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Abstract: This work studies a mathematical model involving a dynamic contact
between two elasto-viscoplastic piezoelectric bodies with damage. The contact is
modelled with a combination of a normal compliance and a normal damped response
law associated with friction. We derive a variational formulation of the problem and
we prove an existence and uniqueness result for the weak solution. The proof is based
on the classical existence and uniqueness result for parabolic inequalities, differential
equations and fixed-point arguments.
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1 Introduction

In this paper we study a contact problem which involves viscous friction of Tresca type
described in [1]. A nonlinear elasto-viscoplastic constitutive law is used to model the
piezoelectric material. The piezoelectricity can be described as follows: when mechani-
cal pressure is applied to a certain class of crystalline materials (e.g., ceramics BaT%iOs,
BiFeOs3), the crystalline structure produces a voltage proportional to the pressure. Con-
versely, when an electric field is applied, the structure changes its shape producing dimen-
sional modifications in the material. Different models have been developed to describe the
interaction between the electrical and mechanical fields, see, for example, [5}/17] and the
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references therein. For contact problems involving elasto-piezoelectric materials see |15].
Different models of viscoelastic piezoelectric problems have been studied in [3}/14}20],
contact problems for electro-elasto-viscoplastic materials were studied in [5}[11].

The damage is an extremely important topic in engineering since it affects directly the
useful life of the designed structure or component. There exists a very large engineering
literature on it. Models taking into account the influence of the internal damage of the
material on the contact process have been investigated mathematically. General models
for damage were derived in [6] from the virtual power principle. The models of mechanical
damage, which were derived from thermodynamical considerations and the principle of
virtual work, can be found in [8]. The new idea of [7] was the introduction of the damage
function B¢ = B%(x,t), which is the ratio between the elastic moduli of the damage and
damage-free materials. In an isotropic and homogeneous elastic material, let Ef, be
the Young modulus of the original material and E* ¢ be the current modulus, then the
damage function is defined by ¢ = E* £f / Ef} Clearly, it follows from this definition that
the damage function f3° is restricted to have values between zero and one. When ¢ = 1,
there is no damage in the material, when $¢ = 0, the material is completely damaged,
when 0 < 8¢ < 1, there is partial damage and the system has a reduced load carrying
capacity. Contact problems with damage have been investigated in [12]. The differential
inclusion used for the evolution of the damage field is

B — KA+ 0 (8") 3 S (0 — Ale() —(€") V' (s), e(u’), B,
where K* denotes the set of admissible damage functions defined by

K={¢ecV’ 0<£<1, ae in QY (1)
k! is a positive coefficient, dp ¢ represents the subdifferential of the indicator function
of the set K*, and S’ is a given constitutive function which describes the sources of the
damage in the system. The paper is structured as follows. In Section [2] we present
the physical setting and describe the mechanical problem. In Section [3} we introduce
some notation, list the assumptions on the problems data, and derive the variational
formulation of the model. In Section [d we state our main existence and uniqueness
result, Theorem [} The proof of the theorem is based on the arguments of nonlinear
evolution equations with monotone operators, a classical existence and uniqueness result
for parabolic inequalities and fixed-point arguments.

2 The Model

We describe the model for the process and we present its variational formulation. We
consider the following physical setting. Let us consider two electro-elastic-viscoplastics
bodies, occupying two bounded domains Q', Q2 of the space R%(d = 2,3). For each
domain Qf, the boundary I'? is assumed to be Lipschitz continuous, and is partitioned
into three disjoint measurable parts I'{, T'4 and Fg, on one hand, and into two measurable
parts 'Y and Fg, on the other hand, such that measT'$ > 0, measT'Y > 0. Let T > 0
and let [0,7] be the time interval of interest. The Qf body is subject to f§ forces
and volume electric charges of density gj. The bodies are assumed to be clamped on
% x [0, T]. The surface tractions f5 act on I'4 x [0, T]. We also assume that the electrical
potential vanishes on I'Y x [0, 7] and a surface electric charge of density ¢4 is prescribed
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on I'f x [0, T]. The two bodies can enter in contact along the common part 'y = T3 = T'3.
We use an electro-elastic-viscoplastic constitutive law with damage given by

o' = Ale(u’) + Gle(u’)+ () V' +

t 2
/0 F(ot(s) — Ale(i () — (€)' V", e(ul(s))) ds, ?

D' = &fe(uf) — BV, (3)

where D’ is the electric displacement field, w’ is the displacement field, o and e(u’)
represent the stress and the linearized strain tensor, respectively. Here A’ is a given
nonlinear function, F* is the relaxation tensor, and G represents the elasticity operator.
E(¢%) = =V’ is the electric field, £ = (e;j;) represents the third order piezoelectric
tensor, (£)* is its transposition. It follows from that at each time moment, the
stress tensor o‘(t) is split into three parts: o‘(t) = i (t) + o4 (t) + o%(t), where
ol (t) = Ale(u’(t)) represents the purely viscous part of the stress, a4, (t) = (£¢)* V! (t)
represents the electric part of the stress and U%(t) satisfies a rate-type elastic-viscoplastic
relation

t
‘ £_(, 0 0 0 ¢
ot = Gle(u' (1)) + / F(0h(s), e(ul(s))) ds. (4)
Various results, examples and mechanical interpretations in the study of elastic-
viscoplastic materials of the form can be found in [6,[9] and the references therein.
Note also that when F* = 0, the constitutive law becomes the Kelvin-Voigt electro-
viscoelastic constitutive relation

a'(t) = Ale(i(t) + G'e(u’ (1)) + (£°)" V' (1). (5)

Dynamic contact problems with the Kelvin-Voigt materials of the form can be found
in [3]. The normal compliance contact condition was first considered in [12] in the study
of dynamic problems with linearly elastic and viscoelastic materials and then it was used
in various references, see, e.g., [11,/17]. This condition allows the interpenetration of the
body’s surface into the obstacle and it was justified by considering the interpenetration
and deformation of surface asperities.

