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Abstract: The purpose of this paper is to provide equivalence conditions of exist-
ing conditions for the uniformly exponential dichotomy of strongly continuous quasi
groups (Co-quasi groups) on Banach spaces. There are four equivalent conditions for
the existence of uniformly exponential dichotomy in the used classes of continuous
and integrable function spaces over R. Each condition emphasizes the existence and
uniqueness of mild solutions of the corresponding inhomogeneous equation on the
corresponding space in the Co-quasi group term. The results are parallel with the di-
chotomy for the evolution family. Moreover, a small time-dependent perturbation of
the infinitesimal generator of the Co-quasi groups persists the uniformly exponential
dichotomy. The results are also motivated by illustrative examples.
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1 Introduction

As a generalization of exponential stability and dichotomy for the evolution family [1,2],
the Dichotomy Theorem of Cy-quasi groups on Banach spaces has just been developed
in 3], see Theorem 4. The theorem implies that a uniformly exponential dichotomy
of the Cp-quasi groups on Banach spaces X is equivalent to the spectral property of
the corresponding evolution semigroup on L, (R, X). Besides, the uniformly exponential
dichotomy is also equivalent to the existence and uniqueness of Green’s function for the
quasi group, Theorem 9 of [3]. The uniformly exponential stability in this paper refers
to the term in [4H6).
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Consider a non-autonomous abstract Cauchy problem
it) = A(Wu(t), u(r)=up, uweD, t>r, treR, (1)

where A(t) is a linear closed operator in X with the domain D(A(¢t)) = D being inde-
pendent of ¢ and dense in X. Assume that is well-posed in the sense that there exists
a quasi group {R(t, s} ser which gives a differential function u [7,8]. In fact, if u, € D,
then u(t) = R(r,t —r)u,, t > r, is a solution of (1)) and u(¢) € D. This confirms that the
uniformly exponential dichotomy is a fundamental asymptotic property of the solutions
of . The important examples of the finite cases of are given in [9,/10].

Next, consider the inhomogeneously non-autonomous abstract Cauchy problem

a(t) = A(u(t) + f(t), teR, 2)

where f is a locally integrable X-valued function on R. It can be verified that the function
u, which satisfies the integral equation

u(t) = R(r,t — r)u(r) + / R(s,t —s)f(s)ds, t>r, (3)

is a solution (mild solution) of . In particular, this confirms that the uniformly
exponential dichotomy of solutions of the non-autonomous abstract Cauchy problem
is equivalent to the existence and uniqueness of the mild solution of the inhomogeneous
equation for some integrable functions f. In other words, it allows to characterize the
uniformly exponential dichotomy for the quasi groups in terms of ” Perron-type” theorems
of classes of integrable function spaces over R. These questions are the counterpart of
the classical theorems of the Perron type for the evolutionary families with varying A(t)
and classes of f’s are discussed in [11417].

In [7,[18], a bounded time-dependent perturbation under certain conditions of an
infinitesimal generator of Cy-quasi semigroups produces a perturbed Cy-quasi semigroup
on the same space. The classical and mild solutions of the new non-autonomous abstract
Cauchy problem induced by the perturbed infinitesimal generator retain dependence on
the similar solutions of the old problem. A question arises whether this situation applies
to the quasi groups. Further, if the old quasi groups have a uniformly exponential
dichotomy, whether the perturbed quasi group also persists the uniformly exponential
dichotomy. As a comparison, under time-dependent Miyadera-type perturbations, the
evolution family persists the uniformly exponential dichotomy [1}2].

This paper focuses on characterizations of the equivalent conditions for the uniformly
exponential dichotomy of the Cy-quasi group using classes of integrable function spaces
and investigates the persistence of the uniformly exponential dichotomy due to the time-
dependent perturbations. The organization of this paper is as follows. In Section 2, re-
exposure of the existing results for the uniformly exponential dichotomy of the Cy-quasi
groups on a Banach space is considered. Characterizations for the uniformly exponential
dichotomy using four spaces of Cy(R, X), Co(R, X), L,(R, X), and a scale space of con-
tinuous functions F, are considered in Section 3. Section 4 investigates the persistence
for the uniformly exponential dichotomy under a bounded time-dependent perturbation
of the infinitesimal generator.

