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Contact Problem with Long-Term Memory
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Abstract: We study a mathematical problem modeling the antiplane shear defor-
mation of a cylinder in frictionless contact with a rigid foundation. The material
is assumed to be thermo-electro-viscoelastic with long-term memory, the friction is
modeled by Tresca’s law and the foundation is assumed to be electrically conductive.
We derive a variational formulation for the model which is in the form of a system
involving the displacement field, the electric potential field and the temperature field.
We prove the existence of a unique weak solution to the problem. The proof is based
on the arguments of time-dependent variational inequalities, parabolic inequalities,
differential equations and a fixed point theorem.

Keywords: weak solution; wvariational formulation; antiplane shear deformation;
thermo-electroviscoelastic material; Tresca’s friction law; fized point; variational
inequality.

Mathematics Subject Classification (2010): 74M10, 49J40, 70K70, 7T0K75.

1 Introduction

Anti-plane shear deformation problems arise naturally from many real world applications
such as rectilinear steady flow of simple fluids [6], interface stress effects of nanostruc-
tured materials [10], structures with cracks |16], layered/composite functioning materi-
als |15), and phase transitions in solids [17]. Considerable attention has been paid to the
modelling of such kind of problems, see for instance (8] and the references therein. In
particular, the review paper [8] deals with modern developments for the antiplane shear
model involving linear and nonlinear solid materials, various constitutive settings and
applications. Antiplane frictional contact problems are used in geophysics in order to

* Corresponding author: mailto:la.benziane@yahoo.fr
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describe the pre-earthquake evolution of the regions of high tectonic activity, see for in-
stance [5] and the references therein. The mathematical analysis of models for antiplane
frictional contact problems can be found in |2}|8}|18].

Currently, there is a considerable interest in frictional or frictionless contact prob-
lems involving piezoelectric materials, i.e., materials characterized by the coupling of
mechanical and electrical properties. This coupling, in a piezoelectric material, leads to
the appearance of electric potential when mechanical stress is present, and conversely,
mechanical stress is generated when electric potential is applied. The first effect is used
in mechanical sensors, and the reverse effect is used in actuators, in engineering control
equipment. Piezoelectric materials for which the mechanical properties are elastic are
also called electro-elastic materials and piezoelectric materials for which the mechanical
properties are viscoelastic are also called electro-viscoelastic materials. General models
for piezoelectric materials can be found in [3/4,|12]. Static frictional contact problems
for elastic and viscoelastic materials were studied in [111/13\|14], under the assumption
that the foundation is insulated. Contact problems with normal compliance for electro-
viscoelastic materials were investigated in [9,19]. There, variational formulations of the
problems were considered and their unique solvability was proved. Antiplane problems
for piezoelectric materials were considered in [18].

In paper |20], the authors have studied an antiplane contact problem for viscoelas-
tic materials with long-term memory. This mechanical problem leads to an integro-
differential variational inequality. In the present paper, we deal with an antiplane contact
problem for a thermo-electro-viscoelastic cylinder, which leads to a new mathematical
model, different from the one presented in [20]. The novelty of this paper consists in the
fact that we model the friction by Tresca’s law and the material’s behavior by a thermo-
viscoelastic constitutive law with long-term memory. We neglect the inertial term in the
equation of motion to obtain a quasistatic approximation of the process.

Thermal effects in contact processes affect the composition and stiffness of the con-
tacting surfaces, and cause thermal stresses in the contacting bodies. Moreover, the
contacting surfaces exchange heat, and energy is lost to the surroundings. Our interest is
to describe a simple physical process in which the frictional contact, viscosity and piezo-
electric effects are involved, and to show that the resulting model leads to a well-posed
mathematical problem. Taking into account the frictional contact between a viscous
piezoelectric body and an electrically conductive foundation in the study of an antiplane
problem leads to a new and interesting mathematical model which has the virtue of rela-
tive mathematical simplicity without loss of essential physical relevance.The main result
we provide concerns the existence of a unique weak solution to the model. Its proof is
carried out in several steps, and is based on the arguments of evolutionary variational
inequalities and Banach’s fixed-point theorem.

