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Abstract: The purpose of this paper is to give some theoretical results, under
weaker hypotheses imposed on the external, internal, linear potential loads and three
measurable portions with non null area of the boundary of the shallow shell, for the
local existence and uniqueness of solution to the stationary von Karman equations,
with free-type boundary conditions of the elastic shallow shell. Finally, in some
theoretical results, we describe an iterative method for constructing a unique weak
solution for the problem.
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1 Introduction

In nonlinear three-dimensional elasticity theory, the stationary von Karman equations are
two dimensional equations for the nonlinearly elastic shallow shell. The mathematical
model is a modeling of the physical situation of buckling phenomenon of the elastic
shallow shell, which is perturbed by the external and internal forces and potentially non
conservative loads L(.) applied to the system, see [3]. In case of free-type and mixed
homogenous boundary conditions, we know the static von Karman equations for vertical
displacement u of the middle surface of the reference configuration of the shell from a
plane, and the Airy stress function ¢ has the form, see, for instance, [3].
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Find (u, ¢) € (Hg(w))?) such that

A?u — [¢p+ Fo,u+ 0] + L(u) = p(x) in w,

A%¢ + [u,u+20] =0 on w,

u=0,u=0 on Ty,
(P)

u=0, Au+(1—-p)Bju=0 on T,

Au+ (1—p)Biu=0, d,(Au) + (1 — p)Bou —du=0 on T,

¢=0,0,6=0 on T.

Here w is the middle surface of the initial configuration of the shell, the parameter u is
the Poisson ratio, ¥ > 0 is a positive reel and [u,v] is a von Karman bracket defined
by [15]

(¢, u] = O11¢022u + O11ud22 — 2012¢012u. (1)

The shell is subjected to the internal force Fy, which is a given function determined
by the in-plane mechanical loads, and the shell is subjected also to the external force p,
and 0(x,y), see [3[7], is a mapping measuring the deviation of the middle surface of the
reference configuration of the shell from a plane. This function determines the initial
form of the shell and the case 8§ = 0 corresponds to the plate theory.

In [3], I.Chueshov and I.Lasiecka studied the stationary and dynamic von Karman
equations and established different theoretical results for generalized, strong and weak so-
lutions under weaker hypotheses imposed at different loads, namely, for free-type bound-
ary conditions the authors take the assumption Fy € H g+6(w)7 by using the theory of
nonlinear semi-group. To justify the uniqueness, the authors used the limit definition
of generalized solution along weak continuity of the nonlinear terms involving the Airy
stress function and knowing the Lipschitz continuity of von Karman bracket with the
Airy stress function. Moreover, in [4], P.G. Ciarlet and L. Gratie justified the general-
ized von Karman equations by means of a formal asymptotic analysis and established
the existence of the system.

The aim of this paper is to find a condition verified by the internal and external
loads, the linear bounded operator L and, also, three measurable portions I'g, I'y, I's
with non null area of the boundary I' = T'g UT; UT's of the shallow shell. Moreover,
in this paper, for justifying some theoretical results, we take only the following weak
assumption Fy € H?(w).

This paper will be organized as follows. After this introduction, Section 2 contains
some basic results and tools that will be needed later. Section 3 is devoted to the
description of the mathematical structure of the model under consideration by using
an iterative method for establishing the existence and uniqueness of the weak solution
associated to the static von Karman equations.

2 Preliminary Results and Needed Tools

In this paper, w denotes a nonempty connected and bounded open domain in IR?,
with its boundary I' = dw of C*° -regularity. We assume that in this section I" =



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 20 (4) (2020) 427

T'ouUI'y U, where I'y , I'y and I's are three measurable portions of I' with non null area
and 'oNI'y NIy = 0.
Let us consider the following problem [3]. Find (u, ¢) € H?(w) x HZ(w) such that