2 Preliminaries

In this section, we recall the results about the sufficient and necessary conditions for
the uniformly exponential dichotomy of the strongly continuous quasi groups on Banach
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spaces [3]. The quasi group itself is a generalization of the strongly continuous quasi
semigroup [19].

Definition 2.1 (Definition 1 [3]) Let £L(X) be the set of all bounded linear opera-
tors on a Banach space X. A two-parameter commutative family {R(t, s)}ser in L(X)
is called a strongly continuous quasi group (Co-quasi group) on X if for each r,s,t € R
and x € X:

(a) R(t,0) =1, the identity operator on X,

(b) R(t,s+71)=R(t+r,s)R(t,T),

(¢) Timq o | R(t, $)z — 2] =0,

(d) there is a continuous increasing function M : R — [1,00) such that

[R(t, s)l| < M(t +s).

Let D be the set of all x € X such that the following limits exist:

lim M, s,t € R.
s—0 S
For ¢t € R, we define an operator A(t) on D as
R(t -
A(t)z = lim M
s—0 S

The family of operators {A(f)}ier is called an infinitesimal generator of the Cpy-
quasi group {R(t,s)}ster. In what follows, for simplicity, we denote the quasi group
{R(t, $)}s,ter and the family {A(t)}er by R(t, s) and A(t), respectively.

We have identified the dichotomy for the Cy-quasi groups using uniformly exponential
stability, an extension of the similar term for Cy-quasi semigroups [18].

Definition 2.2 (Definition 2 [3]) A Cy-quasi group R(t,s) is said to be uniformly
exponentially stable on a Banach space X if there exist constants v > 0 and N > 1 such
that

|R(t,s)x| < Nel||z]|, t,seR, zeX. (4)

Definition 2.3 The Cy-quasi group R(t,s) is said to be exponentially bounded on a
Banach space X if there exist a constant w € R and a function N, : Rt — [1,00) such
that

|R(t, s)z|| < Ny, (t)e**l||z]|, t,seR, zeX.

Sometimes, we have to convert a quasi-group to be an evolution semigroup. For
example, the uniformly exponential stability for a quasi-group is more easily identified
by the spectrum of the infinitesimal generator of the corresponding evolution semigroup.
For a Banach space X, L, (R, X), 1 < p < 0o, denotes the space of all functions f : R — X

1

with the norm || f||, & x) = (fix;o ||f(t)||§(dt);. Henceforth, in this paper we always
assume that L,(R,X) with 1 <p < oc.
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Definition 2.4 (Definition 3 [3]) Let R(t,s) be a Cy-quasi group on a Banach
space X. The evolution semigroup associated with R(t,s) on L,(R,X) is a family of
operators {E°}s>0 given by

(E°f)(t)=R(t—s,8)f(t—s), s>0, teR, feL,(R X). (5)

For simplicity, the evolution semigroup {E°}s> is simply written as E°. We see that
E* is strongly continuous on L,(R, X). Moreover, if A(t) is the infinitesimal generator
of the Cy-quasi group R(t,s) with domain D, then an operator I defined by

THE) =—— +AB)f(1), teR, (6)
is the infinitesimal generator of E° with the domain
DIT)={f € L,(R,X): f is absolutely continuous, f(t) € D}.

The uniformly exponential dichotomy for the Cy-quasi groups is an extension of the
similar term for the Cy-quasi semigroups introduced by Cuc [4]. Let P : R — L(X) be
a projection-valued function, the complementary projection is given by Q(t) = I — P(t)
for all t € R. If P(t + s)R(t,s) = R(t,s)P(t), then

P(t+s)R(t,s)P(t) and Rg(t,s) = Q(t+ s)R(t,s)Q(t)

Rp(t,s):

are the restrictions of R(¢,s) on ran P(t) and ran Q(¢), respectively. The Rp(t,s) is the
operator from ran P(t) to ran P(t + s), while R (¢, s) maps ran Q(t) to ran Q(t + s).