The rest of the paper is structured as follows. In Section 2, we describe the model of
the frictional contact process between a thermo-electro-viscoelastic body and a conduc-
tive deformable foundation. In Section 3, we derive the variational formulation. It con-
sists of a variational inequality for the displacement field coupled with a time-dependent
variational equation for the electric potential and the heat equation for the tempera-
ture. We state our main result, the existence of a unique weak solution to the model,
in Theorem 3.1. The proof of the theorem is provided in Section 4, where it is based
on the arguments of evolutionary inequalities, an ordinary differential equation and a
fixed-point theorem.
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2 Mathematical Model

We consider a piezoelectric body B identified with a region in R3, it occupies in a fixed
and undistorted reference configuration. We assume that B is a cylinder with generators
parallel to the z3-axis with a cross-section which is a regular region 2 in the x1x9-plane,
Oz129x3 being a Cartesian coordinate system. The cylinder is assumed to be sufficiently
long so that end effects in the axial direction are negligible. Thus, B = Q x (—o0, +00).
The cylinder is acted upon by body forces of density fy and has volume free electric
charges of density qp. It is also constrained mechanically and electrically on the boundary.
To describe the boundary conditions, we denote by 92 = I' the boundary of 2 and we
assume a partition of I' into three open disjoint parts I'y, Iy, and I'3, on the one hand,
and a partition of I'yU I's into two open parts I', and I'y, on the other hand. We assume
that the one-dimensional measures of I'y and I',, denoted meas I'y and meas I',, are
positive. The cylinder is clamped on I'y X (—00,+00) and therefore the displacement
field vanishes there. Surface tractions of density fa act on I's X (—o0,+00). We also
assume that the electrical potential vanishes on I'a X (—o0, +00) and a surface electrical
charge of density qs is prescribed on I'y, X (—o00,400). The cylinder is in contact over
I's x (—o00,+00) with a conductive obstacle, the so-called foundation. The contact is
frictional and is modeled by Tresca’s law. We are interested in the deformation of the
cylinder on the time interval [0,T]. We assume that

fo=1(0,0, fo) with fo= fo(z1,22,1): Qx[0;T] = R,
fa = (0,0, f) with fo = fo(z1,29,t) : T x [0;T] — R,
qo = qo (71, 72,t) : 2 x [0,T] = R,
g2 = q2 (x1,22,t) : Tp x [0,T] = R.

The forces , and the electric charges , are expected to give rise to deforma-
tions and to electric charges of the piezoelectric cylinder corresponding to a displacement
u and to an electric potential field ¢ which are independent of x3 and have the form

u=(0,0,u) with u=u(z1,22,t): Q2x[0,T] = R, (5)

v = @(x1,22,t) : Q2 x [0,T] = R. (6)

Such kind of deformation, associated to a displacement field of the form 7 is called an
antiplane shear, see for instance [8] for details.

Below, the indices ¢ and j denote components of vectors and tensors and run from 1 to
3, summation over two repeated indices is implied, and the index that follows the comma
represents the partial derivative with respect to the corresponding spatial variable; also,
the dot above represents the time derivative. We use S® for the linear space of second
order symmetric tensors on R? or, equivalently, the space of symmetric matrices of order

3, and “”, ||.|| will represent the inner products and the Euclidean norms on R? and S3;
we have
wv = w, v =(vv)E Yu=(w), v= () €R?,
1
or = oymj, |7l =(17)F Yo =(0y), T=(7;) €S>

The infinitesimal strain tensor is denoted by € (u) = (g5 (u)) and the stress field by
o =(0;). We also denote by E(¢) = (E; (¢)) the electric field and by D = (D;) the
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electric displacement field. Here and below, in order to simplify the notation, we do not
indicate the dependence of various functions on x1, s, x3 or t and we recall that

1
eij(u) = 5 (uij +usi), Eip) =—¢.
The material’s behavior is modeled by the following thermal electro-viscoelastic consti-
tutive law with long-term memory

o = Atre(u))I +2ue(u) +2 / G(t — s)e(u(s))ds — E'E(p) — M0, (7)
0
D = E&e(u)+ aE(p) — PO, (8)

where A > 0 and p > 0 are the Lamé coefficients, tr(s(u)) = Zle g;i(u), I is the unit
tensor in R?, G : [0,7] — R is the relaxation function, £ represents the third-order
piezoelectric tensor, and £* is its transpose, 6 is the temperature field and M, := (m;;),
P (p;) are, respectively, the thermal expansion and the pyroelectric tensor which have
the forms

