a particularly simple example of a
tree, which is not branched at all, that is, it contains only vertices of degree two and one.
In particular, two of its vertices have degree 1 and all others (if any) have degree 2. For
a path graph with n vertices, |E| = n — 1, and therefore: b(Gpan) =n(n+1) /6.
It is easy to see that b (Geompiete) < b(G) < b(Gpatn). As a consequence, we can define
the normalized average edge betweenness of a graph G

b(G> - b(GCOmplete)
b(Gpath) - b(Gcomplete)

Clearly 0 < by (G) < 1; if the normalized average edge betweenness is close to 0, it
means that the network is more robust, when it is close to 1, then the graph is more
vulnerable.

The following lemma provides some basic properties for the betweenness related pa-
rameters. Let us recall that for a graph G, b is the betweenness of edge e, b(G) is the
average edge betweenness of G.

bnor(G) = = (0(G) = 1)/(n(n+1)/6 —1).

Example 2.1 Let us find the edge betweenness value of each edge of the graph G
with sixvertices and sevenedges given in Fig. 1l Let us find the average edge betweenness
value of the graph G.

Figure 1: The graph G with sixvertices and sevenedges.

In Table [I}, the shortest paths between all pairs of vertices of the graph G are found.
According to these shortest paths, the edge betweenness values of each edge are calcu-
lated. Next, the normalization process is performed by finding the average edge between-
ness value of the graph G.

As can be seen in line SUM of Table [I} the edge betweenness values of the edges
e1,€3,€3,€4, 65,65 and e; are found to be 5, 5, 5, 3, 2, 3 and 2, respectively. Here, the
highest edge betweenness value is 5. This shows that the edges e1, es and e3 are the most
important positions in the graph. According to Table [l the lowest value is 2. The edges
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pairs of vertices | the shortest paths | e; | eo es €4 es es | er
a,b es 0 0 1 0 0 0 0
a,c €6 0 0 0 0 0 1 0
a,d er 0 0 0 0 0 0 1
a,e eses 0 1 1 0 0 0 0
a,f e1 1 0 0 0 0 0 0
b,C €3€6,€4€5 0 0 1/2 1/2 1/2 1/2 0
b,d €4 0 0 0 1 0 0 0
b.,e € 0 1 0 0 0 0 0
b,f eseq 1 0 1 0 0 0 0
c,d es 0 0 0 0 1 0 0
c,e ege3€2, €5€4€ 01]2/211/211/2(1/2|1/2| 0
c,f egel 1 0 0 0 0 1 0
d,e €462 0 1 0 1 0 0 0
d.f ereq 1 0 0 0 0 0 1
e,f egeseq 1 1 1 0 0 0 0

SUM 5 5 5 3 2 3 2

Table 1: The edge betweenness values of the edges and the average edge betweenness value of
the graph G.

e5 and e7 have this value. This fact shows that these edges play a more passive role than
other edges of the graph. By using these values, the average edge betweenness value of
G is obtained as

7
1 2
bG) = - > b, = 75 = 3,57.

For n = 6, the normalized average edge betweenness value of the G graph is as follows:

AR (<) Eh S el SR L O
nor( )_M 1_£—1_E_
6 — 6

0, 4.

Lemma 2.1 [5] Let G be a connected graph and let e € E be an edge with end
vertices i, j € V, then

1 be(ig) = 1= be(j ).

2. 2<b, <n2/2 ifnis even and 2 < b, < (n —1)*/2 if n is odd.
3. be =2(n —1) if one of the end vertices of e has degree 1.
Lemma 2.2 [5] Let G be a graph of order n, then

1. Ife is an edge-bridge of the graph G connecting G1 with G\G1, where |V(G1)| = n1,
then b, = 2n1(n — ny).

2. If C is a cut-set of edges of the graph G connecting two sets of vertices X and
V(G)\X and

X|=n, , then be = 2n,(n —ny) .
ecC
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Theorem 2.1 Let G be the complement graph of G. Then, if G has n vertices and
m edges with domination number v (G) > 2, then the average edge betweenness of G is

b(G) = (n(n —1) +2m)/(n(n — 1) — 2m).
Proof. Let i and j be the vertices of G and e be any edge of G. We have two cases
according to d (4, j):

Case 1. If d(i,j) > 1is in G graph, then d(i,j)=1 is in G. Therefore, there are
(n(n —1)/2 —m) paths with length 1 in G. Thus, for all vertex pairs ¢ and j, the
summation of the values of edge betweenness of e is

Zbe(ivj) = (n(n - 1)/2 - m) .
i#]
Case 2. If d(i,j) = 1 is in G graph, then d(i,j) > 1 is in G. Let t be the number of
vertices which are not adjacent to vertices ¢ and j. Since v (G) > 2, it is clear that

t > 1. Thus, there are ¢ paths with length 2 in G. Hence, for all vertex pairs i and
j , the summation of the values of edge betweenness of e is

> be(i,j) =t (1/t)2m = 2m.
1#]
By summing up Cases 1 and 2, we obtain
> be=(n(n—1)/2 —m)+2m=n(n—1)/2 +m,
ecl
As a consequence, the average edge betweenness of G is
b(G)=1/(n(n—1)/2 —m) (n(n—1)/2 +m) = (n(n — 1) +2m)/(n(n — 1) — 2m).
The proof is completed. O

3 The Average Edge Betweenness of Some Special Graphs

In this section, we give some results on average edge betweennesses of some special graphs.
These graphs are: C), is a cycle graph, S; ,, is a star graph, W7, is a wheel graph, and
K., n is a complete bipartite graph. Finally we give average edge betweenness of E;
graph.

Lemma 3.1 Label the wvertices of C, as 1,2,3,....,n and the edges of C, as
€1, €2, €3, ..., en, respectively. Let d;j(er) be the distance between i and j including
the edge e. mnyj(er) is the number of paths which include the edge ey, with length
dijlex) (1 <i,j,k<nand i #j). The relation between d;;(e;) and n;;(ex)in graph
C,, is the following

Ifdij(er) =1, then n;(er) =1 (1)
Ifdij(ex) =2, then n;j(ex) =2 (2)
Ifd;j(ex) =3, then n;j(ey) =3 (3)

Ifdij(ex) =(n—1)/2, then n;jlex) =(n—1)/2.

~ o~
D Ut
= Z
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Theorem 3.1 If C, is a cycle graph, then the average edge betweenness for the cycle
graph Cy, with n vertices is

(n?-1)/8, n is odd
n?/8, n is even.

b(Cy) = {

Proof. There exist two cases according to n:

Case 1. If n is odd, then n;; = 1 for Vi,j (1 <4,j,k <nand i #j), we get be, =
> w = > nij(er). From Lemma[3.1]and d;j(er) < diam(C,) = (n—1)/2,
i#i i#]
we obtain b, = > n;j(ex) = 1+24+3+...4+ ((n—1)/2) = (n? —1)/8. By the
i
definition of the average edge betweenness of a graph,

b(C,) = ﬁ (Z b) = (n? —1)/8.

Case 2. If n is even, then we have two subcases for d;;(ex).

Subcase 1. If d;j(er) < diam(C,) = n/2, then n;; = 1 for
Vi,j (1<i,j,k<mnand i+#j). In this case we proceed in a similar way
as in Case 1 and

be,(,j) =1+424+3+...+[(n/2) — 1] = (n* —2n) /3

is obtained.

Subcase 2. If d;;(ex) = diam(C,) = n/2, then n;;(ex) = n/2 and n;; = 2 for
Vi,j7 (1<4,j,k <nandi#j), we get

be, (i,4) = D mij(e)/nig = (n/2) (1/2) = n/4.

(o]
By Subcase 1 and Subcase 2, it is clear that
be, = (n® —2n)/8 +n/4 =n?/8 (Vk=T1,n).

Consequently, we obtain the average edge betweenness of C,
1 )
b(C,,) = & > be, =n?/8.
i=1

Thus, the proof is completed. o

Theorem 3.2 If Sy, is a star graph, then the average edge betweenness for the star
graph S1,, with n+ 1 vertices is b(S1,,) = n.

Proof. The vertices of S ,, are of two kinds: one vertex of degree n and n vertices
of degree one. The vertices of degree one will be referred to as the minor vertices and
the vertex of degree n as the center vertex. Label the minor vertices as 1,2,3,... ,n, the
center vertex as ¢, and the edges of Sy, as e; (i =1,n). We have two cases in order to
find the shortest paths.
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Case 1. The shortest path between central vertex ¢ and any minor vertex i:
There is only one path e; in this case. By the definition of the edge betweenness,
we obtain the value of the edge e; (1 =1,n)

be, (¢ i) = 1.

Case 2. The shortest path between any two different minor vertices:
There is only one path e;e; between the minor vertices ¢ and j (1 <4,j <n). By
using Lemma for Vi, j , we get n;; = nj; = 1 and n;;(ex) =1 (k =1V j). Thus,
we have b, (7,7) = 1/1 = 1. There are n — 1 different pairs of vertices that include
er. Hence, the value of the edge betweenness of e,

be, (1,j))=(n—1)1=n—1.

By summing up Cases I and 2, we clearly see that
be, =1+n—-1=n.

Consequently, the average edge betweenness of Sy ,, is

b(Sy,) = ‘—;' (Z b) =n.

Thus, the proof is completed. O

Theorem 3.3 If W1, is a wheel graph, then the average edge betweenness for the
wheel graph W1, (n > 5) with n+ 1 vertices is b(W1 ) = (n —1)/2.

Proof. The vertices of W ,, are of two kinds: n vertices which are of degree 3 will
be referred to as the minor vertices and the vertex of degree n will be referred to as the
central vertex. Label the minor vertices as 1,2,3,... ,n , the central vertex as ¢, the
edges between the central vertex and the minor vertices as e.; (i = 1,n) and the other
remaining edges as e; (i = 1,n). There exist two cases for the shortest paths between
the pairs of vertices.

Case 1. If the pair of vertices includes the central vertex and the minor vertices:
There exists only one path e.; between those vertices that has the length d(c, i)=1.
Tt is clear that for the path e.;, we have n.; = 1 and n.;(eq;) = 1. Hence, the value
of the edge betweenness of e.;

be,, (c,i) = 1.

Case 2. If the pair of vertices includes any two different minor vertices ¢ and j:
We have three subcases for these minor vertices according to the length of the
shortest path between the vertices:

Subcase 1. If d(i,j) = 1, then there is only one path ej (k =14V j) between i and
j. It is clear that for this path ey, we have n;; = 1 and n;;(ex) = 1. Hence,
the value of the edge betweenness of ey,

bek (7’7.7) = 1
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Subcase 2. If d(i,j) = 2, then there are two paths: the paths e;e; and ecjec;
between the vertices ¢ and j. The lengths of the paths between the vertices @
and j including the edges ey and e, (k =14V j) are d;j(ex) = 2 and d;j(eck) =
2 , respectively. By Lemma nij(ex) = 2, nij(eqk) = 2 and n;; = 2. Thus
we have

be,, (i7j):2/2:1a be. (ivj):2/2:1'

Subcase 3. If d(7,j) > 2, then there is only one path between the vertices ¢ and
J with length 2, that is e.;e.;. It is clear that for this path e.;e.;, we have
n;; =1 and n;j(eck) =1 (k =14V j). Hence,

be., (4,7) = 1.

In this way, since there are n — 5 different pairs of vertices that include the edge e,
the value of the edge betweenness of e is

be., (4,§) =1(n—5) =n—5.
By summing up Subcases 1 and 2, we get the value of the edge betweenness of ej as
be, =1+1=2.

By summing up Case 1 and Subcases 2 and 3, we get the value of the edge betweenness
of e., as
be,, =14+14+n—-5=n-3.

Consequently, the average edge betweenness of W1 ,, is

b(Wi,) = ﬁ (Z be, + Zbem) =(n—1)/2.
=1 i=1

Thus, the proof is completed. O

Theorem 3.4 If K,,, is a complete bipartite graph, then the average edge be-
tweenness for the complete bipartite graph K., , with m + n vertices is b(Kpn) =
(m? 4+n? — (m+n))/mn+ 1.

Proof. Let G = K,,, ,,, where S; and S, are the partite sets of G with cardinality
m and n respectively. The set of edges of K, p, is E = {epr | p€ S1 and k€ Sy} and
|E| = mn. We have 3 cases in order to find the shortest paths according to the vertices
being either in S; or in Sy . Let ¢ and j be the vertices of K, .

Case 1. If ¢ € S and j € S, then there is only one path e;; between the vertices 7 and
j. Therefore, it is straightforward that n;; = 1 and n;;(e;;) = 1. Thus

be,, (i,§) = 1.

Case 2. If 7,5 € S;, then there are n paths ejrej, with length 2 between the vertices ¢
and j (k € Sy). Clearly, n;; =n, ni;(epr) =1 (p =14V j). Hence,

be,, (i,7) = 1/n.

There are m — 1 different pairs of vertices that include e,, the value of the edge
betweenness of ey, is

bepk (17]) = (m - 1)/”
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Case 3. If i,j € 53, then there are m paths e;pe;;, with length 2 between the vertices
i and j (k € S1). This case is similar to Case 2, and for n — 1 different pairs of
vertices that include ey, the value of the edge betweenness of epy, is

be,. (i,4) = (n—1)/m
By summing up Cases 1, 2 and 3, we get the value of the edge betweenness of e, as

be,, = (m*>+n?— (m+mn))/mn+1.

€pk

Consequently, the average edge betweenness of K, ,, is

b(K —1|Z

p=1k

b (m? +n?— (m+n))/mn+ 1.

M:

€pk -
1

Hence the desired result holds. O

Definition 3.1 [6] The graph Et has t legs and each leg has p vertices ( Flgure '
Thus Et has pt 4+ 2 vertices and pt + 1 edges.

L e ® —e
[ L 4 g L g ® oo 2
L L L e—e t

1 2 3 4 p-1 p

Figure 2: E} graph with pt + 2 vertices.

Theorem 3.5 Let t and p be integers (t > 2,p > 2). The average edge betweenness
of graph E} is

b(E}) = [(pt (p+1)) /6 (pt +1)] [3pt —2p+ 5] + 1.

Proof. Label the vertex with degree ¢ + 1 as v, the neighbor of v with degree 1 as u,
the vertices of jth leg as (4,5) (i = 1,p and j = 1,t ), the edge between the vertices u
and v as e, the edge between the vertices v and (¢, j) as bridge e;;, where ¢ = 1, and the
edges of jth leg as e;; respectively (i = 2,p and j = 1,¢).

This labeling is shown in Figure[3, Since E} is a tree, there is only one path between
any pairs of vertices. Clearly, n;; = 1 and b = > (ng;(e)/nij) = > nij(e) (i=1,p, j =

i#j i#j
1,%). We have four cases for the vertex pairs of EJ,.

Case 1. Consider the shortest paths between the vertex u and the other vertices. There
exist (pt+ 1) paths. Each of these paths includes the edge e. The value of the edge

betweenness of this edge e is

be = be(u, (i,7)) + be(u,v) = pt+1.
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(22) (3,1) (p-1,1) (p,1)
[ J ( [ ( J
€21 €31 €p1
o (2,2) (3,2) (p-1,2) (p.2)
< €2 O €32 O e €p2 O
u
(2,1) (3,1) (p-1,t) (p,t)
(=213 e €3¢ O O €pt ®

Figure 3: The labeling of vertices and edges of E}, graph.

Each of these paths also includes the edge e;;. The edge e;;, that is at distance ¢
to the vertex v, is on p + 1 — ¢ different paths. The value of the edge betweenness
of this edge e;; that is between the vertices u and (k,m) (k =1,p and m = 1,1) is

beij (u, (k,m)) =p+1—i.

Case 2. Consider the shortest paths between the vertex v and the other vertices on
the legs. Each of these paths includes only the edge e;;. The value of the edge
betweenness of this edge e;; that is between the vertices v and (k,m) (k =1,p and
m=1,t) is

be,; (v, (k,m)) =p+1—i.

