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Abstract: We consider a dynamic contact problem between a piezo-thermo-elastic-
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bilateral, the friction is modeled by Coulomb’s law with heat exchange. We employ
the electro-elastic-viscoplastic with damage constitutive law for the material. The
evolution of the damage is described by an inclusion of parabolic type. We establish
a variational formulation for the model and we prove the existence of a unique weak
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1 Introduction

Because of its considerable impact in everyday life and its multiple open problems, con-
tact mechanics still remains a rich and fascinating domain of challenge. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling, the
mathematical analysis as well as the numerical approximation of the related problems.
For example, many food materials used in process engineering are elastic-viscoplastic [14]
and consequently, mathematical models can be very helpful in understanding various
problems related to the product development, packing, transport, shelf life testing, ther-
mal effects, and heat transfer. It is thus important to study mathematical models that
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can be used to describe the dynamical behavior of a given elastic-viscoplastic material
subjected to various highly nonlinear and even non-smooth phenomena like contact, fric-
tion, lubrication, adhesion, wear, damage, electrical and thermal effects. The uncoupled
thermo-viscoplastic models were obtained in [13]. Different models have been devel-
oped to describe the interaction between the thermal and mechanical field [6]. The new
papers use several types of contact for coupled materials such as thermo-mechanical,
electro-mechanical and thermo-electromechanical materials. For the thermo-mechanical
materials, a transmission problem in thermo-viscoplasticity is studied in [11], a thermo-
viscoelastic body is considered in [5], several problems for thermo-elastic-viscoplastic
materials are studied in [6H8]. For the electro-mechanical bodies, many laws of behavior
are considered by many authors, see for example [1,[2}|9L|12] and references therein.

Realistically, it may be impossible to predict the electro-mechanical behaviour without
thermal considerations. To achieve this, the authors have started to study a new model
for thermo-electro-mechanical behaviour, see for example [4]. The aim of this paper is to
study a frictionless contact problem for elastic-viscoplastic materials with piezoelectric
effect, also called electro-elasto-viscoplastic materials. To this end, we consider that the
material is electro-elasto-viscoplastic with an internal state variable o which may describe
the damage of the system caused by elastic deformations and thermal effects. The main
difficulty is that Korn’s inequality cannot be applied any more. For this proposal, fol-
lowing the technique already developed by Duvaut and Lions [10] for Coulomb’s friction
models, we use the inertial term of the dynamic process to compensate the loss of coer-
civeness in the a priori estimates. By the change of variable, we bring the coupled second
order evolution inequality into a classical first order evolution inequality. After this, we
use classical results on first order evolution nonlinear inequalities, a parabolic variational
inequality and equations and the fixed point arguments. Existence and uniqueness results
for the boundary value problem for thermo-electro-viscoelastic materials were obtained
by many authors using different functional methods. The novelty in this paper is to
make the coupling of an electro-elasto-viscoplastic problem with damage and thermal
effect. We employ the thermo-elastic-viscoplastic with damage constitutive law for the
material. The damage of the material is caused by elastic deformations. The evolution
of the damage is described by an inclusion of parabolic type. The problem is formulated
as a coupled system of an elliptic variational inequality for the displacement, a parabolic
variational inequality for the damage and the heat equation for the temperature. We
establish a variational formulation for the model and we prove the existence of a unique
weak solution to the problem. A new law of behaviour for the so-called thermo-electro-
elastic-viscoplastic material is given by

o (t)=A(e(u(t)))+Beult), a()+ /O G (r(s) = Ale(ult))), & (u(5))) ds+E" Vip (£-MB (1),
(1)
D(t) = Ee(u(t)) =BV (o (1)) =PO (1), (2)

where A and B are nonlinear operators describing the purely viscous and the elastic
properties of the material, respectively, G, E(¢) = =V, € = (e;j1), M, B, and P are the
relaxation operator, electric field, piezoelectric, thermal expansion, electric permittivity
and pyroelectric tensors. £* is the transpose of £.

Many types of evolution of the temperature field are given by several authors, see for
example [4,/5,8]. In this paper, we use the evolution of the temperature field obtained
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from the conservation of energy and define it with the following differential equation:

0(t) — div(KVO(t)) = —MVa(t) + q,

where 0 is the temperature, X denotes the thermal conductivity tensor, M is the thermal
expansion tensor, ¢ is the density of volume heat sources and ¢ is a nonlinear function
assumed here to depend on the thermal expansion tensor and the velocity.

The differential inclusion used for the evolution of the damage field is

& —kiAa+0,(a) 3 P(e(u), ), in Q x (0,T), (3)

where pp(a) denotes the sub-differential of the indicator function of the set F of an
admissible damage function given as follows:

F={acH'(Q):0>a>1, ae. in Q}

and ® are given constitutive functions which describe the sources of the damage in the
system. When a = 0, the material is completely damaged, when « = 1, the material is
undamaged, and for 0 < a < 1, there is partial damage. The Coulomb friction is one of
the useful friction laws known from the literature. This law has two basic ingredients,
namely, the concept of friction threshold and its dependence on the normal stress. Various
versions of the normal compliance law were recently presented in the literature |1}2}12].
The paper is organized as follows. In Section 2, we present the model. In Section 3,
we introduce the notations, some preliminary results, a list of the assumptions on the
data and we give the variational formulation of the problem. In Section 4, we state our
main existence and uniqueness result, Theorem The proof of the theorem is based
on evolutionary elliptic variational inequalities, ordinary differential equations and fixed
point arguments.