0 0 M, D1
M, = 0 0 M., , P = D2
Me, M, 0 0

We assume that M., (z1,22): Q@ > R, and p; : Q — R.
In the antiplane context , @, when using the constitutive equations , , it
follows that the stress field and the electric displacement field are given by

0 0 J13
o= 0 0 o023 |, 9)
o31 o032 0

euy —ap 1 —p1l
D=| eus—aps—pb |, (10)
0

where « is the electric permittivity constant, e is a piezoelectric coefficient,

t
O13 = 031 = QU] +/g(t —S)u(s)ds +ep1 — M, .0,
0
t
023 = 032 = U2 —l—/g(t — S)U’Q(S)ds —epo— M,,.0.
0

We assume that
e(e13 +€31)
Ee = 6(623 + 632) Ve = (Eij) e S3. (11)
€€33

We also assume that the coefficients G, u, «, and e depend on the spatial variables x1,
zo, but are independent of the spatial variable x3. Since £e.v = €.£*v for all € € S3,v
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€ R3, it follows from () that
E'v = 0 0 ev Vv = (v;) € R (12)

We assume that the process is mechanically quasistatic and electrically static and there-
fore is governed by the equilibrium equations

Divo+f,=0, divD —qy=0 in Bx (0,7),

where Divo = (0y5,;) represents the divergence of the tensor field 0. When taking into

account , , , @, @, and , the equilibrium equations above reduce to the

following scalar equations:

div (uVu)—«—/Q(t—s) div (Vu(s)) ds+ div(eVyp)— div (@ M)+ fo =0 inQx(0,7),
0

(13)
div (eVu — aVp) — div(0P) = qo in 2 x (0,7) (14)
with
M,
M. =| M.,
0

Here and below we use the notation

divr =71 +712 for 7=(7m1 (x1,22,t),72 (x1,22,1)),
Vo= (v1,v2), O,V =v 111 + VU als for v=wv(x1,x9,1).

We now describe the boundary condition. During the process, the cylinder is clamped
on I'; x (—o0, +00) and the electric potential vanishes on I'y X (—00, +00). Thus, (5) and
@ imply that
u = 0 on I'y x (0,7), (15)
v =0 on T, x(0,7). (16)
Let v denote the unit normal on T' X (—oo, +00). We have

v=(v1,1n,0) with v; =vi(z1,22): T >R, i=12. (17)

For a vector v, we denote by v, and v, its normal and tangential components on the
boundary, given by
UV, =V.W , Vo= V—U,l. (18)

For a given stress field o, we denote by o, and o, the normal and the tangential compo-
nents on the boundary, that is,

oy, = (ov).v, or=o0v—0,V. (19)
From @, , and , we deduce that the Cauchy stress vector and the normal
component of the electric diplacement field are given by
t
ov = (0,0, pudyu+ [ G(t — s)d,u(s)ds + edy o — OM..v),
0
D.v=ed,u—ad,p—0P.v.

(20)
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Taking into account , , and , the traction condition on T'y x (—o00,400) and
the electric conditions on I'y X (—o00, +00) are given by

¢
1o, u + /Q(t —s)oyu(s)ds +ed,p —OM.v = fo onDg X (—o0,+00), (21)
0

edyu —adyp = ¢ only x (—o0,400). (22)

Now, we describe the frictional contact condition and electric conditions on I's X
(=00, +00). First, from and 7 we infer that the normal displacement vanishes,
u, = 0, which shows that the contact is bilateral, that is, the contact is kept during the
whole process. Using now and —, we conclude that

u, = (0,0,u), o, =(0,0,0,), (23)
where

t
or = (0,0, ud,u + /Q(t — 5)0yu(s)ds + edy,pp — OM,.v).
0

We assume that the friction is invariant with respect to the zz-axis and is modeled by
Tresca’s friction law, that is,

|U7'| §97
lor| < g=1,=0, on T3 x (0,7). (24)
|o-| =g =38 >0, such that o, = —pu,,