Definition 2.5 (Definition 4 [3|) The Cy-quasi group R(t,s) is said to have a uni-
formly exponential dichotomy on X if there exist constants N > 1, v > 0 and a projection-
valued function P : R — L(X) such that for each x € X, the function x — P(t)x is
continuous and bounded, and, for all t,s € R, the following conditions hold:

(a) P(t+ s)R(t,s) = R(t,s)P(t),
(b) Rq(t,s) is invertible as an operator from ran Q(t) to ran Q(t + s),
(¢) |Rp(t,s)|| < New7P*l,
(4) I[Rq(t,s)] 71| < Nem7lsl.
The pair of v and N in Definition is called the dichotomy constants of R(t,s).
Definition[2.5|states that if the quasi group R(t, s) has a uniformly exponential dichotomy

on X, then R(t,s) and R™1(t,s) are uniformly exponentially stable on ran P(¢) and on
ran Q(t), respectively. The dichotomy bound of R(¢,s) is defined as

~v(R) :=sup{y > 0: R(¢, s) has exponential dichotomy
with constants vy and N = N(v)}. (7)

The sufficient and necessary conditions for the uniformly exponential dichotomy of
the Cp-quasi groups are given by the following theorems.

Theorem 2.1 (Dichotomy Theorem, Theorem 4 [3|) Assume that R(t,s) is a
Coy-quasi group on a Banach space X. Let E® be the corresponding evolution semigroup
given by on L,(R,X) and let T' denote its infinitesimal generator given by @ The
following statements are equivalent:
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(a) The quasi group R(t,s) has a uniformly exponential dichotomy on X.
(b) For each s >0, o(E*)NT =0, where T:={z€ C: |z| = 1}.
(c) 0 € p(I).

Let Cy(R, X) be the space of all bounded continuous functions f : R — X with the
supremum norm. Let P(-) € Cy(R, L5(X)) be the projection that satisfies (a) and (b) of
Definition Green’s function for R(t,s) is a map Gp : R?\ {(0,0)} — L(X) defined
by

Gp(t,s) = Rp(t,s)P(t), t>s,
Gplt,s) = ~[Ra(t,9) ' Q). t<s.

Green’s operator G associated with Gp on L, (R, X) is defined by

N0 = [ Grlst=)f6)ds, € L(EX). (®)

Theorem 2.2 (Theorem 9 [3]) Let T' be the infinitesimal generator of the evolu-
tion semigroup E° corresponding to a Co-quasi group R(t,s) defined by on L,(R, X).
The quasi group R(t,s) has a uniformly exponential dichotomy on X if and only if there
exists a unique Green's function Gp for R(t,s). Moreover, if the associated Green’s

operator is given by , then G = —T'~1 on L,(R, X).

We summarize that the sufficient and necessary conditions for a Cy-quasi group to
have a uniformly exponential dichotomy are that the corresponding evolution semigroup
is hyperbolic. Moreover, the dichotomy is equivalent to the uniqueness of Green’s function
for the Cy-quasi group.

3 Equivalent Conditions for Uniformly Exponential Dichotomy

In the section, we shall characterize the others equivalent conditions for the uniformly
exponential dichotomy of the Cy-quasi groups. The characterizations refer to the method
used in [1,[13] for the family of the evolution operators.

We start with defining Green’s operator G for the Cy-quasi group R(t,s) as in on
Cb (Ra X) by

@nw- [ T (st - s)f(s)ds, | e Cy(R, X). (9)

—0o0

We see that G is a bounded operator on Cp(R, X).

