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Abstract: This paper deals with stationary and independent increments processes
in real time initiated in [14] embellishing it to a two-dimensional signed random mea-
sure with position dependent marking. The real-valued component of the associated
marked point process is non-monotone presenting an analytical challenge. We man-
age to investigate various characteristics of that component, including the nth drop
or a sharp surge that find applications to finance (like option trading) and risk theory.
The need for time sensitive feature of our study (i.e., an analytical association with
real time parameter t) allows stochastic control implementation in sharp contrast
with time insensitive analysis in the present literature. We proceed with the classical
approach of fluctuation analysis of a particle running through a random grid of a
convex set that the particle is trying to escape. We find the distribution of the first
passage time and its location in space.
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1 Introduction

In many scientific, financial, and game theoretic processes, timing is of at most impor-
tance and a main strategic issue. Several studies have been done on the first passage time
in fluctuation theory and their applications to queuing, stochastic games, seismology, and
finance (cf. [1,2,8-10,11,12,13,15,16,19,22-24,27,30]). Fluctuation theory pertains to the
behavior of an underlying process around a critical threshold and more generally, when a
process escapes from a fixed manifold. The time when that passage takes place is referred
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to as the first passage time. Another critical value of that situation is the new location
of the process upon its escape. Besides the original topics mentioned above, fluctua-
tion theory has become a stand-alone subject in numerous articles appeared through the
decades of intense research, cf. [3-7,17,20,21,29,31].

In our most recent paper [15], we worked with time sensitive functionals of the same
entities but under real time observation of a monotone process. We dealt with non-
negative random measures and increment processes. In this paper we study a class of
signed marked random measures (A, II,7) = > (X, 7,) &, with position dependent
marking, on a filtered probability space (€2, F, F, P). Marks X,,’s are non-negative, while
marks m,’s are real-valued, with the support counting random measure ZZOZO €t,- This
is a significant upgrade from [15], because not only is yet another component added, but
it is non-monotone. Studies of non-monotone components are very few in the literature
on fluctuations. Most prominent of them was by Lajos Takécs [30]. However, the results
in [30] were not tractable.

As in the theory of fluctuations, we focus on the behavior of (A, II,7T) around a
fixed threshold M > 0 with respect to its first component A, referred to as an active
component. With

Ap=Xo+ X1 +...+ X» (1.1)

we have {A,} monotone non-decreasing, whereas
P,=m4+m+...+m, (1.2)

is non-monotone, as m’s are real-valued marks. Our interest is in an extreme behavior
of the marginal process (II,T) = Y .2 mpes, that is difficult to analyze due to the
non-monotone nature of its marks. For that reason we introduce active mark X,, being
nonnegative and integer-valued that is to oversee m,. For instance, we might be curious
when the process (IT, T) changes its monotonicity or when it experiences its first extreme
drop or a surge. For example, we set Xg = X7 = ... = X,,_1 = 0,X,, = 1, if 7y >
a, T > @y...,Tp—1 > a, and 7, < a. In the general case, the increments X;’s need not
be constant, but they can be random variables with particular marginal distributions.
For a fixed positive integer M, we define the exit index as

vi=inf{n=0,1,...: A, > M}. (1.3)

Then, ¢, is called the first passage time of process (A, IT, 7). It is the first epoch when
the crossing of M occurs. Obviously, ¢, is a stopping time relative to filtration F;. The
respective excess values of A, and P, representing active and passive components, A
and II, respectively, are also of interest. We further assume that A1l the increments
{Xn, T, Ay = tp — ty_1} for n = 0,1,2,..., t_; = 0, of the process (A,II,T) are
independent (position dependent marking), that is, X,, and , are dependent only on
A,. A2 forn=1,2,...,{X,, 7, A,} are identically distributed.
Associated with (A, IT,T) is the “time sensitive counting” process

(NtaHt) = (A7 H) [O’t] = i (XTL77T7L) Etp [Ovt] at > 0. (14)

n=0

We will be interested in the value of (N, IT;) of some ¢ enclosed between t,_; and t,
providing us with the information about (A, IT,T) between two key reference points as
well as (N, IT;) for t € [0,7,) (that we will discuss later on, in Section 5).



38 J.H. DSHALALOW AND K.M. NANDYOSE

So we target the joint Laplace- and Fourier-Stieltjes transform of the above r.v.’s:

@, (t) _ Ethe_mHte_WP“’luA”’l6_1¢P"UA“G_ﬂOt"’l_m” 1[%_17%) (t) ,

2l < 1, ]lull < 1,|v]| <1, Redy > 0,Red) > 0,n € R, p € R, ¢ €R. (15)

