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Abstract: In this paper, the extended Fan sub-equation method is applied to obtain
exact solutions of the generalized Zakharov equation. Applying this method, we
obtain various solutions which are benefit to further understand the concepts of the
complicated nonlinear physical phenomena. This method is straightforward, and it
can be applied to many nonlinear equations. In this work, we use Mathematica for
computations and programming.
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1 Introduction

Nonlinear partial differential equations (PDEs) appear in many fields, such as fluid me-
chanics, solid state physics, plasma physics, chemical physics, nonlinear optics , and so
on. Thus, nonlinear PDEs play an important role in the study of nonlinear science,
especially in the study of nonlinear physical science. Exact solutions of nonlinear PDEs
can provide much physical information to understand the mechanism that governs these
physical models or provide better knowledge of the physical problems and possible appli-
cations [2]. For example, the wave phenomena observed in fluid dynamics, plasma and
elastic media are often modeled by the bell-shaped sech solutions and the kink-shaped
tanh solutions. Therefore, finding exact solutions of nonlinear PDEs has been of great
significance. In the past decades, many researchers have paid more attention to various
powerful methods for obtaining exact solutions to nonlinear PDEs. Some of the most
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important methods are the Jacobi elliptic method [4], Taylor-series expansion method [6],
simplest equation method [9], the transformed rational function method [11], variational
iteration method [12], tanh-sech method [14], sine-cosine method [1,(15], %—expansion
method [17], exp function method [7], homotopy analysis method [8], and so on.

Yomba [16] demonstrated that the F-expansion method, the tanh and the extended
tanh function method belonged to a class of methods called the sub-equation methods,
because we can obtain exact solutions of the complicated nonlinear PDEs in use and
study some simple nonlinear ordinary differential equations. These methods consist of
solving the nonlinear PDEs under a suggestion that a polynomial in a variable satisfies an
equation (named the sub-equation). Fan [5] recently developed a new algebraic method,
called the Fan sub-equation method, for obtaining exact analytical solutions to nonlinear
equations. These solutions include polynomial solutions, trigonometric periodic wave so-
lutions, exponential solutions, rational solutions, hyperbolic and solitary wave solutions.
The powerful Fan sub-equation method is widely applied by many scientists, see 3] and
the references therein. In this paper, the extended Fan sub-equation method will be used
to find exact solutions for the generalized Zakharov equation. We show the extended
Fan sub-equation method is a very powerful mathematical technique for finding exact
solutions of nonlinear differential equations. Here the exact solutions of the nonlinear
PDEs can be expressed as a polynomial and the degree of this polynomial can be de-
termined by considering the homogeneous balance between the highest order derivatives
and nonlinear terms in the considered equation. The aim of this paper is to find exact
solutions of the generalized Zakharov equation by using the extended Fan sub-equation
method as follows.

The form of the generalized Zakharov equation is [10]

g + Ugy — 20ul?u + 2uv = 0,
(1)

Vit — Vao + (Ju?) 2z = 0.

Here the coefficient « is a real arbitrary constant. The nonlinear self-interaction in the
high-frequency subsystem, such as a term corresponding to a self-focusing effect in plasma
physics can be described via the third term of the first equaton in . The rest of this
paper is organized as follows. In Section 2, we describe the extended Fan sub-equation
method for solving nonlinear PDEs. In Section 3, we give an application of the proposed
method to the generalized Zakharov equation. In Section 4, some conclusions are given.

2 Extended Fan Sub-Equation Method for Finding the Exact Solutions of Non-
linear PDEs

In this section, we illustrate the basic idea of the extended Fan sub-equation method for
solving nonlinear differential equations. We consider a nonlinear PDE in two independent
variables x, t and dependent variable u. Then by means of an appropriate transformation,
it can be reduced to a nonlinear ordinary differential equation(ODE) as follows:

P(u, v’ u" u",..) = 0. (2)

Here prime denotes the derivative with respect to . Exact solution for this equation can
be constructed as follows:

A_ A_q

u(é) = ——- =

@ T e

+ Ao+ Argp(§) + .+ Anp(§)"; An #0. 3)
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Here A; (i =0,1,2,--- ,n) are constants to be determined later. Also, ¥ = () satisfies
the following ODE:

where € = +1 and w; are constants. Thus the derivatives with respect to & can be
calculated with respect to the variable ¢ as follows:

Pu 1 . i1 du 1 id2u
ngggwﬂﬁ @‘F;wﬂﬁ qr (6)

The solutions of equation are:

e Case 1. When wy = wy = ws = 0, we have the following solutions

b= _% sech(y/@z€);  wa >0, wy <0, (7)
4

= —% sec(v/—wz); wa <0, wy >0, (8)
4

Y= =0, wy > 0. 9)

Non

2
e Case 2. When w; =w3 =0, wy = 5724, we have the following solutions

=€, /—;724 tanh( —%f); wy < 0, wg >0, (10)
%) wo

= — t —£); 0 0. 11

P 61/2&)4 an(y/ 2§), wo >0, wy < (11)

e Case 3. When w; = w3 = 0, we have the following solutions

wom? wWo 1—m?
= — y 5 > 0, < 0, = )
v e — ) Wame o1t m)i wz >0, wi <0, w0 = 5lF 0