2 The Model

The physical setting is the following. A thermo-electro- elastic-viscoplastic body occupies
a bounded domain Q C R¢ (d = 2,3) with the outer Lipschitz surface I. This boundary
is divided into three open disjoints I', I's and I's, on one hand, and a partition of I'y UT';
into two open parts I', and I'p, on the other hand. We assume that meas(I';) > 0 and
meas(I'y) > 0. Let T > 0 and let [0,T] be the time interval of interest. The body is
subjected to the action of body forces of density fy, a volume electric charges of density
qo and a heat source of constant strength q.

The body is clamped on I'y x (0,7, so the displacement field vanishes there. A
surface traction of density fo acts on I's x (0,7). We also assume that the electrical
potential vanishes on I', x (0,7") and a surface electric charge of density g is prescribed
on I’y x (0, T). Moreover, we suppose that the temperature vanishes on (I'y UT'5) x (0, T).
In the reference configuration, the body is in contact with an obstacle, or foundation,
over the contact surface I's. The contact is frictional and thermo-mechanical. The model
of the contact is specified by the normal compliance and it is associated with Coulomb’s
law of dry friction for the mechanical contact and by an associated temperature boundary
condition for the thermal contact.

The classical formulation of the mechanical problem is as follows.

Problem P. Find the displacement field u : Q x [0,7] — R? the stress field o :
Q x [0,T] — S%, the electric potential ¢ : Q x [0,7] — R, the electric displacement field
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Q x [0,T] — RY, the temperature field  : Q x [0,7] — R and the damage field
[0,

o Q>< 0,7] — R such that
o(t) = A=(i(t)))+B(eu(s), alt) / A(E(i(t))). = (u () ) dske* Voo (1M ().
4
D (t) = Ee(u(t)) = BV (¢ (1) —PO (1), E5g
0 — div (KV0) = —MVi+q in Qx (0,7), (6)
dive + fy = pit in Q x (0,7), (7)
a&— KAa+ 0pk(a) > P(e(u) —a) in Q x (0,7T), (8)
divD — g =0 in Q x (0,7), (9)
u=0 onTly x(0,7), (10)
ov=1£f, onTsyx(0,7T), (11)
=pr(uy, —h)on T's x (0,T), (12)
lo= | < ppl|Row ||,
lo-|| < ppl|Roy|| = 0r =0, (13)
loz]l = ppl|Roy|| = FA>0: or =—A1; on I3 x(0,7),
Ky Oy = K0~ 08) — he(is]) on Ty x 0.7, (14)
Oa

5:0011F><(0,T)7

(15)
D-v=0 on I's x(0,7), (16)

=0 on (T3UTy) x(0,7), (17)

=0 on T,x(0,7), (18)

D-v=gq on I, x(0,7), (19)

D-v =t (u,—h)or(p—po) onlsx(0,T), (20)
u(0) = ug, 4(0) = vy, a(0) = ap and 6(0) = 6§y in Q. (21)

We now describe problem — and provide the explanation of the equations and
the boundary conditions. Equations and represent the thermo-electro-elastic-
viscoplastic constitutive law, the evolution of the temperature field is governed by a
differential equation given by the relatlon , assumed to be a rather general function
of the strains. Next equations (20) an ) are the steady equations for the stress and
electric-displacement field, condltlons J and (1] ) are the displacement and traction
boundary conditions. Equation (17] ) means that the temperature vanishes on (I'y UT'y) X
(0,T) which implies that there is only an electro-mechanical effect on (I';y UT'2).

Next, and represent the electric boundary conditions for the electrical po-
tential on I'y, and the electric charges on Ty, respectively. We use (19)) as the elec-
trical contact condition on I's which represents a regularized condition. Equation
represents the initial displacement field and the initial damage field, where wug is the
initial displacement, and 6 is the initial temperature.
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We turn to the contact conditions — and describe the frictional thermo-
mechanical contact on the potential contact surface I's. The relation describes
a normal compliance conditions with Coulomb’s law. The equation represents an
associated temperature boundary condition on the contact surface. The equation
shows that there are no electric charges on the contact surface. R, is the truncation
operator defined by

L if s<-L,
R,(s)=¢ —s if —L<s<0,
0 if s>0.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any
additional traction. The introduction of the operator R,, together with the operator
R, defined below, is motivated by mathematical arguments but it is not restrictive from
a physical point of view since no restriction on the size of the parameter L is made in
what follows, where ul — u2 stands for the jump of the displacements in the tangential

direction. R, is the truncation operator given by

v if Ju| <L,
RV(S):{ L i o] > L.

3 Variational Formulation

In order to obtain the variational formulation of the Problem P, we use the following
notations and preliminaries

3.1 Notations and preliminaries.

In this short section, we recall some preliminary material and notations. For more details,
we refer the reader to [7,|L0]. The indices i, j, k and [ run from 1 to d and summation
over repeated indices is implied. An index that follows the comma represents the partial
derivative with respect to the corresponding component of the spatial variable. We also
use the following notations:

H=L*0)'={u=(w):u € L*Q)}, H={oc= (0ij) 1 0ij =0j; € L*(Q)},
HY(Q)={u=w)€cH: e(ueH }, Hi={occH: DiveocH}.