Note that because we manage to observe the process in real time, i.e., upon
to, t1,ta, ... (meaning that there are no changes between those epochs), it raises a ques-
tion about a need in the continuous time interpolation. Indeed, in some past work (cf.
Dshalalow and White [17]) when a process was observed over arbitrary time epochs (i.e.,
unrelated to tg,t1,t9,...), its continuous revival made perfect sense. In our case, how-
ever, it is more about associating the point process tg, t1, to, .. ., especially the reference
points ¢, _1,t,, with time ¢, than anything else. Its very obvious benefit is to know about
the process over time related intervals like [0, ¢] which was impossible with time insen-
sitive versions. From a practical stand point, observing the process over arbitrary time
epochs is more realistic than in real time. However, whenever it is possible to render, its
second benefit lies in far more tractable results compared to delayed observations that
additionally require the named point process to be Poisson or alike. Furthermore, we also
obtain explicit characteristics of the continuous time parameter process in interval [0, ,)
giving us a broad spectrum of information about process IV;. The associated functional
will read

EpNtemintlgmioPuydv o =0tuy oy (8), |2 < 1, [Jv]| < 1,Red > 0,n € R,p € R.  (1.6)

Back to the random measure (A, IT, 7), we recall that the passive component IT is real-
valued making this random measure signed. Studies related to signed random measures
have previously been done in various topological and stochastic analysis contexts. In
[19] Hellmund extended the idea of completely random measures to completely random
signed measure and gave a characterization of this class of signed random measures. He
demonstrated that the classes of Lévy random measures (utilized in Lévy adaptive regres-
sion kernel models) and Lévy bases (utilized in spatio-temporal modeling) are natural
extensions of completely random signed measures and that independence is a fundamen-
tal concept in defining Lévy random measures and Lévy bases. Other concepts related
to signed random measures are in the work by Smorodina and Faddeev [29] who studied
symmetric stable signed measures and showed that they are limit measures of sums of
independent random variables.

Various applications of fluctuation theory that we explore can also be found in stochas-
tic signals such as time continuous readings for automated seizure detection and quan-
tification using EEGs, heart attack activity monitoring through detection by EKGs, real
time blood pressure monitoring, and the stock market. In this paper, we illustrate the
applicability of our study by expounding on the case of stock prices. We are able to
predict the time of the first drop of a stock (or first increase if we short it) at ¢, and
thus, the highest price at t,_; at which we can sell it at that point in time.

Our model also applies to the classical risk problem originally posed by Filip Lundberg
(see [27]). Assume that an insurance company starts at zero with the initial capital u
and let the premium be a linear function with a constant premium rate ¢, so that the
premium income of the company at time ¢ is v + ct. Assume that the aggregate claims
form a marked point process Y = Y7, Yiey,, with ¢, being the time of the kth claim
and Yy - the amount of claim. Now Lundberg postulated that ) was a marked Poisson
process with position independent marking. We relax either condition by assuming that
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neither is ) Poisson, nor is it with position independent marking. If Ay =t — t_1,we
have cAj premiums’ increase from t;_; to tx. The mark 7 = cAg — Yy is the change of
company’s asset from t;_1 to t;. Now,

)
I = E TkEty,
k=0

is a purely signed marked random measure and
P, =1I10,t]

is the process describing the asset changes of the insurance company on interval [0, ¢].
Notice that P; does not give us the true value of the company’s asset at time ¢, because
P, is a piecewise constant interpolation of the true asset value process

Rt =u-+ct— ZYkatk [O,t]
k=0

known as the risk process. They coincide upon times tg, 1, t2, ... which is exactly what
we need. Our process (A, IT,T) is defined through the active component

o 0, m >0,
Xk{1, 7, < 0.

So we are interested in the moment when Py becomes negative or zero for the first time
(which would trigger Xy = 1). Thus, 7,71, ...,7T,—1 are positive, while 7, is negative
or zero. {t,, } is the embedded sequence of consecutive drops of P;. Then obviously, the
risk process R; will become negative or zero only upon one of the epochs {t,,}, known
as the ruin time of R;.

Let F; be the natural filtration with respect to the risk process R;. Then, {¢,,} is a
sequence of stopping times relative F; that are also locally strong Markov points, that is
either R; and P; have a locally strong Markov property at each point ¢,,,. Therefore, R;
and P; conditionally regenerate upon these epochs. We can slightly modify P, to make
it semi-regenerative with respect to {¢,, }.

While a further discussion on the risk process and its study as a semi-regenerative
process is beyond the scope of this paper, the time of the first or the second or the nth
drop of the risk process is of interest for statistics purposes and it is often raised by
insurance companies.

We continue this paper in Section 2 through a further formalism of our model and
introduce basics of discrete operational calculus earlier developed by Dshalalow [6,7] and
Dshalalow and Iwezulu [13]. In Section 3, we use the method of stochastic decomposition
previously developed in Dshalalow and Nandyose [15] and Dshalalow and White [17,18],
only now embellished for non-monotone components. We establish a key formula for the
functional @, (¢) of (1.5) that we claim is analytically tractable. This claim is justified
throughout Section 4 in a number of examples and special cases. We conclude our paper
in Section 5 with time sensitive analysis where time ¢ runs interval [0,7,) and find the
joint transform of Ny, P;, N, ,and the first passage time ¢, in a fully closed form.
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2 Formalism and Notation