(12)

wom? W2 w%mz
—ey[— 2 an( - —22 g m); wa < 0, wi >0, wp = ——2
Y =ce PNCEESY, sy /= 1t m); wo Wy “0 = S (mZ + 1)
(13)

where m is the modulus. In limiting cases, the Jacobi elliptic function solutions can
degenerate to hyperbolic function solutions and trigonometric function solutions, for
example, sn(§) — tanh(€) as m — 1, and sn(§) — sin(§) as m — 0.
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e Case 4. When wy = wy = wy = 0, we have the following solutions

P = _¢2 sechz(—'mf); wo > 0, (14)
ws 2

)= _X2 secZ( 7w2§); wy < 0, (15)
w3 2
1

Y= i 2T 0. (16)

Substituting —@ into equation and collecting all terms with the same powers of v
together, the left-hand side of equation is converted into a polynomial. After setting
each coefficients of this polynomial to zero, we obtain a set of algebraic equations in terms
of A, (n=0,1,2,...,n). Solving the system of algebraic equations and then substituting the
results and the general solutions of — into equation ([3]), gives solutions of equation

)
3 Application of the Extended Fan Sub-Equation Method

In this section, we apply the extended Fan sub-equation method for solving the general-
ized Zakharov equation as follows.

Example 3.1 We consider the generalized Zakharov equation in the form

iUy + Uge — 20|ul?u + 2uv = 0, (17)
Vit — Vg + (|u|2)ww =0. (18)

For obtaining exact solutions of and , we use
w(z, ) = pla, 1) T+, (19)

where k, A are constants which should to be determined later. Substituting equation
into equations and , we get
i(pr + 2kps) + pew — (A +E2)p — 2ap® + 2pv = 0, (20)
Vit — Vgg + p2p = 0. (21)

We take the traveling wave transformation

p=p(©), v=0(), &=wlx—2k), (22)

here w is a constant which should be determined later. Then equations and are
reduced into two nonlinear ODEs

wp — (AN +E*)p — 20p 4+ 2pv = 0, (23)
(4R2 = 1" + (p2)" =0, (24)
integrating equation with respect to &, we have
2

o
T e
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Substituting equation into equation yields

p® =0. (26)

2
2 2 3
wip” — (AN +k%)p—2ap e

Balancing p” with p? in gives n=1. Thus the extended Fan sub-equation method
admits the following solution

A
¥(&)

where A_1, Ag, A are constants to be determined and 1 satisfies equation .

By substituting equations and into equation , collecting the coefficients
of ¢* and setting them to be zero, a set of algebraic equations is obtained. Solving this
set of algebraic equations using Mathematica |13], we get

. AO _ 0’ Al _ M A_l _ [(A"‘ k’2) —w2wz]\/B, ,6 -1 +4]€27 (28)

VI+aB’ 6w\/om

wo = wp, w1 = w3 =0, wy = wa, wy # 0.

p(§) =

+ Ag + Ap(9), (27)

o 4o VE VB VB2 R — el
O 03T T 2Bwlws — 2N+ K2)] T 24+/3w2ws ’

Y= 1OW2WQ - (1 +4k’), Wo = Wp, W1 = O, Wwa, W3 7é O7 Wy = Wy4.

By using , and cases — respectively, we get

[+ E?) = PV B wy/—w2B
p1(z,t) = AN A () cosh|y/wa(w(z — 2kt))] + JTras
sech[/wa(w(x — 2kt))], (30)
iy (L LL)2w2]\/Bcos —wa(w(x — wy—wal
p2(z,t) = 6o/ sl o) [V=wa(w(z — 2kt))] + s
secly/Ta(w(z — 24)), (31)
_ VB [\ + k2) — w2ws](w(z — 2kt)) ew
pS(x’t)__Vl‘*‘aﬁ{ 665) w(z2kt)}’ (32)
(ks _Wsz]mco 2 (- cwv—wnf
pala:t) = 6ewy/—wa(l+ ap) thl 2 Wiz —2kt)] + 21+ apB)
tanh]y [~ (w(x — 2kt))], (33)
IO el [T o/
o) = 6ewy/—wa(1+ap) cotl 2 (wia —2k0)] + 2(1+ afB)

tan[\/?(w(x — 2kt))], (34)
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[+ k2) — w?wa]/B(2m2 — 1) 1

pe(z,t) = 6w/—wz m2(1 + af) Cn(\/%w(x—2kt)7m)7
\/(QU;WM) C”(\/Ew(x — 2kt),m), (35)

o) = 2 gli% ! gy i(:c 2kt),m)’
%(%mﬁ) ™ _m;ui p @@ = 2kt),m). (36)

Substituting - into and respectively, we have
(A + &%) — w?wa] VB
uy(x,t) = cosh|v/wa(w(x — 2kt))] +
1(z,1) = { 6o/ a7 aB) [Vwa (w( )]
sech[y/ws(w(x — 2kt))]pel koA