Condition (M). For each g € C(R, X), there exists a unique function u € Cy(R, X)
such that

u(t) = R(r,t — r)u(r) + / R(s,t —s)g(s)ds, t>r. (10)

Remark 3.1 Condition (M) states that for each g € Cp(R, X), there exists a unique
mild solution u € Cp(R, X)) of the integral equation . Thus, if we define an operator
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Gg = u on Cy(R,X), then G is closed. In fact, if gn — g and u, := Gg, — u in
Cy(R, X), then for each t € R,

u(t) = lim w,(t) = lim <R(r,t — ) un(r) + /Tt R(s,t— s)gn(s)ds>

n— oo n—oo

= R(r,t —r)u(r) + / R(s,t — s)g(s)ds.

This gives u = Gg.

In particular, if R(t,s) is uniformly exponentially dichotomic, then G is equal to
Green’s operator G in @D

Lemma 3.1 If Green’s operator G defined in @[) is bounded on Cy(R, X), then for
each g € Cy(R, X), there ezists a solution u € Cy(R, X) of (10).

Proof. For g € Cp(R, X), we set u := Gg. For t > r, we show that u satisfies .
In this proof, we use the fact that R=!(k,l — k) = R(l,k — ). For t > r,

ult) = R(r.t - r)u(r) = (Gg)(t) — R(r,t —)(Gg)(r)
-/ P()R(s. 1 — 5)P(s)g(s)ds — / T RG st — 9)Q(s)g(s)ds
+ /: R(s,t — $)R(r,s —r)Rg' (s, — 5)Q(s)g(s)ds
+ [ RO DiRgltr DRl t - 9] Q)
-/ P()R(s,t — )P(s)g(s)ds + / R(s,t — 9)Q(s)g(s)ds

_ /: R(s,t — s)g(s)ds.

As a generalization of Theorem 10 from [18], we have the following lemma which
implies that the infinitesimal generator I is invertible on L, (R, X).

Lemma 3.2 Let E° be the evolution semigroup defined in on Ly(R, X) with its
infinitesimal generator I in @ If u,g € Ly(R, X), then the following statements are
equivalent.

(a) uwe D) dan T'u = —g.
(b) w is a solution of the integral equation that corresponds to g.

Proof. (a) = (b). Assume that (a) holds. By an elementary property of Cp-
semigroup, we have

Efu—u= / E'Tudr = —/ E"gdr, s2>0. (11)
0 0
Substituting (E*u)(t) = R(t — s, s)u(t — s) (definition of E*) into (11)) gives

R(t—s,s)u(t —s) —u(t) = — /OS R(t —v,v)g(t —v) dv.
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The transformation of variable r =t — s gives statement (b).
(b)= (a). Assume that (b) holds. If s > 0, t —s > r, and u is a solution of (10), then

(E*u)(t) = R(t —s,s) {R(r, t—s—r)ulr)+ / B R(v,t —s —v)g(v)dv

= R(r,t —r)u(r) + R(v,t —v)g(v) dv.

r

Consequently, for s > 0, we obtain

sTH(E*u)(t) —u(t)] = s 1 [R(r, t—r)u(r) + / B R(v,t —v)g(v) dv

- (R(r,t—r)u(?") +/Tt R(v,t—v)g(v)dv)]

=5t /ti R(v,t —v)g(v)dv = —s* /S R(t —v,v)g(t —v) dv.

0
Therefore,
sTHEu — u) / E?gdv.
Passing to the limit as s — 0% proves that v € D(T') and T'u = —g.

Remark 3.2 Lemma remains valid if L,(R, X) is replaced by Co(R, X), the space
of all continuous functions f : R — X such that lim;_,4 f(t) = 0 with the supremum
norm. Moreover, Condition (M) holds for some g,u € L,(R, X).

Theorem 3.1 An exzponentially bounded Cy-quasi group R(t,s) on a Banach space
X has a uniformly exponential dichotomy if and only if Condition (M) is satisfied.