‘We now return to the functional @,. Note that we do not know the distribution of the
random vector (4, — A,_1,t, —t,—1) nor is the latter independent of (A, _1,¢,_1). The
remedy for this predicament is the use of stochastic expansion that will 1nclude several
steps. In the first step, we introduce the auxiliary sequence {v (p)} of exit indices relative
to the sequence {0,1,...} of thresholds to be crossed by A, of which v = v (M — 1) was
introduced in (1.3). Namely, let

v(p)=inf{n=0,1,...: A, >p},p=0,1,... (2.1)
With p fixed, we have the sequence of functionals

_ Ny ,—inIly ,—ipPy(p)—1,, A0 () =1 o~ 1P Pu(p) 0y Av(p) p—V0tu(p)—1 =Tt (p)
D, (t)=Ez""e e n-lyfvim-le nyfrme P DLt 1ty (B) -

(2.2)

In our second step, we apply to @,,) of (2.2) the transformation D, defined as

v(p
Dyp{f(p) prf (I—=), [zl <1, (2.3)

where f is a real-valued function with the domain Ny = {0, 1,...}. The inverse of D, is
the so-called D-operator previously introduced in Dshalalow [6,7]:
1

i 108 |1
Dhy(z,y) = {hmHO B azko{l_ww(x,y)} ; :f(()) 20

From @D(p) (t) = ZZO:O @l,(p) (t) 1{1,(1,)271}7 we have

D (t,x) == Dy [B,p) (1) Z@’ () (1) Dpliu(py=ny ()

= Z(Pu@) n (8) Dpliy(p)=n} (%),

with

_ EZNtuAn—l eflnﬂte*MPPn—lUAn€*2¢Pne*190tn—1*19t

qu(p):n (t) 7L]-~[trn71§t<t,,t} =F, (t) .

From 1py(p)=n} = 114, <p} 1{A,>p}>

Dplivpy—ny (@) = (1= 2) > 2"Lia,_,<ppl{a,>p}
p=0

(1-2x) Z P

p=An—1

An—1 Ap—1—1 1 xAW 1 xAn—l
— (1 — p_ p| _ (1 _ — - — Ao A
=(1-1x) pz:(:)x Z aP | =(1 x)(lx T )—x 1y

p=0
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that yields

oo

D(t,x) =Y F,(t) (zt —an)
o n=0
= Z [Fy, (ux, v, z,00,9,t) — Fy, (u,vx, 2,99, 9,t)] ,whereA_; = 0. (2.6)
n=0
Finally, applying the Laplace transform to @ (¢, z) of (2.6) we have
* (0, 2) = / e P (tx)dt = [Fy (uz,v,2,00,0,t) — Fy (u,vz, 2,00,0,1)] . (2.7)
t=0 n=0

Now functionals F;, and their transforms F); are subject to our scrutiny in Section 3.

3 Analysis of F),

With n=1,2,..., we work on

F, (t) — ENeyAn—1 =il ;—ipPn_1, An ,—i¢ Py 6719“"7177%”l{tn,1§t<tn}7 (3.1)

(defined in (2.5)). (3.1) can be brought to the expression

F,(t) = E[(zuv)A"* et ntetd) Pro1 o= (Po+0)tn—1An—An—1

Xe_i¢(Pn_Pnfl)e_ﬂ(tn_tn—l)l{t 1<t<t }]

_ E(ZUU)A"_le_i(n+¢+¢)Pw'_le_(ﬂ0+ﬁ)t"_l’UXn@_iqSﬂ'"@_ﬂA"1{tn71§t<tn}, n=12...

(3.2)
The Laplace transform of F,, with the expectation unfolded reads

F*(0) = /t h e O F, (t)dt

=0
= g(zuv)’C ;—%vj /

k=0 j= =—00

&S] 5
> / efid)q / 67196 / efe(tfs)dt
=—00 6>0 t—s=0

XPAn—1®Pn—1®tn—1®Xn®‘ﬂ'n®An (k’ja dp,ds, dq, d5)

%) oS} %) oo
S un)t S v / o—inte+o)p / o~ (Do+0+0)s / — / _—
k=0 P 5>0 g=—00 §>0

j=0  Jp=Tee

oo

e—ilmto+)p / ¢—(Bo+)s —0s
s>0

| =

XPa, 1 @P, 10t, 10X, @m,aA, (K j,dp,ds,dq,dd)

oo

_Z (zuv)k Y / 671(77+<P+¢)p/ e~ (Do+9+0)s / o—i%a / o= (9+0)8
0 kZ:O Z p=—o0 520 g=—00 620

§=0
xPAn—l@Pn—l@tnfl®X7z®ﬂn®An (kvj’ dp, dS, dCL d(;)
due to independence of A,, 1 ® P,_1 ®t,_1and X, @ 7, ® A,

— EE[(ZW)An—l e—i(n+w+¢)Pn_1e—(ﬂo+ﬂ+9)tn_1]
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% [ BuXne=i#Tn g=08n _ pyyXn g=idmn ,—(046)An

= %anl (Z’LLU,T]—F(P+¢,190+79+9) [7(v,¢,19)—7(v,¢,19+9)], (33)

where
I_1(zuv,n+ o+ ¢, +9+6)