We need to introduce some notation and preliminary material. Here and below, S¢
represents the space of the second-order symmetric tensors on R?. We recall that the
inner products and the corresponding norms on S¢ and R? are given by

wof =ufof, o= (w2, vul vl e RY,
ot = afj.rfj, 17| = (', Vol vl es?

Here and below, the indices ¢ and j run between 1 and d, and the summation convention
over repeated indices is adopted. With these assumptions, the classical formulation
of the dynamic problem for the friction contact with normal compliance and normal
damped response between two elasto-viscoplastic piezoelectric bodies with damage is the
following.

Problem P. For / = 1,2, find a displacement field u’: Qf x [0,7] — R?, a stress
field o : Qf x [0,T] — S%, an electric potential field ¢’ : Qf x [0,T] — R, a damage



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 21 (3) (2021) 283

field B° : Qf x [0,7] — R and an electric displacement field D : Qf x [0,T] — RZ
such that

ol = Ale(u’) + Ble(u’)+(E)* V' +

t in QY x (0,7), (6
/O G' (o'(s) = A'e(i'(s) ~ (€)' V", e(u'(5)), 8'(5)) ds <00

D' =&l (u’) — B'Vy' in Q° x (0,7), (7)
B~ KAB' + 8..(8Y) 3 S (o’ — Ale(a) — (1) Vi!(s), e(u?), B, (8)
plit' = Divel + £ in Qf x (0,7), (9)
divD* — g5 =0 in Qf x (0,T), (10)
u’=0 onT¥x(0,T), (11)
o'v! = f5 on T4 x (0,7), (12)
0‘1 = O'2 = 0,
vooor oy n s x (0,7), 13
{ v = pullw] -9 +a i) O 19)
0'1 = —0’2 =0
T T ” I's x (0,7), 14
{ ol < oo (] — 9) + gl 02 @) (4
] #0= 0, = ~(r(fur] — ) + ()2 onTax OT). (15)
/4
% on I'* x (0,7T), (16)
©'=0 onT¥ x(0,7), (17)
D'V =¢f onTyx(0,7), (18)
D'v'=D*1v? =D,
n I's x (0,7), 19
{D—¢([uv]—g)¢z(s@1+¢2—s@o) on s > (0.1 19

uf(0) = uf, B(0)=p; inQ" (20)

First, equations @ and represent the electro-elastic-viscoplastic constitutive law with
damage, the evolution of the field is governed by the inclusion of parabolic type given
by the relation , where S is the mechanical source of the damage growth, assumed
to be a rather general function of the strains, and the damage itself, Oy, is the sub
differential of the indicator function of the admissible damage functions set K*. Next,
equations @D and are the steady equations for the stress and electric-displacement
field, respectively, in which "Div” and ”div” denote the divergence operator for tensor
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and vector-valued functions, i.e.,

Dive! = (¢}, ;), divD"’= (D).
We use these equations since the process is assumed to be mechanically dynamic and
electrically quasi-static. Conditions (11) and are the displacement and traction
boundary conditions, whereas and (18) represent the electric boundary conditions;
the displacement field and the electrical potential vanish on I'{ and T | respectively,
while the forces and free electric charges are prescribed on I's and T'f , respectively.
We turn to the boundary conditions and which describe the mechanical and
electrical conditions on the potential contact surface I's. The normal compliance function
Pu in is described below, and g represents the gap in the reference configuration
between I's and the foundation, measured along the direction of v*. When positive, [u,]—
g represents the interpenetration of the surface asperities into those of the foundation.
This condition was first introduced in |10] and used in a large number of papers, see, for
instance, [417/8,[14] and the references therein. Condition is the associated friction
law, where p, is a given function. According to , the tangential shear cannot exceed
the maximum frictional resistance p.([u,] — g), the so-called friction bound. Moreover,
when sliding commences, the tangential shear reaches the friction bound and opposes the
motion. Frictional contact conditions of the form , have been used in various
papers, see, e.g., [5,6L|17] and the references therein.

The relation describes a homogeneous Neumann boundary condition, where
dB°|9v’ is the normal derivative of 8°. (T7) and (18)) represent the electric bound-
ary conditions. Next, is the electrical contact condition on I's, introduced in |11].
It may be obtained as follows. First, unlike the previous papers on the piezoelectric
contact, we assume that the contact surface is electrically conductive and its potential
is maintained at ¢,. When there is no contact at a point on the surface (i.e., [u,] < g),
the gap is assumed to be an insulator (say, it is filled with air), there are no free electri-
cal charges on the surface and the normal component of the electric displacement field
vanishes. Thus,

[uy] <g = D'vf=0. (21)

During the process of contact (i.e., when [u,] > ¢) the normal component of the electric
displacement field or the free charge is assumed to be proportional to the difference
between the potential of the foundation and the body’s surface potential, with k as the
proportionality factor. Thus

[w] > g = D' = k(o' +¢* — o). (22)
‘We combine , to obtain
D v’ = ky, ., ([w] - 9)(@" +¢” = 20), (23)

where X[0,c) is the characteristic function of the interval [0, 00); that is,

0 ifr<o,
X)) =1 e s 0.

Condition describes the perfect electrical contact and is somewhat similar to the
well-known Signorini contact condition. Both conditions may be over idealizations in
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many applications. To make it more realistic, we regularize condition and write it
as (19), in which kyi0.00) ([un] — g) is replaced with t which is a regular function and
which will be described below, and ¢; is the truncation function

-1 if s < —I,
d(s)=<s if —1<s<,
l if s >1,

where [ is a large positive constant. We note that this truncation does not pose any
practical limitations on the applicability of the model, since [ may be arbitrarily large,
higher than any possible peak voltage in the system, and therefore in applications ¢, (¢*+
02 —g) = P! +p?—o. The reasons for the regularization of are mathematical.
First, we need to avoid the discontinuity in the free electric charge when the contact is
established and, therefore, we regularize the function ky, _ in with a Lipschitz
continuous function . A possible choice is

0 if r <0,
P(r)q kor if0<r<Ii/6, (24)
k if r > 9,

where d > 0 is a small parameter. This choice means that during the process of contact
the electrical conductivity increases as the contact among the surface asperities improves,
and stabilizes when the penetration [u,] — g reaches the value §. Secondly, we need the
term @, (! + 0? — o) = @' + ¢? — g to control the boundednes of [¢] — ©g. Note that
¥ =0 in , then

D'v'=0 onT3x(0,7), (25)

which decouples the electrical and mechanical problems on the contact surface. Condition
models the case when the obstacle is a perfect insulator and was used in [3}/141/19,20].
Condition , instead of , introduces a strong coupling between the mechanical
and the electric boundary conditions and leads to a new and non-standard mathematical
model. Because of the friction condition , which is non-smooth, we do not expect the
problem to have, in general, any classical solutions. Finally, in equation uf is the
initial displacement, and ,66 is the initial damage. To obtain the variational formulation
of the problem @,We introduce for the bonding field the set

Z={0eL>®(0,T;L*(T3)); 0<6(t)<1 Vte[0,T], ae. onTy}.