Here g : I's — R, is a given function, the friction bound, and 0 represents the tangential
velocity on the contact boundary. Using now , it is straightforward to see that the

conditions imply
t

lpdyu+ [ Gt — s)0,u(s)ds + edyp — OM,.v| < g,
0

t
lndyu+ [ Gt — s)d,u(s)ds + edyp — OM | < g =0 (t) =0,
0

) onT'3 x (0,7).
lpdyu+ [G(t — s)0yu(s)ds + edyp —OM,.v| =g =36 >0,
0
¢
such that pd,u+ [G(t — s)d,u(s)ds + edyo — OM..v = —pi.
0
(25)

Next, since the foundation is electrically conductive and the contact is bilateral, we
assume that the normal component of the electric displacement field or the free charge
is proportional to the difference between the potential on the foundation and the body’s
surface. Thus,

Dv=k(p—pr) onTsx(0,7T),

where @ represents the electric potential of the foundation and k is the electric conduc-
tivity coefficient. We use and the previous equality to obtain

edyu—ad,p —O0P.v =k(p —pr) onlsx (0,7). (26)
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Finally, we prescribe the initial displacement
u(0) = ug in Q, (27)

where ug is the given function on .

We collect the above equations and conditions to obtain the classical formulation of
the antiplane problem for thermo-electro-viscoelastic materials with long-term memory,
in frictional contact with a foundation.

Problem P: Find the displacement field u : © x (0,7) — R, a temperature field
0:Q x (0,T) — Ry and the electric potential ¢ : Q x (0,7) — R such that

div (uVu)Jr/O G(t—s) div(Vu(s))ds+ div(eVy)—div (0 M.)+ fo =0in Q2 x(0,T),

(28)
div (eVu — aVe) — div (0P) = qo in Q x (0,T), (29)
0 — div(KV0) = —M, Vi + h(t) in Q x (0,T), (30)
u=0 onTy x (0,7), (31)
t
uo,u + / G(t — 8)0,u(s)ds + edy,p —OM v = fa onTsy x (0,7T), (32)
0
|poyu + fg G(t — s)0yu(s)ds + edyp — M. .v| < g,
t
|po,u + fot Gt — s)0yu(s)ds + edyp — M .v| < g = 1 =0, on T x (0,7),
\udyu+ [ G(t — s)0,u(s)ds + ed,p — OM..v| = g = 35 >0,
such that pd,u + fo G(t — s)0yu(s)ds + edyp — OM..v = —pa,
(33)
=0 on Fl @] FQ X (O,T‘)7 (34)
edyu —ad,p =qa on Ty x (0,T), (35)
edyu —ad,p — OP.v=k(p —r) onl3 x (0,T), (36)
00
- k”@ n; = ke(0 —0r) onT's x (0,7, (37)
u(0) =wug, 6(0) =106y in Q. (38)

The differential equation describes the evolution of the temperature field, where
K := (k;;) represents the thermal conductivity tensor, h(t) is the density of volume heat
sources. The associated temperature boundary condition is given by , where 6 is the
temperature of the foundation, and & is the heat exchange coefficient between the body
and the obstacle. Finally, ug, 6y represent the initial displacement and temperature,
respectively.
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3 Variational Formulation and Main Result

We derive now the variational formulation of Problem P . To this end we introduce the
function spaces

V={veH(Q)|v=0onl}, W={pecH (Q)|¢=0onT,},

and we assume that
E={neH'(Q)[n=0 onT;UTy}.

Similarly, we write ¢ for the trace ¢ of the function ¢ € H*(2) on I'. Since measT'; > 0
and measT', > 0, it is well known that V and W are real Hilbert spaces with the inner
products

(um)V:/Vu.Vv dr Y u,v €V, (cp,d))W:/Vga.Vz/J de Y o, € W.
Q Q

Moreover, the associated norms
lollv=IVvlla@e YoeV, ¢ llw=I VY@ Vi eW, (39)

are equivalent on V' and W, with the usual norm || . ||z1(q). By Sobolev’s trace theorem
we deduce that there exist three positive constants ¢; > 0, co > 0 and ¢z > 0 such that

[ vlleers) <e vy YveV, [[¢lleewy, <cll¥lw YieW,

40
19 o <cs | mlls ¥ e E. (40)

If (X, || . ||x) represents a real Banach space where X = V x W, we denote by C([0,T]; X)
the space of continuous functions from [0, 7] to X, with the norm

Yy = t
Il 2 lleqoim;x) o, | =(t) [ x,

and we use standard notations for the Lebesgue space L?(0,T;X) as well as for the
Sobolev space W12(0, T; X). In particular, recall that the norm on the space L2(0,T; X)
is given by the formula

T
Hwﬁwm=énwm&@

and the norm on the space W'2(0,T; X) is given by the formula

T T
nwmwwwzlnwm@a+lumwﬁm.