The operators of deformation € and Div are defined by
e(u) = (g5 (), &ij (w) =(uij +uji)/2, Dive = (0ij;)-

The associated norms on spaces H, H'(Q)4, H, and H; are denoted by ||| ;, [l g1 (e

[, and [|-[|,, respectively. Let Hr = HY2(T)* and ~ : HY(Q)¢ — Hr be the trace
map. For every element v € H'(Q)?, we also use the notation v to denote the trace
yv of v on I' and we denote by v, and v, the normal and tangential components of v
on I' . Moreover, we use the dot above to indicate the derivative with respect to the
time variable and, for a real number r, we use ry to represent its positive part, that
is, r4+ = max(0,r). To obtain the variational formulation of the problem —, we

introduce, for the bonding field, the sets

W={pecH Q)" ¢=00n I}, W={D=(D;): D; € L*(Q),divD € L*(Q)}.



508 L. DEBBACHA AND N. LEBRI

On the spaces V', W, W | we define the following inner products:

(u-v)y, = (o,e(v)n,Vu,v eV, (22)
(Qav ¢)W = (thv qu)w ,V(P, ¢ € I/Va (23)
(w,2)p = (Vw,Vz)y . Vw,z € E, (24)

where E = {y € H'(Q): y=0ae onT; Uy }.
Therefore, the spaces (V. (-,-)y,) , (W ,(-,-)y,) and (E, (-,-) ) are real Hilbert spaces.

3.2 Assumptions on the data

We now list the assumptions on the problem’s data.
The viscosity operator A : Q x S — S satisfies

(a) There exists L4 > 0 such that
| A(z,61) — A(x,e2)|| < Laller — &2 Ver,e0 €S%ae z€Q,
(b) There exists m4 > 0 such that
(A(z,e1) — A(x,69)) - (61 —€2) = maller —ea|®, Ver,e0 €S%, ae. z€Q,
(c) The mapping z — A (z,e) is Lebesgue measurable on Q ,V e €S9,
(d) The mapping x — A (z,¢) belongs to H.

The elasticity operator B : Q x S — S? satisfies

(a) There exists Lg > 0 such that

HB(l‘,ﬁl) — B($,€2)|| < Lp HE1 - 62” v £1,E9 € Sd, a.e. r Q,
(b) The mapping x — B(z,¢) is Lebesgue measurable on Q,V e €S9,
(¢) The mapping © — B (z,0) belongs to H.

(26)

The visco-plasticity operator G : Q x S x S — S? satisfies

(a) There exists a constant Lg > 0 such that

G (z,01,61) = G (x,02,2)[| < Lg ([lo1r — o2 + [[e1 — e2]]) ,

for all o, 09, €1, €3 € S ,a.e. x €4,

(b) The mapping z — G (z,0,¢) is Lebesgue measurable on Q ,V ¢ € S%
for any e,0 € S9,

(¢) The mapping z — G (2,0,0) € H.

The piezoelectric operator £: Q x ST — R? satisfies

(a) E(z,7) = (eijk yTjk), V7 = (Tj1) €S, ae. xin Q,
(b) €ijk = €ik; € L (Q), 1 < i,j,k <d.

The thermal expansion operator M:2 x R — R satisfies

(a) There exists a constant Laq > 0 such that

||M (.73,01) -M (.1‘,02)” < LM H01 - 92” v 91,92 S R, ae. x €0 s
(b) The mapping z — M (z,6) is Lebesgue measurable on 0,V 6 € R,
(¢) The mapping £ — M (z,0) € H.

(29)
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The tangential function satisfies:

h:: s x Ry — Ry verifies:
() :3 L+ >0s.t. |he(z,r1 —he(z,r2) | < L7 |r1 — 12,

Vri,ro €R, ae. x €I'3. (30)
(b) : The mapping x + h.(z,r) belongs to L?(T's).
The electric permittivity operator B = (Bij) : Q x R? — R? satisfies
(a) B(x,E)=(Bij(z)E;)VE=(E;)€eR? | ae z€Q,
(b) Bij=Bjie L*(Q), 1 <1i,57 <d, (31)
(¢) There exists a constant Mp > 0 such that BE.E > Mg |E|2 ,
VE=(E)eR? | ae. in Q.
The thermal conductivity operator K : Q x R — R satisfies
(a) There exists a constant Ly > 0 such that
I (x, 1) = K (z,7m2)|| < L ||r1 —re||  forall vy, € R, ae. x € 9, (32)
(b)mijzmﬁe LOO(Q), 1 <i,5 <d,
(c) The mapping + — S (x,0,0) belongs to L? ().
The damage source function ® : 2 x S¢ x S x R — R satisfies
(a) There exists a constant Lg > 0 such that
|P(x,m1,w1, B1) — P, 02, wa, B2)| < La(|m — n2| + w1 — wa| 4 [B1 — B2])
for all n, 72, wi, w2 € Sd7 ﬂhﬁQ € R7 S Q? (33)
(b) The mapping © — ®(z,n,w, §) is Lebesgue measurable on €2,
for any 7, w € S% and for all B € R,
(c) The mapping * — ®(x,0,0,0) belongs to L?(Q).
The function ¥ :e xS, xS, xS,, x R x R — R satisfies
(a) There exists a constant Ly > 0 such that
|\If($, 0—1351’61361) - \Ij(xa 0—2352762362” < L\I/(|01 - 02| + |€1 - €2|
+|91 - 92| + |§1 - £2|)7 fOI‘ au 01, 02, €1, €2 S Sn; 0179%51752 S Ra T e Qa (34)

(b) The mapping © — ¥(z,0,¢,6,£) is Lebesgue measurable on ,
for all o, € € §,, and for all ,£ € R,
(c) The mapping z — ¥(x,0,0,0) belongs to L2(¢).