Case 3. Consider the shortest paths between the vertices of any leg. The initial vertex
is (1,7) and the last vertex is (p,j) (j =1, t) on a leg. Thus we have ¢ paths with
p vertices, that is P,. Those paths include the edge e;;. The value of the edge
betweenness of this edge e;; equals the number of the left-hand side vertices of e;;
multiplied by the number of the right-hand side vertices of e;;. If the edge e;; is

between the vertices (k,m) and (¥, m) (k,k’ =1,p and m = 1,t), then we have

beij ((k7m) ’ (k/’m)) = (Z - 1) (p +1- Z) .

Case 4. Consider the shortest paths between the vertices of any leg and the vertices of
the other legs. This case is similar to Case 3. If the edge e;; is between the vertices
(k,m) and (i,7) (k=1,p and m = 1,t), then we get

bEij ((k7m) ’ (17])) = [p(t - 1)} (p+ 1- Z) .
By summing up Cases 1, 2, 3, and 4, we obtain
beiy =+ 1) (p(t—=1) + 1) +i(p(2 1)) —i°.

The summation for all the edges e;; of the graph is

p
7 be,, = (pt/6) [3p%t + 3pt + 3p — 2p° + 5]

i=1 j=1
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Consequently, the average edge betweenness of Ef) graph is
b(EL) =[1/(1L+pt)] [(pt+1) + (pt/6) (3p°t + 3pt + 3p — 2p° +5) |

b(Ey) = [(pt (p+1)) /6 (pt + 1)] [3pt — 2p + 5] + 1.
Thus the proof is completed. g

4 The Normalized Average Edge Betweenness of Some Special Graphs

In this section, we give the normalized average edge betweennesses of some special graphs
whose average edge betweennesses values are calculated in Section 3.

_ [ Bn=3)]/[4(n - 2)], n is odd
1. bnor(c ) - { [3(712 _ 8)] / [4(TL2 +n— 6)} , n is even.

2. bpor(W1 ) = (3n—9)/(n% + 3n — 4).

3. bnor(S1,n) =6/(n+4).

b B and p= 41, b (o) = (6007 407 = )]/ [mn(s? 9~ )]
5. buor(E}) = [3p* — 2p® + p + 6pt + 13] / [pt + 5] — [2p — 5] / [pt(pt + 5)].

6. G is a complement graph of G with v (G) > 2,

bnor(G) = 24m/ [(n® — n — 2m)(n® + n — 6)] .

5 Conclusion

In this paper, we evaluate the average edge betweenness and the normalized average edge
betweenness of some special graphs and E; graph. The average edge betweenness is a
new characteristic for graph vulnerability introduced in [§]. Calculation of average edge
betweenness for simple graph types is important because we can gather information on
which edge is the most vulnerable. The average edge betweenness of a given edge is the
fraction of shortest paths, counted over all pairs of vertices that pass through that edge.
This measure considers both the local and the global structure of the graph.
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Abstract: In this paper, based on Lyapunov stability theory, the coexistence of full
state hybrid projective synchronization (FSHPS), ® — © synchronization, generalized
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1 Introduction

Over the last few decades, a great deal of attention has been paid to the subject of
chaotic dynamical systems and their synchronization control. Synchronization is an
adaptive process that works to force the variables of a chaotic slave system to follow
those of a corresponding master system [1]. This considerable interest has resulted in
many synchronization types and schemes, see [2H45]. Among the most effective types
of synchronization for chaotic and hyperchaotic systems are the full state hybrid projec-
tive synchronization (FSHPS) [6], ®-© synchronization [7)8], generalized synchronization
(GS) 9] and Q-S synchronization [10]. As a natural consequence of defining a variety
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of synchronization types, it became apparent that multiple types could coexist simulta-
neously, e.g. |[L1H13|, a property that is of particular importance in the fields of secure
communications and chaotic encryption schemes.

In this paper, we are concerned with the coexistence of the four types of synchro-
nization mentioned above, i.e. FSHPS, ®-0, GS and Q-S, in four dimensions between
a three-dimensional chaotic master system and a four—dimensional hyperchaotic slave
system. For this, we employ nonlinear control methods and make use of the well known
direct Lyapunov method for establishing the global asymptotic convergence of synchro-
nization errors towards zero. The resulting conditions are simple and their verification
is trivial. Also, in order to put the reader’s mind at ease and confirm the results of our
study, we consider a numerical example, whereby the coexistence of FSHPS, -0, GS
and Q-8 is illustrated for some typical chaotic and hyperchaotic systems. In Section 2
of this paper, the problem formulation and main result are given. Section 3 presents
the numerical application of the proposed coexistence result with the aim of demonstrat-
ing the effectiveness of the approach developed herein. Section 4 summarizes the work
reported in this paper.

2 Problem Formulation and Main Result

We consider the following master and slave systems

yl(t) = Z?:l bijyj (t) + gi(Y(t)) +uwi, 1=1,2,3,4, (2)
where X (t) = (2;),<;<3 and Y (t) = (yi),<;<4 are the states of the master and the slave
systems, respectively, f; : R? = R, i =1,2,3, (bij) gy € R¥>4 g :R* = R, i=1,2,3,4,
are nonlinear functions, and U = (ul,uQ,U3,U4)T is a vector—valued controller. The
problem of coexistence of FSHPS, ©® — ® synchronization, GS and Q-S synchronization

between master system and slave system is to find controllers u;, ¢ = 1,2, 3,4,
such that the errors

a(t) = () —AxX(@), 3)
ea(t) = OxY(t)—Px X(¢),

es(t) = ws(t) —o(X(1)),

ea(t) QY () = S(X()

satisfy
lim e;(t) =0, i=1,2,3,4,
t—00

where A = (A);c;c3, © = (0;)1cicqr = (Pi);;«, are constant matrices and ¢ : R* —
R, Q :R* = R, S:R® — R are differentiable functions. Here e; stands for the FSHPS
error, e stands for the ® — ® synchronization error, e3 denotes the GS error, and ey is
the Q-S synchronization error.

Theorem 2.1 FSHPS, ® — © synchronization, GS and @Q-S synchronization coexist
between master system and slave system (@ under the following conditions:
1 0 0 0
0, Oy O3 04

i = is an invertible matriz an s ils inverse.
i) M 0 0 1 0 ] j tibl tri d M~ isits i
Q@  9Q  9Q  0Q

dy1  Oy2 Oys Oya
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(ii)) U = M~ ((B— C)e(t) — R), where C € R*** is a control matriz and
4 3
Zj:l bijy; + 91 — Zj:l Ajf;
4 4 3
> ie1 O (Zj:l bijy; + 9i> - ZJ 1 @515
4
Z] 1035y + 93 — Z] 1 amj f]
4 9 3
> et 33?1 (Z] 1 bij Y5 "‘92) - Z] 1 6z7f]

R =

(iii) (B — C) + (B — C)" is a negative definite matriz, where B = (bij) gos -

Proof. The error system can be differentiated as follows:

4 3
é(t) = Zbljyj"f'gl +UI_ZAjfjv 4)
= =
4 4 4 3
éa(t) = D O | D by +gi | +Y Ou;— )
p = = =

és(t) = Zbgjyj+gg+u3fzam
J

85
a(t) = Z e Zbljyj + i +Z dy; f]
i=1 v

The error system can be written in the following compact form
e(t)=M x U+ R. (5)
By substituting the control law (ii) into equation , the error system can be written as
é(t) = (B —C)e(t). (6)
Construct the candidate Lyapunov function in the form: V (e(t)) = e'(t)e(t), we

obtain
e’ (t)e(t ) (t)é(t)
=e’(t)(B ) e(t) +e(t) (B—O)e(t)
e'(t) [(B—-C)" + (B~ C)]e(t).

From (iii), we get V (e(t)) < 0. Thus, from the Lyapunov stability theory, the zero
solution of the error system @ is globally asymptotically stable and, therefore, systems
and (2)) are globally synchronized.

3 Numerical Application
In this example, the master system is chosen as the following 3D system

T = a1 (w2 —x1), (7)

)

13,

T3 = 50— agxf — azxs3.
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When a; = 2.9, ag = 0.7 and ag = 0.6, system (7)) exhibits chaotic attractors |[14]. The
salve system is described by

o= a(y2 —y1) + s+ u, (8)
Y2 = —Y1ys — Y2 + YYa + ua,

Us = Y1y2 —ys — B+ us,

Ya = —0(y1+y2) + s

The uncontrolled system (ie. with uy = us = uz = ug = 0) exhibits strange
hyperchaotic attractors for the parameter values a =4, 8 = 20, v = 0.2 and § = 0.5 [15].
The linear part B and nonlinear part g of the slave system can be formulated as

—4 4 0 0.2 0
o -1 0 02 I
b= 0 0 -1 0 and g = yiy2 — B

—-05 =05 0 0 0

According to our approach, the error system between systems (7)) and is described
by

e1 = y1— A X (21,2, arg)T, (9)
e2 = Ox (Y1,y2,y3.y1) — @ x (x1,22,23)"

es = ys— ¢ (r1,22,23),

ea = Qy1,Y2,y3,91) — S (71,72, 73),

where A = (—1,0,2), e = (0,2,0,0), P = (1,2,3), (b(xh.’l?g,l‘g) = T2 +
x3,Q (Y1,Y2,Y3,¥4) = 1 + 3ys and S (z1,22,23) = w1x223. Based on the notations
used in Section 2, the matrix M is given by

10 0 0
0 2 00
M = 001 0}’ (10)
00 0 3
and thus
1 0 0 O
a_[0 3 00
M= 0 01 0 (11)
00 0 %
Then, the control matrix C' can be selected as
0 4 0 0.2
0 2 0 02
¢= 0 0 1 0 ' (12)
-05 —-05 0 1

Using matrices (10)), and we can easily construct the control law (ii) de-
scribed in Theorem 1. We can see that (B — C)+ (B — C)” is a negative-definite matrix
and all conditions of Theorem 1 are satisfied. Therefore, systems and are globally
synchronized in 4-D. The time evolution of errors between systems (7)) and (8) is shown
in Figure [T}
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ermors

Figure 1: Time evolution of the synchronization errors ej,es,es and es between the master
system and the slave system .

4 Conclusion

A new synchronization scheme has been used to achieve coexistence of several types of
synchronization between an arbitrary 3-dimensional master and a 4-dimensional slave
system. By using Lyapunov stability theory, the paper analysed the coexistence of full
state hybrid projective synchronization (FSHPS), ® — © synchronization, generalized
synchronization (GS) and Q-S synchronization based on the control of the linear part of
the master system. The numerical example detailed in the previous section confirms the
effectiveness of the theoretical analysis.
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Abstract: Initially, we have obtained the integral representation for the solution of
the linear Riemann-Liouville fractional reaction diffusion equation of order g, where
0 < g < 1, in terms of Green’s function. We have developed a generalized mono-
tone method for the non-linear Riemann-Liouville reaction diffusion equation when
the forcing term is the sum of an increasing and decreasing functions. The gener-
alized monotone method yields monotone sequences which converge uniformly and
monotonically to coupled minimal and maximal solutions. Under uniqueness assump-
tion, we prove the existence of a unique solution for the non-linear Riemann-Liouville
fractional reaction diffusion equation.
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1 Introduction

Computation of explicit solutions of non-linear dynamic equation is rarely possible.
It is more so with non-linear fractional dynamic equations with initial and boundary
conditions. In general, the existence and uniqueness of solution of the fractional dy-
namic equation has been established mostly, using some kind of fixed point approach.
See [1,13}/7H9,/15-17}28}[29L[31,|32] and the references therein for the existence, uniqueness
and applications of fractional dynamic equations. The drawback of fixed point theorem
results for the initial and/or boundary value problem is that they do not guarantee the
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interval of existence. The method of upper and lower solutions combined with the mono-
tone iterative technique not only guarantees the interval of existence but also the method
is both theoretical and computational. See [41/5,/12-14124-27] for monotone methods and
generalized monotone methods for nonlinear dynamic equations. The monotone method
is feasible only when the non-linear function is increasing or could be made increasing.
In this case, we obtain a sequences of approximate solutions which are either monoton-
ically increasing or monotonically decreasing if the approximation is the lower solution
or the upper solution respectively. If the non-linear function is decreasing, the monotone
method will yield alternating sequences. However, from practical application problems,
the non-linear forcing term will be a sum of increasing and decreasing functions as in the
population models and chemical combustion models, see [19]. In order to handle such
problems, a generalized monotone method has been developed in [20L22}23}(30].

In this work, we consider the non-linear Riemann Liouville fractional reaction diffu-
sion equation where the forcing function is the sum of increasing and decreasing functions.
We develop a generalized monotone method for the non-linear Riemann-Liouville frac-
tional reaction diffusion equation using coupled lower and upper solutions. Initially, we
have obtained a representation form for the solution of the linear Riemann-Liouville frac-
tional reaction diffusion equation using the eigen function expansion method and Green’s
identity. We have also developed the maximum principle and comparision results rela-
tive to one dimentional time fractional parabolic equations. These results are useful in
proving that the sequences developed in the generalized monotone method converge to
the coupled minimal and maximal solutions of the non-linear fractional reaction diffusion
equation. The convergence of the sequences is monotonic and uniform in the weighted
norm. Finally, under the uniqueness assumption, we can prove that there exists a unique
solution to the non-linear Riemann-Liouville fractional reaction diffusion equation.

2 Preliminary Results

In this section, we recall some known definitions and known results which are useful to
develop our main results. Here and throughout, the notation I'(¢) denotes the gamma
function of order q.

Definition 2.1 The Riemann-Liouville fractional integral of u(t) of order ¢ is defined
by
1 .
D*qu:i/ t— 8)7 Lu(s)ds, 1
Fu= s | 9 G 1)

where 0 < ¢ < 1.

Definition 2.2 The Riemann-Liouville (left-sided) fractional derivative of w(t) of
order ¢, when 0 < g < 1, is defined as:

1 ad [
Diy(t) = ——— [ (t —s)?7 tu(s)ds, t > 0. 2
) = sy g [, (= o o) )
Next we define the Mittag-Leffler function which is useful in computing the solution of
linear fractional differential equation explicitly.

Definition 2.3 The two parameter Mittag-Leffler function is defined as

(A"

Bar@O) = 2 gy

k=0
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If r = ¢, (3) reduces to

—  (A)*
Faa) =3 £y ()

If » = 1, the Mittag-leffler function is defined as

0 (At)k
q
00 =3 o)

Further,if g =r=1, F1; = = e is the exponential function.

For more details, see [6}/11,|18}/19,21]. In our next definition we assume p = 1 — g,
when 0 < ¢<1,J= (OT]andJo [OT]

Definition 2.4 A function ¢(t) € C(J, R) is a C,, continuous function, if t!~9¢(t) €
C(Jo, R). The set of C), continuous functions is denoted by C,(J, R). Further, given a
function ¢(t) € Cp(J, R), we call the function t!~9¢(¢) the continuous extension of ¢(t).

Note that any continuous function in Jj is also a C), continuous function.
Consider the initial value problem for the linear Riemann-Liouville fractional reaction
differential equation of order ¢ as

D% = M+ f(t), T(q)u(t) t*79]—¢ = u°, (6)

where ) is a real number and f € C[[0,T],R]. The integral representation of the solution
of equation@ is:

u(t) = w04 By g (M) + /0 (£ — 8T By oAt — 5)7]f(s)ds. (7)

For details, see |10,/11,21]. The next result is a basic comparison result involving the ¢*"
order fractional Riemann-Liouville derivative with respect to time.

Lemma 2.1 Let m(t) € Cp[[0,T], R] be such that for some t1 € (0,T], m(t1) = 0,
and t*=9m(t) <0 on [0,t1], then DIm(t1) > 0. See more in [4,5].

Remark: In the above theorem, if m is a function of (x,t), then the conclusion is
true with the partial fractional derivative of m with respect to ¢ of order ¢. This is what
we need in our work.

