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Abstract: In this work, we address the issue of optimal control for a class of bilinear
systems. The goal is to achieve approximately a desired gradient on the whole domain
by seeking the minimum of a function. Next, optimization methods are used to reach
the desired subregion gradient at time T. The proposed methods are illustrated by a
theoretical approach and algorithm.
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1 Introduction

Infinite-dimensional systems are present in many problems. The analysis of such systems
regroup many concepts such as stability, exact controllability, approximate controllability
[2,/4}/5]. Nonlinear dynamics is of interest to mathematicians because most systems are
nonlinear in nature. The multiplication of state and control in bilinear dynamics make
them an important subclass of nonlinear systems, such nonlinearity appears in many
dynamical process, for example, a convective-diffusive fluid problem used in [6] to remove
a contaminant from water and control of velocity in a Kirchhoff plate, see [4]. Bichiou
et al. in [3| treated an approach for the minimum time control of dynamical systems.
Alharbi et al. in [1] studied the immune system using vitamins intervention. Regional
controllability is a very important generalization referring to the optimal control problems
in which the target is studied particularly on a subregion w.
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An important real situation that requires such notions, arises when the control is
required to attain a level of temperature in a specified zone of furnace, see [5]. El Jai et
al. give the most important motivation of regional controllability in [5], proving that there
exists a system which is regional controllable but not global controllable. Backgrounds
in dynamical systems of linear and semi-linear type are established by Zerrik and Ould
Sidi in [10] when studying the control of the gradient state of a regional target.

One of the important motivations are the thermal isolation problems, where the con-
trol is maintained to reduce the gradient temperature on the boundary. Very interesting
developments of this field are found in 7], in particular the characterization of the control
achieving gradient controllability.

The partial analysis of bilinear systems was initiated by Zerrik and Ould Sidi in [11}{12]
and [13|. Using a minimizing sequence, they study the existence of solutions for the
problems governed by such systems. Zine and Ould Sidi in [14]15] and Zine in [16] worked
on bilinear hyperbolic distributed systems. Ould Sidi in [8] gives necessary conditions
for optimal control problems with more regular control functions.

In this work, we address the issue of optimal control for a class of bilinear systems.
The goal is to achieve approximately a desired gradient on the whole domain by seeking
the minimum of a function. Next, optimization methods help us to reach the desired
subregion gradient at time T. The proposed methods are illustrated by a theoretical
approach and algorithm.

2 Gradient Optimal Control Problem

We choose an open bounded domain Q C IR™(n € {1,2,3}) and 91 is its regular bound-
ary. Let T > 0 and © = Qx]0,T[, & = 90Qx]0,T[ and Q € L*(0,T;L?*(2)) be the
control. We consider the following bi-linear equation:

% + A%z = Q(z,1)Vz, 0,
z(z,0) = zo(x), Q, (1)
z
= — = E.
z £y 0,

A? is the bi-Laplace operator, V is the gradient operator defined by

V:HY(Q) — (L2(Q)"
0z 0z

The state space is

0z(z,t)
ot

W= {z € T2(0,T; HA(Q)/ € 12(0,T; H()).
For Q € L*(0,T; L*(Q)) and zo(z) € L*(2), from the results in [9] the equation (1)) has
a unique solution zg in W N L>(0,T; L*(12)).

The gradient problem of is

J=(Q). (2)

min
Q €L?(0,T;L2%(Q))
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For € > 0, the gradient quadratic cost J; is defined by

J(Q) = f‘Vz—dez / HQx t) 2ndxdt

(L2(0,T;L2(Q)) @)
1<~ 0z all? 2

= - _ = t ‘ dxdt,
2 ; Haxl Zl‘ + 2 /@ HQ(J: ) m

L2(0.T5L2(®)
where 24 = (2¢,....2%) is the desired gradient in L?(0,T; L?()).

In the literature, quadratic problems such as command the system state to a
desired function, see [4,6]. The main objective of our work is to steer the gradient of
to z4(z) minimizing (3)), and to characterize the optimal control Q € L2(0,T; L?(Q2)).

3 Solving Method

This section studies the existence and proposes a solution of .