We also suppose that the body forces and surface tractions have the regularity

fo € L*(0, T5L*(Q)), fo € L*(0, T;L*(Q)), p € L¥(9), (35)
qo € C (07 T, L2 (Q)) ) q2 € C (Oa Ta L2 (Fb)) ) (36)
g2 (t) =0 on I'3,Vt € [0,7T]. (37)

The functions g and p have the following properties:
g€ L?(T3), g(x)=0, ae on I, (38)

we L (Ts), wp(x)>0, a.e onls, (39)
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here p is the coefficient of friction. The initial displacement field satisfies
ug €V, (40)

and the initial temperature field satisfies
0 € B, Op € L2 (0,T, L% (Ts)) , ko € L= (O Ry) , oy € L (o,T, E) . (41)

Using the above notation and Green’s formulas, we obtain the variational formulation of
the mechanical problem — for all functions v € V, w € Wy, ¢ € W, and a.e. t €
(0,T), given as follows.

Problem PYV. Find the displacement u : [0,7] — V, the stress ¢ : [0,7] — H; , and
an electric potential ¢ : [0,T] — W, the electric displacement D : [0,7] — H and the
temperature 6 : [0,7] — V, and the damage « : [0,T] — Ej; such that

o(t) = Ale(u(t))) + Blu(t), a(t)) + / G (or(s) = Ale(ult))), = (u(s)) ) ds
+EVp (t) — MO(

(i(t), 0 — it vov + (o(1), & (v(E)=ia(t))pe (v (1) — J(0(8)) > (£(t), v —0(D)v, (43)
)

(@(t), ¢ — alt)) L2 + ala(t), ¢ — a(t)) = (P(e(u(t))
for all a(t) € F, ( € F and t € [0,T].

D (t) = &= (u(t)) — BV (p(t) — PO (1), (45)

(D(#),Ve) g =—(ae (), )y + (h(u(t),0), ¢y, Yo W, t€0,T], (46)
0(t) + KO(t) = Ru(t) + Q(t) on E (47)

u(0) = ug, @(0) = vy, a(0) = ag and 6(0) = 6 on Q. (48)

Here, the function @ : [0,7] — E’ and the operators K : £ - E', R:V — E'; M :
E — V' are defined by Vv € V,Vr € E, Vn € E:

@meree = [ kbunds+ [ anda.
I's Q
d ar an
(KT, m)p «p = Z /Qkijaxjamidz+/r kends,
i,7=1 3

(Ro.m) s = / o (for ]y ds — /Q (M. Vo) de,

(M, U>V’><V = (=7Mec,e(v)),
where J. : VXV =R, f:[0;T] >V, ¢ :[0;T] > Wand v:V xW — W are
respectively defined by

Je (Nm):/ up |R x Ny|+/|vr|? + e2da, Yv eV, Ve >0, (49)
I's

(f(t),v)vz/ﬂfo(t).vdm-i—/F f>(¢) - vda. (50)

2
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We define the bilinear form a : HY(Q) x H*(Q) — R

ae.0) = [ ga-vds, (51)
(ge(t), S)w = / qo(t)gdz — / ) e (52)
() O = [ (=) b = ) da (53)

forall u,v €V, 0, we W, ¢ € W and t € [0;T]. We note that the definitions of f and g,

are based on the Riesz representation theorem. Moreover, the conditions and
imply that

feC0,1,V), ¢q€C(0,T,We). (54)

We denote by .||, , |-l and .||.|[y, the norms on the spaces V, H and V’, respec-

tively, and we use (.,.)y/xy for the duality pairing between V' and V. Note that if f €
H, then

(fs0)yisy = (fs0) g, Vv € H. (55)

The existence of the unique solution of problem Py is stated and proved in the next
section.

4 Existence and Uniqueness of the Solution

Our main existence and uniqueness result is the following.

Theorem 4.1 Assume that — hold. Then, if Ny < TZ—??, there exists a unique
solution {u, 0,0, ¢, D} to problem Py satisfying

we WH(0; T3 V)N CHO; T; V) 0 W20, T3 V'), 0 € C(0;T5 M), (%)
p € C(0;T; W), D € C(0; T3 W), 57

0. € WH(0:T;E') N L*(0: T5 E) N C(0; T L*(12)). (58)

a € W2 (0,T; L2(Q)) N L* (0, T; H'(2)) 59

Functions u, o, 0, p, D, 0 and «, which satisfy —, are called the weak solution to
the contact problem P. We conclude that, under the assumptions -@) and if Ny <
% 1s satisfied, the mechanical problem - has a unique weak solution satisfying

£9-E9).

The proof of Theorem is carried out in several steps. It is based on the results
of evolutionary variational inequalities, ordinary differential equations and fixed point
arguments.

In the first step, we let € L2(0,T; V) be given and consider the following variational
inequality.

Problem PVu,. Find a displacement field u,, : [0;T] — V' such that V¢t € [0,7],

(i(t), v = )y + (Az (1ig(8)) 20 = i () + g (£) 0) = G (£) (1)

| | (60)
+ (n® v =u®) v = (FO).0 =y Oy,
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Uy (0) = g, 0y(0) = vo for all u,, v € V. In the study of the problem PVu,, we have
the following result.