Finally, we suppress the argument X when X = R; thus, for example, we use the
notation W*2(0,T) for the space W'2(0,T;R) and the notation || . |ly1.2¢0,7) for the
norm || . [wiz(0,7.x) -

In the study of Problem P we assume that the viscosity coefficient satisfies
G € WH%(0,T) (41)
and the electric permittivity coefficient satisfies

a € L (Q) and there exists a® > 0 such that a (x) > a™ a.e. x € Q. (42)
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We also assume that the Lamé coeflicient and the piezoelectric coefficient satisfy

pw € L¥(Q) and p(x) >0 ae. x€Q, (43)
e € L¥(Q). (44)

The thermal tensor and the pyroelectric tensor satisfy

Me=| M, |, Me(zr,22): Q> R, M., € L=(Q). (45)

The boundary thermal data satisfy
h e Wh2(0,T; L3 (), 0r € WH?(0,T; L*(T's)), ke € L®(Q,RY). (46)

The thermal conductivity tensor verifies the usual symmetry and ellipticity: for some
¢k > 0 and for all & € R?,

K = (k'ij); kij = kji S LQ(Q), VCk > 0, fz S Rd; kzyflgj < Ck§i~§j- (47)
The forces, tractions, volume, and surface free charge densities have the regularity

fo € WYHO,T;L2(Q),  fo € WH(0,T; L*(Ts)), (48)
@ € Wh(0,T;L*(Q)), g2 € WH2(0,T; L*(Ty)). (49)

The electric conductivity coefficient and the friction bound function g satisfy the following
properties:

ke L*(T3) and k(x) >0 a.e. x€T}, (50)
g € L*([3) and g(x) >0 ae. x€Ts3. (51)

Also, we assume that the electric potential of the foundation is such that
o € WH2(0,T; L¥(Ts)). (52)

Finally, we assume that the initial data verifies

ug €V, 6y€ LQ(Q), (53)
and moreover,
a,u(anU)V +](U) 2 (f(0)7U)V7 YveV. (54)
We consider the functional j : [0,7] — R4 given by
i) :/ glvlda  Yoev, (55)
T3
and let f:[0,7] -V and ¢:[0,7] — W be defined by
(f@),v)y = / fo)vdz + | fa2(t)vda, (56)
Q Iy
@O ow = [ wwde— [ wwdas [ kor o vda (57)
Fh FB
Yo € V,¢yeW,vtel0,T).
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The definitions of f and g are based on Riesz’s representation theorem and by and
, we infer that the integrals above are well-defined and

foe Who0,T;V), (58)
qg € WY0,T;W). (59)

Next, we define the bilinear forms a, : V xV =R, a. : VX W =R, a} : W xV = R,
and a, : W x W — R, by the equalities

ay (u,v) = / uVu.Vou d, (60)
Q

ae (u,0) = / eVu.Vy dz = a} (¢, u), (61)
Q

ta(r9) = /Q V.V ds + /F kgt da (62)

for all u,v € V, p,vb € W. Assumptions f imply that the integrals above are
well-defined and when using and , it follows that the forms a,, a. and a} are
continuous; moreover, the forms a, and a, are symmetric and, in addition, the form a.
is W-elliptic since
* 2
aa (V,9) 2 " |[Ylly, Vo e W. (63)

By using Green’s formula, it is straightforward to derive the following variational
formulation of P. We denote by (, )y the duality pairing between V' and V.