For this reason, we derive in the next section a variational formulation of the problem
and investigate its solvability. Moreover, variational formulations are also starting points
for the construction of finite element algorithms for this type of problems.

3 Variational Formulation and the Main Result

We use the standard notation for the LP and the Sobolev spaces associated with Q¢ and
I'* and, for a function ¢¢ € H'(Q2°), we still write (¢ to denote its trace on I'*. We recall
that the summation convention applies to a repeated index. For the electric displacement
field we use two Hilbert spaces

W= L2, W!={D'eW"’:div D" e L*(0)},
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endowed with the inner products
(D', E )yyr = N D;.Edz, (D' E") = (D" E)y + (div D" div E) 2 (g0,

and the associated norms ||.[[,ye and |.[|,y¢ , respectively. The electric potential field is
to be found in
Wi={¢' e H'(QY): £€=0 on T%}.

Since measT% > 0, the Friedrichs-Poincaré inequality holds, thus,
IV (&) Iwe > CFngHHf(Qf) veh e W, (26)

where cr > 0 is a constant which depends only on Q¢ and I'Y. On W* | we use the inner
product

(" )we = (Vo . Vi )y
and let ||.||ye be the associated norm. It follows from that [.|| g1 (qey and ||.[|ye are
equivalent norms on W* and therefore (W, ||.|ly¢) is a real Hilbert space. Moreover, by

the Sobolev trace theorem, there exists a constant ¢y depending only on Q¢ T and I',
such that

1€ L2 ry) < coll€’lwe V&' € WE (27)
We also introduce the spaces
Ef = L2(QY), Ef=H'(Q.

We recall that when D* € WY is a sufficiently regular function, the Green type formula
holds:

(DY, VE Y e + (div D, €Y ype = / D v'¢tda, VE' € HY(QY). (28)
T¢
For the stress and strain variables, we use the real Hilbert spaces

Q' ={r"= (Tﬁj); Tf)j = Tﬁi € L*(0Y)} = L2(Qf)dxd

sym>
¢ ¢ ¢ VAT ¢ ¢
Q1 ={0"=(0;;) €Q :dive” = (0j;;) e W'}
endowed with the respective inner products

(0,7 = /m Uﬁj.Tﬁjdx, (O'Z,TZ)Qf = (o', 7% ¢ + (dive’. Div 1)y

and the associated norms ||.[|ge and |[|.||ge. For the displacement variable we use the real
Hilbert space

HY = {u’ = (u) e W' s e(u) € Q)
endowed with the inner product
(u’,0) e = (w0 ) + (e(u’), e(v")) e

and the norm |.[[z¢. When o' is a regular function, the following Green’s type formula
holds:

(ve,s(vz)Qe + (Divet, v') e = / o’ v'Vida, wo'e HY. (29)
14
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Next, we define the space
Vi={v'cH :v=0 on I'}.
Since measT'{ > 0, Korn’s inequality (e.g., [5, pp. 16-17]) holds and

le(@O)lige > exllv’llay Vo' €V, (30)

where cg is a constant which depends only on Qf, and I'{ is a constant which depends
only on V¥, we use the inner product

(u, v ) e = (e(u), e(v)qe, [0 lve = [[v"]lge, (31)

and let ||.||y¢ be the associated norm. It follows from that the norms ||.[[5¢ and

|.llye are equivalent on V¢ Then (V¥ (.)y¢) is a real Hilbert space. Moreover, by the
Sobolev trace theorem and , there exists a constant ¢y > 0 depending only on Qf, T'%
and I's such that

[0y < Follotlye Vot € VE. (32)
In order to simplify the notations, we define the product spaces
Eo=Ej x E}, E; =E] x E.
Finally, for a real Banach space (X, ||.||x) we use the classical notation for the spaces
LP(0,T; X) and W*P(0,T; X), where 1 < p < 0o, k = 1,2...; denote by C(0,T; X) and

C(0,T; X) the spaces of continuous and continuously differentiable functions on [0, T]
with values in X, with the respective norms

) = a; t
Il = mas la(0)]x.

vy = t () x.
]l 0,75x) o, z(t)]lx + o, 2(t) [ x

We complete this section with the following version of the classical theorem of Cauchy-
Lipschitz (see, e.g., [18] p. 48]).

Theorem 3.1 Assume that (X,||.||x) s a real Banach space and T > 0. Let F(t,.) :
X — X is an operator defined a.e. on (0,T) satisfying the following conditions:

1. There exists a constant Lp > 0 such that

|E(t,x) — F(t,y)||lx < Lp|lz—yllx Vr,ye X, ae te€(0,7T).

2. There exists p > 1 such that t — F(t,x) € LP(0,T; X) Vz € X.
Then for any x¢ € X, there exists a unique function x € WP(0,T; X) such that

z(t) = F(t,z(t)), ae. te(0,T),
z(0) = xo.
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Theorem [3.1] will be used in Section [3] to prove the unique solvability of the interme-
diate problem involving the bonding field. Moreover, if X; and X5 are the real Hilbert
spaces, then X; x X; denotes the product Hilbert space endowed with the canonical
inner product (.,.)x, xx,. Recall that the dot represents the time derivative.