Lemma 4.1 PVu, has a unique solution satisfying the reqularity expressed in :

t
uy (t) = ug +/ Ung, (8)ds Wt €[0,T].
0

We define the operator A:V — V' by
(Av,w)y vy = (Ae(v),e(w))y, Yo,w e V. (61)

We consider the following variational inequality.
Problem PVuv,. Find a displacement field v, : [0;7] x @ — V' such that V¢ e [0,T].

(Onn (1), w = oy (1)) oy + (Ao (8), w0 — v (8)) v v + § (N, w)
= (N, oy (1)) = (fy (), 0 = v (8))vrxv, Yw €V,

vy (0) = v,. (63)
In the study of Problem PVuv,, we have the following result.

(62)

Lemma 4.2 For all N € L?(0,T,H1) and n € L?(0,7,V’), the Problem PVuv, has
a unique solution with the regularity vy, € C(0,T, H) NL*(0,T,V) N Wh2(0,T,V’).

Proof. We begin by the step of regularization we defined, for all € > 0,

Je (N,v):/ up |R x Ny|+v/|v|? +€2da, Yv eV, Ve>0.

I's

After some algebra, for all € > 0, J. is C! convex on V, and its Frechet derivative satisfies

Ve>0, VweV

JLNw)| < CINlaqry)- (64)

From and the monotonicity of J/, it follows from the classical first order evolution
equation that

Ve >0, vy, € L*(0,T,V)NC(0,T,H) and i, € L*(0,T,V")

such that

{ Oy (1) + Avgy,, + 3o (N, v,) = f(t) in V7, ae. t € (0,77, (65)

vf\,n(O) = 9.

Therefore, v%;, € L2(0,7; V)N WY2(0,T; V'), we obtain

(iﬁ\/n(t) w— vy )v XV (AUNn< ); w_UJEVn)V/xv + Je(N, w) (66)

—Je(N,v&, (1) > (f2(1), an(t))V,XVVw eV, ae. t€0,T].
Using and the monotony of j., we deduce that

T ) T )
3C >0, vt € [0,T] : |vi, ()] < C’/ [y ()], dt < C/ |05, ()], dt < C,
0
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using a subsequence to find that

VY, — UNy weakly in L2(0,7T;V) and weakly in .°°(0,T; H), (67)
O,y — Uy star weakly in L?(0,T; V7).
It follows that
vny € C(0,T; H) and vy, (t) — vny(t) weakly in H, Vt € [0,T]. (68)

Integrating (66), we have Vw € L?(0,T; V),

T T T T
/O(?')fvn(t)vw)wxvdwr/o (Avan(t),w)v'xvdﬂ/o js(N»w)dtZ/ (fn (@), w(t))vrxvdt,

then we have
T,. T T .
fO (U?Vn(t),w)v/xvdtﬁ-fo A’UN%( ) )V’det+f0 jE(N,U})dt

> ff(@fvn(w,vw))wvdw o (AU, (1), Vi, (D) v v dt+
I de(N ws, (B)dt + [ (fot), w(t) = an( )vxvdt

> L |os, )] — & [0, O, + f (Avsy, (1), V3 (D) vy dt+
Jo de (i @)t + [ (£(1), w(t) — v, (£) vy,

From and we obtain that for all w € L2(0,T;V),
fo UNn(t) w — vy, (1) v xvdt + fo A“Nn( ), w — v, () v xvdt+
fo (N UNn dt > fo f’fl (t) Ulg\fn(t))V’Xth-

The previous inequality implies (see [10]) that

(Ofvn(t),w an)V, v (Avan(t),w—vﬁvn)v/xv—i—jE(N,w)
—Je(N,viy, (1) = (fo(t), w = viy, (), ., Yw €V, t € [0, T].

We conclude that Problem PVwv, has at least a solution vy, € C(O T; H)NL2(0,T;V)N
Wh2(0,T; V') and on, € 1L?(0, T;V’). For the uniqueness, let vy, , v%, be two solutions
of Problem PVv,, we use (62) to obtain for a.e. t € [0,T],

(UJan(t) - fOJan(t%vIan(t) - UJIVn(t)) - (Aan(t) - AUZIVn(t)vaQVn(t) - vll\/n(t)) < 0.

Integrating the previous inequality, using and , we find

1 T
§|v]2\,,7(t) ’UN,,] |V—|—mA/O |U]2Vn() ’UN,,] |Vds§0, Yt € 0,77,

which implies Uzlvn = vjz\,n. Let us consider now upy, : [0,7] — V is the function defined
by
T
uny(t) = / uny(s)ds +ug, Vte[0,T]. (69)
0
In the study of Problem PVu,, we have the following result.

Lemma 4.3 Problem PVu, has a unique solution satisfying the reqularity expressed

m .
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Proof. The proof of Lemma is a consequence of Lemma together with .
In the second step, let n € C(0,T;V), we use the displacement field u, obtained in
Lemma and consider the following variational problem.
Problem PVy,. Find an electrical potential ¢, : [0; 7] — W such that Vt € [0, T,

(B Veoy (1), V) = (€ (uy (1), Vo) y + (v (uy (£) 0 (1)), )y = (e (1) , Q) w. ¥ & %731)1

We have the following result.