3 Auxiliary Results

In this section, we obtain a representation form for the solution of the linear Riemann-
Liouville fractional reaction diffusion equation with the fractional time derivative. We
achieve this by using the eigen function expansion method. Then we will develop com-
parison results for the non-linear Riemann-Liouville fractional reaction diffusion equation
with initial and boundary conditions. The first comparison theorem is with respect to
the natural lower and upper solutions when the non-linear term is of the form F(z,t,u),
where F(z,t,u) satisfies the one sided Lipschitz condition. The second comparison the-
orem is relative to coupled lower and upper solutions. In this case, we assume the
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non-linear term as the sum of two functions f(x,t,u) and g(x,t,u), where f(z,t,u) is
a non-decreasing function in v and g(z,¢,u) is a non-increasing function in w for (z,t)
in [0, L] x [0,7]. In order to present our result, consider the linear Riemann-Liouville
fractional reaction diffusion equation with initial and boundary conditions of the form

Ol — kuze = Q(z,t) on Qr,
u(0,t) = A(t), u(L,t) = B(t) in T'r, (8)
()t %u(z,t)|i=0 = fO(2), € Q,

where Q = [0,L], J = (0,T], Qr = J x Q, k > 0 and T'r = (0,T) x 99Q. Here, 9] is
the partial Riemann-Liuoville fractional derivative with respect to time ’t’ of order q,
0<g<l1.

In order for the initial boundary value problem to be compatible, we assume that
72(0) = A(0) = f%L) = B(0) = 0, I'(q) t'"9u(z,t)|t=0 = f°(x). Here and throughout
this work, we assume the initial and boundary conditions satisfy the compatibility
conditions. Using the method of eigenfunction expansion on equation 7 we have the
solution of the form:

u(e,t) = 3 ba(t)du(a), (9)

where the eigenfunctions of the related homogeneous problem are known to be ¢, (z) =
sin™™ and its corresponding eigenvalues are A, = (%)2 Using the same approach as
in [22], we can compute b, (t), where b,(t) will be the solution of the ordinary linear
Riemann-Liuoville differential equation.

Here, our aim is to find b, (¢). Using the standard arguments, one can compute b, (t).

The explicit form of b, (t) is

bu(t) = BT E, (—kA\,t7) (10)

t -1 p 2nm "
+/0 (t —8)T "By q(—kXptT)gn(s) + k?(A(s) — (=1)"B(s)ds,

where
by, = Z/OL FO(y)on(y)dy and (11)
w0 =2 [ Q0o (12)
Therefore,
) = 2 [ )0 By (13)

t L
+ [ =9 Bt 7 [ Q9o s)dvds

+k2§7§ ; (t— s)qflEq,q(fk)\ntq)(A(s) — (=1)"B(s))ds.
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So, using by, (t) in (9)), we can get the solution u(z,t) of the form

L X2
wat) = [ LR @on ) )y (14)

2nm

fk/o [F(t - s)qflEq_yq(—k)\n(t — 8)N) ()| B(s)ds.
Finally, we can write
L t L
1) = G (2, y, 1) fO(y)d G(x,y,t — ,8)dyd 15
wan) = [ oG @+ [ G- Qe (13
t t
—Hc/o Gy(x,O,t—s)A(s)ds—k/o Gy(z,L,t — s)B(s)ds,
where -
Gl 1) = 3 3 By~ RAut) 0 (2)6(0)
n=1

This result will be useful in our main result when we are computing the linear ap-
proximations of the generalized monotone iterates.

Here, we can find the steady state condition with homogeneous boundary conditions
in which the source term Q(x,t) = Q(z) is independent of time:

kg + Q(z) = 0.

Now the form u,, = g(x), in which g(x) = _Q;ﬂz)_

Therefore,

L L t
ule, 1) = / P(9)t Gz, £y, 0)dy + / k()] / Gz t:y,5)ds]dy,  (16)

where

F1G @, iy, 8) = 11750 2By (—ka(t = 1) (@)0 (y).

As t — oo, G(x,t;94,0) — 0 such that the effect of the initial condition
t1=9u(x, t)|;=0 = fO(x) vanishes as t — oo. But, as t971G(z,t;y,s) — 0 as t — oo, the

ds — 1=Faq(CkAt!)

steady source is still important as ¢ — oo since fot Ey (kA (t—s)7) TE=aL
L

Thus, as t — oo,

L
u(e, 1) = u(z) = / 9()G(z, y)dy,

where

]

G(Qj,y) = _Z

n=1
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Hence, we obtained the steady-state temperature distribution w(z) by taking the limit
as t — oo of the time-dependent problem with a steady source Q(x) = —kg(x).
We recall two known lemmas regarding the Mittag-Leffler functions series from [2].

Lemma 3.1 Let E,1(—Xt?) be the Mittag-Leffler function of order q, where 0 < ¢ <
1. Then, % < 1, where A1, Ao > 0 such that Ay = Ao + k for k > 0.

Lemma 3.2 Let E, ,(—\t?) be the Mittag-Leffler function of order g, where 0 < ¢ <
1. Then % < 1, where A1, Ao > 0 such that Ay = Ao + k for k > 0.

Now, we can show the convergence of the above solution using the two lemmas above,
i.e Lemma [3.1] and Lemma We can split the solution of (8) as uy(z,t), us(z,t) and
us(z, t) respectively as follows:

(a) up(z,t) is the solution of (8)), when Q(x,t) =0, A(t)
(b) uz(z,t) is the solution of (8), when A(t) = 0= B(t), f°(z
(c) us(w,t) is the solution of (8), when Q(x,t) = 0, f°(z) = 0.

Theorem 3.1 u;(z,t), us(z,t) and us(x,t) converge when |f°(x)| < N1, Ny > 0,
|Q(x,t)| < No, No >0, |A(t)| < My and |B(t)| < My, My, My > 0 respectively.

Proof of the above theorem follows as an application of Lemma [3.1] and Lemma
The details of the proof can be found in [2]. Next we will consider the non-linear
Riemann-Louiville fractional reaction diffusion equation of the type:

D(q)()' ™ Tu(z, t)|i=0 = fO(2), z €9, (17)
u(0,t) = A(t),u(L,t) = B(t) on 'y,

J=(0,T], Qr=J xQ, k>0and Tp = (0 x T) x 09,
f,ge C%4[[0,L] x J x R, R].

In this work, we seek the classical solution such that u(z,t) € C’g’q on Qr, and u(x,t) €

Cp on Q. In order to develop the generalized monotone method for , we need the
following definitions.

Definition 3.1 v(z,t), w(z,t) € C*9[Qr,R]. Then
(a) v(x,t) and w(x,t) are called the natural lower and upper solutions of if the
following inequalities are satisfied:

Olv(z,t) — k% < f(z, t,v(z, b)) + g(z, t,v(z,t)) on Qr,
T(q)(t — to)" %0 (z, o < [O(a), z € O, (18)

v(x,0) < A(t),v(L,t) < B(t) in I'p,

Ofw(x,t) — k% > f(z,t,w(z, t)) + gz, t,w(z,t)) on Qr,

T(q)(t — to) !~ w(z, )]0 > f(z), 3 € O, (19)

w(z,0) > A(t),w(L,t) > B(t) in I'r.
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(b) v(x,t) and w(x,t) are called coupled lower and upper solutions of type I if the
following inequalities are satisfied:

ot t) — k0 < g0t 0(e.0) + glantw(e. 1) on Qr.
D(g)(t — to) ~"0(@,)lizo < (), 2 € T, (20)

v(z,0) < A(t),v(L,t) < B(t) in T'r,

Olw(x,t) — k‘% > f(z,t,w(z,t) + g(z,t,v(z,t)) on Qr,

T(q)(t — to)" w(z, D)]imo > fO(z), =€ O, (21)
w(z,0) > A(t),w(L,t) > B(t) in Tr.

The next result is a comparison result relative to lower and upper solutions of of
natural type. For that purpose, we write F'(z,t,u) = f(z,t,u) + g(z,t,u).

Theorem 3.2 Assume that
(i) v(z,t), w(z,t) € C*Qr,R] are natural lower and upper solutions of , respec-
tively.  Furthermore, T'(q)t' v (z,t))1=0 < T(q)t'9w(x,t)|i=0, v(0,t) < w(0,t) and
v(L,t) <w(L,t);
(ii) F(x,t,u) satisfies the one sided Lipschitz condition of the form

F(z,t,u1) — F(z,t,u2) < L(ug — uz),
whenever uy > ugy and L > 0. Then v(x,t) < w(z,t) on J x Q.

Proof. Initially, we will prove the theorem when one of the inequalities in (7) is
strict. For that purpose, let m(x,t) = v(z,t) — w(x,t). We claim that m(z,t) < 0,
(z,t) € [0, L] x (0,T]. Suppose that the conclusion is not true, then there exists a t; € J
and z; € Q such that t!=%m(z1,t) < 0 on [0,t1), m(z1,t1) = 0. It is easy to check
my(z1,t1) = 0 and mg,(21,%1) < 0.

Then, using Lemma [3.2] we get 9fm(z1,t1) > 0.
From the hypothesis, we also have

Ofm(z1,t1)
= 8fv(a:1,t1) — 8gw($1,t1)
620($1,t1) 82w(m1,t1)
ox? ox?
< F(x1,t1,v(z1,t1)) — Fay, 1, w(z,t1)) =0,

<k +F($1,t1,v($17t1))—k —F(.’L‘htl,UI(.’Ehtl))

(22)

which is a contradiction. Therefore, v(z,t) < w(z,t) on Q.
In order to prove the theorem for the non strict inequalities, let

W(w,t) = w(z,t) + et E, ,[20t9],

O(x,t) = v(x,t) — et ' E, ,[2L11).

From this it follows
w(0,t) > v(0,1),
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w(L,t) >v(L,t),

T()t 9w (x, )| s—0 > T(@)t "Tw(x, t)|i—o > T(@)t' % (z,t)]i=0 > T(¢)t*~9%(z, t)|s—0.

Then,
— 0%w(x,t)
8t ’LU(J/', t) — kT
0? t
= Olw(x,t) — k% + Ot B, 20t

> F(x,t,w(z,t) + et? ' E, ,2LEq, q[2Lt1]
= F(x,t,w(x,t) + 2e Lt B, o[2LtY] — F(z,t,w(x,t)) + F(z,t,@(z, 1)) (23)
> —L(w — w) + F(z,t,w(x,t)) + €2LE, 4(2Lt7)
= —Let" 'E, ,[2Lt"] + F(x,t,W(x,t)) + 2LeE, 4(2Lt7)
F(z,t,w(z,t)) + eLt" ' By ,[2Lt9]
)

> F(z,t,w(x,t)) on Q.

— —

Similarly,

0%v(x,t)

ofv(x,t) — k 502

> F(x,t,v(x,t)) on Qp. (24)

By the strict inequality result, ¥ < w on Q1. Letting € — 0, we have v < w on Q.
The next result is related to coupled lower and upper solutions of type I related to

.

Theorem 3.3 Assume that
(i) v(z,t), w(z,t) € C*9Qr,R] are coupled lower and upper solutions of type I of ,
respectively.
(ii) Assume F(z,t,u) = f(z,t,u) + g(z,t,u), where f is a nondecreasing function and g
is a nonincreasing function respectively for (x,t) € Q1 in u.
(1ii) Let f(x,t,u) and g(x,t,u) satisfy the one sided Lipschitz condition of the form

fla, t,ur) — flz, t,ue) < L(ug — us),

g(ﬂf,t,’(lq) —g(l'ﬂf,UQ) > —M(Ul - Ug),

whenever uy > ug and L, M > 0. Then v(z,t) < w(z,t) on J x Q.

Proof. Initially, we will prove the theorem when one of the inequalities in (%) is strict.
For that purpose, let m(z,t) = v(z,t) — w(z,t). It is easy to see that m(z,0) < 0 on
[0, L]. Also, m(0,t) < 0 and m(L,t) <0, t € (0,T]. Suppose the conclusion is not true,
then there exists a t; € J and z1 € Q such that t'~9m(x,t) < 0 on (0,t1], m(z1,t1) = 0.
This implies v(z1, t1) = w(zy,t1) and % <0, where t; > 0 and 1 € (0, L). Using
Lemma [3.2] 9fm(z1,t1) > 0.
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From the hypothesis, we also have

thm(atl, tl)

= 8fv(m1,t1) — 8?10(251,151)

0?v(xy,t

< k% + f<x17t171)(1‘17 tl)) + g(ml’tl’ w(xl,tl)) (25)
9? t

_ k% — f(a?1,t1,w(a:1,t1)) — Q(Jfl,h,v(xl,tl))

<0,

which leads to a contradiction. Therefore, v(x,t) < w(x,t) on Q.
In order to prove the theorem for the non strict inequalities, let

W(x,t) = w(w,t) + e(t — to)1 By 4[2(L + M)(t —t9)4],

B(z,t) = v(w,t) — e(t — t) T By 4[2(L + M)(t — to)7).

One can show v(z,t) and w(zx,t) satisfy the hypothesis with strict inequalities. Using
the strict inequality result, ¥ < w on Q. Letting € — 0, we have v < w on Q.

The next result is the maximum principle for the Riemann-Liouville parabolic equation
in one dimensional space which will be useful in proving the uniqueness of the solution.

Corollary 3.1 Let

?m(x,t)
Ox?

m(0,t) <0,m(L,t) <0 on T'r,

L(q)t' ™ %m(x,t)];=0 < 0 on Q.

lm(x,t) — k <0on Qr,

Then m(x,t) <0 on Qr.

Proof. Suppose m(x,t) has a positive maximum at (x1,¢1). Let m(z1,t1) = K.
Let m(z,t) = m(z,t) — K. Then, t!=9m(x,t) < 0 on (0,t1] and m(z1,t;) = 0. Using
Lemma we get Ofm(x1,t1) > 0. Also, My (21, t1) < 0. Combining these two, we get
8fm(m1,t1) — Kmm(xl,tl) > 0.

We can also observe
ta—1

ofm(z,t) — Ky, = 0fm — Kmy, — K T
q

< Olm — Kmyg, <0, (26)

which gives a contradiction. Hence, m(z,t) < 0.

We can also prove this corolary by other method. We can show it is true first for
the strict inequality and then for the instrict inequality by using the strict inequality.
The solution of the linear problem is unique which follows from this maximum principle.
This maximum principle is used to show the uniqueness of iterates and the monotonicity
of the iterates. In next section, we will develop a generalized monotone method for
the nonlinear Riemann-Liuoville fractional reaction diffusion equation using coupled
lower and upper solutions of type I. The generalized monotone method yields monotone
sequences which converge uniformly and monotonically to coupled minimal and maximal
solutions of (17)). Further using the uniqueness condition, we prove the uniqueness of the
solution of (17)). The next result is a generalized monotone method for (L7]).
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4 Main Results

Theorem 4.1 (i) Let (vg,wp) be the coupled lower and upper solutions of such
that t*~ % < t'=%wqy on @T.
(ii) Suppose f(x,t,u) is nondecreasing and g(x,t,u) is nonincreasing in u on Qr, re-
spectively. Then there exist monotone sequences {t'~9v,(x,t)} and {t'~%w, (z,t)} such
that t*~9v, (z,t) — t'"9p(z,t) and '~ 9w, (z,t) — t'1=9(x,t) uniformly and monotoni-
cally on Qr, where p(z,t) and r(x,t) are coupled minimal and maximal solutions of
respectively. That is, p(x,t) and r(z,t) satisfy

0%p(x,t
9o, t) ~ k2L ot p) 4 (o t,7) o Qr,

p(0,t) = A(t), p(L,t) = B(t) on I'r,
L(q)t' ™ p(x,t)]1=0 = [*(z) on Q
and )
THED — fat,1) + 90 t0p) on Q.
#(0,¢) = A(t), (L, ) = B(t) on T'r,
L(g)t"~%r(z,t) =0 = fO(z) on Q

such that t'=%g(z,t) < t179p(z,t) < 1~ u(z,t) < t1 79 (x,t) < 1 9wo(x, t).

