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1 Introduction

In the recent paper [1], the author investigated both the Lie and Noether symmetries of
a Lane-Emden-Klein-Fock system with central symmetry of the form

utt − urr −
n

r
ur +

γvq

rn
= 0,

vtt − vrr −
n

r
vr +

αup

rn
= 0, (1)
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where p, n, γ, α, q are non-zero constants. If the constants n = 2, γ = α = 1, system (1)
reduces to

utt − urr −
2

r
ur +

vq

r2
= 0,

vtt − vrr −
2

r
vr +

up

r2
= 0. (2)

Systems of this type occur in various physical phenomena, see, for example, [1–4] and
references therein. Actually, system (1) can also be viewed as a natural extension of the
well-known two-component generalization of the nonlinear wave equation, namely

utt − urr −
m

r
ur − up = 0, (3)

with the real-valued function u = u(t, r), and p representing the interaction power while
(t, r) denote time and radial coordinates, respectively, in m 6= 0 dimensions [4].

This system has been extensively studied in [2] for its Lie and Noether symmetries
and the associated conservation laws for various values of the parameters p and q. More
recently, hyperbolic versions of these types of system have also been investigated in [3].
Motivated by the recent results in [1–4], we study a generalized coupled Lane-Emden-
Klein-Fock system with central symmetry of the form

utt − urr −
n

r
ur +

Φ(v)

rn
= 0,

vtt − vrr −
n

r
vr +

Ψ(u)

rn
= 0, (4)

where Φ(v) and Ψ(u) are arbitrary functions of v and u respectively.

The plan of this paper is as follows. In Section 2, we derive the equivalent generators
of system (4). The Lie group classification of system (4) is performed in Section 3. In
Section 4, we compute a symmetry reduction for some cases. Concluding remarks are
given in Section 5.

2 Equivalence and Composition Transformations

In this section we employ the formulas derived in [5,6]. Applying the classical approach of
group classification [7], we conclude that the generalized coupled Lane-Emden-Klein-Fock
system (4) admits the following seven equivalence generators spanned by

X1 =
∂

∂t
, X2 =

∂

∂u
, X3 =

∂

∂v
, X4 = u

∂

∂u
+ Φ

∂

∂Φ
, X5 = v

∂

∂v
+ Ψ

∂

∂Ψ
,

X6 = t
∂

∂t
+ r

∂

∂r
+ (n− 2)Φ

∂

∂Φ
+ (n− 2)Ψ

∂

∂Ψ
, X7 =

∂

∂r
+
n

r
Φ
∂

∂Φ
+
n

r
Ψ
∂

∂Ψ
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and the associated equivalence group is

X1 : t̄ = a1 + t, r̄ = r, ū = u, v̄ = v, Φ̄ = Φ, Ψ̄ = Ψ,

X2 : t̄ = t, r̄ = r, ū = u+ a2, v̄ = v, Φ̄ = Φ, Ψ̄ = Ψ,

X3 : t̄ = t, r̄ = r, ū = u, v̄ = v + a3, Φ̄ = Φ, Ψ̄ = Ψ,

X4 : t̄ = t, r̄ = r, ū = uea4 , v̄ = v, Φ̄ = Φea4 , Ψ̄ = Ψ,

X5 : t̄ = t, r̄ = r, ū = u, v̄ = vea5 , Φ̄ = Φ, Ψ̄ = Ψea5 ,

X6 : t̄ = tea6 , r̄ = rea6 , ū = u, v̄ = v, Φ̄ = Φe(n−2)a6 , Ψ̄ = Ψe(n−2)a6 ,

X7 : t̄ = t, r̄ = r + a7, ū = u, v̄ = v, Φ̄ = (r + a7)n
Φ

rn
, Ψ̄ = (r + a7)n

Ψ

rn
.