Lemma 4.4 PV, has a unique solution @, which satisfies the regularity expressed
n . Moreover, if ¢y, and ¢,, are solutions of (@) corresponding to m,m2 €
L2(0,T;V), then there exists C > 0 such that

[P () = @n, ()] yy < C lun, () = ug, @]y, V2 € [0,T]. (71)

Proof. The same result for this Lemma is given in [12]. In the third step, we
let \ € L2 (0, T;1L? (Q)) be given and consider the following variational problem for the
temperature field.

Problem PV0,. Find a temperature field 8, : [0,7] — E such that

{ 0x(t) + KOx(t) = Ri,(t) + Q(t) in E" ae. t € [0,T], (72)
0x(0) = by,
for all 0,w € F,a.e. t € (0,T). For the Problem PV6, we have the following result.
Lemma 4.5 PV, has a unique solution such that
0y € L*(0,T; E)NC(0,T; L*(Q)) n Wh2(0,T; E'). (73)
Moreover, 3C > 0 such that YAy, Ao € L?(0,T; V"),
2 T 2
[161(8) = O2(t) |72 < C/ [A1(s) = Aa(s)ll g ds, Vit €0,T]. (74)
0

Proof. The result follows from the classical first order evolution equation given in [3].
Here the Gelfand triple is given by

EcCL?*(Q)=(L*Q) cE.
The operator K is linear continuous and coercive. By Korn’s inequality, we have
|K(u)|y, > Clulg,, forallu eV,
with C being a strictly positive constant defined only on €2 and I';. Therefore
(K7, 7)o > Clrl3. (75)

In the fourth step, we let u € L2(0,T; L*(Q2)) be given and consider the following
variational problem for the damage field.
Problem PVa,,. Find the damage field o, : [0,7] — H'(Q) such that o, € F and

(du(t), ¢ — au(t))m(g) +a(aut), ¢ —au(t) > (Se(uu(?)), ault),¢ — au(t))p(g) , (76)
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,(0) = ao, (77)
for all a(t) € F, ¢ € F and ¢ € [0,T]. Note that if f € H, then

(f0)yigy = (frv)g, YveH.

Theorem 4.2 Let V € H C V' be a Gelfand triple. Let K be a nonempty, closed
and convex set of V.. Assume that a(-,-) : V x V — R is a continuous and symmetric
form such that for some constants ¢ > 0 and co,

2 2
a(v,v) = collvlly = Cllvlly, Vv e H.

Then, for every ug € K and f € L%(0,T;H), there exists a unique function u €
HY0,T;H) N1L2(0,T,V) such that w(0) = ug, u(t) € K for all t € [0,7] and for al-
most all ¢ € [0,T],

(w(t),v —u(t))vixv + alu(t),v —u(t)) > (f(t),v —u(t))y, YveK.
We apply this theorem to Problem PVa,,.

Lemma 4.6 There exists a unique solution o, to the auziliary problem PVa,, such
that
o, € W0, T;1L2(Q)) NL2(0,T; H(Q)). (78)

The above lemma follows from the standard result for parabolic variational inequalities.

Proof. The inclusion mapping of (HI(Q), Il - HHI(Q)) into (L2(€2), || - lL2(q)) is con-
tinuous and its range is dense. We denote by (Hl(Q))I the dual space of H(f2) and,
identifying the dual of L2Q2 with itself, we can write the Gelfand triple

HY(Q) cL*(Q) c (H'(Q)) .

We use the notation (-, ) (g1 (q)) x i1 (0) to represent the duality pairing between (H! (Q))/
and H'(Q), we have

(a, B) 1)y xmi) = (@, B2y, Yo €L*(Q), B € H(Q),

and we note that F' is a closed convex set in H!(£2). Then we use the definition of the
bilinear form a given by (51]), and the fact that o, € F.

Problem PVo, . Find a stress field o,y : [0,T] — H,

Tau(t) = Ble (uy (1)), () (v))u +/0 G (a(s),€ (un (5))) ds — MOA(t), VE € [0,T]. (79)

In the study of problem PVo,,, we have the following result.

Lemma 4.7 There exists a unique solution of problem PVoy,, which satisfies .
Moreover, if uy,, 0x,, oy, and oy, 5, ., Tepresent the solution of problems PVu,,, PVO,,,
PYVay, and PVoy, x, .., respectively, for i = 1,2, then there exists ¢ > 0 such that

||0-1717>\17M1 (t) — Ong, Ao,z (t)”'H2 < C((Hum(if)*un2 (t) ||%/

! (80)
+/O (23 (5) =y () I3 + 1030 () = Oxa ()13 + llewgy (5) = iy ()17 ds).-
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Proof. Let IL,, »,, : L*(0,T,H) — L*(0,T;H) be the mapping given by

L 5 0 () = Bl (uy (£) / G(o () ds — MO, (81)

Let 0; € L2(0,T;H) : i = 1,2 and t; € [0,T]. Using hypothesis and Holder’s
inequality, we find

t
1MLy 001 (8) = Ty p o2 (DI, < L3T / lo1(s) — oa(s)3 ds.

It follows from this inequality that for m large enough, a power II”", = of the mapping

A1
IL, x,. is a contraction of the Banach space L2(0,T;H), and therefore there exists a
unique element o, , € L2(0,T;H) such that II,, x ,,05 1, = Oy 1. Moreover, oy, » ,, is
the unique solution of the problem PVo,,. If u,,, 0, o, and oy, x, ., represent the
solution of the problems PVu,,, PV0,,, PVa,, and PVo,,x, .., respectively, for ¢ = 1,2,
then we use , , and Young’s inequality to obtain

||U771,)\1,#1 (t) = Ona, Ao, puo (t)”'Hz < CY(”um(t)—u"2 (t)“%/
t
+/O (||0-7717>\17M1 (t) = Ong, A2 p2 (t)||7-£2 + ||u771(5)7un2(s)“%/ + ”9/\1 (5> - 9/\2 (S)H%/
+ [l (5) = gy (5)[17) ds).