Theorem 3.1
There exzists (2*,Q*) € C([0,T]; H}(2)) x L?([0,T)), where z* is the solution of
oz + A%z = Q*(x,t)V2, 0,
Z(.’L‘, 0) = Zo(a)‘), Q, (4)
0z
= — = E
z 8V 0’ 3

and Q* is the optimal control of (@
Proof. The set {J.(Q) | Q € L*(0,T; L?*(2))} is a positive nonempty set of IR, then
it admits a lower bound. We choose (@), as a minimum such that

J*= lim J(Qn) = inf J(Q).

n—+o0 QEL2(0,T;L2(Q))

Je(Qn) is then bounded, it follows that |[Qn||r2(0,7;22(0)) < C, for a positive constant
C. Using lemma in |16], we can deduce that

Qn — Q7 L*(0,T; L*(%)),
2 — 2%, W,
A%z, —x W,
n ) 9 5
Ozp(z,t) v, W
ot

8 n ’t 8 * 7t
The limit in % + A%z, = Q. Vz,, we get % =V,
The linearity of the operator z — A2z and the operator V gives A2z* = y and

Q*Vz* = A. Hence we obtain

0z*
ot

We use the lower semi-continuity of J.(Q):

QY = mfz / / gz:b—zf)QdaH—;/@HQn(t)HjRndxdt

< hm J (Qn) = 1an(Q)

= Q" (z,t)Vz"

(6)
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Thus Q* is a solution of . To characterize the solution of problem , we study the
differential of cost J.(Q)

Lemma 3.1 For the map

L?(0,T; L*(Q)) — C(0,T; H*()),

Q — 2(Q)
the solution of 1s differentiable and its differential v verifies the system
81/) _ 2 *
a =-A ¢($,t) +Q (x,t)v¢+h($,t)vz, @7
¥(z, %)J Po(x) =0, Q, (7)
= — = Z
w ay 07 9

with z* = 2(Q*), h € U, and d(z(Q*))h is the differential of Q@ — z(Q).

Proof. The solution of the equation @ verifies

[Ylw < kal|zl[ Lo 0,7;m2 )Pl 20,722 (02))-
Also,
[ [lw < K2ll2* ] Loo 0,713 ) 1l |22 0,722 (92)) -
Thus,
[Ylleqo,ry;m ) < Esllhl|Lz(0,1;02(0))-

Consequently, we have h € L?(0,T; L*(Q)) — ¢ € C((0,T); H}(Q2)) is bounded, see [12].
Let zp, = 2(Q* + h) and ¢ = z, — z*, then ¢ verifies

&Dé?t) _ *AQSD + Q*(x,t)V(,t) + h(z, 1)V, o,
w(x,%) = ¢o(z) =0, 2, (®)
¥
_YY _ by
¥ ov 0,

Thus
el Loe (jo,1: 12 (2)) < Kallh [[L2(0,7:22(0)) -

Put ¢ = ¢ — 1 which verifies the system
dp

op = ~A+Q (@ )Ve(@,t) + h(z,)Ve, 8,
¢(x,0) =0, Q, 9)
¢= %0 _ 0, .

ov

¢ € C(0,T; H}(Q)), and we have

elleqo, 2 @) < klRIZ20.1:02(0)-

Consequently,

[[2(Q" +h) — 2(Q%) — d(Z(Q*))h||C(0,T;Hg(Q)) = ||¢Hc([o,T];Hg(sz)) < k||h||2L2(o,T;L2(Q))~
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Next, we consider the family of optimality systems

Ipi B

0z
_ — _ A2y, _ OF . Ze . d
5t Ap; — Qi(z,t)Vp; + (8351- z3), 0,
_ 9P _
p; = o 0, 3.