=0 (zuv,n+ @+ ¢, 9 + 9+ 0) " (zuv,n + o+ ¢, 00 + 9 +0) forn>1  (3.4)

and
Y0 (u, @, ¥) = BuXoe=¥m0e=%0 ~ (y, o, 9) = BuXke e 8% =12 .... (3.5)
Summing up F, for all n = 1,2,..., with (3.3-3.4) in mind, we formally arrive at the
expression
ZF* 'yo(zuv77+<p+¢,190+19+0)
1

< [y (v, 6, 9) - (v ¢, 9 +0)] (3.6)

1—v(zuv,n+ o+ ¢, 9 +9+6)

To warrant the convergence of the geometric series Y- | F¥ (6), in the proposition below,
we show that the norm ||y (zuv,n + ¢ + ¢, 90 + 9+ 0)|| < 1.

Proposition 3.1 The series

00 L) 0o
Z F* Z/ 70tE Zuv)An,lefi(n+Lp+¢)Pn,1
n=1 n=1 -

—(90+Ntn—1,Xn —i¢Tn —A,
(P0+0)tn -1, Xn o —i¢7n 1{tn,1§t<tn}]dt

converges to

ZF* eyo(zuvn+<p+¢>,190+?9+0)

1

<[y (v, 8,9) =7(v, 6,0+ 6)] 1 -5 (zuv,n+ ¢+ ¢, 99 + 9 +6)’

with
[v(zuv,n + @+ ¢, 90 +9 +0)|| <1,

provided one of the following conditions is met:
Redy > 0,0rRed > 0,0rRef > Oor ||u|| < 1,or|jv]| <1,or]|z]| <1.

Proof. The first part of the proposition is due to the above steps that formally ended
in formula (3.6). Inequality (3.7) holds due to the following arguments:

||’Y(UUZ7T]+SD+¢,'I90 +19+0)H S EH('LL'UZ)Xl efi(77+<ﬂ+¢)ﬂn€*(’l90+’l9+9)Al

— Z HUUZH / —Re(190+19+9)tPX A, (k dt)
k=0

oo
:/ e ReWotd+0)tpe o n (0,dt) + Z Huvz” / e R0t Py on, (K, dt)
=0 k=1
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1 [e%¢)
_ / 6—Re(190+19+9)tPX1®A1 (O,dt) +/ e_Re(ﬁO+19+0)tPX1®A1 (0, dt)
t=0 t=1

3 sl [ e o, (1t

k=1

+ Z ||UUZH / 7R8(190+19+0)tPX1 Ay (k dt)
k=1

1 [e%s}
< / PX1®A1 (O’ dt) + e_RC(l%—HH_O) / PX1®A1 (Oa dt)
t=0 t=1

+HU'UZ|| Z/ PX1®A1 k dt + HU'UZH Ze*Re (Yo+9+6) / PX1®A1 (k dt)

since Huvz” > Huvz“k for Huvz” <landk > 1. Let

1 o]
a = / PX7-,®Ai (O,dt), b:= / PXi®Ai (O,dt)
t=0 t

=1

¢ —Z/ Px.on, (k,dt), d::Z/ Px.on, (k,dt).

Then clearly, a + b+ ¢+ d = 1 and thus,
a+ e Re(otd+0)p 4 Huvz”c + ||uvz”e*Re(19°“9+9)d <1

whenever |luvz|| <1 or Re(dg + ¥ + #) > 0 and we are done with the proof. O

We continue with F,, for n = 0. Fy is the functional of the underlying process on
interval [0,tg). With Ny =II; = A_; = P_1 =t_; =0 we have

F, (t) _ EZNf,,u/Anfle_lnHte_lsapnfl,l)An6_1¢Pne_190t71—1_19tn1{O§t<t0}

= EUAOefid’Poe*m"l[o,to) (t).

The following is easy to prove.

Proposition 3.2 Let Fy (t) = EvAoe " ?the=V01q, ) (t). Then

Fg (0) = % [vo (v, 8,9) — 0 (v, $,9 + 0)] . (3.7)

With Proposition 3.2, we can augment the series Y, F}* of formula (3.6) to include
Eye

1
ZF* 5100 (0:6,9) = 50 (0,6,9 + 0)] + 50 (suv, 1+ 0 + 6,9+ 9 +0)
1

<[y (v, 6,9) =7 (v, 6,9 +0)] L—v(zuv,n+ @+ ¢, 00+ +0)

(3.8)
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From (2.7) and (3.8) we arrive at

o (0,z) = Z [Fr (uz,v, 2,90, 9,t) — F) (u,vzx, 2,9, 9,1)]

n=0

= % [’YO (Uv(bv 19) — 7Y% (’07(]577.9 + 9)] - % [A/O (’U{E,¢,’l9) — 7 (’U‘T7¢7(l9 + 9)]

1
1—v(zuvz,n+ @+ ¢, + 9 +0)

1
+§fyo (zuvz,n+ o+ ¢, 9+ 39+ 0)

X [7 (’U,(ﬁ,’ﬂ) - ’7(U.’£,¢,19) + (Ux7¢719 + 0) - ’Y(Uad),ﬂ + 9)} : (39)
The Laplace transform &, () = [~ e~%®, (t) dt of the functional
D, (t) = EzNre ety Aot emioPoyAve=dotua=dbvy (1)

can be extracted from @* (0, z) of (4.9) using the D-operator.
The entire effort in this section can be reduced to the following.