Olr(x,t) — k

Proof. We construct the sequences {v,(z,t)} and {w,(z,t)} as follows:

2
agvn(fﬂ,t) - kavaniéfﬁ = f(matvvn—l) + g(z7t7wn—1) on QTa
un(0,8) = A(t), 00 (L, t) = B(t), (27)
D(g)t' %y, (2, 1) |t=0 = ()
and
2
Opwalt) ~ kD b, ) 4 (ot 0ar) on Q.

wy (0,8) = A(t), wy (L, t) = B(t), (28)
L(q)t" ™ Twn (2, )] i=0 = [ ().

It is easy to observe that vi(x,t) and ws(z,t) exist and are unique by the representation
form of linear equation and Corollary By induction and the assumptions on f and g,
we can prove that the solutions v, (z,t) and w,(x,t) exist and are unique by Corollary
[31] for any n.

Let us prove first that vo(z,t) < vi(z,t) and that wi(z,t) < wo(x,t) on Qp. Let
p(z,t) = vo(x,t) — vy (z,t). Then

&*p(x, t)
ofp(x,t) — kw
0%vo(z,t) 0%vy(z,t)
= 3gvo(m,t) — ]{iT — (afvl(x,t) - kT)
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< f(l‘,t,?]o(ﬂ?,t)) +g($,t,ﬂ)0($,t>) - (f(x,t,vo(x,t)) + g(xat7w0(x7t))) = 07

p(0,t) =0, p(L,t) =0 on Q and T'(q)t'~9p(z,t)|s=o = 0 on I'p. Therefore, by Corollary
it follows that p(z,t) < 0 on Qp and t'~%vg(x,t) < t1 790 (z,t) on Q.

Similarly, we can show that wy(z,t) < wo(z,t) on Q.

Then, we prove that vy (z,t) < wy(z,t). Let p(z,t) = vi(x,t) — wy(z,t). Then from our

hypothesis, we get

0?p(x,t)
ofp(x,t) — kw
2 2
= Oon () — k2D () ka"‘gig’t))

Ox?
< f(xvta 'U()(.’E,t)) —l—g(m7t,w0(:r,t)) - (f(xﬂtvvo(xvt)) +g(x7tvw0(‘rat))) = 07
7 t) =0, p(L,t) =0on Q and I'(q)t'~9p(z,t)|t=o = 0 on I'r. Therefore, by Corollary

1} it follows that p(x,t) <0 on Qp and t* =%y (z,t) < t'~%w;(z,t) on Qp. Hence,
g (2, 1) <ty (2, t) < % (2, 1) < 7w (2, ) on Q.
By mathematical induction, we have
%0 (2, 1) < ... <t %, (z,t) < T w, (x,t) < . < (2, t) on Qp for all n.

Furthermore, if t' =% (z,t) < t'~%u(x,t) < t'~%wy(z,t) on Qp, then for any u(x,t) of
, we establish the following inequality by the method of induction.

% (z,t) < .o < T, (1) < T (t) < T, (2,t) < < T %wg(2,t) (29)

on Qp for all n.

It is certainly true for n = 0, by hypothesis. Assume the inequality to be true
for n = k, that is

9 (z, 1) < ..o < (2, t) < Tz, t) < T — k(a,t) << (s, t) (30)

on Qp for all n.

Let p(x,t) = vgy1(x,t) — u(x, t). Then from our hypothesis, we get

&*p(x, t)
ofp(x,t) — kw
9%v x,t O%u(z,t
= v (e t) — KD gy T,

< f($7t7vk) +g(x7t7wk) - (f(x,t,u) + g(a:,t,u)) <0,

p(0,t) = 0,p(L,t) = 0 on Q and I'(q)t'~p(z,0)|t=0 = 0 on I'z. Therefore, by Corollary
it follows that p(x,t) < 0 on Q5. Therefore, t'~%v; 1 (2, t) < t'~%u(x,t) on Qp. In
a similar way, we can show that t'~9u(z,t) <t 9w (x,t) on Q.

Hence we constructed the monotonic sequences. Using the integral representation
of the linear problem and an appropriate computation process, we can show that the
sequences {t'~%,(z,t)} and {t'~%w,(z,t)} are uniformly bounded and equicontinu-
ous. Using the Ascoli-Arzela theorem, we obtain subsequences of {t!=%v,(x,t)} and
{t'=9w, (x,t)} which converge uniformly and monotonically on Q. Since the sequences
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{t'=9,,(z,t)} and {t'~%w, (z,t)} are monotone, the entire sequences {t'~9v, (z,t)} and
{t'= 9w, (z,t)} converge to t'=9p(z,t) and t1~9r(z,t), respectively. From this it follows
that
t g (2, t) <ty (3, ) < < T (2, t) < < (s t) < %, t) (31)
<t (2, t) < Lt (2, t) < L < %0 (2, 1) on Q.

Consequently, p(x,t) and r(z,t) are coupled minimal and maximal solutions of since

g (x,t) <t 9p(x,t) < (e, t) < (2, t) < T %wo(x,t) on Q. (32)

Since f(z,t,u) and g(x,t,u) satisfy the one sided Lipschitz condition, we prove the
uniqueness of the solution of . The next result is precisely this.

Theorem 4.2 Let all the assumptions of Theorem hold. Further, let f(x,t,u)
and g(x,t,u) satisfy the one sided Lipschitz condition of the form

f(x’taul) - f(x7tvu2) < Ll(ul - u2)7

g(x7t7u1) - g(l‘,t, ’U,Q) 2 —L2(’U1 - Ug),
whenever uy > ug and L1, Ls > 0. Then the solution u(x,t) of exists and is unique.

Proof. We have already proved (p,r) are coupled minimal and maximal solutions of
on Q. Hence it is enough to show that r(x,t) < p(z,t) on Q7.

It is known from Theorem {.1|that p(z,t) < r(x,t) on Q.
Let p(x,t) = r(z,t) — p(x,t). By the hypothesis, we get

&*p(x, t)
ofp(x,t) — kw
0%r(x,t 0%p(x,t
= Ofr(x,t) — k% — (8fp(x,t) — k%)

< f((l?,t,?”’) +p(3’],t, ,0) - (f(xatap) +g($,t,7”’))
<ETULa|r = p| + £ Lar — pl
< (L + La)lpl;
7 t) =0, p(L,t) = 0on Q and I'(q)t'~9p(x,t)|;=0 = 0 on I'z. It follows from Corollary

that p(x,t) < 0. This proves that r(z,t) = p(z,t) = u(x,t) on Q and the proof is
complete.

5 Conclusion

In this work, initially we have obtained an integral representation for the solution of
the Riemann-Liouville reaction diffusion equation with Q(x,t), fO(z), A(t), B(t) being
the non-homogeneous term, the initial function and the boundary functions respectively.
In addition, we assume that the boundary conditions and the initial function satisfy
the compatibility condition. We also establish, when Q(z,t), f°(x), A(t) and B(t) are
bounded, the solution u(x,t) converges, by using the convergence of the series involving
the Mittag-Leffler function. In addition, when Q(z,t) = Q(z) is independent of ¢ and
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A(t) = B(t) = 0, we have proved that the solution of the Riemann-Liouville fractional
reaction diffusion equation converges to the steady state solution. We have proved the
maximum principle and comparison theorem relative to the non-linear Riemann-Liouville
fractional reaction diffusion equation of on Q. Using the comparison result as a tool,
we have developed a generalized monotone method for the Riemann-Liouville fractional
reaction diffusion equation of . The generalized monotone method yields monotone
sequences which converge uniformly and monotonically to coupled minimal and maximal
solutions of . Under the uniqueness assumption, we have proved that the unique
solution of u(z,t) of exists and is unique. In our future work, we plan to use our
method relative to the physical application problem.
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Abstract: This paper deals with the problem of generalized synchronization between
two chaotic and hyperchaotic fractional non-commensurate order systems with dif-
ferent dimensions. By designing an active control technique, the sufficient conditions
for achieving generalized synchronization are derived by using the Laplace transform
technique and final value theorem. Numerical simulations are also given to illustrate
and validate the generalized synchronization results derived in this paper.
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1 Introduction

Chaos synchronization phenomena have received increasing attention in the study of dy-
namical systems, because they can be applied in vast areas of engineering and information
science, in particular, in secure communication, control processing and cryptology [1H4].
Various methods in chaos synchronization have been proposed [5H7]. Most of the synchro-
nization methods focus on integer order chaotic systems in both continuous and discrete
time.

Recently, fractional calculus has attracted a lot of attention and has become an ex-
cellent instrument to describe the dynamics of complex systems. Based on the stability
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criterion of linear fractional systems, many fractional-order chaotic systems can be syn-
chronized [8H13].

An interesting aspect is the generalized type of synchronization called @ — S syn-
chronization. It has been investigated for integer order chaotic dynamical systems as
well |14H18]. However, to the best of our knowledge, there are few treatments in the
literature of the general scheme for generalized Q — S synchronization of fractional non
commensurate order systems with different dimensions.

In view of this consideration, this paper investigates an active control technique |15
for generalized synchronization between two different dimensional chaotic fractional non-
commensurate order systems, using two suitable real matrices. Based on the Laplace
transform technique and final value theorem, the designed control makes the fractional
non-commensurate-order chaotic system states asymptotically synchronized. Numerical
examples are given to verify the capability of the method.

The rest of the paper is organized as follows. In the following section, we present
some basic concepts of fractional calculus fundamentals. In Section [3] we motivate the
problem and give the main results. In Section [d] two examples are used to verify the
effectiveness of the proposed method. Finally, some concluding remarks are given in
Section [l

2 Fractional Calculus Fundamentals

The three definitions used for the general fractional derivative are the Grunwald—Letnikov
(GL) definition, the Riemann— Liouville (RL) and the Caputo definition [19]. The
Riemann-Liouville fractional integral of order a > 0 is given by

t

Jof(t) = ﬁ / (t— )2 f(s)ds, t>a, (1)

a

where I' is the gamma function. The Riemann-Liouville fractional-order derivative
RLqe f is defined by
Radi f(t) = d™ I f(1), (2)

where m = [«] is the first integer greater then a.
The Caputo fractional-order derivative ,d¢ f is defined by

adf f(t) = J"d™ f(t), m = [al. 3)

The Griinwald-Letnikov fractional-order derivative “2d¢ f is given by

o . o = I'a+1
U 10) = = S (rrs s ) £ ), (1)

Recall that the Laplace transform of a function f(¢) is the function F'(s) defined as follows

+oo

F(s) = L{f(t),s} = / exp(—st) f(t)dt, (5)

0
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f(t) is called original which can be reconstituted from the inverse Laplace transform

c+ioo
f(t)= L7 {F(s),t} = / exp(st)F(s)ds, ¢=R(s) > 0. (6)

c—100

Taking into account that the Laplace transform of the convolution is

L{f(t) *g(t),s} = F(s).G(s), (7)

where f(t) and ¢(t) are two causal functions for ¢ < 0, we see that F(s) and G(s) are
their Laplace transforms.
Using the following property of the Laplace transform of conventional derivative

m—1

L{f™(t),s} = s"F(s) = Y s*fmF1(0), (8)

k=0

we obtain the Laplace transform of the Riemann-Liouville derivative

L{REdD f(1), 5} = 2 F(s) — 3 s* PR 5], (9)
k=0

with m — 1 < a < m. This transform is well known. However its practical application is
limited by the absence of the physical interpretation of the function at ¢t = 0.

In view of the Laplace transform formula of the Riemann-Liouville integral, the
Laplace transform of the Caputo fractional derivative is

m—1

L{Gd f(t),s} = s"F(s) = > s* ¥ f®(0) (10)

k=0

with m — 1 < a < m. Since the initial conditions for the fractional differential equations
with the Caputo derivative are of the same form as for the integer-order derivatives,
which have clear physical meaning, the Caputo derivative is used in this paper.

Theorem 2.1 (Final value theorem) Let F(s) be the Laplace transform of function
f(t). If the indicated limits exist, then

lim f(t) = limsF(s). (11)

t——+oo s—0

Proof. See [20].

3 Problem of Synchronization and Analytical Results

Generally, we consider the following non-commensurate fractional order nonlinear system
in the form

d¢X = f(X). (12)
We take as the drive system. The controlled response system is given by

ey =g(Y)+U, (13)
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where a = (a1,a2,...,am,) is the vector of rational number between 0 and 1, d* is
the Caputo fractional derivative of order «, for i = 1,2,....m, X(t) € R" , Y(¢) €
R™, (m > n) are the state vectors of the drive system and the response system ,
respectively, f : R® — R", g : R™ — R™ are the non linear vector functions and U € R™
is the control input vector.

Our goal is to design an appropriate active control U [15] such that the synchro-
nization between the drive system and the response system is achieved for a
given two suitable real matrices @ = (g;5), ¢ = 1,2,...,d, j = 1,2,...,m and S = (skp),
k=1,2,..,d, h =1,2,...,n. Particularly, @ and S are chosen such that ¢;; = sg, = 0,
for all i # j and k # h.

Hence, the error system is defined as

e(t) = QY (t) — SX(1), (14)
which means that systems and are globally asymptotically synchronized, i.e.

i [le(®)] = lim_ QY (6) - SX(2)] =0.

Most existing methods for synchronizing chaos with different dimensions are used
only for reduced order or increased order. Motivated by the above idea, in this work, we
discuss the two cases: d = m and d = n.

3.1 Increased order

In this case assume that d = m. By submitting systems and into , the error
system can be expressed as

dpe(t) = QATY (1) — Sd2 X (1), (15)
where a = (a1, ag, ..., ayy, ). Hence

dire(t) = Q[g(Y(t)+U]—-Sf(X())
= Are(t) + K (Y (1), X(1)) + QU, (16)

where
K (Y(t),X(t) = —Aie(t) + Qg(Y (1)) — Sf(X(1)), (17)

and A; € R™*™ is the linear part of system .
We redefine the control function U = (u1,us, ...tn,)T to eliminate all terms which
cannot be shown in the form e such that

QU = —K (y(t), z(t)) + Be(t), (18)
and B € R™*"™ is a feedback gain matrix to be determined. We find the error system as
di'e(t) = (A1 + B)e(t). (19)

Applying the Laplace transform for the previous system, letting

F’L(S) = L(QZ(t))v i = 1327 ey T, (20)
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and using the formula
L{d{e;(t)} = s* Fi(s) — s 1e;(0), i=1,2,...,m, (21)
we find a new system
s*F(s) = s 1e(0) + (Ay + B)F(s), (22)
where
F=(F,Fy ..., F,)", s =(s%,5% . s%).
Hence, we have the following result.

Theorem 3.1 If the matriz B is chosen such that all poles of sF;(s) lie in the open
left half plane, then the drive system (@ and response system are globally generally
synchronized.

Proof. Suppose that the matrix B is chosen such that all poles of sF;(s) lie in the
open left half plane. Using Theorem [2:1] we have

lim e;(t) = lim sF;(s) =0, foralli=1,2,...,m.
t—4o00 s—0t

This means that the drive system and the response system achieve the synchro-
nization. O

3.2 Reduced order

In this case assume that d = n. Using the notation , the error system can be derived

as
die(t) = Asge(t) + H (Y (t), X (1)) + QU, (23)
where
H (Y (), X(t)) = —Aze(t) + Qg(Y (t)) — SF(X(1)), (24)
and As € R™ ™ is the linear part of system .
We redefine the control function U = (u1, uz, ...tn,0,0...,0)T to eliminate all terms
which cannot be shown in the form e = (ey, e, ..., )T such that

QU° = —H (Y (t),X(t)) + Ce(t), (25)

where UY = (uy,us, ...u,)T, C € R™*" is a feedback gain matrix to be determined and
Q" = diag(Q11,Q22, ..., Qnn). Then the error system is changed to

die(t) = (Ag + Ce(t). (26)
Applying the Laplace transform for the previous system, letting
Fi(s) = L(e;i(t)), i=1,2,...,n, (27)
and using the formula
L{d{ie;(t)} = s* Fy(s) — s te;(0), i=1,2,..,n, (28)
we find a new system
sYF(s) = s te(0) + (A + C)F(s), (29)

where
F=(F,Fy .., F)T, s%=(s",5% ..,5").

Hence, we have the following result.
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Theorem 3.2 If the matriz C is chosen such that all poles of sF;(s) lie in the open
left half plane, then the drive system @ and response system are globally generally
synchronized.