2) _ 2w,
oo t) = — L (AR B oshl/is (w(z — 2kt)] +

“ T2 oy T aB)
sech[y/wa(w(z — 2kt))]}?,

wy/—waf
1+ ap

wy/—wa 3
V14 ap

2 —w2w
[(2; \/]fﬁg cos[y/—wa (w(x — 2kt))] +
secly/wa(w(z — 2k-t))]}ei(k:v+)\t),
1 AR =PV
va(w,t) = 1= 4k2{ Gme cos[v/—wa(w(x — 2kt))] +
secly/a((z — 2K1))]}

wy/—wa
V1+ap

Ug(.’b,t) = {

wy/ —wa
V1+ap

s, t) = {_\/% { [\ + E?) — w6 o:z)] (w(z — 2kt)) n w(xiWth) }}ei(km+>\t))
1 VB (A + k?) — w?ws](w(x — 2kt)) ew 9
US(x,t)_1_4k2{_m{ 6ew +w(x—2kt)}} ,
(o) = (LD ANy [ 2 a2+ 2
tanh| *%(w(m _ th))]}ei(kwr/\t)’
%) —wlwo w2 €W/ —ws
va(a,t) = 1 _14k2 ( [(GA; ’\“/% cothy [~ (w(x — 2kt))] + m

tanh, /—%(w(x —2kt))]}2.
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_ (AR _W2w2]mco ©2 ((x — ewv—waf
o) = (1Lt o [ oo -2y + S
tanly 22wl — 2k,
1 [N+ k?) — w?wo]V2B wa ewy/—wyf3
vs(x,t) = = 4k2{ bcod ot al) cot[\/;(w(x —2kt))] + N
tan[\/?(w(:r — 2kt))]}2,
() = {[()\ +k?) — wlwo]y/B(2m2 — 1) 1
’ 6w/ —w2 m*(1 + af) en(y /) 5% w(z — 2kt), m)
w\/Tmzﬁ w2 _ ei(kz+At)
JemZ— 1)1+ ap) ey gz g @@ = 2kt),m)} ’
vl t) = 1 {[()\ + k?) — wlws]y/B(2m2 — 1) 1
o 1 — 4k? 6W\/m cn(\/iﬁw(x—%:t),m)
wy/—wom?p3 wa B 2
T s on(| gyt 2k, ),
_ LA+ E?) — wiwa]y/B(m2 + 1) 1
7(z,t) ={ 6ewy/—wom?(1+ af) sn( 777L(;)ilw(x72kt)’m)
ew\/TmQﬂ sn . w2 wlz — m ei(k:nJr)\t)
Vi D rag) W T AT 2 me
o, ) = 1 {[()\ +k?) — wlwo]y/B(m2 + 1) 1
’ 1 — 4k2 6ewy/—wom?(1+aB)  sn(,/— 2 w(z — 2kt), m)
ewy/ —wam?2 / B
V/(m2 +1) 1+a5 m2+1 2kt),
By using , and cases and (|15]) respectively, we get
_ {2(A+k2)+w2w2]¢/37 V@2 VB
ps(x,t) = YN cosh?| (x — 2kt)] + W3
V367 wiwy Vwz
T3 — 20+ 1) sech2[Tw(x — 2kt)], (37)
RO retelVBT o vTEm o VB
po(x,t) = YN cos?| 5 w(z —2kt)] + 7
V3B wiws 9V —W2
S BR — 20 1+ 2)) sec”| 5 w(z — 2kt)]. (38)

Substituting — into and respectively, we have
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RO+ E) + wwaVBy Vw2 By
ug(x,t) = { YW cosh?| 5 w(z — 2kt)] + 4—\/3
w3w / .
_26w¥??%Aik%ﬁaﬁq (o = 2k e,
by k2 2 /R~ Yoyl
vs(@t) = 7 —14k2{[2( +24\)/;wo;wt2] mCOShQ[\?w(m el 4%

V387 wiwy

T 2(5wlwy — 2(X + k2)) ech? L2 us(z — 2]},

2

Vi
43

v _2“’2 w(a — 2kt)]}eika+rD

us (1) = { (x — 2kt)] +

[2(\ + k%) + w%g]\/ﬁcos?[\/%w
24+/3 w2wsy 2
V3B wiws

- 2(hw2wy — 2(A + k2))

B 1 20\ + k%) + wPwa]VBY o /w2
=1 4k2{ YN cos”| 5 w(z — 2kt)] +
_ V387 wiws sec
2(bw?ws — 2(A + k2))

sec?|

UQ(‘Tﬂt)

2k

M — 2kt)]y

4 Conclusion

We have applied the extended Fan sub-equation method to solve nonlinear partial dif-
ferential equations. As an application of the proposed method, some exact analytical
solutions of the generalized Zakharov equation are successfully obtained. These solu-
tions include hyperbolic function solutions, trigonometric function solutions and rational
function solutions. Moreover, the proposed method is shown to be a simple, yet powerful
algorithm for handling the systems of PDEs. Mathematica has been used for computa-
tions and programming in this paper.
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