Theorem 3.1 Let &, () denote the Laplace transform of the functional

D, (t) = Ethe_mH"e_wP”‘luA”‘le_id’P“vA”e_ﬂOt”‘l_m”1[tyfl,ty) (t) (3.10)

Izl < Ljlull < 1, flvll <1, Redo = 0, Red) > 0,7,,6 €R,

Then,with |lul| < 1,or ||v|| < 1,0r ||z]| <1, or Redy > 0,0r Red >0, or Ref > 0,
(3.11)

@, (6)

= Dyl{; [70 (’Uv(b’ﬁ) — Y% (’U7¢77~9+9)] - % [70 (U$,¢,19) — 7 (va¢a?9+0)]

1
1—v(zuwvz,n+ @+ ¢, 00 + 9 +0)

—i—%’yo (zuvz,n+ o+ ¢, 9 + 9+ 0)
x [y (v,¢,9) — v (vx, 9, 9) + 7 (vr,$,9 + 0) — v (v, 0,9 + 0)] } (3.12)

4 Applications to Option Trading

For an illustration, consider the following special case. Suppose that we observe a con-
stantly fluctuating stock price of some company over the times tg = 0,t1,t2,... that
starts off at time zero with a price mg.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 19 (1) (2018) 45

Case 1. Observation of process P; upon the first drop.

la. Suppose we are interested in the characteristics of the process around the period
when the stock price drops for the first time. Because the stock prices cannot be modeled
by a monotone process, we have the observed prices upon t’s as the passive component,
and introduce the active component

_ 07 Tn Z 07
x={$ 720 (41)

Suppose 7 is a nonnegative r.v. with some specified distribution and let Xy = 79 = 0.
So, 70 (2, ¢, 0) = Ee~"*™ (innotation) = o (¢) .
Next, with M = 1 according to our assumption about the first drop, formula (3.12)
further reduces to

o 1
00 O) =20 1+ 0+ 0) T o 600 01 0)
X [ (v,0,9) =7(0,6,9) +7(0,6,0 +0) =7 (v, 0,9 +0)].  (4.2)

Because the active component is merely auxiliary, we are less interested in any information
about N;, A, _1,A,, as well as P, _1,t,_1,soweset z=u=v=1 and ¢ =99 =0
restricting the Laplace transform of @, to the marginal transform

o)
/ e,QtEef'mHte*“bPV 671%” l[tu717tl/) (t) dt
t=0

1
70,7+ ¢, +0)
X [y (1,¢,9) =7(0,0,9) +7(0,¢,9 +6) —v(1,0,0 4+ 6)], (4.3)

Z%’Yo(ﬂ-i-f/))l

where
v(z,¢,0) = EzX1em10me—0a0 andy(0, ¢,0) = EZXlefw’”e*AIGL:O.
From
B = P{X1 =0} +2P{X1 =1} |,_, = P{X1 =0} = Bl{x,—0} = Bl{r, >0
we have

0 (07 ¢7 9) = El{ﬂlzo}e_i¢ﬂ1 e—Alé.

Suppose now that A’s and 7’s are independent, that is, the observation epochs and
stock price changes are independent. This may not always apply, but it would simplify
establishing of 7. Then

v

0 0) = E1 . —i¢7r1E —Aq0 _ Flg, —ipmy
7(0,9,0) {m>0}€ e {m>0}€ o

if the observation epochs occur according to a Poisson point process of intensity . Our
next assumption is that the marginal distribution of 7; is Laplace with parameter u and
zero shift. That being said, the PDF of m; is

1
oo (&) = Gue o,z € R (4.4)
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Then . . )
7(0:0.0 tm=0} =0 2! 2p+1i¢
Because Ee~i¢m™ — Ee—iom (1{ﬂ120} + 1{m<0}) .we have
. 1 0 . 1
E671¢7ﬂ'1 _ - H — efz(bziﬂep,zdx
2p+id Jom—oo 2
lop 1w L2 112
T 2pu+io  2p—ip 242 2o
Thus,
v pry

7(17 ¢7 9) = Ee_i(bﬂ'lEe_Ala — Ee—idml

T+0 210
Next the following two further marginals are of interest.
(1)  With n = ¢ =0 in (4.3),the functional

/ eiatEeil%V].[tvihtu) (t) dt
t=0

! L
01 —~(0,0,9+6)

represents the Laplace transform of the first passage time ¢,’s marginal functional at the
first drop with the time ¢ falling between the pre-first passage time t¢,_; and t,. Here

[v(1,0,9) =~ (0,0,9) +~(0,0,9 +6) —~ (1,0, +0)] (4.5)

v
1,0,9460) = ———
7 ) y+9+0
—i - L p Y
0,0,0) =FE1 6T po—f1f _r
v(0,9,0) [m1>0}€ e St idy 10
1 7
0,0,9) = - ——.
v( ) 2y 4+
Therefore,
/ eiatEei’l%V].[tvihtu) (t) dt
t=0 .
v i
=1+ - 4.6
( 7+2(19+0))2(7+19)(’y+19+9) (4.6)
implying that the inverse of the Laplace transform is
Ee "1 t) =Lt {/ e " Ee V1 t dt} = +67%(V+2ﬁ).
[to-1.t) () = Ly - [to—1.t) (£) IR

(4.7)
(i4)  With n = ¢ = 0 in (4.3), we have the Laplace transform of the P,’s marginal
functional upon the first passage time ¢, jointly with the time ¢ running between ¢, _;
and t,.