Proof. (=). Let R(t,s) be uniformly exponentially dichotomic. By Theorem 9
of [3], there exists Green’s operator G as defined in @[) corresponding to Green’s function
Gp and dichotomy projection P. Lemma guarantees the existence of a solution
u € Cp(R, X) of for each g € Cp(R, X).

To prove the uniqueness of the solution of , let ¢ = 0 and suppose there exists
u € Cp(R, X)) such that u(t) = R(r,t —r)u(r),t > r. It suffices to prove that u = 0. The
uniformly exponential dichotomy of R(¢,s) implies

Pt)u(t) = Rp(r,t —r)P(r)u(r) and Q(t)u(t) = Ro(r,t —r)Q(r)u(r), t>r.
The boundedness of ||u(-)|| and condition (c) of Definition give
[PE)u(t)]| < Nem 7 ju(r)].

Passing to the limit as r — —oo provides that P(t)u(t) = 0 for all ¢t € R. On the other
hand, condition (d) of Definition forces

IQ(r)u(r)| = [Rq(r.t — )] ' Q(Du(t)l| < N7~ u(t)].

Passing to the limit as ¢ — oo implies that Q(r)u(r) = 0 for all » € R. Therefore, u = 0.
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(«<). Let Condition (M) be satisfied. We define an operator G on Cy(R, X) by
Gg = u. By Theorem [2.1] it suffices to show that T' is invertible on Cy(R, X). Since
u=Ggand g € L,(R,X), Lemma implies that v € D(T") and I'(—G)g = I'(—u) =
g. Thus, T' is right invertible. On the other hand, the linearity of G implies that
(—=G)Tu = (—G)(—g) = u. This proves the left invertibility of I'. Thus, T' is invertible
with T~ = —G.

We shall characterize the other conditions for the uniformly exponential dichotomy
of the quasi groups. We start with defining the scale of function space F,, a > 0, by

Foi={f€CR,X):e?f()eCyR, X)}.

Thus, F, is the space of continuous, exponentially bounded functions with exponent «.
These spaces provide three conditions formulated as follows.

Condition (Mc,). For each g € Cy(R, X), the integral equation has a unique
solution u € Cp(R, X).

Condition (Mp,). For each g € L,(R,X), 1 < p < oo, the integral equation
has a unique solution u € L,(R, X).

Condition (Mg, ). For each g € F,, the integral equation has a unique solution
u € Fqu.

Theorem 3.2 Let R(t,s) be an exponentially bounded Cy-quasi group on X.
(a) The following statements are equivalent:

(i) R(t,s) has uniformly exponential dichotomy.
(ii) Condition (M) holds.
(#ii) Condition (Mc,) holds.

(iv) Condition (Mg, ) holds.

(b) The operator G defined by Conditions (M), (Mc,), or (Mr,) as in Remark is
equal to Green’s operator G as in @ Further, if E° is the evolution semigroup on
the space Co(R, X) or L,(R, X) with the infinitesimal generator T, then G = —T' ™.

Proof. Theorem [3.1| guarantees that Condition (M) is equivalent to (i).

Let G be an operator defined using Condition (M¢,) (resp. (Mp,)) as in Remark
Lemma together with Dichotomy Theorem implies the uniformly exponential
dichotomy for R(t,s). These show that (iii)(resp. (iv)) is equivalent to (i).

If R(t,s) has a uniformly exponential dichotomy, then by Theorem Green’s op-
erator G is defined on L,(R, X) or Co(R, X) satisfies G = —I'"'. Moreover, using the
same argument as in the proof of the necessity of Theorem we conclude that (Mc,)
and (Mg,) hold, and G = G.

Lemma 3.3 Condition (Mx,) holds for R(t,s) if and only if Condition (M) holds
for Ry(t,s), where Ry (t,s) = e~ (*+sI=Ith R(t, 5) and o € [0, B) for some B > 0.