In the study of the Problem P, we consider the following assumptions: we assume
that the wiscosity operator A’ :Qf x S — S? satisfies:

a ere exists ¢ > 0 such that
Th ists L 4¢ > 0 such th
A (@, &) — A'(x,&,)| < Lacléy — &
V£17£2 S Sd7 a.e. & € Qe.
(b) There exists m 4¢ > 0 such that
(A, &) — A2, &) - (€1 — &) > macléy — & (33)
VEL € €S ae x el
(c) The mapping x +— Af(x, €) is Lebesgue measurable on QF,
for any & € S%.
(d) The mapping x — A‘(x,0) belongs to Q°.

The elasticity operator BY:QFf x S¢ — S? satisfies:

(a) There exists Lge > 0 such that
B (2, &) — B (x, &) < Lpe|€; — &
VE € €S ae x € Q.

(b) The mapping x — B*(x, £) is Lebesgue measurable on ¢,
for any ¢ € S°.

(c) The mapping x + B*(x,0) belongs to Q.

The wviscoplasticity operator G*: Q¢ x S% x S x R x — S? satisfies:

(a) There exists a constant Lge > 0 such that

|G (z,01,€1,01,61) — G, 02, €2,02,62)|| <

Lg:(lloy — o2l + [ler — 2| + 161 — 2| + lls1 — s2l]),

Voi,09,€1,€2 € Sd7 V91,02,C17C2 €R ae x el (35)
(b) The mapping x + G*(x, 0, €, 0,¢) is Lebesgue measurable on QF,

for o,e € %, for all §,¢ € R.
(c) The mapping x +— G*(x,0,0,0,0) belongs to Q.

The electric permittivity operator B = (bfj) :Qf x R4 — R? verifies:

(a) B (z,E) = (b},(x)E;) VE=(E;) €R? ae xel
(b) bf; = b, bf; € L(QY), 1<i,j<d.

jis 36
(c) There exists mge > 0 such that B'E.E > m g:|E|? (36)
VE = (E;) € R, ae. x € Q.
The piezoelectric tensor E°: Qf x S* — R satisfies:
(a) E(x,7) = (efjk(m)Tjk), V1 = (1;5) €S ae. x € QL. (37)
(b) efj = €fp; € LX(Q), 1< j k< d.
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The damage source function SE 0l xSt xSt xR x — S? satisfies:

(a) There exists a constant Mge > 0 such that
18 (@, 01, €1,8,) — S (@, 09,62, 85) | < Mg:([lor — s + [le1 — &2
+ 1By = Ball), Voi,02,e1,62€8",VB,,8, €Rae. x e Q.

(b) The mapping x — Sz(a:, 0,¢,3) is Lebesgue measurable on 0,
for any o,e € S%, and, 3 € R.

(¢) The mapping « — S*(x,0,0,0) belongs to L2(Q).

The normal damped response function ¢, :T's x R = R, (r = v, ) satisfies:

(a) There exists a constant C7, C% such that
g-(z,d)| < CT|d| + C5, VdeR?ae. x€ls;.
(b) (¢-(z,dy) — gr(x,d2))(dy —d2) >0, Vdi,dy € R ace. x €. (39)
(c) The mapping x + ¢,(, d) is measurable on I's for any d € R
(d) The mapping x ~ ¢,(z,d) is continuous on RY a.e. x € I's.

The normal compliance functions p, : T3 x R = Ry, (r = v, 7) satisfies:

(a) There exists a constant C7, C% such that
Ipr(z,d)| < CY|d|+C3, VdeR?ae zels.
() (pr(x,dy) — pr(z,d2))(dy —d2) >0, Vdi,dy €R? ae. z€T3  (40)
(c) The mapping @ ~ p,.(z,d) is measurable on I's for any d € R%.
(d) The mapping  ~ p,.(z,d) is continuous on RY a.e. z € I's.

An example of a normal compliance function p,, which satisfies conditions (40), is
pu(u) = cyuy, where ¢, € L>(I'3) is a positive surface stiffness coefficient, and v, =
maz{0,u}. The choices p; = up, and p, = pp, (1—0p, )4 in (14)), where p € L°°(I'3) and
0 € L>=(T'3) are positive functions, lead to the usual or modified Coulomb’s law of dry
friction, respectively, see [5,6,[21] for details. Here, u represents the coefficient of friction
and § is a small positive material constant related to the wear and hardness of the surface.
We note that if p, satisfies condition , then p, satisfies it too, in both examples.
Therefore, we conclude that the results below are valid for the corresponding piezoelectric
frictional contact models. The surface electrical conductivity function ¢ : I's x R — R
satisfies

(a) 3Ly > Osuch that |[(x, u1) — Y(x,72)|| < Ly|ur — us|
Vui,ug € R, a.e xels.
(b) 3 My, > 0such that ||¢(x, u)|| < Lyllur —usl], Yu€eR, ae.xels. (41)
(¢) The mapping « — 1 (x,u) is measurable onT3, Vu € R.
(d) Y(x,u) =0, for all u <0, a.e. x €T;3.

An example of a conductivity function, which satisfies condition , is given by ,
in which case My = k. Another example is provided by ¢ = 0, which models the contact
with an insulated foundation, as noted in Section 2. We conclude that our results below
are valid for the corresponding piezoelectric contact models.

The microcrack diffusion coefficient verifies

K'>0, (42)
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and the initial damage field satisfies
B¢ € K*. (43)

Finally, we assume that the gap function, the given potential and the initial displacement
satisfy

g€ L*(T3) g>0.ae onTj, (44)
¢y € L*(Iy), (45)
ug € V. (46)
The forces, tractions, volume and surface free charge densities satisfy
£ e WhP(0,T; W), £5 € WP(0,T; L*(T'%)%), (47)
go € WHP(0, T3 L*(Q1), g5 € WH(0,T; LA(IY)). (48)

Here, 1 < p < 0co. We define the bilinear form a : H'(Q%) x H'(Q%)) — R,

2
=> K / vel Volda. (49)
=1 (Q)*

Next, we define the four mappings j; : VXV — R, jo : VXV — R h: VXW — W,
f:]0,7] = V and ¢: [0,T] = W , respectively, by