The next result gives the differential of J.(Q).
Lemma 3.2 For Q. € L?(0,T; L*(Q)), which is the solution of the problem (@, we

have
. J(Qe + Bh) — J(Q:) _ N (x, t d
ﬂli)no 5 Z / / oz, 3:1:1 — z{)dtdx

+ e / / hQ.dtdz.
QJ0

Proof. The functional J.(Q) from (| @ can be written in the following form

Z// (37 —2H?dtdx + - // Q% (t)dtdx. (12)

Let zg = 2(Q: + Sh) and z = 2(Q.), from we deduce

. Gy (2
tim J(Qe FAR) Z @)y Zl//T Oz ; Oz dtdz

B—>0 15} B—0

(11)

,8—>02
(13)
Thus J
lim (Q: + Bh) (Qo)
B—0 [3
0z
— L (93;‘z O 325 0z B
= ﬁlinoz / / (=2 B, 83:1 2:8)dtda
(14)

T
+  lim / / (ehQ. + Beh?)dtda

ﬁ—>OQO

_ Z// Ol ) Oz, 1) dtda:+// ehQ.dtdz.
ox; ox;

We characterize the solution of (2] . by the following theorem.
Theorem 3.2 If Q. € L?(0,T; L*(Q)) and 2. = 2(Q.) is the output of , then

Qu(1) = (V=" (@ ))(Din(p) (15)

is the solution of (@, where p = (py....pn) and p; € C([0,T]; Hi (2)) is the unique solution
of (10
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Proof. Let h € L*(0,T;L*(Q)) and Q. + Sh € L?(0,T; L*(Q2)) for 3 > 0 . The
extremal of J. is achieved at @Q., then

. JE(QE+Bh)_JE(QE)
0< Jim, 3 . (16)

From Lemma (3.2)), we deduce

O S 1' Q&(u€ + Bh) QE (uE)

B—0

T
_ Z// 817b T, t 82’ 33 t) )dtdﬂ?+// ehQ.dtdx,
Ox; o0x; QJo

and using the system , we have

s S [ R

T
+ A pi(x,t)—|—Q:(:c,t)Vpi(x,t))dtdx+// ehQc dtdx
o Jo

— Z// aiz % + A% — QX (2, t)V)pi(x, t) dtda:Jr// ehQ.dtdx

= Z// (h(x7t)Vz)pidtdx+// ehQ.dtdx
= Jalo O aJo

— // (z,t)[ apé(i t))+€Q€dtda:].

(18)
For h = h(t), an arbitrary control with Q. + Sh € L?(0,T; L?(Q)), and all small 3, we
deduce

Q-1 zgg; =~ (V)(Div(p)) (19)

4 Regional Gradient Optimal Control Problem

For w € Q, we define the restriction operator to w by

Xo t (L2(Q)" — (L(w)"
z — Xw?® = Z|w~

The adjoint of x,, is defined by

«_ | zin Q,
Xw? = OGQ\w

and
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Definition 4.1 A system state is said to be weakly partial gradient controllable on
w C Qif for V e > 0, we can find a control Q € L?(0,T; L?(£2)) such that

HXMVZQ(T) — Zd||(L2(w))n S g,
d_ (,d 2
- 1o
where 2% = (2 24) is the desired gradient in (L?(w))".

Let us consider the partial gradient control problem

i J 20
Q €L2(0.TL2() (@), (20)

where the regional gradient quadratic cost J. is defined by

/Hth 2 dwdt
/ HQ z, t dmdt e

1.Q) = 1waV2 T) L

- 72“ 5‘12

Next, we consider the family of optimality systems

<L2<w

LQ(w))

SO A% Qe )V O,
ot 9:(T)
z S
pi(va) = ( Oz - szg)7 Q, (22)
0 i l‘,lt
pi(x,t) pgg,/ ) =0, 3.

Lemma 4.1 If Q. € L*(0,T; L?(Q)) is the optimal control solution of (@, p; is the
solution of (@, and v is the solution of @, we have

J(Qe + ﬁh) Je(Qe)

li

Z/
/Q /0 ' ehQ.dtdz.

Proof. The quadratic cost J.(Q.) defined by , can be written in the following

form: N
J.(Q.) = ;;/w(g )dz + = // Q2 (t)dtdx. (24)

Let z5 = 2(Qe + Bh) and z = 2(Q.), using (24), we have

8pz Ip(a,t) T 9 oy
. ot o dH/O e (6t)dt]d (23)

- Oz 2 o 0% d\2
_ n (Xew —2;)" = (Xw i)
lim J=(Qe + Bh) — Je(Qc) = lim Z 1/ o B = o

B—0 ﬂ B*)O

h 2
ﬁhmo 5 / / (@ + ﬁ £ dtdx.
—
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Consequently,
i Qe+ 1) — 1(Q0)
B—0 ﬁ
(8zg 0z

. ~1 [ _ ‘O0z; Ox; .~ 0z3 , _ Oz d

- - _O%i 0% (& U8 — 925
@lﬂo;2AX“ g ey, Ty, TR
1 T

+ = / / (2ehQ. + Beh?)dtdx (26)
2 Ja Jo

_ Z/%wazb(m,T)kvw(aZ(x’T) _~* d d1'+// gthdtdx
im1Jw sz 8351-

_ Z/ WD)y pita, T)da:—i—s// hQ.dtdz.