Proof. 1If Condition (M) holds for R,(t,s), there exists a bounded operator G,
on Cy(R,X) defined by Gog = u. We define an operator J, : F, — Cy(R,X) by
(Jof)(t) = et f(t),t € R. Similarly, if Condition (Mx,) holds for R(t,s), then there
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exists a bounded operator G € L(F,) defined by Gg = u. We see that G, = J,GJ, .
Thus, Condition (M) holds for R, (¢, s) if and only if G, € L(R, X). However, G € L(F,)
if and only if Condition (M £, ) holds for R(t, s).

Theorem 3.3 Let R(t,s) be an exponentially bounded Cy-quasi group on X. The
quasi group R(t,s) has a uniformly exponential dichotomy if and only if there exists
B > 0 such that if « € [0, 8), then Condition (Mx, ) holds for R(t,s). Moreover, for each
a >0 and g € F,, the solution of the integral equation is given by u = Gg, where
G € L(F,) is equal to Green’s operator G on F,, as defined in @

Proof. (<). If a =0, then Condition (M£_) and Condition (M) are identical.

(=). Assume that R(¢, s) has a uniformly exponential dichotomy with the dichotomy
bound v > 0. If 8 € (0,7), then R(t,s) has a uniformly exponential dichotomy with
constants S and N = N(f), see @ Consequently, if a € [0, 3), then the quasi group
R, (t,s) defined in Lemma has a uniformly exponential dichotomy with constants
N(B) and 8 — . Theorem provides that Condition (M) holds for R,(¢,s). Let
G € L(F,) be the operator defined by Gg = w. Since G, = G,, where G, is Green’s
operator for the dichotomic quasi group R, (¢,s) and G,, is as in the proof of Lemma
the assertions follow.

Remark 3.3 We note that conditions (M), (Mc,), (Mr,), and (Mg, ) for the uni-
formly exponential dichotomy of the Cy-quasi groups are parallel with the similar condi-
tions for exponential dichotomy of the evolution family, see [1,[13].

Example 3.1 Let X = R? and ¢ : R — R be a continuous increasing function such
that lim;_, 4.0 p(t) < co. Define a Cy-quasi group on X by

R(t, s)a = (;(v(tﬂ)w(t))xh ew(oHv(Hs)w(t)xz) . tseR,

where v(t) = fg ©(s)ds and © = (x1,22). The quasi group R(t,s) has a uniformly
exponential dichotomy on X.

Similar to Example 3 of |3], we have the evolution semigroup E* in on the space
L,(R, X) given by

(E*f)(t) = (efw(t)fv(tfs)) filt — 5), e @Fe@—v0=s) £ (4 _ 5)) ,

where f(t) = (f1(t), f2(t)), s > 0, and t € R with the infinitesimal generator

(TE) = (= f1(t) = o) f1(t), = f5(t) + [=0(0) + ()] f2(1)) -
Moreover,
(L)) = = (ha(#), ha(1))
where
B () = e=9(0) / A, h(t) = e= #0160 / Fa(£)e?Ot=6(0) gy

o0 = [ oty

By Condition (M), for each g € Cy(R, X)), there exists a unique solution u € Cp(R, X)
satisfying the integral equation (L0)). In fact, we have u = —I'"'g. Therefore, R(t,s) has
a uniformly exponential dichotomy on X.
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Remark 3.4 We can easily verify that Ea:amplefulﬁlls Conditions (Mc, ), (M, )
and (Mx, ). It is possible that Condition (Mr, ) holds for some o € (0,7), but the quasi
group R(t, s) has no uniformly exponential dichotomy, as shown by the following example.

Example 3.2 Let X be a Banach space of R? with the norm ||z|| = |z1|+|z2|, where
x = (xz1,22). The quasi group R(t,s) defined on X by

R(t, S)IZ? _ (e(tJrs) cos(t+s)—tcos tfszl’ GSIQ) , t,s€e R,

has no uniformly exponential dichotomy, but it satisfies Condition (M £, ) for all g € Mz,
and 0 < o < 2.