1 () = / pullin] = g)lunlda+ / prlfr) — g)for|da (50)
o, v) = / (Dl e + / s (]l (51)
(1) w = | bl(a] = g)on(lel = g, (52)

(£(t) va—Z/ £L(t) vda:—l—Z/ ) - v da, (53)
2
()¢ da — ()¢t da (54)
ZZ/ QO Z/ Q2

for all u, v’ € V¢ ¢f ¢ € W* and t € [0;T]. We note that the definitions of h, f and
q are based on the Riesz representation theorem moreover, it follows from assumptions

38)-([46) that the integrals in and are well-defined. Using Green’s formulas
1.) and (29)), it is easy to see that 1f {u ot D } are sufficiently regular functions which

satisfy @ (15) and ( . . then

(ih, v)vrxv +Z Dqr + i (u(t),v) + ja(u(t), v) = (f,v)v,  (55)

D (D), VE e — (a(t), w = (h(u, 9),  w (56)

{=1
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for all uf, v’ € V¢t & 6 We and t € [0;T]. We substitute @ in . in , we
use the 1n1t1a1 condition and derive a variational formulation of Problem P.
Problem Py. Find a displacement field w = (u!,u?) : [0,7] — V, a stress field
o= (o',0%):]0,T] = Q, an electric potential field ¢ = (!, ¢?) : [0,T] — W, a damage
field B = (B8',6%) :[0,T] — E;, and an electric displacement field D = (D', D?) :
[0,T] = W such that

1

ol(t) = Ale(i'(t)) + B'e(u’)+ (£ Vo'+
t in Qf x (0,7), (57
/0 gf(aé(s) — Ale(a(s)) —(55)*%0‘,E(uZ(S))ﬁf(S)) ds <0, 6D

D' =& (u’) — B'Vy' in Q° x (0,7), (58)

(i, 0) vy + Y _(0F,e(0)ge + ji(w, ) + ja(@,0) = (£, 0)vrixy, YWeEV, (59
(=1

2 2
D BV, VE e =Y (%), VE e + (h(w, 9), we = (0, w, €W, (60)
=1

(=1

Bty e K, > (B'(1),6" = B (1) p2(ar) + a(B(t), € — B(E) >
=1

(61)
2
> — Ale(a(t)) —(E) Ve (), e(u’(1),€" = B () 2y, E €K,
=1
uf(0) = uf, '(0) =i, BY0) =g} (62)
To study Problem Py, we use the smallness assumption
My < % (63)

0

where M., co and mge are given in , and , respectively. We note that only
the trace constant, the coercivity constant of B' and the bound of * are involved in ;
therefore, this smallness assumption involves only the geometry and the electrical part,
and does not depend on the mechanical data of the problem. Moreover, it is satisfied
when the obstacle is insulated since then ¢! = 0 and so My = 0. Removing this
assumption remains a task for future research since it is made for mathematical reasons,
and does not seem to relate to any inherent physical constraints of the problem.

4 Existence and Uniqueness Result

Now, we propose our existence and uniqueness result.

Theorem 4.1 Assume that — hold. Then there exists a unique solution
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{u,p,0,D, 3} to Problem Py. Moreover, the solution satisfies
we WrP(0,T; V)N CYH0,T; V), i € WP(0,T; V'), (
@ € WP (0,T; W), (65
o c WHP(0,T;Q), (Dive',Dive?) € WHP(0,T; W), (
D c W'P(0,T; W), (
B e W'2(0,T;Eo)) N L*(0,T; Eq). (68
The functions u, ¢, o, D and 3, which satisfy —, are called a weak solution
to the contact Problem P. We conclude that, under the assumptions — and ,

the mechanical problem @ has a unique weak solution satisfying .
The regularity of the weak solution is given by, and in terms of electric displacement,

D c WP (0, T; W). (69)

It follows from and that div D*(t) —g§(t) = 0 for all t € [0, T}, and therefore
the regularity of ¢, combined with , and , implies . In this section
we suppose that the assumptions of Theorenf.1] hold, and we consider that C'is a generic
positive constant which depends on Qf, T'{, T's, p,, pr, ¢v, ¢- and may change from place
to place.

Let an € L?(0,T; V') be given. In the first step, we consider the following variational
problem.

Problem PV:,. Find a displacement field w, = (u,,u?) : [0,T] — V such that

(it (D), V) vy + Y (Ale(@’(1)), e(v)pe + jala(t), v)

=t (70)
+(n(@),v)vxv = (E(t),v)vixv Vv e V,ae. t€(0,T),
uw’(0) = uf, 4°0)=0vf in Q- (71)

To solve Problem PV}], we apply an abstract existence and uniqueness result which we

recall now, for the convenience of the reader. Let V' and H denote real Hilbert spaces
such that V is dense in H and the inclusion map is continuous, H is identified with
its dual and with a subspace of the dual V' of V', ie., V. C H C V', and we say that
the inclusions above define a Gelfand triple. The notations ||.||v, ||.|lv: and (., )v/«xv
represent the norms on V' and on V'’ and the duality pairing between them, respectively.
The following abstract result may be found in [22| p.48].

Theorem 4.2 Let V, H be as above, and let A: V — V' be a hemicontinuous and
monotone operator which satisfies

(Av,v)yrxy > w|v]3 + X Yo eV, (72)

[Av|lv: < C([[v]lv +1) Vv eV, (73)

for some constants w > 0, C > 0 and \ € R. Then, given ug € H and f € L*(0,T; V"),
there exists a unique function w which satisfies

we L20,T;V)NC(0,T; H), @< L*0,T;V’),
u(t) + Au(t) =£(t) a.e. t € (0,7,
u(0) = uo.
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We have the following result for the problem.