Thus the corresponding composition of the above transformations is

t̄ = ea6(t+ a1),

r̄ = ea6(r + a7),

ū = ea4(u+ a2),

v̄ = ea5(v + a3),

Φ̄ = ea4+(n−2)a6
[
(r + a7)nr−nΦ

]
,

Ψ̄ = ea5+(n−2)a6
[
(r + a7)nr−nΨ

]
. (5)

3 Group Classification of System (4)

A generalized coupled Lane-Emden-Klein-Fock system with central symmetry (4) is in-
variant under the group with the generator

X = ξ1(t, r, u, v)
∂

∂t
+ ξ2(t, r, u, v)

∂

∂x
+ η1(t, r, u, v)

∂

∂u
+ η2(t, r, u, v)

∂

∂v
(6)

if and only if

X [2]

(
utt − urr −

n

r
ur +

Φ(v)

rn
= 0

)∣∣∣∣
(4)

= 0, X [2]

(
vtt − vrr −

n

r
vr +

Ψ(u)

rn
= 0

)∣∣∣∣
(4)

= 0

(7)

with X [2] being the second extension of the generator (6) [4,6–9]. Expanding system (7)
and solving the resulting determined system of partial differential equations for arbitrary
Φ(v) and Ψ(u) yield the one-dimensional principal Lie algebra spanned by

X1 =
∂

∂t
(8)

and the classifying relations are (δu+ θ)Ψ′(u) + βΨ(u) + α = 0,

(λv + γ)Φ′(v) + ψΦ(v) + ω = 0,
(9)

where α, β, γ, δ, θ, λ and ω are constants. System (9) is invariant under the equivalence
transformations (5) if

δ̄ = δ, β̄ = β, λ̄ = λ, θ̄ = δa2 + θe−a4 , ψ̄ = ψ, γ̄ = λa3 + γe−a5 ,

ω̄ = e(n−2)a6−a4
(

rn

(r + a7)n

)
, ᾱ = e(n−2)a6−a5

(
rn

(r + a7)n

)
.
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A complete analysis of equation (9) yields the following cases for the non-equivalent forms
of the arbitrary element Φ(v), Ψ(u) and n:

Case 1: Φ(v) and Ψ(u) are arbitrary, but not of the form as cases 2-8 given below.
In this case, we obtain only the principal Lie algebra (8).
Case 1.1: n = 2.
The principal Lie algebra is extended by one symmetry, viz,

X2 = t
∂

∂t
+ r

∂

∂r
.

Case 2: Φ(v) = avp and Ψ(u) = buq, where a, b, p and q are non-zero constants.
This case reduces to the system studied in [1].
Case 3: Φ(v) = av−1 and Ψ(u) is arbitrary, with a and n being non-zero constants.
This case extends the principal Lie algebra by one symmetry, namely,

X2 = v(n− 2)
∂

∂v
− t ∂

∂t
− r ∂

∂r
. (10)

Case 4: Φ(v) is arbitrary and Ψ(u) = bu−1, where b and n are non-zero constants.
Again the algebra is two-dimensional and is spanned by (8) and

X2 = u(n− 2)
∂

∂u
− t ∂

∂t
− r ∂

∂r
.

Case 5: Φ(v) = av and Ψ(u) = bu, where a, b and n are constants.
Here the algebra extends by four, with the additional operators,

X2 =
∂

∂u
, X3 = u

∂

∂u
+ v

∂

∂v
, X4 = av

∂

∂u
+ bu

∂

∂v
,

X5 = aH
∂

∂u
+
[
nrn−1Hr + rnHrr − rnHtt

] ∂
∂v
,

where H(t, r) is any solution of partial differential equation

br3(c1 + aH) +
[
4r2nn2 − 2r2nn3 − 2r2nn

]
Hr +

[
3r2n+1n− 5r2n+1n2

]
Hrr

−4r2n+2nHrrr − r2n+3Hrrrr +
[
2r2n+1n2 − r2n+1n

]
Htt + 4r2n+2nHttr

−r2n+3Htttt + 2r2n+3Httrr = 0

and c1 is an arbitrary constant.
Case 5.1: n = 2.
The Lie algebra extends by six additional generators,

X2 =
∂

∂u
, X3 = u

∂

∂u
+ v

∂

∂v
, X4 = av

∂

∂u
+ bu

∂

∂v
,

X5 = t
∂

∂t
+ r

∂

∂r
, X6 = 2tu

∂

∂u
+ 2tv

∂

∂v
− (t2 + r2)

∂

∂t
− 2tr

∂

∂r
,

X7 = aH
∂

∂u
+
[
2rHr + r2Hrr − r2Htt

] ∂
∂v
,

where H(t, r) satisfies the partial differential equation

b(c2 + aH)− 4rHr − 14r2Hrr − 8r3Hrrr − r4Hrrrr + 6r2Htt + 8r3Httr

−r4Htttt + 2r4Httrr = 0
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and c2 is an arbitrary constant.
Case 6: Φ(v) = de−λv and Ψ(u) = ke−au, where a, d, λ, k, n are constants.
Here the principle algebra enlarges by one operator,