Proof. The proof is similar to that of Theorem

4 Numerical Examples

In this section, we present some simulation examples to illustrate our proposed general
method.
4.1 Simulation results (Increased order)

In this case , we assume that the new memristor-based simplest chaotic circuit system
of non-commensurate fractional order (MBSCCS) [21] is the drive system. The dynamic
of the circuit is described by the mathematical model

d?ll‘l(t) = a1x2,
dta2.’L‘2( ) = —bl(l‘l + M(l‘g).ﬁg) (30)
df*x3(t) = —wy — c173 + T373.

In (30), z1,x2,x3 are the states, a1,b1,c1, 3,7 are the positive parameters, M is the
memristor function defined by

M (x5(t)) = ~a3(t) — B, 81)

and «;,7 = 1,2, 3 are rational numbers between 0 and 1.
For all numerical simulation, we take the initial states of system as

21(0) = 0.1, 22(0) = —0.5,23(0) = 1. (32)
The parameters values are taken as
(a1,b1,c1,B8,7) = (1, %,0.9,3,0.4). (33)
The proposed fractional orders are taken as
(o1, a2, a3) = (0.97,0.98,0.99). (34)

The system exhibits chaotic behaviour as shown in Figure
The linear part As of system is given by

0 ay 0
A2 = —bl blﬁ 0
0 -1 —C1

Assume that the fractional-order hyperchaotic Lorenz system [22] is the response system.
The controlled hyperchaotic Lorenz system is expressed by the mathematical model

dtalyl(t) az(y2 — Y1) + Y4 + u1,

di?y2(t) = cay1 — Y2 — y1y3 + ua, (35)
di®ys(t) = y1y2 — bayz + us,

di*ys(t) = —yoys + Y4 + ug.
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Figure 1: Chaotic Attractor of the Fractional Order MBSCCS System with (au, a2, a3) =
(0.97,098,0.99).

In (35), y1,y2,ys,ys are the states, as, co, be,r are the positive parameters and «;,i =
1,2,3,4 are rational numbers between 0 and 1.
For all numerical simulation, we take the initial states of system as

y1(0) = 1,42(0) = 1,y3(0) = 0,y4(0) = —1. (36)

The parameters values are taken as

(as, 3, ba,7 ) = (10,28, % 1.3). (37)

The proposed fractional orders are taken as
(a1, a2, a3, a4) = (0.97,0.98,0.99,0.999). (38)

The system (with u1 = ug = uz = ug = 0) exhibits chaotic behaviour as shown in

Figure
The linear part A; of system is given by

—a9 as 0 1

_ C2 -1 0 0

A= 0 0 —by 0

0 0 0o r

Here, we choose

1 0 0O 2 0 0
02 0 0 0 2 1
Q=109 010 |™5=] g0 3
0 0 0 2 0 0 0.

Let us define the error variables between the slave system to be controlled and the

master system as
elt) = Q¥ (1) — SX(1).
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Figure 2: Chaotic Attractor of the Fractional Order Lorenz System with (a1, a2, as,as) =
(0.97,0.98,0.99,0.999).

i.e.
el = —2x1 +y1,
€g = -2 (2172 - yg) — I3,
39
e = —3w3 + ys, (39)
€q = 2y4.

For simplicity, choose the suitable feedback gain matrix B such that

—ay 0 0 0
- 0 —-by O 0
A+ B= 0 0 —c, 0 (40)
0 0 0 -r
Hence
up = —ejaz + 2a1%2 — Y4 + a2y1 — a2y2,
us = —3bger — Mbizoxs + $23x3 — 2zo — Sc1ms — bizy + Yo — coy1 + Y13, (41)
ug = —cgeq1 + 3:6%:33 — 3x9 — 3ci1z3 + bays — y1yo,
Uy = —5Te1 — TYs + Y2y
The error system can be rewritten as
dyie;(t) = (A1 + B)e;, for all i =1,2,3,4. (42)

To prove that the error system converges to 0, we apply the formulas and , we
obtain

e Flgsg = 5041—16120; - a2F1((3))’

592y (s) = 5227 ey (0) — baFh(s ,

573 F3(s) = 5%~ 'e3(0) — ¢ Fs(s), (43)
5% Fy(s) = s eq(0) — 7 Fa(s).
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It follows from the equations of the system that

5217 1eq (0)
A =",
5a271€2(0)
Bl ==, 14
Sa3_163(0) ( )
F(s) = R
s2371e (0)
Fy(s) = e

Since ag, ba, ca, T are positive parameters, we can conclude that all poles of sF;(s), i =
1,2,3,4 lie in the open left half plane. Thus, by using Theorem [3.1] we get

lim e;(t) = liersFZ-(s) =0, foralli=1,2,3,4 (45)

This means that the drive system and the response system achieve the syn-
chronization. The error functions evolution, in this case, is shown in Figure

4

0 2 4 6 8 10 12 14 16 18 20

Figure 3: Error Functions Evolution of System .

4.2 Simulation results (Reduced order)

Let us take the same previous systems. Here, we choose

10 0 0 . 1 0 0 2 0 0
Q=02 0 0|, (@) =[0050]|adS=[0 3 0
0 0 05 0 0 0 2 0 0 1.

To investigate the generalized synchronization of the systems (30 and , we define
the error states as

e(t) = QY (t) — SX(t), (46)
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i.e.
er1 = —2x1 +y1,
ey = =32 + 2y, (47)
e3 = —x3+ %y:‘a-

For simplicity, choose the suitable feedback gain matrix C' such that

—aq 0 0
(Aa+C) = 0 -8 0 . (48)
0 0 —C1.
Hence
up = —are1 + 20122 — Y4 + az2y1 — a2y,
ug = —3b1Be; — 3 Mbizoxs — 3b1wy + y2 — coy1 + Y13, (49)
ug = —2e; — 2wy — 2c173 + 22553 + bays — Y1y — 2¢1,
Uyg = 0.
The error system can be rewritten as
dYie;(t) = (Aa + C)e;, for all i =1,2,3. (50)

To prove that the error system converges to 0, we apply the formulas and , we

4
3 2
)
o721 7
;N
SIf .
0r i
_I 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Figure 4: Error Functions Evolution of System (50]).
obtain

s (s) = 517 Leq (0) — a1 Fi (),
592 Fy(s) = s%27 ey (0) — by BFa(s), (51)
5% F3(s) = 5227 Leg(0) — c1 F3(s)).

It follows from the equations of the system that

Fi(s) e

§)=——=

1 Sall‘i‘ail),
s*27 ey (0

Fy(s) = 5 103 (52)
s 1eq(0

Fi(s) = = o0

s + 1



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 18(3) (2018) 283

Since a1, b1, ¢1 are positive parameters, we can conclude that all poles of sF;(s), i =1,2,3
lie in the open left half plane. Thus, by using Theorem [3.2] we get

lim e;(t) = lim sFi(s) =0, foralli=1,2,3, (53)

which clearly demonstrates that the drive system and the response system
achieve the generalized synchronization. The error functions evolution, in this case, is
shown in Figure 4]

5 Conclusion

In this paper, we have investigated the generalized synchronization between two different
dimensional chaotic fractional non-commensurate order systems. The analytical condi-
tions for the synchronization between these chaotic systems are derived by using the
Laplace transform technique and final value theorem. Numerical simulations of chaotic
and hyperchaotic systems have been given to illustrate and validate the effectiveness of
the proposed generalized synchronization.

Our future work is to develop some type of synchronization and we suggest some
potential applications in secure communication.
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Abstract: In this work, we propose, for stabilizing chaotic systems at fixed points,
new conditions based on the Jacobian matrix and its relation with the conditions of
Routh-Hurwitz. We apply the results of feedback control method to the second type
Rossler system, Liu system and Genesio system.
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1 Introduction

Chaos, as a very interesting nonlinear phenomenon, has been intensively studied over
the past decades. After the pioneering work of Ott et al [1], and Pecora and Carroll [2],
research efforts have been devoted to the chaos control problems in many physical systems
[3H5]. The control problem attempts to stabilize a chaotic attractor to either a periodic
orbit or an equilibrium point [20,[21]. Many potential applications have come true in
securing communication, laser and biological systems, and other areas [6H9]/19]. Different
control strategies for stabilizing chaos have been proposed, such as adaptive control, time
delay control, and fuzzy control. Generally speaking, there are two main approaches for
controlling chaos: feedback control and non-feedback control. The feedback control 10,
17118 approach offers many advantages such as robustness and computational complexity
over the non-feedback control method. The aim of this paper is to apply the feedback
control to chaotic systems, with new conditions for the stability at fixed points based
on the Jacobian matrix. We present the numerical simulation studies for control of the
Rossler, Liu and modified Genesio systems.
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2 Preliminaries

Suppose that A is an n X n matrix of real constants, its characteristic polynomial is
)= A"+ a2 e n=1,2,3,4.
The Routh-Hurwitz theorem [10H13] is as follows.

Theorem 2.1 All the roots of the caracteristic polynomial have negative real parts
precisely when the given conditions are satisfied:
M 4+ar+b:a>0,b>0.
A +aX2+bA+c:a>0,¢c>0,ab—c>0.
M4+aX +bA2+ed+d:a>0,ab—c>0,(ab—c)c—a?d > 0,d > 0.

3 Main Results

3.1 The case of third dimension

We assume A is the Jacobian matrix of the third dimension:

ailp a2 ais
A=| a1 a2 a3 |, (1)
asz1 asz az3

then the relation between the coefficients of characteristic polynomial and the Jacobian
matrix is

a = —trace(A),
b= A1 + A + Ass, (2)
¢ = —det(4),
where  Ap = (22 23 , Aoy = @ s anq Az = i di
az2  a33 a3l a33 as1 G99,

Then ab—c = —a11(Ag2+Ass) —a22(A11+As3) —ass(Aaa+A11) —2a11a20a33 +a12a23a31 +
413021032

Remark 3.1 We note that, if a;; < 0, 45 > 0,4 = 1,2,3 and det(A4) < 0 so that
t = ai2a93a31 + a13a21a32 > 0, then the coefficients of the characteristic polynomial are
positive. On the other hand, we have t = 0 for the Rossler, Liu and other systems. So,
we can ensure the stability of any chaotic systems with the following theorem.

We consider A is the Jacobian matrix at a fixed point, and ¢ = a12a23a31 + a13a21a30.

Theorem 3.1 Ift > 0, all the roots of the characteristic polynomial of A have neg-
ative real parts when the given conditions are satisfied:
det(A) <0, a;; <0 and Ay; >0 fori=1,2,3.

Proof. We have

a = —trace(A) > 0,
b= A1 + Az + A3z3 > 0,
ab—c >0,
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then, by the Routh-Hurwitz theorem all the roots of the characteristic polynomial have
negative real parts.

Remark 3.2 We can use the condition ¢ > 0 as an additional condition with the
condition of Routh-Hurwitz to get quickly the convergence to the fixed point.

4 Application to Chaotic Systems

4.1 The second type Rodssler system
The Rossler system [14] is given by the following equations:

Y=+ oy,
2= B+ 2 — 72,

where o« = 0.38, 5 = 0.3,y = 4.5. The two equilibrium points of system are given by
E12(07070)a E2 ( —Oéﬂ 5_77_5)‘

4.1.1 Control at the equilibrium point F;

If the controlled Rdéssler system is given by the equations

—(y+2) —w,
y =z + 0.38y — uz, (3)
2 =03z + (v — 4.5)z — us,

where u; = kx,us = ky,us = kz, and k is the feedback coefficient; when k£ > 0.38, the
system will gradually converge to the equilibrium point (0,0, 0).
Proof. The Jacobian matrix of system with regard to the equilibrium point
(0,0,0) is
—k -1 -1
A= 1 038—k 0 ,
0.3 0 —4.5—k

where ajlp = —]C, 99 = 0.38 — k, aszs = —4.5 — k, A11 = :ZCQ + 4. 12k — 1. 71, A22 = k2 + 4.
5k + 0.3, Asz = k% — 0.38k + 1 and det(A) = —1k3 — 4.12k? + 0.41k — 4. 386.We have
t = 0, therefore

ar; <0, k>0,
as <0, & k> 0.38,
azz <0 k> —4.5
and
A1 >0, € |—00, —4.5[U]0.38, o]
Ay >0, €]-6.7685 x 1072, 00[ U]—00, —4.432 3],
&
A33 > O7 ] [
det(4) <0, k;e] —4. 4354 ool

Obviously, if £ > 0.38, then a7 < 0,a90 < 0,a33 < 0,det A < 0 and A7 > 0, Ay >
0,As3 > 0. According to Theorem the system (B)will gradually converge to the
unstable equilibrium point (0,0, 0), thus the proof is completed (see Figure 1).
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Figure 1: Control of the Rdssler system at the equilibrium point Ej.

Remark 4.1 By using the Routh-Hurwitz theorem, we found k& > 0.776 61.

Similarly, the system can also be controlled at E(4.386,—11.542,11.542) by the
similar control method. The controlled Rdssler system is

J-}: —(y+Z) — Uy,
y =1z + 0.38y — uz, (4)
2 =03z + (v — 4.5)z — us,

where uy = k(z — 4.386),,us = k(y + 11.542), ug = k(z — 11.542).

For demonstrating this conclusion, we do the following transformations: z; = x — ,
y1 =y +a,z1 = 2 —a. When o = 11.542 , 8 = 4.386, then the system has the
following form:

z1 = —(y1 + 21) — kay,
y1 = o1 +0.38y1 — k1, (5)
2 = 11.842z1 + (11 — 0.114) 2, — k2.

The Jacobian matrix of the system is

—k -1 -1
A= 1 0.38 — k 0
11.842 0 —-0.114 -k

where k is the feedback coefficient; when k > 0.38, we found that the system will
converge to the equilibrium point E; (0,0,0), that is system will gradually converge
to the equilibrium point F(4. 386, —11.542,11. 542).

Proof. We have det(A) = —1.0k% + 0.266 k2 — 12. 799k + 4. 386 0,
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Figure 2: Control of the Rassler system at the equilibrium point Es.

al; = —k,agg = 0.38 — k,a33 = —0.114 — k‘, A11 = ]412 —0.266 k — 0.04332,A22 =
k2 40114k + 11.842, Ag3 = 11.842k — 4.5000, and ¢ = 0, then

arp <0, k> 0,
gy <0, <4 k>0.38,
ass < 0, k> —0.114,

and

A >0, k € ]—00,—0.114[ U ]0.38, o0,
Az >0, o keR,
Asz > 0, k €10.38, 0],

det(A) <0, k €10.34199, oof .

When k& > 0.38, we have a1; < 0,a22 < 0,a33 < O,detA < 0,A11 > 0, Agg > 0,
and Azs > 0. According to Theorem the system will gradually converge to the
unstable equilibrium point Es. Hence the proof is completed (see Figure 2).

4.2 Control of the Liu system
The Liu system [15] is given by

i = O[(y - .73),
2z =0z — Bz,

where « = 10, A = 40,7 = 1,§ = 4,8 = 2.5. The fixed points are E; : (0,0,0),

. B Bs B
E2’3 . (:l: ,yf)\,j: 777 ;)
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Figure 3: Control of the Liu system at the equilibrium point Ej.

4.2.1 Control at the equilibrium point F;

The controlled Liu system is

a}:a(y_‘r)_ulv
2z = 6x% — Bz — us,

where uy = kx,us = ky,us = kz
and k is the feedback coefficient; when we have k > 15.616, the system @ will gradually
converge to the equilibrium point (0,0, 0).

Proof. The Jacobian matrix of the system @ with regard to the equilibrium
point (0,0,0) is

~10—k 10 0
A= 0 -k 0 ,
0 0 —25-k

thus det(A) = —1k3 — 12. 5k2 + 375k + 1000 < 0,
a1 = —10 — k, ago = —k, ass = —2.5 — k,
A = k2 4+ 2. 5k,
Ags = k? +12.5k + 25,
Aszz = k% + 10k — 400
with ¢ = 0. So,

a1 <0, k> —10,
a2 <0, &< k>0, and
ass < 0, k> —2.5.
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Figure 4: Control of the Liu system at the equilibrium point Ej5.