Problem Py: Find a displacement field w : [0;7] — V, an electric potential
field ¢ : [0; 7] — W and a temperature field 0 : [0; T] — E such that

ap(ult), v —a(t) + (Jy Gt — s)u(s)ds, v —a(t))v + a; (¢ (t) v — i (1)) (64)
+(-A/lce(t)v’u - ﬂ(t))v +](U) 7](“(75)) > (f(t)vv - ’L'L(t))v Yu € ‘/7 te (07T)v

aa(%’(t)ai/})—ae(u(t)7¢)—(7>97v¢)1{:(Q(t)ﬂﬂ)w V’(/JEW, tE[O7T]7 (
0(t) + K0(t) = Ru(t) + Q(t)  inE', (66)
u(0) = uo, 6(0) = 6y in Q. (

Here, the function @ : [0,7] — E’ and the operators K : E - E', R:V — E'; M, :
E — V' are defined by Yv € V, Vr € E, Vu € E:

<Q(t)aN>E’xE:/ kcGRMdSJr/qudl’,
I's Q
4 ou Op
<KT7/~L>E/><E: E :Akija%axl dx—’_\/l_‘3 ch/,LdS,

ij=1
(Roup) g = [ heosbuds = [ (M. Vojuda,
(Mo, )y = (—7 Mo v)y.

Our main existence and uniqueness result is stated as follows.
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Theorem 3.1 Assume that —@ hold. Then there exists a unique solution
(u, 8, ) of problem Py. Moreover, the solution satisfies

u € WY0,T;V); o € WH(0,T; W), (68)
0 € WY2(0,T;E)NL*0,T; E) N C(0,T; L*()).
An element (u, ¢, #) which solves Py is called a weak solution of the mechanical

problem P. We conclude by Theorem 3.1 that the antiplane contact problem P has a
unique weak solution, provided that - hold.

4 An Abstract Existence and Uniqueness Result

The proof of Theorem 3.1 is carried out in several steps that we prove in what follows.
Everywhere in this section, we suppose that assumptions of Theorem 3.1 hold and we
denote by ¢ > 0 a generic constant, whose value may change from lines to lines.

In the first step of the proof, we introduce the set

W = {neW"0,T;X) | n(0) =0x}, (69)
and we prove the following existence and uniqueness result.

Lemma 4.1 For alln € W, there exists a unique element u, € W12(0,T; X) such
that

a(uy(t),v =1y (1)) + (1(t), v = iy (8)) x + j(v) = 5 (U (1))

> (f(t;,v—itn(t))x Vv e X, aetel0,T], (70)

uy(0) = uo. (71)

Here X is a real Hilbert space endowed with the inner product (.,.)x and the data
a is a bilinear continuous coercive and symmetric form.
Proof. We use an abstract existence and uniqueness result which may be found
in [2].
In the second step, we use the displacement field u,, obtained in Lemma 4.1 and we
consider the following lemma.

Lemma 4.2 For all n € W , there exists a unique solution

0, € WH2(0,T; E') N L(0,T; E) N C(0,T; L*(R)), ¢ > 0 ¥ € L*([0,T], V'),

satisfying
0,(t) + K6,(t) = Ru,(t) + Q(t) in E a.e. tel0,T], (72)
0 (0) = 6o,
t
O~ bl <€ [ lion(s) —elo)frds V€ 0.7), (73)
0
and

t
O~ bl < [ Jin ()~ tas)ffds et 0.7). (74)
0
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Proof. The existence and uniqueness result verifying follows from the classical
result for the first order evolution equation, applied to the Gelfand evolution triple

EcF=F cE.

We verify that the operator K : £ — E' is linear continuous and strongly monotone,
and from the expression of the operator R,

v, € WH2(0,T;V) = Ruv, € W"2(0,T; F),
as Q€ WY2(0,T; E), then Rv, +Q € WH2(0,T; E), we deduce and (see
(1)

In the third step, we use the displacement field u, obtained in Lemma 4.1 and 8,
obtained in Lemma 4.2 and we consider the following lemma.