Lemma 4.1 There exists a unique solution to Problem PV}, and it has its reqularity

expressed in .
Proof. We define the operator A: V — V' by

(Au,w)yixy = Y (Ale(u’), e(v))pe +jo(u,v) Vu,we V. (74)
=1

Let uy,us € V, using and 7 we find

2
(Aur — Auz, ur — uz)yrxv = Z(Ala(uﬁ) — Ale(up), e(uf — uh))pet
=1

/F (g ([u1n]) — qu([uz,])) ([u1y — uav])da +/ (g7 ([w17]) = gr ([uzr]) | [wir — u2-]|/da,

s
and keeping in mind , , we obtain
(AU1 — Auz,ul — ul)V’XV > m||u1 — ’U,QH%/ Vul,ul cV. (75)

Use again and , it follows that

(Auy — Aug, v)yruy = (Ale(uf) — A'e(uh), e(v"))ge+

(=1

/F' (g ([u1v]) = v ([u2v]))([v.])da +/ (g7 ([urr]) = g ([uer))ll[v-]l|da, Vv eV,

'z
and by and , we deduce that
[Aur — Auslyr < Lgelur — uslv + colgu([u1n]) — gu([u2w])|r2(ry)
+colgr([wir]) — g7 ([war])|L2(raya, Vo, uz €V,

and keeping in mind the Krasnoselski theorem (see [10, p.60]), we deduce that A: V —

V' is a continuous operator. Now, by , and (33)), we find where the positive
constant m = min{m 41, m 42 }. Choosing us = Oy in ([75)) we obtain

(Aur, )y v = mlwlly — [|Aov [ Juallv
1

2m||AoVH%,/ Yu, €V,

1
> Smlluilly -

which implies that A satisfies condition withw = 2 and A = —5--||Ao||3,,. Moreover,
by and we find

||AU1HV/ < C1||U1||V + 02 Yu, € Vv,
where C' = max{CY,,CY.} and C? = max{C%,,C%,}. This inequality and imply

that A satisfies condition (75). Finally, we recall that by and we have f — 7 €
L2(0,T; V') and vy € H.
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It follows now from Theorem @ that there exists a unique function v,, which satisfies

v, € L*(0,T;V)nC(0,T;H), v, € L*0,T;V’), (76)
Oy (t) + Av, (t) +n(t) = £(t), a.e. te[0,T], (77)
v,(0) = vo. (78)

Let u, : [0,7] — V be the function defined by

w(t) = /0 Con(s)ds +uo Vit € 0,7 (79)

It follows from ([74)) and . . that u, is a unlque solution of the variational Problem
PVl and it satlsﬁes the regularity expressed in

In the second step, let n € L2(0,T; V"), we use the displacement field u, = (u,, u?)
obtained in Lemma and we consider the following variational problem.

Problem PV2 Find the electrical potential field ¢, = (@n, cpn) [0; T] — W such that

(B*Viy(t) = Ee(uy (1)), VE e + (Aluy (), 00 (1), E)w = (a(t), w (80)

~
gl
I

forall £ € W, t € [0,T).
The well-posedness of Problem PV% follows.

Lemma 4.2 There exists a unique solution @, = (¢y, %) € W'P(0,T; W) which
satisfies . Moreover, if vy, and @y, are the solutions of . corresponding to
Oy s o, € C(0,8,Q), then there exists ¢ > 0 such that

1@n, (8) = o W)l < Cllueg, () — uy, ()|v - VE € [0,T]. (81)
Proof. We define a bilinear form b(.,.) : W x W — R such that

2
=Y (B'Ve' V) e Vo, €W (82)
(=1

We use , and to show that the bilinear form b(.,.) is continuous, symmetric
and coercive on W. Moreover, using the Riesz representation theorem, we may define an
element g, : [0,7] — W such that

Ow =Y (Ee(up(1), VE) e — (hluy(t), 0y (1) + a(1), w, VE €Wt e (0,T),
/=1

We apply the Lax-Milgram theorem to deduce that there exists a unique element ¢, (t) €
W such that

b(on(t),€) = (an(t), Ow  VE€ W. (83)

We conclude that ¢, (t) is a solution to Problem PV%. Let t1,to € [0,T], it follows from

that

len(tr) = ent2)lw < C(lluy(t) — wn(t2)llv + lla(tr) — at2)llw),
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and the previous inequality, the regularity of u,, and ¢ imply that ¢, € C(0,7;W). In
the third step, we use the displacement field u,, obtained in Lemmaf.T] and we consider
the following initial-value problem.

In the third step, we let § = (01,02) € L?(0.T; Ey) be given and consider the following
variational problem for the damage field.

Problem PVy. Find the damage field 85 = (84, 83) : [0; 7] — E; such that

2

Bo(t) € K, Z(ﬁﬂﬂ@e — B§)r2(ar) + a(Bo(t), € — Bo(t)) =

{=1

2
D O(t), 6" = BE(t)) r2(ary VEE K, ae te(0,T),
=1
54(0) = 5. (85)

The following abstract result for parabolic variational inequalities (see, e.g., [18] p.48])is
valid.

Theorem 4.3 Let X CY =Y C X bea Gelfand triple. Let F be a nonempty,
closed, and conver set of X. Assume that a(.,.) : X x X — R is a continuous and
symmetric bilinear form such that for some constants a > 0 and cg,

a(v,v) + collv¥ > allv]%.

Then, for every ug € F and f € L%*(0,T;Y), there ewists a unique function u €
HY(0,T;Y)N L*(0,T; X) such that u(0) = ug, u(t) € F Vvt € (0,T), and

(u(t),v —u(t) x «x +a(u(t),v—u(t) > (f(t),v —u(t)y YveF ae. te(0,T).
We prove next the unique solvability of Problem PVy.

Lemma 4.3 There exists a unique solution By of Problem PVy and it satisfies
By € H'(0,T;Eo) N L*(0, T; Ey).

Proof. The inclusion mapping of (Eq, ||.|g,) into (Eo, ||.||g,) is continuous and its
range is dense. We denote by E/ the dual space of E; and, identifying the dual of Eg
with itself, we can write the Gelfand triple

E, CEy=E, C E,.