From (|10) and , we deduce that
Je(Qe + 5h) Je(Q:)

T
apzaw(:c t)dt+/0 LY t] da

lim
B—0

Z/MM

T
// ehQ.dtdx.
aJo

ot  Ox; Ox; Ot

(27)

Theorem 4.1 Let Q. € L?(0,T; L*(Q)) and z. = z(Q.) be the associated state solu-
tion of , we have

prz (t) (28)

_1wa

s a solution of the problem (@/

Proof. Choose h € L>(0,T,L?(Q)) with Q. + Sh € L?(0,T; L?(Q2)) for 3> 0 . The
critical point of J; is Q., we have

0< lim JE(QE +ﬁh) — JE(QE)'

B—s0 I3 (29)
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9]
Using Lemma 1) and replacing 6—15 in the system 7 we have

Q (ZE +ﬁh> Qa(zs)

0 <
/ 0% i
0

B Z/ XX dr; ot
T

/ / ehQ.dtdz.
QJ0

Using , we obtain

dx

+

~>k~ r 8’(/} apl 2 0
0 = Z/ [ | 8@( 5 AP — Q(t)Vp;)dt + P, (h(t)V2)psdt| dx

+ // ehQcdtdx.
QJo

R S pi

= > / XX / ot + / / chQ.dtdx
=1

/ / [ e Z ap Py 5hQ€] dtdz.

(31)
We deduce the characterization
Q(t) = %(waz)(waw(p)). (32)
5 Numerical Approach
We choose the following one dimensional equation:
82 0%z
= Q(t ) [0,1],
ot 3 (33)
2(x,0) = zo(z), [0,1],
z=0, at x =0,1.

Such transport equation may describe the concentration of a contaminant in a convective-

1
diffusive problem, see [6]. The optimal control @,, is calculated by choosing ¢ = — and
n

{ 8:;—':-:1(37) = *”(%wvzn)(;wa(pn))v (34)
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where p,, is the output of

Opn(x,t)  ?pp(x,t) Opn

£ Qu G @, 0.1)

o 0ox?
o) = (22D 0,1 %)

p=0, at z =0,1.

The optimal control is a bounded sequence deduced from Theorem which allows
us to establish the following algorithm:
Step 1 : Initializing of the considered problem

Time T

Desired function z¢.

Error e.
Subregion w.

Step 2 : While | Qni1 — Qn ||< e

Oz
Find z, and ai(T) solution of 1j
x

Find p,(t) solution of .
Find the control @, 11 by ‘

Step 3 : The solution of the problem is Q,, verifying || Qni1 — Qn [|< €.

6 Open Problems

The coupled systems are a very important class of bilinear systems. One of the important
applications of such systems are the predator-prey models, which are a couple of nonlinear
differential equations used to describe the interaction between two species, one as a
predator and the other as a prey. Consider the following important regional control
problem of the predator-prey system:

J=(Q). (36)

min
Q €L?(0,T;L2%(Q))

The cost J. is defined for € > 0 by

J(Q) = way %wZ(T)’

+ oo 7

L2 (w) L2(0,T;L2(Q))

and constrained by the model

ng%—Qmwg, o,

z Yy

% = A%z — Q(x,t) == oy o, (38)
y(x,O) = yO(x)aZ( ) = Zo(l‘), Q.

y=2z=0, PN

This important problem of regional optimal control is still under consideration.
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7 Conclusion

This work proposes a solution for the gradient optimal control problem governed by an in-
finite dimensional bilinear system. The approach gives a respond to many open nonlinear
problems, for example, the control problems governed by bilinear coupled systems.
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