A?u — [¢p+ Fo,u+ 6] + L(u) = p(x) in w,

A%¢ + [u,u+20] =0 on w,

u=0,u=0 on Ty,
(P)

u=0, Au+(1—p)Bju=0 on T,

Au+ (1 —p)Biu=0,0,(Au) + (1 — p)Bou —du =0 on Ty,

$»=0,0,6=0 on T,

where [u,v] is defined in (1)) and
B1u = 2n1n2812u — n%ﬁuu — ’I’Lgagg’u,7

BQ’LL = 8T [(n% - n%)@lgu + ’ﬂlnz(aggu — 81116)]

with n = (n1,n2) being the outer normal to I and 7 = (—ng, n1) being the unit tangent
vector along I'.
Let p > 1 and m € IN*, we denote

IUIp:(/ [u["YYP, |u|| = Z |0apul, and ||u||§:/(Au)2
w a,Bf=1,2 w

and |lul|,, . is the classical norm in H™(w). For the sake of simplicity, we define

V={ue H*w)/u=0,u=00nTgandu=0o0nT1},

which is a subspace of H?(w), and

ag(u,v) = /(AuAv — (1= p)[u,v]). (2)

The following result is of interest.

Proposition 2.1 Let Iy and I'1 be two portions of T', if we do not choose the next
two portions g or 'y of T' in a linear segment, then the semi norm ||.|| is a norm in V
equivalent to the usual norm of H?(w).

Proof. To establish that the semi-norm ||.|| is a norm in the subspace V, we show
the following result:

VueV; ful= Y |0apul,=0 = u=0.
a,5=1,2

Then, for Vu € V, we have

|lu =0 = Va,B8=1,2, 0qpu=0.
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Now, by using a classical result from distribution theory [5], and since the set w is
connected, with Vo, 8 = 1,2, Oupu = 0, we have that

Y(z,y) €@, 3(a,b,c) € IR such that u(zx,y) = ax + by + c.
If I'y or I'y is not in a linear segment, then
ur, = (ax + by + ¢)|r, =0 and up, = (ax + by + ¢)|r, =0,

this implies that
To C {(z,y) € IR?Jax + by + ¢ = 0}

or
Iy C {(z,y) € IR*/ax + by +c =0},

that contradicts the assumption that one of two portions I'g or I'; is not in a linear
segment, and we conclude that a =b=c=0.
Now, if we have that two portions I'g and I'; are in linear segments, then

To C {(2,y) € IR?/ax + by +c=0} and 1 C {(z,y) € IR?/az + by +c=0}.
Since 'y and I'; are not in the identical linear segment, we deduce that
a=b=c=0 = u=0.

Finally, the semi-norm ||.|| is a norm in V.
Now we show that the subspace V is a Banach space in H?(w). Let (uy)n,>0 be the
sequence elements in the space V such that (u,),>0 converge to u in H?(w).

Since the operator "trace” and J, are continuous, we have the sequences (un)|F ,
0

(un)|Fl and 8”(u")|r0 converge to Uy s Y, and 8yu|ro, then Uy = Yp, = 0 and
<9,,u|F = 0. Hence u € V, then V is a closed subspace in H?(w).
0
Moreover, we prove that the norm ||.|| in the space V is equivalent to the usual norm

of H?(w).
The inequality [[u|| < ||ul|,, clearly holds. But if we suppose that the other inequality
is false, then there exists a sequence (u,) in V, such that

Vn € IN, |un|,,, =1 and ngr—ir-loo lun |l = O. (3)

For more detail, see [5].

So, u,, is bounded in the space H?(w). We use the compact injection H?(w) <. L?(w),
then there exists a subsequence u,,, such that, with , we have u,,, converges in the space
L?(w) and also u,, converges to 0, with the norm ||| in the space V.

Finally, we conclude that w,, is a Cauchy sequence with the norm (H; + |17/,

In [5], the norm (Hg + |I.I*)2/2 is equivalent to the usual norm of H2(w), this implies
that wu,, converges to u in V, therefore the limit u satisfies

lull = lim |lugm||=0 = u=0,
m——+o0

but this result contradicts the equality Vm € IN, [[unll,,, =1 and the desired result is
obtained.
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Remark 2.1 The norm |.|| is equivalent to the norm ||.||, in the space V.