/ e_etEe_iquV].[tuil’tV) (t) dt
t=0
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Because '
0 (¢) = e~

(assuming the initial price my = po a.s. where pg is a constant)

and )
H i
17 70 = "5 . o .
1060 = E
i - I Y
:E]_ ’L¢7T1E Alezi
’Y(Oa(ﬁae) {7\'120}6 € 2M+Z¢’7+0’
2(p+ig) (v +6) —
Oa 79 = . )
1000 = S i)+ 6)
and
1 14 By
—7(0,0,9 +0) 2(p+ip) (v +6) —

we have that -
/ e_etEe_i¢Py 1[tu—17tu) (t) dt
t=0

- ;ewm (1 " (1 + i) I(Lv +0) - )

2
X{uzlu 1 p v uzv}
B 2ptis  2ptioy 0 w0
2
empo{ p 1 K Hy > L (4.9)
p? + ¢? 2u+@¢ 2(p+ig)(v+0)—py) v +0
Thus,
Ee_id)Pyl[twl,ty) (t)=Ly* {/ e_gtEe_mPyl[tufl,tu) (t)}
t=0
2 1 (200 ;
:[ P 1 m }(z(mimw)) (4.10)
p2+ % 2p+id
and

.0 1
EPV]‘[tu—l,tu) (t) =1 lim %Ee ¢Py1[tu 1,t) (t) = — (

Rid —1)e ¥ (411
P 1ty 2 + upo )6 2 ( )

N
EPl?l[tufhtu) (t) = — hm @Ee d)Pyl[t _ tu) (t)

2
1 vt 2 vt e
=— |2 — 2 — =2 2, 4.12
202 ( +(2> + (kpo)™ + 2upo 5 MPO) e (4.12)

So

Bl a0 =Pl <t <=5
t

=0

00 -2t

_ € 2
& etE].[tV_l’ty) (t) dt} = ? (413)

1b. One could be interested in when the passive component drops lower than R, for
some R < 0. Thus the active component reads now

0, m™ >R,
Xn = {17 T < R. (4.14)
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With M =1 assumed and because

Ex%| _ =P{X;=0}+2P{X; =1}|__, = P{X1 =0} = El{x,—o) = El{s, >},
we have ~y
0,0,0) = E1 Tl = B —iem L
v (0, ,0) {m>R}€ e {m>R}€ o
‘ 0 o1  ieal
~v(0,¢,0) = El{m>R}e_z¢”1 :/ e_“”fue“g”dx —|—/ e_“”fue_‘“dx
- =R 2 z=0 2
_Ln [1 - ctoR] 4 e
2u—1¢ 2u+ig
Since . ‘
Ee™" %™ = BEe™"™ (Lin, >Ry + 1in, <R})
we have
— 1 pu . 1 pu R e L w2
Ee~ %™ — - [1 —eln m)R] + - —+ eI el dy = .
2p—i¢ 2u+id  Jom—oo 2" p? + ¢?
Thus,
2
1’ ,9 _ E€7i¢le67A10 — E€7i¢7r1 Y — 1% v
7(1,6,6) Y+0  pP4+e2y+0
and with n = ¢ = 0 =9 in (4.3), the functional
/ e_GtEl[tV_l,tu) (t) dt
t=0
1 1 WR 1
=-———[v(1,0,0) —v(0,0,0 0,0,0) —~v(1,0,0)] = o E——
61=~(0,0.0) [v(1,0,0) =~ (0,0,0) +v(0,0,0) —v(1,0,0)] = e T
and
El[t,,,l,t,,) (t) = P{tl,_l <t< t,,}
[e7e] 1 _(vte}LR — R)
=L, {/toe_etEl[tyhty) (t) dt} =ge \ ° g (4.15)

which reduces to (4.13) when R = 0.

Case 2. Observation of process P; upon general Mth drop.