We use the notation (., .)E/l «E, to represent the duality pairing between Eg and E,. We
have

(ﬂag)E;xEl = (ng)Eo \V/B € EOa § € El

and we note that K is a closed convex set in E;. Then, using , and the fact that
Bo € K in 7 it is easy to see that Lemma is a straight consequence of Theorem
Now we use the displacement field u, obtained in Lemma y obtained in
Lemma [£:2 and Sy obtained in Lemma [£.3] to construct the following Cauchy problem
for the stress field.
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Problem PV, 4. Find the stress field 0,9 = (0 4,07 ;) : [0,T] = Q which is a solution
of the problem

O'f,’g(t) = B[s(uf;(t)) +/0 Qe(afhe(s),s(uf;(s)),ﬁg(s)) ds, £=1,2, a,ete (0.7). (86)

Lemma 4.4 There exists a unique solution of Problem PV, ¢ and it satisfies .
Moreover, if uf%, Bzi and O'fh,’gl represent the solutions of problems PV%, PV, and
PV, 0., respectively, for (n;,0;) € WIP(0,T;Q x Eo), i = 1,2, then there exists C > 0
such that

Ho-fh,el t) Uﬂ2,92( )”2) < C(”um (t) — Up, (t)H%/—’—
t
/ et (5) — 2 (3)]3 s + / 1Box (5) — Bou ()2, ds)-

Proof. Let Af;ﬂ W20, T;Q%) — WhP(0,T; Q%) be the operator given by

(87)

00! (1) = Belulo) + DG (o) eul (). By ds, =12, (89)

for all o € W'P(0,T;Q%) and t € (0,T). For o, o5 € W'P(0,T; Q%) we use (35) and
to obtain for all ¢t € (0,T")

1A7 601 (t) — A 90'2(>||Q<Lgl/ loi(s) = a5(s)lq, =12 (89)

It follows from this inequality that for n large enough, a power (Afhe)" is a contrac-

tion on the Banach space W!-P(0,T; Qe) and, therefore, there exists a unique element
ot € W?(0,T;Q" such that Ae 90' = o’. Moreover, o is the unique solution
to Problem PV, 4 and, when usmg , the regularity of u,, B¢ and the proper-
ties of the operators B£ and G, it follows that o; € W'P(0,T;Q). Consider now
(M1,01),(ny,02) € WHP(0,T;Q x Eg) and, for i = 1,2, denote u,, = u;, o,, = oy,
591' = 51'7 $o; = Pi- We have

oi(t) = B'e(u;(t)) + /t G (oi(s),e(ui(s)), Bi(s)) ds, £=1,2, Yt (0,T), (90)
0

and, using the properties (35| and of G and B¢, we find

lo1(t) = o2()IE < C (Jlur () — ua ()3 +/ los(s) = oa(s)|3 ds
(91)

/ s (5) — wal )] ds + / 181(s) — Bals)[2,ds). vt € (0,T).

We use a Gronwall argument in the obtained inequality we deduced in , which con-
cludes the proof of Lemma [£.4] Finally, as a consequence of these results and using the
properties of the operator G, the operator £, the functional S and the function for
t € [0,T], we consider the element

A(n, 0)(t) = (A1 (1,0)(t), A(n, 0)(1)) € Q x Eo (92)
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defined by the equations

2
(A (n,0)(1),v)q =D ((E) Ve (t) e(v")) 0+

. - (93)
; (/o G (ol (1), e(ul(s)), B4(s)) ds, 6(1;4))@ + 1 (uy,v) Yo eV,
A2(n, 0)(t) = (S (orh 4 (1), e(ud (1)), B (1), S2(02 o), c(u2 (1), B2(B) . (94)

Here, for every (n,60) € W'P(0,T;Q x Ey) the element A(n,8) € WHP(0,T;Q x Ep). w,,
©a, By and o, g, represent the displacement field, the potential field, the damage field
and the stress field obtained in Lemmas and

Lemma 4.5 The mapping A has a unique fized point (n*,0%) € WIP(0,T;Q x
L2(Q).

Proof. Let t € (0,T) and (n1,61), (12,02) € WHP(0,T;Q x Eg) . We use the notation
e = Wi, Uy, —ul,go —gozanda 0, = o for i = 1,2. Let us start by using (3 ,

hypotheses 35), (37 and we have

AT (1, 02)(8) — A} (12, 82) HQ<Z|| (E) V() — () Vs (1)|[2

+Z/ 1G° (% (5), (w1l (5)), BL(5)) — G* (orh(s), e(uh(s)), Bh(s)) |50 ds

+C|pu [y (1)) (w1 ()]) — pu([ulu(t))([ulu(t)])IIiZ(FS)
+C|[pr ([ (1)) ([ur7 ()]) = pr([wrr (1)) ([wr- (1)) ||2L2 (Ts)

< C(lp® - w20l +/ Jus(s) = ua(s) ds
/ lors(s) — oa(s)) I3 ds + / 181(5) = Ba(5) 3, ds + llua () — wa®) 3, ). (95)
We use estimates , . ) to obtain
IAL (7, 00)(8) — AL (2, 02) (1) B < C(Ilul<t) —w ()}
[ (o)~ ool ds + / 181(5) — Ba(s)13, ds)- (96)
By similar arguments, from (94 E, . ) and (| we obtain

14201, 02)(8) — A2 (e B2) (D13 < c(||u1<t> — ) (o7)

t
+ / s (s) — wa()If3 ds + [Ba(6) — Ba(t)3, + / 1Ba(s >||E0ds)
Also, since

¢
ul(t) :/ vi(s)ds +ufy, te[0,T], £=1,2,
0
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we have
w1 (t) — ua(t)|lv S/ [[v1(s) — va(s))[lv ds,
0

which implies

Jur ) = wa Ol + [ fua(s) = wa) s < [ or(s) — oo as. (09)
Therefore,
403, 00)(0) = A2, 62)(0) e, < (s (6) = wal) o+ (99
[ Tus) = wa)IRy ds -+ 13:0) = Ba(0), + [ 15:(5) ~ o), ds).
0 0

Moreover, from we obtain

2

(61 — b2, 01 — v2)vrny + ) (Ale(v]) — Ale(v), e(v] — vh))pe

o (100)

+j2(v1,v1 — v2) = jo(v2,v1 — V) + (N1 — N2, v1 — V2)yrxy = 0.
We use to deduce that
J2(v1,v1 — v2) — ja(v2,v1 —v2) > 0. (101)