Proof. By the analogous method as in Proposition [2.1, we prove that
VueV, Ja>0, B>0; allully < lully,, < Bllull,
and, with the result of Proposition [2.1] we have
Vu eV, Jar >0, f1>0; aq flull < lully,, < Bi|ull,

then
B

VeV, lul < fluly < 7 Jull
Finally, the desired result is verified.
We recall the following results, see [1},3,8{L0L/11] for instance.

Theorem 2.1 Let u € H*(w), v € H*(w) and p € IR, we have that, with (2),
/ A?uv = ag(u,v) + / [(O,Au+ (1 — p)Bou)v — (Au+ (1 — p) Byw)d,v].
w T

Lemma 2.1 The space VN H*(w) is dense in the space V for the induct norm of
H*(w) and for every u and v in V the equality

/ Auv = ag(u,v) + /F [(OvAu+ (1 — p)Bou)v — (Au + (1 — p) B1u)d,v]
holds.
Theorem 2.2 Let f € L*(w), then the following problem
Av=1f in w,
v=0 on T,
0,v=0 on T

has one and only one solution v in H3(w) satisfying the relation
vl < col 1y
where ¢o = 0 is a constant which depends only on mes(w).
We are now in a position to state the following result.
Theorem 2.3 Let f € L*(w), the following problem
Ay=f mn w,
u=0,u=0 on Dy,

Q<] u=0, Au+(1—p)Biu=0 on Ty,

Au+ (1 —p)Biu=0 on Iy,

Oy (Au) + (1 — p)Bou—du =0 on Ty,
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has one and only one solution in V such that

[[ull < coo |f1y
where cop > 0 is a constant which depends only on mes(w).

Proof. By virtue of Lemma for all (u,v) € V2 we have
/ A*uv = ao(u,v) +/ [(BvAu+ (1 — p)Bau)v — (Au+ (1 — p)B1u)d,v] .
w r

Since v € V, we have

Ulr =0, ’U‘Fl =0, 8VU|FO =0, (8yAu + (1 - M)BZU)|F2 =0,

0

and

(Au+ (1 — p)Byu) =0, / (OAu+ (1 —p)Bau)v =9 | ww,
T2

‘r ur
1Vl Iy

hence, with we deduce that

9 = =1(v).
ag(u,v) + . uv /wfv (v)

The mapping ag(.,.) is a bilinear, symmetric and continuous in the Hilbert space V.

Moreover, the linear operator {(.) is also continuous.

So
Vue V. as(u) = [ (@ = (=) [l =l ~ (0= ) [ o
and
/[u,u] :/ (2311’11,822’11,—2(81216)2) §/2811u822u.
Moreover,

/W(Au)2 = /w(auwamu)? = /w(anu)2 + (5‘22u)2+2/(811u822u).

w
[u,u] < ||’LL|| 5
0
w

It follows that

this implies that

2 2 2
o) = (B = (=) [ fu) = Julld = (1= )l = el
Using Remark we have

Ja >0, ag(u,u) > alul?.

Then the map ag(.,.) is coercive.
It turns out that, by the Lax-Milgramme theorem, the following problem

Yo eV, ag(u,v)+9 uv:/fv:l(v)
Fz w
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has one and only one solution in V.
To prove completely the theorem we show that

Jull < co [y -

Since u is a solution of the following problem
Vo eV, ao(u,v)+ ¢ uv:/fv:l(v)7
s w

and using the injection H?(w) < C(w), we have

Vu €V, 36 >0 such that |ull < B,

with ag(u,w) +9 [p u? being coercive, then there exists « = 0 such that

ol < an(w +0 [ = [ fus full 17l < Bl £,

Finally,
[ull < coo £l

with Coo = g.
Now, let us put
Fl(u,¢):[¢+Fo,U+9}7L(U). (5)

Before giving our main result, we now state the following results.

Proposition 2.2 Let (u,v) € (H3(w))?, 0 € H?(w) and Fy € H*(w) be with small
norms. Let ¢, p € HE(w) be the solutions of the following two problems:

A2p = —[u,u] and A*p=—[v,v].
Then the following estimations
[u, ] = [, ] || < erllu =]l

and
[F1(u, @) — Fi(v,0); <erflu—vf

hold for some 0 < c¢; < 1.