2a. For the general threshold level M (when the stock price drops Mth times), since the
active process increments X,, are Bernoulli with p = 0.5 due to the symmetric Laplace
PDF of 7, defined in (4.4) above with zero shift and with

El(tu—lvtu] (t) =, (t) !z,v,u,ﬂ:l,n,g@,qﬁ,ﬂg,ﬂzo’

o* (0) = /H) e ""Ely, 4, (t)dt

7 X [’7 (1,070) 77(‘%’070) +’}/($,0,9) - 7(130a0)]7 (416)
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where 14 14
v x z.
1 = — 0,0) = 0,0) = .
/y( 7079) ’y_’_e’ ry(a:7 7) 7’-}/(x7 7) ( 2 ),.Y+9
Therefore,
11 2(v+90) 14z 1+z v v
¢* (@) =DM 1> 7 11— _
v (0) o0y +20 - 2 + 2 v4+0 ~4+0
puaal 2040) [1ox 0
o0y +20—yx | 2 ~H+6
M-1 _
I RN SRR
* v+ 20 — yx g v+ 20 —vyx (vy+20) \v+20 (v +20)™
So Nty M—1
E1 =P <t =L, {®, (0 _16G) -3t 4.17
(torit,] B) =P{tu1 St <t} =L, {u()}—§m€ : (4.17)

2b. Next we obtain the result for E1(;, _, ;) (t) for general M and general shift parameter
a in our model such that

1
oo (@) = Gue )z € R,

After some algebra we have

a o0

, 1 1
7(0,9,0) = El{mzo}eﬂwl = / 671¢m5ue”(m*“)dm +/ eﬂmiue*“(““)d:p
=0 T=a
1 2peT —emh (1 + ig)
- 2:u u2+¢2 9
1 2ue™™ — e (u+ip) o

0,6,0) = =
7(0,¢,0) = Sp e 7

and ” ( )
1 2pem % —emH (u+ i
7(0,@3,0) - 2/1 ,U2 +¢2 9

e 1

B = P2+ 2 202+ g2 (1 +ig) e + (n—ig) ]
2 2 —ipa 1 . e . . ~
o0 = Miqﬂ g I (u i) ﬂ V0

2Iul267i¢a _1 U
Pt e? 2pP 4 ¢

v(z, ¢,0) = (p+ qx) { [(n+ig)e "+ (u—ig) 6““]} -

Y+
Hence

" (0) = / OB, (1)t
t=0

1 1
— rDMfli
’ ‘970 (O) 1_’7(3770’9)

_ pM-1 {1 (v+9)
075+ 0= p1 (2~ cosh(pa) — 7 (2 — cosh(ua)) @

X [7(13030)77(I7030)+7(I’70a9)77(17070)}
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| (2= cosh() — (p-+ 42) (2 — coshya) + (p+ 42) 2 — cosh(a)
— (2 — cosh(pa)) 10] }
__MMa (2~ cosh(pa))M 7 (4.18)
(v 46 — py (2 — cosh(ua)))™
by the D-operator inversion formulas from [12].
Blp, i, (t) = P{t,1 <t <t} =Ly {2} (0)}
M—1 m M ( (2—cosh(pa)))t
— M- _ ~(y=pv(2—cosh(pa
77 (q (2 — cosh(ua))) ED
(qu (2 — COSh(:Ua))t)M_l —(y—py(2—cosh(pa)))t
= ¢ (2 — cosh(pa)) e” TPy HaR (4.19)

(M — 1)

Notice that when ¢ = 0 (in the symmetric case), (4.19) reduces to (4.17) and the
value of p is irrelevant given it is finite.

5 Continuous Time Parameter Process on Interval [0,¢,)
Now consider the functional of passive process P being observed over the period [0,t,),

jointly with the active process A, , the first passage time t,, and the counting processes
N, and II;. The functional satisfies the formula:

A , ,
b, (t) = Ethe_”’H‘e_wP”vA”e_m”1[0’ty)(t)

EZNte—ante—M)Py ,UAye—ﬂt,,l

o

0,6,) ()1 =p}.

=
Il

0
Since Z;:O E]-[t,,,j,l,t,/,j) (t) = E]-[(),ty) (t),

oo k
A . .
P, (t) _ E E E[ZAk—j—l/UAkfjflUZf:kfj Xie_lnnk—j—1_1¢Pk—j—l

k=0j=0 .
XeiZd)Zi:kﬂ‘meimk_j_leiﬂzpkijAil[tk—j—htk—j)(t)]v

A
and applying the transformation D, to @, (t) we have:

A oo k
Dp |:¢V (t):| (x) = Z Z ij (t) ankfj+1+"'+Xk.,1

k=0 j=0
< E (vx)X’c—j+l+---+X;€_1 e 1P(Te—jr1tAmh-1) o= (Ak—jp14-+Ak-1)
xFE (1 — :EXk) e 10mk TV Ak X

where

Fy (t) =

B (zva) 0 e O s () (o) ¥ e (),
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F (t) = Eer_i"Pe_ﬁTl[T7T+A) (t)v¥e e VA

under the assumptions that random vectors A® P® T and X ® 7 ® A are independent.
Then

FN* (9) _ Z P Z,Um / e*inp\/\ e*icf)w/ 671956705'
” ™ p w s

>0
X% / (67% - 67(1”0)6) Pagreroxerea (r,m, dp,ds, dw,ds)
5
and because AQ P®T and X ® m ® A are independent,
1 .
= EE [erﬂ”Pe*w%)T] [v (v, ¢,9) — v (v, 0,0 + 0)].
Thus i
* j—1 i
ij (0) — 57061] [6 _ 61] ,yk: j—1 [61 _ 613] , (51)
k-1 k—1 j—1
1 sy’ 1 I8
0 22 =g Z(ﬂ oa a6

with notation v := v (zvz,n + ¢,9) and o := Y0 (zvz,n + ¢,9), and further
8t =y (v, ¢,9), 85 = 70 (v, $,9),8 = 7 (v,6,9),
8 =7 (v,0,9+0),0% =y (va, 0,9 +0), do=n0(v,0,0),8° =0 (vx, 6,9 +96),
IS6=056-06%—6"46% A6 = %Jﬂ&,%: (6 —4") (6" —0"?).
(26)  Considerj =k=0. A_y =t_1=P_1 =0fort €[0,tp) and Ny = A, =II; = 0.