Lemma 4.3 Foralln € W , there exists a unique solution o, € W20, T; W) which
satisfies

aa (on (1) ,¥) = ae (uy (1), ) = (PO, Vb)) iy = (q (1) ,¥)y, VO €W, €0, T]. (75)

Moreover, if p,, and ppa are the solutions of (4.7) corresponding to ni, n2 € C([0,T],V),
then there exists ¢ > 0 such that

[ens (8) = @na Ol < ellug, () =g, @)y, E€[0,T]. (76)

Proof. Let t € [0,T]. We use the properties of the bilinear form a, and the Lax-
Milgram lemma to see that there exists a unique element ¢, (t) € W which solves
at any moment ¢ € [0, T]. Consider now t1,ts € [0, T]; using (75)), we get

Qo (‘Pn (t1),9) — ac (Un (t1),9) —( PO, (t1) ,V¢)H (77)
=(q(t1),¥)y YW, t; €[0,T],
Qo (‘Pn (t2) ) — ae (un (t2) 7"/)) - ( 7397, (t2) avw)H (78)

Using , and , we find that

e t) —e )l < el lu(t) —u)lly +lla ) =gy +
1Pl ey 18 (41) = 6 (E2) 2y ) 10 (82) = 0 (£2) 1y
and using we find that
o lle(t) =)l < (lellpme llu(t) —ult)lly +lla(t) = q(t2)lly +
121l oo () lw (B1) = w(E2)lly ) [l (B1) — 0 (E2) [y -

It follows from the previous inequality that

[ (t1) = @ ()l < c(llu(t) —ult2)lly +lla () —q(E2)llw)- (79)

Then, the regularity u, € W2(0,T; V) combined with (59 ) and (79) imply that ¢, €
W2(0,T; W), which concludes the proof.
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Now, for all n € W, we denote by u, the solution obtained in Lemma 4.1, by 6,, the
solution obtained in Lemma 4.2 and by ¢, the solution obtained in Lemma 4.3.

Step 4: In the fourth step, we consider the operator A : W — W.

We now use Riesz’s representation theorem to define the element An () € W by the
equality

(An(t), w)w = (/0 G(t = s)uy(s)ds — Mcby, w)v + ag (¢ (t) , w) (80)
Yn € W, weV, tel0,T].

Clearly, for a given n € W, the function ¢ — A7 (¢) belongs to W. In this step we show
that the operator A : WW — W has a unique fixed point.

Lemma 4.4 The operator A has a unique fixed point n* € W such that An* = n*.

Proof. Let n1,m2 € W and t € [0,T]. In what follows we denote by u;, §; and ¢; the
functions u,,, 6,, and ¢, obtained in Lemmas 4.1, 4.2 and 4.3, for i = 1, 2. Using
and ([61)), we obtain

1A (£) = Az (D)1 (81)

t
< C( / lu (s) = ua ($)[% ds + (101 — 0217 + llee, (2) — 2, (t>||€v) vt e [0,T].

The constant C represents a generic positive number which may depend on
||9||W1,2(07T), T, m;; and e, and whose value may change from place to place.

Since u,, € W2(0,T;V) and ¢, € WH2(0,T; W), we deduce from inequality
that A, € W12(0,T;V). On the other hand, and arguments similar to those used
in the proof of yield

le (@) =, Dl < Clluy () = u, @y - (82)
Using now in 7 we get
| Amy (8) = Amz (D)%
t t
< C ( / lur (s) = u2 ()15 ds + / i (8) = o (8) % ds + [lu, (1) = w, <t>||"‘v) .

Using the norm on the space W2 (0,7, X), we deduce that

1A (8) = Az (D) < Cllun () —ua (s)[% ds V£ €[0,T]. (83)
Taking into account , we have the inequalities

a(ur(t), v — () + (n(t),v — wa(8)) x +5(v) — (@ (1))
> (ft),v—u(t)x YoeX, tel0,T],

and

a(uz(t),v —uz(t)) + (n2(t), v — u2(t))x +j(v) — j(ta(t))
> (f(t),v—1a(t))x Yoe X, tel0,T],
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forall v € X, a.e. s € [0,T]. We choose v = 12(s) in the first inequality and v = 11 (s)
in the second inequality, add the result to obtain

1 2 . .
3 llur () —uz (s)llx < = (m (s) =12 (5) i (s) =2 (5))x ae. s €[0,T].
Let ¢t € [0,T]. Integrating the previous inequality from 0 to ¢ using , we obtain

i (012 01 < = 010010 )0
fo(ﬁl(sf 2 (s) 1()*“2()) ds.

We deduce that

Ol () — ua O < o () = m2 (Bl x [lua (2) = uz ()]
+ Jo i (s) = 12 () x llua (s) — w2 ()l ds.