From Lemma it suffices to show that R,(t,s) satisfies Condition (M) for all
g € Cyp(R, X). In fact, for g = (g1, 92) € Cp(R, X) and P(t)x = (x1,0), we can set u = Gg,
where G is Green’s operator defined in @D with respect to R, (t,s). For 0 < o < 2, we
verify that

u(t) = (Gg)(t) = (ur(t), uz(t)) € Cp(R, X),

where

t
ul(t) — e—a\t|—t+tcost/ eoz\sH—s—scossgl<5>ds7

—00

ug(t) = —e*“‘tl/ eIy (s)ds.
t

Suppose that R(t, s) has uniformly exponential dichotomy with respect to the family
of projections P(t) above. If N, v > 0 are the constants satisfying Definition ie.,
|Rp(t,s)|| < Ne sl then

e(tJrs) cos(t+s)—tcost—s Nef'y\s|

for all t,s € R. But for t = (2n — 1)7 and s = 7, we have >~ < Ne~77 which is
absurd for large enough n.

4 Persistence under Perturbation

Theorem [2.I] implies that the existence of a dichotomy for a strongly continuous quasi
group R(t, s) is a spectral property. It persists under small perturbations. We shall first
consider the bounded perturbation.

Theorem 4.1 Let R(t,s) and Ry(t,s) be the Cy-quasi groups on a Banach space X .
If R(t,s) has a uniformly exponential dichotomy on X, then for each r > 0, there exists
an € > 0 such that R1(t,s) has a uniformly exponential dichotomy and

sup ||Ry(t,7) — R(t,7)||z(x) < e
teR

Proof. From 7 for f € L,(R,X), we have

(E"f)(t) = R(t —r,r)f(t—7) and  (E{f)(t) = Ra(t —r,r)f(E—7).
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We obtain the estimate
IETf — E"fII, = /R [Ri(t —r,r)f(t —7) = Ra(t — ) f(t —r)|Pdt

- / IR (t,r) — RO < LI, .

This implies that [[E] — E"|z(z,®,x)) < €

The equivalence of (a) and (b) in the Dichotomy Theorem gives o(E") N'T = .
The semicontinuity of the spectrum implies that o(E7) N'T = (@ for a sufficiently small e.
Therefore, R;(t,s) has a uniformly exponential dichotomy.

Theorem [£.1] describes that a dichotomy persists under small perturbation of the Co-
quasi groups. The similar result of the additive perturbation is given by the following
theorem. The theorem refers to the perturbed generator of the Cy-quasi groups given
below.

Theorem 4.2 Let A(t) be the infinitesimal generator of a Co-quasi group R(t,s) on a
Banach space X. If B € Cy(R, L(X)), then there exists a unique Cy-quasi group Rp(t, s)
with the infinitesimal generator A(t) + B(t) such that

Rp(t,r)x = R(t,r)x + /OT R(t+ s,r — s)B(t+ s)Rp(t, s)xds (12)

forallt e R, r >0, and x € X. Moreover, if |R(t,r)|| < M(r), then
IR (¢, )| < M(r)elPIMOT,
Proof. The proof is similar to the proof of Theorem 3 of [18].

Theorem 4.3 Let R(t, s) be the Cy-quasi group with the infinitesimal generator A(t)
which has a uniformly exponential dichotomy on a Banach space X. Then, there exists
€ > 0 such that for each B € Cy(R,L(X)) with || Bl := sup||B(t)||zx) < €, there

teR

exists a Co-quasi group Rp(t,s) with the infinitesimal generator A(t) + B(t) which has
a uniformly exponential dichotomy on X.

Proof. From Theorem there exists a Cp-quasi group Rp(t, s) with the infinites-

imal generator A(t) + B(t). Further, by , for t > r and z € X, we have
t—r
Rp(r,t —r)x = R(r,t —r)z + R(r+s,t —r—3s)B(r+s)Rp(r,s)zds.  (13)
0

Let I and I'g be the infinitesimal generators of the evolution semigroups corresponding
to the Cy-quasi groups R(t, s) and Rp(t, s), respectively.