A >0, ] —25[ ]0, [,

Aoy > 0, ] —10.0[ ] —2.5, [

Ay >0, = € ]—00, —25.616[ U], 15. 616, oo,
det(4) < 0, €1-10, —2.5[ U0, 00.

It can be easily seen when k > 15.616, so aj; < 0,a92 < 0,a33 < 0,det A < 0, 417 > 0,
and Agg > 0, Azz > 0. According to Theorem the system @ will gradually converge
to the unstable equilibrium point (0,0,0) (see Figure 3).

4.2.2 Control at the equilibrium point Fs

We consider the controlled Liu system given by

r=oay—r)—u,
y = (A —72) — ug, (7)
2z =012 — Bz — us,

where uy = k(x +5) + 10(y + 5),u2 = k(y + 5),us = k(z — 40). Here k is the feedback
coefficient; when k > 0, it can be demonstrated that system will gradually converge
to the equilibrium point (=5, —5, 40).

Proof. The Jacobian matrix of the system(7) at (=5, —5,40) is

10—k 0 0
A= 0 —k 5 ,
40 0 -25-k

where det(A) = —1.0k3 — 12. 5k% — 25k,
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aijl = —10 — k‘, a9 = —k‘, azs — —2.5— k‘,
Al = k% + 2.5k,
Ay = k% +12.5k + 25,
Ass = k2 + 10k
with t = 0, then

a1 <0, k> —10,
azg <0, & k>0, and
ass < 0, k> —2.5,
A >0, kE]—OO,—2.5[U]0,00[,
Ay > 0, ke ]—OO, —I0.0[U ]—2. 5,00[,
Ay >0, 7Y ke]-oo0,—10[U]0,00],
det(A) < 0, k €]-10,—2.5[U]0, oo .

When k£ > 0, we have a1 < 0,a92 < 0,a33 < 0,det A < 0,417 > 0, and Asg > 0, A33 >
0. According to Theorem the system will gradually converge to the unstable
equilibrium point (-5, —5,40) (see Figure 4).

Remark 4.2 Similarly, the system can also be controlled at Fs5(5,5,40) by the sim-
ilar control method if k > 0.

4.3 The modified Genesio system
We have the modified Genesio system [16,[17] as

x =y,
y=a1y+ 2
z= anx? + a3 + oy + a5z,

where a; = —0.5,a0 = 3,a3 = —6,a4 = —2.85,a5 = —0.5, and the fixed points are
E, =(0,0,0), Es =(2,0,0).

4.3.1 Control at the equilibrium point E;

The controlled modified Genesio system is given by

f:y—ul,
y=a1y+z—uy, (8)
2:a2$2+a3x+a4y+a5z—u3,

where wu, = kx,us = ky — z,u3 = kz. Here k is the feedback coeflicient; when k > 0, we
found that the system Will gradually converge to the equilibrium point (0, 0, 0).
Proof. The Jacobian matrix of the system with regard to the equilibrium
point (0.0.0) is
—k 1 0
A= 0 —-05-k% 0 ,
-6 —-28 —-05-k&

where det(A) = —2k3 — 1.5k% — 0. 25k,
ail = 7](3,0,22 = 705 — k,agg = 705 - k,
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Figure 5: Control of the Modified Genesio System to the original equilibrium point.

Ay = 2k? + 1.5k + 0. 25,
Ay = k2 + 0.5k,
Ass = k? + 0.5k and t = 0, then

a1 <0, k>0,
aze <0, &< k> -0.5,
ass < 0, k> —0.5,
A >0, ke }—OO, —05[
Ago >0, o ke }—OO, —0.5[
Aszz >0, ke }—OO, —0.5[
det(A) <0, kel

and

ul-
u]lo,
u o,

0.25, 00,

—0.5,—0.25[U]0, 00| .

293

Obviously, when k& > 0,then a;; < 0, 4;; >0, i =1,2,3 and det(A) < 0. According to
Theorem the system will gradually converge to the unstable equilibrium point
(0,0,0). Hence the proof is completed (see Figure 5).

4.3.2 Control at the equilibrium point Es : (2,0,0)

The controlled modified Genesio system is given by

a}zy—ul,
y=oa1y+z— us,

z = a2$2 + a3xr + oy + a5z — ug,

9)

where wu; = k(x — 2),us = ky — z,u3 = kz, and k is the feedback coefficient, if k& > 0,
the system @[) will gradually converge to the equilibrium point (2,0, 0).
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Figure 6: Control of the modified Genesio system at the equilibrium point F».

Proof. The Jacobian matrix of the system @D at (2.0.0) is

—k 1 0
A= 0 -05-k 0 ,
6 —285 —05—Fk

where det(A) = —1k3 — 1k% — 0. 25k,
ail = —k‘,agg =—-0.5— k‘,agg =—-0.5— ]{)7
Ay =k*+k+0.25,
Agy = k% 4 0.5k,
A33 = kQ —+ 05]{7 Wlth t= 0 SO

ay; <0, k>0,
ag <0, & k> —0.5, and
ass < 0, k> —0.5,
Ay >0, kE]*OO,*Oﬁ[U]*O 5,00[,
Ags >0, - ke ]—OO, —0.5[U ]0,00[,
Asz >0, ke ]—OO, —0.5[U ]0,00[,
det(A) <0, k €10, 00].

Obviously, when k > 0, we have, a;; <0, A;; >0,4i=1,2,3 and det(A) < 0. According
to Theorem the system @ will gradually converge to the unstable equilibrium point
(2,0,0), thus the proof is completed (see Figure 6).

5 Conclusion

This work presents the feedback control at fixed points of the second type Rossler, Liu
and modified Genesio chaotic systems. By using new conditions for the stability based on
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the Jacobian matrix, we simplified and modified the calculations for the Routh-Hurwitz
coefficient.
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1 Introduction

In this paper, we present a numerical method for the solution of two-dimensional Volterra
integral equations of fractional order in the form

f@9) = 7 B / / £ )y = 05 (5, ) (1) dids = g(,),
(r1,72) € (0,00) ), f € LYQ),Q :=[0,11] x [0,15]. (1)

In [143] the authors mentioned that equation is a solution for a class of impul-
sive partial hyperbolic differential equations involving the Caputo fractional derivative.
Therefore, researchers are interested in solving this kind of equations. In recent years,
several numerical methods for solving two-dimensional integral equations of fractional
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order have been presented in the literature. Najafalizadeh and Ezzati in [4] used a two-
dimensional block pulse operational matrix to solve two-dimensional nonlinear integral
equations of fractional order. In [5], two-dimensional orthogonal triangular functions
were used for solving two-dimensional integral nonlinear equations of fractional order.
In [6], we see that the operational matrix of two-dimensional Bernstein polynomials is
used for two-dimensional integral equations of fractional order. Here, we would like to
use two-dimensional shifted Legendre polynomials for solving two-dimensional integral
equations of fractional order. Firstly, we present some preliminaries in fractional cal-
culus. In Section 3, we review some general concepts concerning one-dimensional and
two-dimensional shifted Legendre polynomials, and derive an operational matrix of two-
dimensional shifted Legendre polynomials for two-dimensional integration of fractional
order. Section 4 is devoted to solving two-dimensional nonlinear fractional integral equa-
tions by applying the operational matrix of integration of fractional order. Section 5
represents an error estimation for the presented method. In Section 6, we show accuracy
and efficiency of this method through several examples. Finally, a conclusion is given in
Section 7.

2 Brief Review of Fractional Calculus

In this section, we present a short introduction of the fractional calculus which will be
used in this paper.

Definition 2.1 [7]. The Riemann-Liouville fractional integral operator I of order ac > 0
is defined as

1 f(z) = %a) /Om(x — eV @) dt o> 0, @)

where 2 > 0 and T'(.) is the Euler gamma function.
The Riemann-Liouville integral satisfies the following properties:

o I[P f(x) =ItPf(x),

— DB+
[ Iax’B = mxa+ﬁ.

Definition 2.2 [§]. The left-sided mixed Riemann-Liouville integral of order r of f is
defined as

1) = romres | @ - 0 s dvas, 3)

where r = (r1,72) € (0,00) x (0,00) and 6 = (0,0).
Some properties of the left-sided mixed Riemann-Liouville integral are the following:

o Ijf(z,y) = f(z,y),

T'(p+1)T(g+1) xp+rlyq+7“2_

e ifp,g € (—1,00) then, [gaPy? = o= G
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3 Shifted Legendre Polynomials

3.1 One-dimensional shifted Legendre polynomials

Let L;(z), € [0.]], be the shifted Legendre polynomials. Then L;(x) can be obtained
with the aid of the following recurrence formula [9]:

21 +1 2z 1

Lita(z) = i1 (7_1)1%(5”)_ -

Lifl(l.)ﬂ i= 172737"'7

where Lo(z) = 1, Ly (z) = 2% — 1.

The shifted Legendre polynomials on [0, ] have the following properties:

i —1)CFR) (G4 k)1
e Li(z) =30 %xlﬂ

| s forizi
o [y Li(x)Lj(x)dt =
0, for i j,

e A function f(z) € C[0,!] can be expanded by shifted Legendre polynomials in the

following form:

fz) = ZCiLi(ﬂf) = CTo(z),
i=0
where the coefficients ¢; are given by

, l
AL / Li(e)y(e) dt,

and the vectors C, ®(x) are given by

CT = [co, 1y ey Cm),s (4)
®(z) = [Lo(x), L1 (), ..., Lin ()] T (5)

Previously, in [10] the operational matrix of shifted Legendre polynomials for fractional
integration in the interval [0,1] has been presented. Now we present the operational
matrix of shifted Legendre polynomials for fractional integration in the interval [0,!] as
follows:

1 ’ o— (e}
F(a)/o (z — ) Vo (x) dt = POD(z) (6)
and . . .
Z;f:() 00,0,k Z;fzo Ooi ke - - - Z;fzo 00,m,k
Zk:O al,O,k Zk:O 91,1,k CEEEEE Zkzo Gl,m,k
po _ i : i : .. i : ’
Yook Yp—olirik - - o 2o Bimik

Zzl:() gm,O,k ZZL:O gm,l,k CEEEEE ZZL:Q Gm,m,k
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where 0, ; 1 is given by

i J (—1)(sHaFsHR) (; 4 k)1 (j + s)lots—k
&mk—@J+U§%@_wmmﬂk+a+ng_SMdp%+$+a+1y

and P? is called the shifted Legendre polynomials operational matrix for fractional in-
tegration.

The proof is similar to the proof of Theorem 3 in [10].

3.2 Two-dimensional shifted Legendre polynomials

The two-dimensional shifted Legendre polynomials are defined on = [0,0;] x [0,13] as
follows |11]:

¢M,n(m7y) :Lm(‘r)Ln(y)a m7n:071727"' 3

where L,,(x) and L, (y) are shifted Legendre polynomials which are defined in the same
way as on the intervals [0,l1] and [0,ls], respectively. In the following, we study the
important properties of the two-dimensional shifted Legendre polynomials.

The two-dimensional shifted Legendre polynomials are orthogonal with each other

1 1 0l N L
/ 1 2 ,lpm n(x, y)wl j(;L'7 y) dydl' _ ((2m+11)(22n+1) )7 T=m,)] =n,
o Jo ' ’ 0, otherwise.

Suppose that © = L?(12), the inner product in this space is defined by

(f(@, ), 9@z, y)) = [ fo? Flay)g(z,y) dyda,

and the norm is as follows:

1 (@y)lla = (F(x,9), fla,y)) = (y* Jo? |f (2, )] dydz)?.

For every f(x,y) € ©, we have

oo o0

f(z,y) :ZZfij@j(%y)- (7)

i=0 j=0

If the infinite series in @ is truncated, then we will have

M N
Fla,y) =3 fijdij(x.y) = FTé(x,y) = ¢ (x,y)F, (8)
i=0 j=0
where ¢(z,y) and F are (M + 1)(N + 1) x 1 vectors of the following form
F = [f00s s foN s ooes Fa105 oo fran] s 9)
Qb(LU, y) = [(]5()()(5(}, y>7 (RS} ¢ON<x’y)ﬂ tey ¢M0($7y)7 teey ¢MN($7y)]T (10)

and d)i,j(ﬂf, y) = ¢z(x)¢j(y)

The two-dimensional shifted Legendre polynomials coefficients f; ; are obtained by

(f(a:,y), (bi,j(xa y)>
16ij(z )3

fz}j =
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By using the Kronecker product of ¢(x) and ¢(y) we can show ¢(z,y) as
¢(z,y) = ¢(x) @ ¢(y), (11)

where ® denotes the Kronecker product defined for two arbitrary matrices A and B as

A & B= (aw-B),
also it has the following two basic properties [12]:
(A® B)(C® D) = (AC) ® (BD), (A+B)@C=AC+B®C. (12)

Similarly, the function k(x,y,s,t) in L?(Q x Q) can be expanded in terms of two shifted
Legendre polynomials as

k(z,y,s,t) = ¢" (x,y) Kd(s, 1), (13)
where K is a block matrix of the form
K = [K(l,m)}i\f[mzo
in which

K(Lm) = [kijmn]N

G,n=0’

iom=0,1,...M

and the two-shifted Legendre polynomials coefficient k;jp,, is given by

Fijmn = <<k($7y757t)¢m,n(37t)>a¢i,j($7y)>’ i =01, M. jn=0.1,.. N

61,5 (@, )13 dmn (s, I3
The product of two vectors ¢(x,y) and ¢ (x,y) with the vector F is given by
d(,y)9" (z,y)F = Fé(z,y), (14)
where F is defined by (J)) and Fisan (M +1)(N 4 1) x (M + 1)(N + 1) matrix

F= [F(i’j)}i,jzo,l,...M, (15)

where FU:9) 5 =0,1,..., M, are given by

o 25 +1
(3.4) — — -
%) = l2 = Z Wz,],mAm7
m=0
in which W; ; , is defined as
l
! 2 2 2
he 0 I I Iy
and A,,, m=0,1,..., M, are (N + 1) x (N 4 1) matrices
N
2h +1 ,
[Am}kh = ll = ZWk,h,nfmna kah:O'717"'7N7
n=0

where

!
, 2 2 2
Whhn = / Li(+y — 1) Lyp(+y — 1) Ln(-y — 1) dy.
0 lo la
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3.3 Operational matrix of fractional order

Now, we construct an operational matrix of two-dimensional shifted Legendre polynomi-
als for the fractional integration.

By using equations (10)), we have

1 vy
ﬁ/ /(33—S)“’l(y—t)”*lgb(s,t)dtds:

7‘1 1 _ p\ra—1 _
T(r1)T(ra) // )27 o (s) @ ¢(t) dtds
1

ri—1 s 1 v  nra—1 _
W/O(x—s) o(s)d ®F(r2)/0(y £ (t) dt = *.

From equation @ we get

* =p" ¢(x) @ p" d(y)
=(p" @p")(¢(z) @ (y))
=™ @p™)P(z,y).

Hence,

7’1 1 _ p\re—1 1T
I'(r)D(r) // )7 p(s,t) dtds = p" " p(z,y), (16)

where
prT = (p" @p").

4  Numerical Solution of Two-Dimensional Volterra Integral Equations of
Fractional Order

In this section, we present an effective method to solve equation . For this purpose, by
using the method mentioned in Section 3, the functions f(z,y), g(x,y) and k(z,y, s,t)
can be approximated by

f(@,y) = o(z,y)" F,
g(z, ): o(z, y)TG
k(z,y,5,t) = p(x,y)" Ko(s, 1), (17)

where ¢(z,y) is defined in equation and the vectors F,G' and matrix K are two-
dimensional shifted Legendre polynomials coefficients of f(x,y), g(z,y) and k(z,y, s,t),
respectively. Now, substituting equation in equation , we have

S @F = o [ [ =9 =0 T ) Ko, (0 s
~ ¢, 0)G. (19)

By using equations and we conclude that

o7 () F ¢T”9KF/“/ 2= )Ly — ) g(s, ) dtds ~ 67 (2, )G, (19)
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¢" (x,y)F — ¢" (2,y) KFP™ "2 ¢(x,y) = ¢ (2,4)G. (20)
If in the above equation we substitute ~ with =, we get the following equation

F— KFEP"" 2 ¢(x,y) = G. (21)

Now we collocate equation in (M + 1)(N + 1) Newton-Cotes nodes as

2m + 1 2n+1
= U = m=0,1,..., M,n=0,1,...,N.
mEom ! T a1 "

We will have a linear system of algebraic equations
F—KFP""2¢(xpm,yn) = G,m=0,1,...M,n=0,1,...,N. (22)

It is clear that, by solving this system, we can obtain the approximate solution of equation
according to equation .