Proof. Following [3] and Proposition [2.1 we have
[, ] = w01 | < (Il + o)) lu = o
for some k > 0. Let ¢ > 0 be small enough so that ||u|| < ¢ and ||v|| < ¢. We have
|, 6] = o, 0l || < 2he? fu— o],

and
| [,6] = [os | < I 1,61 — [0, 91| < 2bbac? flu =]
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Moreover, we have
[fu—v,Folly < ([, 1011 (u—v)[]d22F0]) + ([, [D22(u —v)||011 F)
+2(J,, [012(u = v)[ [012Fp])
< |[022F0 |5 011 (v = v) |y + [[011 F0 |y |O22(u — v)],
201205 [O12(u — v)l,
<dez|[Follyy, [lu =

Using the similar proof for the next inequality, with Proposition [2.1] and Theorem 2.2 we

have
6=, 01l <dea|lflly,, 16 —ll < 4deoca (|05, [[u,u] — v, 0],

< deoes [0l ( Iy =]l + Ifosu =]l )
< 160z 0], (] + o) 1w — o]

< 32¢ce 0], llu = vll,

and so, with ¢g = 3max(4caco, 32¢coca, 1)

|Fi(u, ) — Fi(v,9)]; < ‘ [+ Fo,u+0]— [p+ Fy,v+0] ’1 + |L(u —v)|,

<|Bul - o0l + | Fovu—v]| +] 00— 4],
+ Ll = o]
< (2kk1e® + deaco | Folly,, + 32¢coca [|0]],, + IILI]) [u — o

< (2kkrc® + es([[Follg, + 1011, + I1L1D) u = vl

If we choose

1= c3(l[Follg,e + 11012, + 111D
200]6]{)1 ’

1
16120 + 1Foll 0 + 1] < o wd O<ces< \/

we have
0 <1 = 2kkic® + es(|Folly,, + 1015, + 1L < 1,

we then conclude the proof.

Remark 2.2 In the next result, from the mechanical point of view, our weaker as-
sumptions concerning Fp in HZ(w) mean that no external stresses are applied to the
shell |3]. Fj is a given function determined by mechanical loads. For some of the results,
less regularity on Fj is required. For example, to prove the uniqueness of weak solution
to the dynamic problem with free boundary conditions and, also, to the thermoelastic
plates, some authors take Fyy in Hy™(w).
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3 Iterative Approach: the Main Results

We will study the problem (IP) by considering the following iterative problem.
Let n > 1, 0 # ug € V be given. We first find ¢,, € HZ(w) as a solution of the

equation A2¢,, = — [u,_1,u,_1 + 26] and u,, as a solution of the following problem:
AQUTL - Fl(un—b ¢n) +p m w,
Up = Opuy, =0 on Ty,
(Pn)
up =0, Aup + (1 — p)Bru, =0 on TI'y,
Auy, + (1 — p)Bru, =0, 8,(Auy) + (1 — p)Bouy, — dup, =0 on Do,

where F7 is defined by .
We are now in a position to state our main result of this section.

Theorem 3.1 Let p € L*(w). If |ply, 0]y, [ILIl and |[Foll,,, are small, then the
problem (P) has one and only one solution (u,$) € V x Hg(w).

Proof. We divide it into three steps.
Step 1: Let us consider the problem (P,,) with ug # 0. We will show that

Vn € IN, |Jun|| < |luoll and [|¢niall < fJuofl-

For n = 0, we have |lug|| < |luo||. Otherwise, for ¢; being the solution of the problem
A%¢y = — [ ug,up+20 ], Propositionand Theoremensure that there exists ¢y > 0
such that

1] < col[ wo,uo +26]|;
using the proof of Proposition with

1 — cokkic

lluoll <¢, 0<cokkic<1 and |8, < ,
’ 860

we can deduce that
1]l < coker [[uoll + 8co 18], lluoll < (cokkrc + 8co [|6]],,,) luoll < [luoll -