X2 = λ(n− 2)
∂

∂u
+ a(n− 2)

∂

∂v
− λat ∂

∂t
− λar ∂

∂r
. (11)

Case 7: Φ(v) = mvp and Ψ(u) = ke−au, where p, a,m, k, n are arbitrary constants.
Again the Lie algebra extends by one generator,

X2 = va(n− 2)
∂

∂v
− (p+ 1)(n− 2)

∂

∂u
+ pat

∂

∂t
+ par

∂

∂r
. (12)

Case 8: Φ(v) = de−λv and Ψ(u) = kuq, where λ, d, k, n are constants.
The principle algebra also enlarges by one generator,

X2 = uλ(n− 2)
∂

∂u
− (q + 1)(n− 2)

∂

∂v
+ λqt

∂

∂t
+ λqr

∂

∂r
.

4 Reduction of System (4)

This section aims to perform reduction of system (4) using some symmetries obtained in
Section 3. To obtain the symmetry reduction of system (4), we begin with the principle
Lie algebra (8) and take Φ(v) and Ψ(u) arbitrary. Solving the invariant surface condition

dt

1
=
dr

0
=
du

0
=
dv

0

yields the following group invariant solution u(t, r) = φ(r), v(t, r) = ψ(r) of system (4)
where φ(r) and ψ(r) satisfy

φ′′ +
n

r
φ′ − Ψ

rn
= 0,

ψ′′ +
n

r
ψ′ − Φ

rn
= 0. (13)

We now choose case 3 with the generator (10). The integration of the invariant surface
condition

dt

−t
=

dr

−r
=
du

0
=

dv

v(n− 2)

gives the following invariant solution of system (4); u(t, r) = φ(z), v(t, r) = r−(n−2)ψ(z)
with the similarity variable z = t

r . Substituting the values of u and v into system (4) we
get

(z2 − 1)φ′′ − (n− 2)φ′ − a

ψ
= 0,

(z2 − 1)ψ′′ + (n− 2)zψ′ − (n− 2)ψ + φ = 0, (14)

where φ(z) and ψ(z) are any solutions of the system of ordinary differential equations
(14).
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We now choose case 6 and the generator (11). After some straightforward but lengthy

computations, we obtain the invariant z = t
r and u(t, r) = φ(z)+ n ln(r)

a − 2 ln(r)
a , v(t, r) =

ψ(z) + n ln(r)
λ − 2 ln(r)

λ as the group invariant solution of system (4), with φ(z) and ψ(z)
being any solutions of the system of ordinary differential equations

(z2 − 1)φ′′ − (n− 2)zφ′ − de−λφ − (n− 2)(n− 1)

a
= 0,

(z2 − 1)ψ′′ − (n− 2)zψ′ − ke−aψ − (n− 2)(n− 1)

λ
= 0. (15)

Another general group invariant solution of system (4) will be derived from case 7
with the operator (12). Considering the invariant surface condition

dt

apt
=

dr

apr
=

du

(2− p)(p+ 1)
=

dv

av(n− 2)

we conclude that the group invariant solution of system (4) is u(t, r) = φ(z) + n ln(r)
a −

2 ln(r)
a + n ln(r)

ap − 2 ln(r)
ap , v(t, r) = r

−(n−2)
p ψ(z) with the invariant z = t

r , where φ(z) and

ψ(z) satisfy the system of ordinary differential equations

(z2 − 1)φ′′ − z(n− 2)φ′ −mψp − (p+ 1)(n− 2)(n− 1)

ap
= 0,

(z2 − 1)ψ′′ − (p+ 2)(n− 2)

p
zψ′ +

(n− 2)

p2
(p(n− 1) + (n− 2))ψ − ke−aφ = 0. (16)

Following the aforementioned procedure, one can obtain more group invariant solutions
for the generalized coupled Lane-Emden-Klein-Fock system with central symmetry sys-
tem (4). It is worthy mentioning that all the cases that do not extend the principle Lie
algebra have been excluded.

5 Conclusion

In this paper we performed a complete Lie symmetry classification of a generalized cou-
pled Lane-Emden-Klein-Fock system with central symmetry (4). Several cases which
resulted in Lie symmetries have been obtained. Moreover, some symmetry reductions for
some cases were derived. In future, we would like to extend the results obtained in this
manuscript by employing the techniques in [10–15].
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