5 Error Analysis

Theorem 5.1 . [11] Let f(z,y) = sz‘zo ;V:() fijdij(x,y) be the two-dimensional
shifted Legendre polynomials expansion of the real sufficiently smooth function f(x,t) in
Q, then there exist real numbers C1 , Co and C3 such that

()M () (PMH (N
2 + Cp 2 +Cs . 5 :
(M + 1127 TN RN T3 M DN + 1)2MAN

Hf(xay) - f(x,y)||2 < Cl

In the special case when M = N and l; = ls =1 we get

1 1
(7 + D122 (A 5 1)i22m

Hf(x’y) - f<x7y)||2 < (Cl +Co + C3

hence

1) = Fo )l = O gygemrs

Theorem 5.2 Suppose M = N, Iy = Iy = 1 and f(x,y) is an evact solution of
the fractional integral equation and f(x,y) shows the approxzimate solution by the
two-dimensional shifted Legendre polynomials. If |(x — s)" Y (y — )2 k(z, y,s,t)| < C,
f(z,y) and k(z,y, s,t) are sufficiently smooth functions, then

02
(T(r))T(r2) (M + 1)122M+1)2 (

I1f(z,y) — f(z,y)ll3 < Cy +Csy+ Cy

1 2
O+ D)
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Proof.
Ve Fla )l ~
T / / 7 = 1) G, 5, (s, 8) — 1) deds

=TT )2 / / (e =)y = )72 k(w, yo 5, 6)(f(s,1) — f(s,0))]13 deds
< <r<>r<>> [ [ st = s onigaras

< (r(rl)r(m)g\;xi Dy (Gt G+ c?,m)z

: (F(H)F(rz)(l\i: 1)122M+1)2 (Cr+Co+ C3m)2- O

6 Illustrative Examples

In this section we will implement our method by three examples. For justifying our
method, we compare our computed results and those by other authors. Outcomes show
the accuracy and the validity of the presented method. In these examples we let [; =
lo =1, M = N and denote the following error function

e(z,y) =1f(2,y) = fun(z,9)],
where f(x,y) and fM,N(x,y) are the exact and approximate solutions of the two-

dimensional fractional integral equation, respectively.

Example 6.1 Consider the two-dimensional fractional integral equation given in [5]

1 y X 1 5.5,/6
f(z,y) — T(35)T(35) /0 /0 (z —8)2°(y — t)* wyt2 f(s,t) dtds = 2%y~ x945% .

The exact solution of this equation is f(x,y) = %xy. Table [1|shows the absolute error
obtained by using the present method and by using the 2D-Tf method [5].

Example 6.2 Consider the two-dimensional fractional integral equation given in [6]

19~ Ere / /Oy(”“’ =9y =0 e + ) (s, 1) deds =

102425-5y%? (62 + 13y2)
20270257‘(‘

and the exact solution of the above equation is f(z,y) = eYz2. Table |2 shows the
absolute error obtained by using the present method and by using the two-dimensional
Bernstein polynomials method [6].

z2e¥ —

Example 6.3 As the last example, we have the two-dimensional fractional integral
equation

x5y5

5670

flz,y) — TB5)I(G5) / / $)30(y — t)3°52V/tx f (s, t) dtds = xy? —
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Present method

Present method Method [5]

x=y m=1 m =2 m=3§
0.1  2.2349x10°© 7.84825 x1078%  1.126x10~*
0.2  2.13487 x107¢  3.48089 x10~%  1.363 x10~*
0.3  2.03717x10°¢ 1.47598%x 10" 6.22x107°
0.4  1.94179x10°6 2.60141x10~7 1.27x1075
0.5  1.84874x10~6 3.7269x 107 1.983x10~4
0.6 1.758x10°S 4.8549%x 107 4.6x107°
0.7  1.66959x10~ 5.9879x10~7 5.2x107°
0.8  1.58351x10°¢ 7.1281x10~7 6.8x1074
0.9  1.49975x10~ 8.2781x10°7 6.8x10™4
Table 1: Absolute error for Example 1.
Present method Present method Method [6]
x=y m=1 m =2 m=4
0.0  1.1458x1072 2.4215x107° 4.086x10~*
0.1  1.1130x1072 2.1511 x107° 4.181x10~4
0.2  1.0799 x102 1.9207 x107° 4.471 x10~4
0.3  1.0466x10~2 1.7355%10~5 4.970x10~*
04  1.0131x1072 1.6000x 1075 5.656x107%
0.5  9.7937x1073 1.5188%x 1075 6.474x10~%
0.6  9.4538x1073 1.4957x107° 7.316x 104
0.7 9.1117x1073 1.5342x107° 7.817x10~%
0.8 8.7676x1073 1.6374x107° 6.788x10~*
0.9 8.4215x1073 1.8082x10~° 1.004x10~4

Table 2: Absolute error for Example 2.
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and the exact solution of the above equation is f(x,y) = xy?. Table [3] illustrates the
numerical results for this example.

7 Conclusion

In this paper a general formulation for the two-dimensional shifted Legendre polynomi-
als operational matrix of two-dimensional fractional integral equations has been derived.
This matrix is used to approximate numerical solution of the two-dimensional nonlinear
fractional integral equations. The properties of two-dimensional shifted Legendre poly-
nomials and the operational matrices are used to reduce the two-dimensional fractional
integral equations to a system of algebraic equations that can be solved easily. Finally,
illustrative examples are presented to show the validity and the accuracy of the proposed

method.
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x=y m=1 m =2 m=3

0.0 5.9600x 1073 1.3080x1076  2.7534x10~"
0.1 6.3096x 1073 1.4595 x107% 2.8692x10~"
0.2 6.6175 x10™3  1.6017 x107% 2.9819x10~7
0.3 6.8844x107%  1.7349x107¢  3.0917x10~7
0.4  7.1110x107%  1.8596x107¢  3.1989x10~7
0.5 7.2982x1073 1.9763x107%  3.3038x10~"
0.6  7.4466x107*  2.0852x107°%  3.4065x10~"
0.7 7.5570x1073  2.1868x107%  3.5073x10~7
0.8  7.6301x107%  2.2815x107¢  3.6063x10~7
0.9 7.6668x1072  2.3696x107%  3.7036x10~7

Table 3: Absolute error for Example 3.
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Abstract: In this paper, we study the existence and uniqueness of mild solutions for
multi-term time-fractional differential systems with non-instantaneous impulses and
finite delay. We use the tools of the Banach fixed point theorem and condensing map
along with generalization of the semigroup theory for linear operators and fractional
calculus to come up with a new set of sufficient conditions for the existence and
uniqueness of the mild solutions. An illustration is provided to demonstrate the
established results.

Keywords: fractional calculus, generalized semigroup theory, multi-term time-
fractional differential system, (B,~;)-resolvent family, non-instantaneous impulses.

Mathematics Subject Classification (2010): 34A08, 34G20, 35R12, 26A33,
34A12, 34A37.

1 Introduction

During the last few decades, the fractional differential equations (FDEs) including
Riemann-Liouville and Caputo derivatives have attracted the interest of many re-
searchers, motivated by demonstrated applications in widespread areas of science and
engineering such as models of medicine (modeling of human tissue under mechanical
loads), electrical engineering(transmission of ultrasound waves), biochemistry (modeling
of proteins and polymers) etc. In addition, due to the memory and hereditary proper-
ties of the materials and processes, in some areas of science such as identification sys-
tems, signal processing, robotics or control theory, the fractional differential operators
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seem more appropriate in modeling than the classical integer operators. For funda-
mental certainties regarding to fractional systems, one can make reference to the pa-
pers [6}9,/14,19+H21}|25/126], the monographs [104[16/24] and references therein. Moreover,
fractional differential systems with delay are used frequently in many fields such as 3-D
printing and oil drilling, modeling of equations, panorama of natural phenomena and
porous media. For more details, see the cited papers [11[3].

On the other hand, the theory of fractional impulsive differential equations (in short,
FIDEs) also has generated a great interest among the researchers, because many real
world processes and phenomena which are effected by abrupt changes in the state at
certain moments are naturally described by FIDEs. These changes occur due to dis-
turbances, changing operational conditions and component failures of the state. For
example, mechanical and biological models subject to shocks. Generally, the abrupt
changes in the state for instant period in evolution process are formulated by impulsive
differential equations. However, it is not necessary that the dynamical systems with
evolutionary processes always be characterized by instantaneous impulses. For exam-
ple, pharmacotherapy (23], in which the hemodynamic equilibrium of a person is con-
sidered. The initiation of the drugs in the bloodstream and the resultant absorption
for the body are gradual and continuous processes. Therefore, instantaneous impulses
failed to describe such processes. To characterize these type of situations Hernandez and
O'Regan [8] introduce a new case of impulsive actions, which are triggered abruptly at
an arbitrary instant and their action remains for a finite time interval. Meanwhile, Pierri
et al. [22] extended the results of [§] with an a-normed Banach space. For the general
theory of impulsive differential equations, we refer to the monographs [4/12], research
papers [5}11,/13}15,/17,/18,/28] and references therein.

Indeed, in [9,/14}/19,/27], the authors have obtained the existence and uniqueness
results without impulsive conditions, and in [20], Pardo studied weighted pseudo almost
automorphic mild solutions for two-term time-fractional order differential equations. In
[21], Pardo and Lizama studied a nonlinear multi-term time-differential system of the
form

d
Dy(t) + Y p DY y(t) = Ay(t) + f(t.y(t), B;>0,t€[0,1,0<y<2, (1)

j=1

y(0) =0,  ¥(0) =g(y), (2)

where A : D(A) C X — Xis a closed linear operator and f and g are suitable functions. In
the foregoing cases, the initial value problems were considered, but the study of existence
of mild solutions for the system modeled as (1)) — (2) involving non-instantaneous impulses
and delay was left open. Anticipating a wide interest in the problems modeled as the
system — , this paper contributes to fill this important gap.

This paper is organized as follows. Section 2 is devoted to recall basics of fractional
calculus and mild solution which will be employed to attain our mains outcomes. In
Section 3, the existence and uniqueness results for the system — are analyzed
under the Banach and condensing map fixed point theorems. In Section 4, as a final
point, an example is provided to show the feasibility of the theory discussed in this
paper.
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2 Problem Formulation

Let X be a Banach space. Let £(X) be the space of all bounded and linear operators
on X equipped with the norm | - ||z. Let R and N stand for real numbers and natural
numbers, respectively. For a linear operator A on X, R(A), D(A) and p(A) represent
the range, domain and resolvent of A respectively. To facilitate the discussion due to
delay, we use the space PCq := C([—7,0],X) formed by the continuous functions from
[-7,0] to X equipped with the norm |[[yl[pc, = sup,c;_-q{ly(®)lx : y € PCo}. To
study the impulsive forces, we define a space PCr := PC([—7,T],X),0 <t < T of all
functions y : [—7,7] — X, which are continuous everywhere except the points t; €
(0,T7),k =1,2,...,m, at which y(¢]") and y(t; ) exist and y(¢; ) = y(t). Obviously, PCr
is a Banach space equipped with the norm [|y[|pc, = sup;ei—r r{lly(¥)[lx : y € PCr}.
In this paper, we study the existence and uniqueness of mild solutions for the following
class of multi-term time-fractional differential equations with non-instantaneous impulses

“DiPy(t) + ZaJCD%

= Ay(t) + F<t, yt,/o A(t, s)(ys)ds>, teUro(se, ter1], (3)

y(t) = Gk(t7yt)a y/(t) = Hk(tv yt)v te U$:1(tk, Sk]v (4)
y(t) +91(y) = ¢(t),  ¥'(t) + g2(y) = 0(t), te[-7,0], (5)

where A : D(A) C X — X is a closed linear operator. “D7 stands for the Caputo
derivative of order > 0 and Z = [0,7] = {0} U™ (Sk» tht1) Upy (tr,sk], T < oo such
that 0 = 59 < t1 < 851 < tg < -+ <ty < S S tm+1 = T are prefix numbers. All
vj, J = 1,2,3...n, are positive real numbers such that 0 < g <, <--- <y < 1. Gy
and Hj, are continuous functions from U, (g, sg] X PCp into X for all k = 1,2,...,m
F :Z x PCy x PCy — X is a suitable function. The history function y; : [—7,0] — X is
the element of PCy characterized by y.(6) = y(t + 0),0 € [-7,0] and also ¢, € PCy.
y' denotes the usual derivative of y with respect to t. £ is a positive and continuous
operator on Q = {(t,5) € R?: 0 < s <t < T} and k° = sup fot £(t, s)ds < oo. Here by
non-instantaneous, we mean that the impulses start abruptly at £ and their effect will
continue on the interval [ty, sg] for k =1,2,3,...,m.

Now, we recall some definitions and basic results on fractional calculus (for more
details, see [24]). Define g,(t) for n > 0 by

=l > 0;
win={ Jo"" 1

where I' denotes the gamma function Let (X % Y)(¢) be the convolution of X and YV
given by (X xY)( fo (t —s)Y(s)ds.

Definition 2.1 The Riemann-Liouville fractional integral of a function f €

L}, (R, X) of order n > 0 with the lower limit a > 0 is defined as follows

loc

Jgf(t)z/ anlt—8)f(s)ds, t>0,

and I0f(t) = f(t). This fractional integral satisfies the properties I o I} = IJ*" for
b>0and I]f(t) = (g, % )(t).
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Definition 2.2 [21] Let n > 0 be given and denote m = [n]. The Caputo fractional
derivative of order n > 0 of a function f € C™([0,00),R) with the lower limit ¢ > 0 is
given by

dm

wf(s)ds,

¢
D) = 17D ) = [ gt =)
and ‘DY f(t) = f(t). In addition, we have “D( f(t) = (gm—n * D™ f)(t).
To give an appropriate representation of mild solution in terms of certain family of
bounded and linear operators, we define the following family of operators.

Definition 2.3 [21] Let A be a closed linear operator on a Banach space X with
the domain D(A) and 8 > 0,7;,c; be the real positive numbers. Then A is called the
generator of a (3, ;)— resolvent family if there exists w > 0 and a strongly continuous
function S, : RT — L(X) such that {A\**! + > =1 @A i Red > w} C o(A) and

n —1 0o
A (Aﬁ“ + Y N - A) y = / e MSp., (tydt, Red>w,yeX.  (6)
j=1 0

The following result provides the existence of (/3,7;)— resolvent family under some suit-
able conditions.

Theorem 2.1 [21] Let 0 < 8 < v; <,---,< v <1 and o;j > 0 be given and let
A be a generator of a bounded and strongly continuous cosine family {C(t)}ier. Then A
generates a bounded (j3,7;)— resolvent family {Sp.,(t)}+>0.

Motivated by [21], we define a mild solution for the system — as follows.

Definition 2.4 A function y € PCr is called a mild solution of the system — ,

if y(t) = o(t) —g1(y),y'(t) = @(t) — g2(y) for [-7,0] and y(t) = Gi(t, y:), y'(t) = Hi(t, yr)
for ¢ € UP (tk, sk] and satisfy the following integral equations

S5, (O[6(0) — 1 (y +K&W@W@—mwws

t—s Vi
+Z%/ R g S (600 — 1)

+f(f(9/3 * Sy, )t — 8)F (s, Ys, K(ys))ds, t€[0,t1];
Spy; (t = Sk)Gk(Sk,ysk +f Sp; (58— sk)Hi(5k,Ys), )ds

n

(t—s)P=
+Z / r(1+p— v; )Sﬁ,’h (s = 51)Gr (5K Ys;, )ds

+fsk gp * SB"‘/j)(t - S)F(S,ys7 K(yS))dSﬂ te U?=1(8k»tk+1]7

where K (y,) = [ & ye)dE.