Foo (t) = El[ovto)(t)e*ﬁtovAOe*wPO (1- xAO) .

F, (0) = Zvr/e_w”/e_ﬂs/ e " dtPa, o pyot, (1, dp, ds)
" P E t=0

. 1 1
_ Zvr/e—ldip/e—ﬂsg [e—ﬂs _ e—(ﬁ+9)s} Payopyst, (1 dp, ds) = apao. (5.3)
r p S
(#5i)  Consider j =0,k > 0.
Foi, (t) = BE2Ntotre MPhoremi0Phe=0ty o (#) (a0 — atr)

= E (zva) -t e EOPiemVtag () 0 (1 - 2 E) eTi0mRe A,
Fio0) = [0S (euay” [emimom 3o [omon [ oo
t r p m q s
x /671961[875+5) (t) dtPA, 1 @Py 1@Th 10X, @m @A (Tv dp,ds, m,dg, dé)
3

:Z(zvx)r/@*i(ﬂJr@pzvm/equ/e,gse,gs
m q s

r p
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1
—0(t—
X / € ( S)dtPAk—1®Pk—1®Tk—1®Xk®7Tk®Ak (7‘, dp, ds,m, dg, d6)
t—s=0

= Z(zvx)r/e‘i("+¢)PZUM/e—i¢q/ {6—195 _ o~ (0+0)3
T p q é

m

XPAk—1®Pk—1®Xk®7Tk®Ak (Tv dp7 m, dQ7 d(S)

1
= 67k71 (vaan + ¢a 19) Yo (va777 + ¢7 79)

X [W(U7¢719)_7(U7¢719+9)_7(0x7¢719)+7(vx7¢779+9)]

and

1 1
F}. (0) = = 0
2T 0= oo ot 0.0

< (0,6,0) =7 (0,0,0 ) = (02,6,0) + 7 (v0,6,0 + 0 = 3 T6. (54

(iv)  Consider j =k > 0. Fiy(t) = Eljg ) (t) e toAne= P (zAr-1 — z4x)

— E1[07t0) (t) 671%;6 (’UQ?)AO 67i¢P06719t0 (Ux)X1+"'+Xk71 67i¢(w1+---+7rk_1)6719(A1+~~-+Ak_1)

X [vXk — (vx)X’“ ]e*id’”ke*’m"‘

= E]-[O,to) (t) eil%k (,Ux)AO eii(bpoeiﬁto'ykil (U‘Ta ¢, 19) [7 (Ua (7253 19) -7 (’UJ’J, ¢a 19)] .
So,

. 1 %6
ZFkk (9)2517%1- (5.5)
k>0

Altogether, from (i) through (iv) we have

A 50 k—1
@, (0) = / M@= DY TSN E () + i () + 3 F5 (0)+ ) Fi (0)f

k>0j=1 k>0 k>0
:Dy_l{g(Aéo—k lﬁ)yAé)} (5.6)

where Aa = o + 1‘{—‘(’5‘1 and o = § or dy. The Laplace inverse of (5.6) will permit the

A
recovery of @, (t).

6 Conclusion

In this paper we study a class of signed marked random measures (A,II,T) =
>0 o (X, m) e, with position dependent marking, on a filtered probability space
(Q, F, Fi, P). We target the critical behavior of the underlying stochastic process about
a fixed threshold in the context of time sensitivity. The latter means that all related
characteristics, such as first passage time and the location of the process upon crossing
the threshold relate to deterministic time ¢ > 0. The major benefit of this study is to
utilize stochastic control over the process that must traditionally be considered on time
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interval [0,¢],¢t > 0. Using and further embellishing fluctuation theory, we find explicitly
the functionals

@u (t) _ EZNte—iT]Hte—innyluAu—le—i¢PyvAy e_ﬂOtuil_ﬁtul[tu_l,t,,) (t)

and
A

P, (t) = EzN‘e_mH‘e_wP”vA”e_m“1[0’ty)(t)

with respect to time ¢ € [1,_1,7,) and t € [0, 7,,), respectively. These functionals describe
the status of underlying processes Ny = > °  X,eq, [0,¢] and I, = > 07 (maey, [0,1],
along with other characteristics like the values of these processes upon the crossing as
well as just prior to crossing the threshold.

We discuss various applications to the finance (stock option trading) and risk theory.
A number of special cases and examples demonstrate analytic tractability of the results
obtained.
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