It follows from (100 and (101)) that

2
(61— 2,01 — v2) vy + 3 (Ale(v]) — Ale()), (v — vh))e
— (102)
< —(m —m2,v1 —v2)vixv.
We integrate this equality with respect to time, use the initial conditions
v1(0) = v2(0) = vo and condition to find
t
min(m a1, m) [ o1(s) — vals)) ds <
0
t
= [ ns) = mas),01(5) = (o)) v ds
0
for all ¢ € [0, T]. Then, using the inequality 2ab < ‘:n—z + mb?, we obtain
t t
/O [v1(s) = va(s)) |3 ds < C/O lm (s) = n2(s)|[3 ds vt €[0,T]. (103)

Form (84), we deduce that

(B — Ba, B1 — B2)g, + a(B1 — Ba, f1 — B2) < (61 — 01,51 — Ba)r, V€ [0,T).
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Integrating the previous inequality with respect to time, using the initial conditions
B1(0) = B2(0) = By and inequality a(S81 — B2, 81 — B2) > 0, we find

S11(5) = B2 B, ds < [ (61() = 62(5),B1(5) — ooy s, (104)
0

which implies

181(5) — Ba(s)) 2, ds < / 104(5) — 0(5) 3, ds + / 11(5) — Ba(s))I[2(cy ds.

This inequality, combined with Gronwall’s inequality, leads to

181(s) = Ba(s)) I, ds < C/O 161(5) = 02(5) [, ds V[0, T]. (105)

Form the previous inequality and estimates (103]), (105) and it follows now that

A (1, 01)(t) — A(n2, 02) ()G g < C/O 1(n1,61)(s) — (112, 62)(5) |5 x i, -

Reiterating this inequality n times we obtain

crTm
A" (n1,01) — An(772792)||%/V1ap(0,T;Q><EO) < TH(Ul:el) - (772a92)||%/l/1vp(0,T;Q><E0)'
Thus, for n sufficiently large, A" is a contraction on W1?(0,T;Q x Ey), and so A has a
unique fixed point in this Banach space.

Now, we have all the ingredients to prove Theorem

Existence. Let (n*,0%) € WYP(0,T; Q x Eg) be the fixed point of A defined by —,
and denote

Uy = Up+, Px = Pp*, B« = Bo, (106)
ol = Ale(il) + () Vel + obey., =12, (107)
D! =&(ul) — BV, (=1,2. (108)

We prove that {w., o, @, By, D} satisfies f and the regularitiesf.
Indeed, we write for n* = n and use (106) to find

(it (8), V)vrxv + Y _(Ae(@l()), e(v”))ge + (it (t), v)

=1
+(*(t),v)vixv = (£(t),v)vxy Vv €V, ae. t€[0,T]. (109)
For the equalities A(n*,0*) = n* and A%(n*,0*) = 0* it follows that

2

O (). v)gxv = Y (Ee(u! (1), =(v) g+ Y ( / G' (' (s) - A'e('(s))  (110)
(=1

l=1
19" (3), 2w (5)). 8(s) ) ds. £(v)) 41 (wa(0),0)
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=D (8'(a"(t) = Ale(a’ (1)) — (€)" V' (1), e(u’ (1)), 5(2)). (111)

=1
We now substitute (110]) in (109) to obtain

2

(@ (8), 0)vrev + ) (Ae(@l(1), () + ol (t), )

=1
2 2
+ Y (Ble(ul(t), e(v)), + D (€)' VL, (v)),,
/=1 =1
> ( / G (4 (s) = A'e(il(s)) = (€)Vipl(s), 2wl (), BL(s) ds. (")) |
+i1(us(t),v) = (£(t),v)v'xv, YvEV (112)
and we substitute in to have
Bty € K, D (BL(), & = BL)) L2y + alB(1),6 — B(E) >
=1
2
; (¢>‘ (h(t) — Ale(il (1) — ()" V' (1), e(ul(t)), Bi(t)), £ — Bf(t))mm),
V¢ e K, ae. t€[0,T]. (113)
We write now for n = n* and use to see that
2 2
D (BVEL(), VE e = Y (E'e(ul (1), VE) e = (a(1), w, (114)
=1 £=1

VEe W, ae. tel0,T].

The relations (106)- , (1112)), , and allow us to conclude now that
{Us, 04,04, Bu, D } satlsﬁes 1.) Next7 (162) and the regularltles (164), , ) fol-
low from Lemmas [4.1] ﬂand Since u, and p, satisfy (64) and (68)), it follows from

Lemma [1.4] and 1”' that
0. € L?(0,T;H). (115)

We choose v = (v!,v?) with v! = w’ € D(Q%)? and v3~* = 0 in (112)) and by (106])
and

plitl = Divel + f§, ae. t€[0,T], £=1,2.

Also, by , and (|115)) we have

(Divel,Dive?) € L2(0,T; V).

Let t1,t2 € [0,7], by (26), (36). and (108)), we deduce that

[D+(t1) = Dulta)|ln < C([lox(tr) — ult)lw + [Jus(t1) — wa(t2)llv) -
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The regularity of u, and ¢, given by and implies

D. € C(0,T; H). (116)

We choose ¢ = (¢!, ¢%) with ¢ € D(Q)? and ¢3¢ = 0 in (T14), and using (54)), (108)

we find
divD%(t) = ¢5(t) Vte[0,T], £=1,2,

and, by , (116]), we obtain
D, € C(0, T;W).

Finally, we conclude that the weak solution {u., o, ¢, Bx, D.} of the piezoelectric con-
tact Problem PV has the regularities 7, which concludes the existence part of
Theorem (411

Uniqueness. The uniqueness of the solution is a consequence of the uniqueness of
the fixed point of the operator A defined by (93)-(94) and the unique solvability of the
Problems PV,, PV2, PVy and PV, 4.

Conclusion

We presented a model for the dynamic process of frictional contact between two elasto-
viscoplastic piezoelectric bodies with damage response. The contact was modeled with
a normal compliance and a normal damped. The existence of the unique weak solution
for the problem was established by using arguments from the parabolic inequalities,
differential equations and fixed-point arguments.
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