The desired inequalities are true for n = 0.
Suppose that

VE=1,.n, [lugl <lluoll and [[griall < fluoll -

Since w41 is a solution of the problem (P,y1), Theorem yields that there exists
coo + 0, and by Proposition 2.2 we have that

lunsall < coo(|F1(wn; Pny1)ly + Ipl1)
< coolcr [Jun| + [pl;)

< coo(er [luoll + [ply)-
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If we choose ¢ > 0 sufficiently small, such that

1—
0<c1 <1, 0<cooer <1and [p|; < (= cwer) [luoll,
it follows that
l[tnall < lJuoll -
Moreover, for ¢, 2 being the solution of the problem A2¢, 1o = — [ Upi1,Uns1 + 20 ]
and after the case n = 0, we have
1-— Cokk’lc

luol| < ¢, 0<cokkic<1 and |0, , < ,
’ 860

moreover, we can deduce that
2
@2l < cokky luniall” + 8o [|0ll; , lluntall < (cokkic +8co [10ll5,,) [tntall < fluoll -

Hence,
Vn € IN, |lun| < [uoll, and [|¢ni1] < [[uoll -

Step 2: Let m < n, u, ( resp, u,) be a solution of the problem (P,) (resp, (Pp,)),
then u,, — u,, is a solution of the following problem :

AQ(un - um) = Fl(unfly ¢n71) - Fl(umfla (bmfl) mow,
Up — U, =0 Oy (U, — Up) =0 on Ty,
Up — U =0, Aty —Upm) + (1 — p)Bi(up — ) =0 on I'y,

Aty — ) + (1 — p) By (un — upm) =0 on T,

Oy (A(up — um) + (1 — ) Ba(tn, — tm) — Oty — up,) =0 on Ta.
Using Theorem [2.3] again, we have
[un —umll < coo [F1(tn—1,Pn—1) = F1(tm-1,Pm—1)|;
< cooct [[un—1 — tm—1|
< (cooc1)™ [un—m+1 — uoll
< (cooe1)™ Sz Heooer)* [lus — o
< 2(cooe1)™ >opZp (cooer)* [luo]| -
Moreover, for ¢, — ¢,, being the solution of the problem

A2(¢n - ¢m) = - [ Un+1, Un+1 + 20 ] + [ Um+1, Um+1 + 20 } 5
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Theorem [2.2] ensures that there exists ¢g > 0 such that

[fn = dmll - < coll untr, untr +260 ] = [wmir; umpr +20 ]|

S CO( ‘[un+1aun+1 - um+1”1

+ [[tmg1, Ung1 — Uma1 ]|y + [[20, Unq1 — Um+1]|1>

< 8cokkic|lunt1 — umt1 | + 8co [0l [unt1 — wmea ||

< (8cokkic +8co [0l ) lunt1 — tm4all-
Using the proof of Proposition [2.2] and Theorem [2.2] with

1-— 800]6]610

lluoll < ¢, 0<8cokkic <1 and |6, , < ,
’ 860

we can deduce that
[¢n — dmll < (Becokkic + 8co [|0]l,,,,) [unt1 — wm+| -

This implies that the sequence (uy, ¢n)n>0 is a Cauchy sequence in V x HZ(w), hence
the sequence (u,,, ¢n)n>0 converges to (u, ¢) in V x HZ(w) and, with Proposition we
deduce that Fy(un, ¢ni1) + p converges to Fy(u, ¢) + p in L' (w).

Since the operator ”trace” and the operator ”d,” are continuous, we have that
(un)|r0 , (un)|Fl , (un)|r2 and 8”(u")|r0 converge to Yo » Uey » Yr, and c'?l,u|ro
and ¢,, converges to ¢ on I'.

Finally, we have that Uy = U, = 0, 8,,ulro =0, ¢ =0and d,¢. =0.
0 1

To conclude that u is a solution of the problem (IP), we show that u satisfies the
following equality:

(Au+ (1 = p)Biu)|r,ur, =0 and (9,Au+ (1 — p)Bou — Yu)|p, = 0.