We consider the operator I' + B, where (Bf)(t) = B(t)f(t), t € R. Since B is a
bounded operator, the operator I' + B generates a unique Cy-semigroup 7'(s) satisfying
the equation

T(s)f = Ef +/ ESYBT(w)fdw, E*=e", s>0. (14)
0
The implication (a (¢) of Theorem gives 0 € p(I"). Consequently, if ||B| =

) =
|Bllo < € then 0 € p(I' + B) = p(I'g). The implication (¢) = (a) of Theorem
concludes that Rp(t,s) has an exponential dichotomy.
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From (13), with s =¢ —r and = = f(t — r), we have
(€= F)(1) = (B° F)(t) + / (E*~VBe"Ts f)(t) dw, t€R.
0

In this case, we have proved that es'# = T(s) satisfies and I'p =T + B.

Next, we shall prove the persistence of a uniformly exponential dichotomy for a Cp-
quasi group R(t,s) with the infinitesimal generator A(t) relative to the class of per-
turbations that satisfy the Miyadera condition. Theorem implies that if I" is the
infinitesimal generator of the evolution semigroup E* associated with a uniformly expo-
nentially dichotomic Cy-quasi group R(¢, s), then I' is invertible on L, (R, X). Dichotomy
Theorem [2.1] implies the following result.

Theorem 4.4 Let R(t,s) be a uniformly exponentially dichotomic Cy-quasi group
with the infinitesimal generator A(t) and Ry(t,s) be a Cy-quasi group with the infinites-
imal generator A(t) + B(t). Assume that B is an operator on the domain D(I') N D(B),
which has an extension B on D(T) such that the operator Ty :=T + B on D(T';) = D(T)
generates the evolution semigroup associated with Ry(t,s). If there exist constants a and
b such that

IBFIl < all fll +bITfIl for feDT) and ol +b<1,
then the perturbed quasi group Ri(t,s) has a uniformly exponential dichotomy.

Proof. Theorem IV.1.16 [20] implies that I'y is invertible on L,(R, X). Since I'y
is the infinitesimal generator of the evolution semigroup associated with R;(¢,s), the
assertion follows from the implication (c) = (a) of Dichotomy Theorem

Example 4.1 Consider the quasi group R(¢, s) in Example which has a uniformly
exponential dichotomy on X = R? with the norm ||z|| = |z1|+|z2| and »(0) < —1. Under
a perturbation

0, t<0,
B(t)={—-t, 0<t<]l,
~1, t>1,

R(t,s) persists the uniformly exponential dichotomy on X.
We notice that R(t,s) has the infinitesimal generator
A(t)r = (—p(t)zr, [—9(0) + (t)]z2), =€ X.

Given € = 1, we verify that B € Cy(R, £(X)) with ||Bl/cc = €. By Theorem [4.3] there
exists a uniformly exponentially dichotomic quasi group Rp(t,s) on X generated by
A(t) + B(t). Indeed, we have Rp(t,s) = B(t, s)R(t, s), where

1, t,s <0,
B(t,s) = { e~ 3420 o<t s<1,
e %, t,s > 1.

Moreover, by the mean value theorem for the integral with respect to ¢, we obtain the
dichotomy constants N = max{l,e%“"(o)} and v = infieg @(t) in Definition for
Rp(t,s), where 8 = sup,cp ¢(t).
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5 Conclusions

In this paper, we provide four equivalent conditions for uniformly exponential dichotomy
of Cy-quasi groups on Banach spaces. They base on the existence and uniqueness of mild
solutions of the inhomogeneous equations on Cy(R, X)), Co(R, X), L,(R, X), 1 < p < oo,
and F,, respectively. The equivalent conditions are parallel with the exponential di-
chotomy for the evolution family. A small time-dependent perturbation of the infinitesi-
mal generator of the Cp-quasi groups persists the uniformly exponential dichotomy.
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