This permits us to obtain, using Gronwall’s lemma, the inequality . Finally, we
consider the operator A such that

A, A w)(8) = (A, A, ) (£), A2 (0, A ) (8), A (m, A, ) (1)), (82)
where A', A% and A? are defined by

(AL (), A(®), (1), v () v v = Ble (un (1)) € (0(t))2 + (€7 Vepy (t) € (v(1))y

83
(g (1) (/ G (0yan(s), (11 (5)) ds—M@,\(t),s(v(t))>H, wev, &
A2 (n(t), A1), p(t), v(t) = U(omau(t), e(uy(t)), Ox(1))) (84)

and
A3 (n(t), A1), p(t), v(t)) = (o au(t), e(un(t)), apu(t))). (85)

Here, for n € L2(0,T;V), A € L2(0,T;L*(Q)) and p € L2(0,T;L%(Q)), uy, ¢y, Or, ap
and oy x,, represent the displacement field, the potential electric field, the temperature,
the damage field and the stress field obtained in Lemmas 44 and [£7 We
have the following result.

Lemma 4.8 The operator A has a unique fived point (n*,\*,u*) € L2(0,T;V x
L*(Q)) x L*(92)).

Proof. We show for a positive integer m, the mapping A™ is a contraction on
L2(0,T;V x L2(Q)) x L2(Q2)). To this end, we suppose that (71, A1, ¢1) and (12, A2, f12)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022)

are two functions in L?(0,7; V xL?(Q)) x L?(£2)) and denote u,, = u;, iy, = v;, oy,
O, = 0;, oy, = o and oy, z, 4, = 0 for i = 1,2. We have

AT (1, Ay ) (8) = At (2, Az, i2) ()30 < ClI Ry (s (8) = uau (8))[1F2ry
+ O Rr (ur () =z ()22 () + [1Be(ua (1)) — Be(ua(t))[l3,
+ " Ver(t) = e*Vipa (6) 13, + Cllar (t) — aa(t) 2o
t

+/O 1G(1(5), £(u2(s))) — G(oa(s), e(uz(s))) 13, ds
+O[61(t) — 2(1)|[ 20

Therefore, from , 7 and the definition of R,, R, we obtain

[A (1, Aas 1) () = AL (112, A i) ()3 < C([Jun (8) — ua (B)][F

/Hm ) — us(s ||Vds+/\|m ~oa(s), ds

# [ 10— 0+ [ han(s) — ax(o)l
+ller() — w2 30)-

We use estimate to obtain
[AY (1, Ax, ) () = A (2, Ao, p2) (D7 < C(l|ua (t) — ua (8)|13

/||u1 — ua(s ||Vds+/||91 )~ 0s(5)|% ds
n / lon(s) — as(s)[3 ds + 1 (£) — @a(8)[3):
0

517

= i,

(87)

Recall that above u,, and u,, denote the normal and the tangential component of the
function u,,, respectively. By similar arguments, from the function ® and the definition

of A2, it follows that
A2 (1, Axs 1) () = A2 (12, A, o) ()] < C(J|ua () — ua()[I5
[ 1oa(s) = ats) s+ 1615) — 82601
< C([lur(t) = ua (B3 + [161(s) — 2(s) I
[ o)~ s+ [ 10106) - )1 )
On the other hand, by (33), and the definition of A3, we get
A% (1, Axs ) () = A3 (12, A, o) ()] < C(Jlua () — w2 ()3

Fllor(t) — a3 + / s (s) — uals) |2 ds

+los(s) = an(s)llE + /0 i (s) = aa(s) |7 ds).
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Also, since

t

wi(t) = / vi(s)ds + o, t € [0,T],

0

we have .
w(t) = llur(t) — uz(t)|I3 < / [[vi ()]} ds + uo,
0
which implies
t t
s (8) — w13 + / s (5) — wa(s)|2 ds < C / lon(s) — va(s)2 ds.
Therefore
A1, Ax, 1) (£) = Az, Aoy p2) O mxr < CUlur(t) — ua(B)|I3

+ / s (s) — ua(s)|[3 ds + o (s) — aa(s) 3
" / o (5) — a2 ds + (103 (s) — Ox(5)]1%
+ / 104(5) — 02(5) 2 s + 91 (1) — 2 (D)]3).

Moreover, from , we obtain

(01 — D2, v1 — v2)vrxv = (Ae(v1) — Ae(v2),e(v2 — v1))vixv

+ (m —n2,v1 —v2)vixyv < 0.

We integrate this equality with respect to time, use the initial conditions, v1(0) =

0, and to find
t t
mA/O [o1(s) = v2(s)[[3 ds < C/O l[m1(s) = m2(s)llv llvi(s) — va(s)llv ds
for all ¢ € [0, T]. Then, using the inequality 2ab < n% + m4b?, we obtain

/O [v1(s) = va(s) [T ds < C/O Im(s) = n2(s)llv ds, vt € [0, T].