By Lemma we have for all v € V

/ A2 (uy, — u)v = ag(u, — u,v) + / (O A(un —u) + (1 — ) Ba(uy — w))v
w r

—/ (A(un —u)+ (1 —pw)By(uy — u))ayv.
r
But wu, is a solution of the problem (P,), it follows that
(Aup + (1 — p) Biuy)r,ur, = 0 and (9, Auy, + (1 — p) Boty ), — 9(un)r, =0, (6)

or v € V implies that v, ., =0 and d,v, =0, then

/F(A(un—u)+(1—u)Bl(un—u))8uv:/ (A(up — )+ (1= p) By (un, —w)) 9y,

I'gul’y Ul
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= / (A(up — u) + (1 = p) By (up — u))dyv.
I uls
This, together with @, yield
/ (A(up —u) + (1 = p)By(up —u))dpv = —/ (Au+ (1 = p)Byu)d,v,

Ul I'yUl,
hence

/ (A(up —u) + (1 = p)Bi(up — u))dpv = —/ (Au+ (1 — p)Biu)d,v.

I I uls

Moreover,

/F(8,,A(un—u)—i—(l—,u)Bg(un—u))v:/F o (OyA(un —u) + (1= p) Ba(un —u))v,

_ /F (0, Aty — ) + (1 — 1) Ba(u, — u))o.

In view of @, we deduce that

/ (O A(un —u) + (1= p)Ba(up —u))v =2 [ uyv— / (OyAu+ (1 — p)Bou)w.
r Iz I
It follows that

/ A2 (uy, — u)v = ag(u, — u,v) +9 Uy U — / (&,Au +(1- M)BQU)’U
w s Ty

+/ (Au +(1- u)Blu)ayv.
I'yul's

Now, letting n — +o0 in the next equality, we deduce that
Vv eV, 19/ uv — / (OyAu+ (1 = p)Bau)v +/ (Au+ (1 = p)Biu)dyv = 0.
Iz I'> T Ul
This equality implies that
Yo € Hy(w)N'V, / (Au+ (1 — p)Biu)d,v =0,
Ul

it turns out that
Au+ (1 —pu)Biu=0, on I'y UTs.

And also, we deduct

YvevV, 19/ uUY — / (8,Au+ (1-— ,u)Bgu)v =0,
I's I's

it follows that
O Au+ (1 — p)Bou —du =0, on Iy,
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Finally, (u, ¢) is a solution of the static von Karman equations in V x HZ(w).

Step 3 : For the uniqueness, we suppose that the problem (P) has two solutions
(u1,¢1) and (ug, ¢2) in V x HZ(w) such that

[ua]l < ¢ and flug|| <,
where, c¢ is sufficiently small. Since u; — us is a solution of the following problem:
A%(uy —ug) = Fy(uy, ¢1) — Fi(uz, d2) in w,
up —u2 =0, Gy(ug —uz)=0 on Ty,
up —us =0, A(ug —ug)+ (1 —p)Bi(ug —u2) =0 on T4y,

Aluy —ug) + (1 — p)Br(ug —ug) =0 on Ty,

Oy (A(ug —ug) + (1 — p)Ba(ug —ug) — ¥ (ug —uz) =0 on T
Theorem implies that there exists coo > 0 such that
llur —ua|l < coo |[Fi(ui, 1) — Fi(ug, ¢2)|; < cooc [|ur — uz,

c is small, thus 0 < ¢ggc; < 1, then u; = us and ¢ = ¢o.
Lastly, the stationary von Karman equations have one and only one solution (u, @)
in the space V x HZ(w).

Remark 3.1 In this section we described an iterative method for constructing a
unique weak solution, this technique is a good tool for illustrating this weak solution
from the numerical point of view.

4 Conclusion

In this paper, we described an iterative method for constructing a unique weak solution
to the model with free boundary conditions of buckling and flexible phenomenon of
small nonlinear vibrations of the homogenous, isotropic and elastic thin shells of uniform
thickness. Our approach is a good tool for justifying the theoretical results under the
following weak assumption Fy € H?(w). Similar study for the models of dynamic von
Karman equations with and without rotational inertia and for free boundary conditions
of the shell could be the purpose for future research.
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