Theorem 2.2 [7, Condensing theorem] Let M be a closed, bounded and convex
subset of a Banach space X and assume that Q : M — M is a condensing map. Then
Q admits a fized point in M.
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3 Main Results

In this section, we establish the existence and uniqueness of mild solution for the system

. . We denote So = sup,cio.77 [|Sp,~; (t)l|z- In order to establish the existence
and uniqueness result by the Banach fixed point theorem, we consider the following
assumptions:

(A1) There exist positive constants pp and p% such that
1F(t91, x1) = F (8,92, x2)llx < prllvn = dallpe, + pilx: = xzllpes,
where ¢;, x; € PCo, i = 1,2.
(A2) There exist positive constants pq, ptg, and pg such that

1Gr(t, ) = Gr(t, )llx < palld = xllpeos [Hi(t, ) — Hi(t, x)|Ix < pulld = xllpe,,
lg:(z) — gi(¥)|lx < pg, llz — yllx,

forall ¥, x € PCy, z,y € X,i=1,2and k=1,2,3,...,m

Theorem 3.1 Assume that the assumptions (A1) — (Az) are fulfilled, then the system
- has a unique mild solution in T if © < 1, where

1+8—; 148
Oé]SodT S()TO 0 1.0
+ 0k,
TRt 5y T pr Trrklee

© =max |:Sod + T()Soe + Z
where d = max{ug,, pc}, € = max{pig,, pr} and Ty = max |tg41 — Skl
0<k<m

Proof. To transform the problem into a fixed point problem, we define an operator
Q : PCr — PCr by Qu(t) = ¢(t) for t € [-7,0] and Qy(t) = Gi(t,y;) for all t €
Uit (tk, si], and

SB.3; (t)[¢(0) g1 )] + Jy S5, (5)[0(0) = g2(y)]ds

+Za] [ S0, (6600~ )l

+ fo g * Sﬁfw)( )F(Svys, K(ys))d87 te [Ovt1]§
Qy(t) = Sﬁﬂ’tj (t - Sk)Gk(5k7 ysk) (8)
+ fsk Spy; (s = s) Hi(sk ys, )ds

t — S ﬂ Vi

+ Zai / 1 + 6 v )Sﬁﬂj (S - sk)Gk(ska ysk)ds

+ fsk 98 * Sy, ) (t — 8)F(s,ys, K(ys))ds, t e U (sk, trsa)-
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Let z,y € PCr. For t € [0,¢], we have

1Qz(t) — Qu(t)lx

<1, Ol (7) ~ @)+ [ 180, Ol elga(a) — g2l
+Z%/ T80, (o (0) — o) s

+/0 195 * Sp.2; )t = $)[ | F'(s, 25, K (25)(s)) = F (s, ys, K (ys)) I xds

1+B8—; 1+8
OéjS(]/ngTO S(]TO 010
F+ upk T —Y|pcy-

< |:SO;u'g1 + TOSO/J’gz + Z
j=1

For t € U™, (tg, sk], we get
1Qz(t) — Qy(t)|lx < [|Gr(sk, Tsy,) — Gr(sk, Ysi ) x < pelle —yllper, k=1,2,3,...,m

Similarly, for ¢t € UpX, (sk, tk+1] we get

1Qz(t) — Qy(t)lx

<Sp ., (= i)l 2 |Gr(sks sy,) — Gr(Sk, Ys, ) |Ix
t

+ | NS, (5 = si)llcl|Hr(sk, Ts,,) — Hi(sk, Ys,, ) [|xds

n t RY:]
X ], Ry 150 (5 = 50l Guots ) = G s

/ (g5 * Sp.y, )t = )l F (s, 26, K (25)(s)) — F(s,ys, K(ys))lIxds
oszo,uc;Tol+57w SOT1+’6

4 0
F2+p-n) T@E+5)

Gathering the above results, we have ||Qz—Qyl|pc, < Ollz—yl||pc,. Now, by the Banach
contraction theorem the system — has a unique mild solution.

In order to establish the existence results by virtue of the condensing map, we consider
the following assumptions:

< [soue TS+ 3 (e + 1K 2 = yllpey
j=1

(A3) The functions Gg, Hi,¢1 and go are continuous functions and F' is compact and
continuous, and there exist positive constants vp, V%, va, v, Vg, Vg, such that
IF 4, 0lx < velldlpe, + vlixlipes,  9i(@)lx < vg,llzlx,
1Gk(t, V) lx < val¥llpe,,  [1Hi(t¥)lx < vallyllpe,
for all x € X, ¢, x € PCo.

Theorem 3.2 Assume that the assumptions (As) — (As) are fulfilled, then the system
- has a mild solution in T if A <1, where
0 SodT, 77

7/”’G b
vi)

A =max |:S()d+Tosoe+Z 2+5
g

where d = max{jiy,, pc}, € = max{pig,, i}
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Proof. Consider the operator Q : PCr — PCr defined in Theorem [3.I] We show
that @ has a fixed point. It is easy to see that Qy(t) € PCr. Let B, := {y € PCr :
lyllper < ro}, where

OLJS()YlT 14—

, vaTro, Sovgro + ToSovhT
T2+8—7) GT0, P0VGT0 0°0VHTO

To > max |:S()Y1 + Tos()Zl + Z

+ZO[] Ol/GroT '6 ’YJ:| S()Tol—i_ﬁ
I'(248—1;) I'(2+5)

where Y1 = ||¢(0)]| +vg,70, Z1 = [|@(0)|| + vg,70. It is clear that B, is a closed, bounded
and convex subset of PCr. Let y € B,,, then for ¢ € [0,¢;], we have

[vr + I/%k‘o]’l"o, (9)

1Qy(®)x SIISB,wj(t)Ilc(II¢(0)II+||91(y)Hx)+/0 18845 ()Nl + llg2(v) I )ds

+Zaj [ RS0, (16000 + gl s

+ / (g5 * Sp,)(t — )Ll F (5, o0 K ()l xds

OAJS()YlT 1+ SoTolJr'B
L2+8-y) r'2+p)

<SoYi + ToSoZ1 + Z v + 2k ro.

For t € U™, (ty, sk], we get
1Qu(®)|Ix < [|Gr(t,ye)llx < varo, k=1,2,3,...,m
Similarly, for ¢ € U, (sk, tkt1], we get

t
1Qy()|lx <lISp.; (t = si)ll el Gr(sk, s, ) s + / 1S8,+, (5 = si)lc |1 Hi (5K, ys,, )| xds

(t—s)=
+ZaJ/ BTy (s = 30l Gl s

+ / (g8 * Sp.n; )t = S)|llF (s, ys, K (ys)) | xds
Sk
ijSQVGT()TOlJrﬁ_% n SOTOHB
L2+ 6 —;) L2+ p3)

We conclude by () that ||Qy|/pc, < ro. Thus we conclude that Q(B,,) C By,. Next,
we show that @ is a condensing operator. Let us decompose @ by Q = Q1 + @2, where
Qy(t) = Gi(t,y.) for all t € U, (tk, si] and

857, (D6(0) = 1) + Jy S, (5)2(0) = 92(v))ds

t — §)B—;
300 [ AT, (060 s, v € 0.0
Quy(t) = Sﬁj,v_j(tfsk)c:k(sk,ysk )+ [1 g (s — s1)Hi(sr, s, )ds

+ia/t(t_8)ﬁw8g (8—5k)Gr(Sk,Ys,, )ds, t € UL (Sk, thy1)
. J (1 +B 4 ) Y5 » ISk ’ k=1 ) )

n
<Sovgro + ToSovuro + Z [vr + veklro
=1

(10)
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and

Qay(t) = { fot(gﬁ * S, )t — 5)F(s,ys, K(ys))ds, te0,t]; "

t —
fstk (gﬁ * Sﬁ,’y_y’)(t - S)F(Sv Ys, K(ys))ds’ te Ukm:1 (skv tk+1]'

First, we show that )1 is continuous, so consider a sequence in B, such that y" — y €
B,,, then for t € [0,t1], we get

1Q1y"(t) — Quy(t)lx <Sollgr(¥™) — g1 (W)lIx + SoTollg2(y™) — g2(y)lIx
a~SOT1+ﬁ7W
+ Z mHm(y") = 91(y)|x-

Jj=1

n

For t € U™, (sk, tky1), we obtain

1Q1y" (1) — Quy(t)llx <SollGr(sk, s, ) — Gr(Sk, Ys,)lx
+ SOTOHHk(Ska Z/Zk) - Hk;(Sk;, ysk)”X

i o SOTOHB*“/]'

mHGk(Skaysk) — Gr(Sks Ysi ) [1x-

Jj=1

By continuity of G, Hi, g1 and ga, we have ||Q1y™ — Q1y|lpc, — 0 as n — co. Hence @
is continuous. Let x,y € PCr. As we have done in Theorem for t € [0,t;1], we have
1 ——y
0 Soptg, Ty 777
I'(2+8—1;)

1Qrz(t) — Quy(®)lx < [Soﬂgl T ToSoptgs + e = yllper.
j=1

For t € U™ (ty, sk], we get

[Qiz(t) — Quy()llx < Gr(sks s,) — Grlsk, s )lIx < pelle —yllper, k=1,2,...,m,
and for t € U™, (sk, tp41], we obtain

T01+6J/j

- ;S G
|Qua(t) — Quy(t)lx < |Sopc + ToSopn + Y — or |z — yllpey-
j=1

— T2+8-)

Gathering the above results, we have ||Q12 — Q1y|lpcy < Allz — y|lpe,. Hence, Q; is a
contraction mapping.

Next, we show that Q- is completely continuous. First, we verify that Qs is contin-
uous, so we consider a sequence in B,, such that y" — y € B,, as n — oo, then for
t €[0,t1], we get

1Q2y"™ (1) —Q2y(t)Ix
< /Ot 1095 * Sp., )t = )l F (s, 48, K(yd)) — F(s,ys, K(ys))[[xds,
for t € U™, (s, trs1], we obtain
1Q2y"™ (1) —Q2y(t)lIx

S/ 1095 * Sp.; )t = $)[ [ F(s, 5, K(yS)) — F(s,ys, K(ys))l|xds.
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By continuity of F', we get ||Q2y™ — Q2y|lpc, — 0 as n — oco. Hence Q2 is continuous.
Further, we show that @ is a family of equi-continuous functions. Let lo,1; € [0,¢1] such
that 0 <[y < ly < t1, we have

|Q2y(l2)—Qay(l1)]x

5
S/O (95 * Spy; )2 = 5) = (98 * Sp,y, )l = $) 21 (s, ys, K (ys)) [ xds

lo
+ /l 195 * Sa.ny) (12 — ) || F (5, s K (32)) cds

<Sp [/Oll ((l2 —5)° O S>B)ds + W} [vr + vk’

r1+p) T1+p) T2+ 5)
So 1+ 1+8 (12 _ l1)1+6
<tarm |7 -4 - - S e

For Iy, 1y € U™ (sk, tg41] such that s, <1y <y < tpi1, we have

Q2y(l2) — Q2y(l1)|Ix

Iy
S/ (98 * S, )12 — s) — (g5 * Sp, )11 — )l 2l F (s, ys, K (ys))|xds

Sk

l2
+ /l (95 * Spm,) (T2 — )| F (5. s K (92)) s

hrla—8)f (I —s)? (o — y)1+F
<5 [/ (m 5 T B))ds T T@ ) } e+ vpklro

So
“Te+p)

from aforemention inequalities we conclude that ||Q2y(l2) — Q2y(l1)||pcy — 0 as lo — Iy
for t € [0,T]. This shows that @3 is a family of equi-continuous functions.

Finally, we will show that Y = {Q2y(t) : vy € B, } is precompact in X. Let ¢t > 0 be
fixed and let y™ € B,,, {y™} be a bounded sequence in PCr. Let Y = {Qa2y™(t) : y™ €
B,,} be a bounded sequence in B,,. Hence, for any t* € U (s, tkt1], the sequence
{y™(t*)} is bounded in B,,. Since F is compact, it has a convergent subsequence such
that

lo —1 14+
+ 7( 2 —h) } [ve + V2K o,

F(t*ay?mK(y?*)) - F(t*ayt*aK(yt*))a
or
[F(t", yie, K(yi=)) — Py, K () Ix — 0 as n — oc.
Using the bounded convergence theorem, we can conclude that

(Q2y")(t) = (Q2y)(t), in By,.

This proves that @2 is a compact operator. Therefore Q7 is a continuous and contraction
operator and ()2 is a completely continuous operator, hence Q = @1 + ()2 is a condensing
map on B,,. Finally, by Theorem [2.2] we infer that there exists a mild solution of the

system - in By,.
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4 Example

In this section, we provide an example to illustrate the feasibility of the established
results. Set X = L2(R"), then PCy := C([-7,0], L2(R")). Let B,v; > 0 for j =
1,2,3,...,n be given, satisfying 0 < f <7, <--- <y <1and 7 € R such that 7 >0 .
We consider the following system

-~ ) us (0,
o PPu(t, x) + ;ajag’u(t,x) =Au(t,z) + t(50 )
¢
+ / cos(t )"0 e (12)
for all (t,z) € Uiy(sk, trt1] % [0, 1],
b osin(t — £) ut(ﬁ x)
Gult.w(o.0) = [ TS &,
b ocos(t — &) uy (0, x m
snt0.0) = [ P 0 d o teU (s (19
u(6, x) +Zary (0, x), 9z+Zbry , ), (14)
where a,,b, € R,0 € [—7,0]. The points 0 = g = 59 < t1 < 81 < ta < -+ <

tm < Sm < tmg1 = 1 are prefix numbers, 3t1 +# denotes the Caputo derivative of order
(1 + ) and A is the Laplacian with a maximal domain {v € X : v € H?(R")}. The
history function u(6, z) : [—7,0] — X is the element of PCy characterized by w(0,x) =

u(t+6,z),0 € [—7,0]. Set y(t)(x) = Zar Zb x(t,) and
o(0)(z) = ¢(0, ac) (0,x) € [-7,0] x [0, 1]. Now, we have F(t P, K()) = E""f— cos(t —
&) Lde, Gilt,p) = [*. “(“;ilf Lde, Hy(t,p) = [* “g;jil)@ 2. d¢. Now, we observe that

the system . . ) has the abstract form of the system . . Moreover, for
t €10,1],4:,x: € PCo,i =1,2 and z,y € X, we have

[E(t, 1, K (x1)) = F (£, 12, K(x2))|| < *II% Vo +i||><1 —xall,

— 50
1Gk(t, x1) = Gr(t, x2)|l < %HM xXells [HHk (8 x1) — Hi(E, x2)[| < %HXl Xzl
lg1(2) = 91(y)llx < qallz —yllx; llg2(2) — g2(y)llx < gblle — yllx,
where ¢ = max |a,| and b = max |b,|. Thus the assumptions (A4;) and (As) are
1<r<q 1<r<q

satisfied. On the other hand, it follows from the theory of cosine families that A gen-
erates a bounded cosine function {C(t)};>0 on L?(R™). Moreover, by Theorem the
operator A in equation generates a bounded {Sg -, (t)}¢>o-resolvent family. Let
So = supeqo,1] [1S8,4, ()|l c. Now, by Theorem [3.1] if

= :Sod 1
max [Sod + Spe + Z 255 35 <1,
j=1

<T@+ B —7,)  B00@+H) %

where d = max{qa, 2%}, e = max{qb, 2—25}, then the system - admits a unique
mild solution.
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5 Conclusion

In this paper, an approach has been developed concerning the existence and uniqueness
of mild solutions for the system — using the Banach fixed point theorem and
condensing map theorem. The system — involves abrupt forces(impulsive effects),
hence our results generalize the results of Pardo and Lizama studied in [21]. Thus, our
results are more general and interesting.
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