Since u1(0) = u2(0) = ug, we have
T
lu(s) = ua(s)[} < C/ [01(s) = va(s)llv ds,
0
and from , we have
T
161(2) = 62(t) 1720 < C/O 1N (s) = Aa(s)llrds, vt € [0,T],

and from , we have

lp1 () = 22(O)1Fy < Cllus(t) —w2(B)[7, vt € [0,T).

(94)

(95)

V2 (O) =

(98)
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We substitute and in to obtain
A, A, ) (8) = Az, Az, p2) ()3 e < C(/Ot [v1(s) = va(s)|T, ds
+101(s) — ba(s) % + /Ot 161(s) — b2(s) || % ds (101)
+lla(s) — az(s)llF + /Ot li (s) = az(s) |5 ds),

on the other hand, from , we deduce that

(@1 — do, a1 — a2)prur + alog — ag, 0 —ag) < (g — p2, 00 — ag)p, ae. t€[0,T].
(102)

Integrating the previous inequality with respect to time, using the initial conditions
a1(0) = a3(0) = o and inequality a(a; — a9, a1 — ag) > 0, we find

%Hal(s) —az(s)|lF < /Ot(ul(S) — p2(s), ar(s) — az(s))p ds. (103)
This inequality, combined with Gronwall’s inequality, leads to

lai (s) — az(s) 1% < C/Ot i1 (s) = na(s)lz-ds, V¢ € [0,T). (104)
We substitute @, and in to obtain

A1, A1, 1) (E) = Az, Aoy p2) O pxr < C/O (1715 Ay 1) ()

(105)
- (7727 Az, N2)(S))H%/’><E><F ds.
Reintegrating this inequality n times, we obtain
[A™ (11, A, 1) = A" (02, Azs i2) B2 0. 7y iy < TH((nla)\laNl) (106)

— (12, A2s 12)) 2 (v x o )

thus, for n sufficiently large, A™ is a contraction on the Banach space L2(0,T; V' x E x F)
and so A has a unique fixed point. Now, we have all ingredients to prove Theorem
Proof. (of Theorem [4.1)). Let (n*,\*,u*) € L2(0,T; V' x L2(Q2) x L2(Q2)) be the
fixed point of A defined by (82)), (83), and and
Uy = Ups, O =Py, O, =0 and o, = aye. (107)
Let o, : [0,T] — H be the function defined by
0w = Ae(ly) + " Vi + 0 v e (108)

We prove that {u., 0., @, Os, .} satisfies , and the regularities —. In-
deed, we write and use ([107)) to find
(ihe (8), 0)v v + (Ae(ia (1)), €(0)) 2 + Je (i (1), v)

109
+ (n*(t),v)lev > (f(t),v)v/xv, YveV ae.,te 0,7, ( )
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we use equalities A*(n*, \*, u*) = p*, A2(n*, \*,u*) = A* and A3(n*, \*, u*) = n*, it
follows that

(n(8); 0)vrxv = (Be(ua (), £(0)) 1 + (€7Vpu(t), (v))y

+ (/Ot G(omx 2= = (8), €(us(8), u(s))) ds — M, (¢), 6(7))) (110)

H
+ Je (ux (1), v(1)),

Ae(t) = (e ae e (t), e(ui (1)), 04 (1)), (111)
M*(t) = ‘I’(Un* e (1), €(us(t)), au(t)). (112)
We now substitute (110) in ) to obtain
(s (t), v)vrxv + (Ae(i(t),e(v)2 + (Be(us)(t), €(v), ault))u + (" Vo, e(v))n
( / G0 e (), (1 (5))) ds — Me*@),s(v))ﬂ (113)
+ Je(ue(t),v) = (f(),0)vixv, YveV.
It follows from Lemma and that o, € L2(0,T;H) and implies that
divo, + fo(t) = pii.(t), ae., t €[0,T].

We Write for A = A\* to find that (74) is satisfied, also write (76 for u = p* to find
that (76 is satibﬁed we consider now for n = n* to find that (60) is satisfied. Next,
the regularltles . follow from Lemmas [£.1] [£.2] [£.4] [£.5] [4.6] and the regularity
. ) follows from Lemma u the uniqueness part of Theorem is a consequence of
the uniqueness of the fixed point of the operator A defined by 1) (85)) and thus follows
the unique solvability of the problems PVu,, PVy,, PV0y, PVa, and PVo, ., which
completes the proof.

5 Conclusion

As a conclusion, we can say that our model, which describes the contact problem with
damage and thermal effect for an electro-elasto-viscoplastic problem, based on thermo-
dynamics is developed to describe the self-heating and stress-strain behavior of thermo-
plastic polymers under tensile loading. The constitutive model considers temperature-
dependent elasticity, nonlinear viscoplastic flow and damage evolution. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling and
the mathematical analysis of the related problems. For example, many food materials
used in process engineering are elastic-viscoplastic, mathematical models can be very
helpful in understanding various problems related to the product development, packing,
transport, shelf life testing, thermal effects, and heat transfer. It is thus important to
study mathematical models that can be used to describe the dynamical behavior of a
given elastic-viscoplastic material subjected to various highly nonlinear and even non-
smooth phenomena like contact, friction, lubrication, adhesion, wear, damage, electrical
and thermal effects. Thermal effects in contact processes affect the composition and
stiffness of the contacting surfaces, and cause thermal stresses in the contacting bodies.
Moreover, the contacting surfaces exchange heat and energy is lost to the surroundings.
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