Using Young’s inequality, we get

b )@l <Cm 0 - Ol s )= o gy
+ ol (5) = wa (% ds).

On the other hand, as

M (8) — 72 () = / i (3) — 72 (s) ds,

we can obtain

t
Iy (8) =2 (D)]1% < C/O 71 (5) =72 ()] % ds. (85)
Using now in , we have
t t
o () =2 (1% < CC[ i () = )1 st [ s () = ()1 ).
Taking into account Gronwall’s inequality, we deduce
t
[ () = us (B)[I% < C/O 1 (s) =72 ()% ds. (86)
From , , we obtain
t
A (0) = A (015 <€ [ i (5) = (9] ds:
0
Iterating the last inequality m times, we infer

t S1
[A™ 0y (1) — A™ns (1) |5 gcm/o /0 ..... /0 71 (5m) = 72 ($m) || % dSmeeeedsy,

where A™ denotes the power of operator A. The last inequality gives

m m 2 cnrm 2
[A™n1 (8) — A" n2 (D) [wr20.m:x) < e [ (¢) = m2 (D Ilwr20.7,x) -



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) 487

which implies that for m sufficiently large, the power A™ of A is a contraction in the
Banach space, since

me
lim ¢ =0,
m—oo  m)

it follows now from Banach’s fixed-point theorem that there exists a unique element
n* € W such that A™n* = n*. Moreover, since

A™ (An") = A(A™n") = An",

we deduce that An* is also a fixed point of the operator A™. By the uniqueness of the
fixed point, we conclude that An* = n*, which shows that n* is a fixed point, we conclude
that An* = n*. Step 5: In the fifth and last step of our demonstration, we have now all
the ingredients to provide the proof of Theorem 3.1.

Existence. Let n* € W2 (0,T;V) be the fixed point of the operator A, and let Uy,
0« and ¢, be the solutions defined in Lemmas 4.1, 4.2 and 4.3, respectively, for n = n*.
It follows from that

t
(" (t), wyv = (/ G(t — s)un=(s)ds — McOy, w))v + a; (@y- () ,w) Yw eV, t € [0,T],
0
(87)
and, therefore, (64)), (, and imply that (w,«,0,-,¢y+) is a solution of problem
Py . Regularity (68]) of the solution follows from Lemmas 4.1, 4.2 and 4.3.
Uniqueness. The uniqueness of the solution follows from the uniqueness of the fixed

point of the operator A. It can also be obtained by using arguments similar to those used
in [20] and [9].

5 Conclusion

This work models the phenomenon of contact with friction between a cylindrical body
and a foundation. These contact phenomena abound in industry and in everyday life, so
they play an important role in the behavior of mechanical structures.

The envisaged mechanical model is an antiplane one. We recall that the antiplane
shear deformation is the expected deformation of a very long cylinder loaded in the
direction of its generators. In such a model, the displacement vectorial field is parallel to
the generators of the cylinder and it is independent of the axial coordinate. Due to their
simplicity in the writing of the equations without loss of physical relevance, antiplane
models have enjoyed special attention in recent years. The antiplane models appear in
the technical literature in engineering, describing the functioning of various mechanisms,
and in geophysics, focusing on the deformation of the tectonic plates, and in particular,
on earthquakes.

The novelty of the result obtained is the coupling of an electro-viscoelastic problem
and a thermal effect.

The problem is formulated as a coupled system of evolutionary variational inequality
for the displacement field with a time-dependent variational equation for the electric
potential field and the heat equation for the temperature. We establish a variational
formulation for the model and we prove the existence of a unique weak solution to the
problem.
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Abstract: In this work, we consider a control system governed by a dynamic equa-
tion with memory. We obtain conditions under which the system is approximately
controllable and approximately controllable on free time. In order to do this, we
use a technique developed by Bashirov et al. [4H6], where we can avoid fixed point
theorems. But first of all, we prove the existence and uniqueness of solutions of the
system and after that, we prove the prolongation of solutions under some additional
condition. Finally, we present several examples to illustrate the applicability of our
results.

Keywords: controllability; semilinear dynamic equations; memory; time scales.
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1 Introduction

Control theory addresses how a system can be modified through feedback, in particular,
how an arbitrary initial state can be directed either exactly or approximately close to
a given final state using a control in a set of admissible controls. In the last decades,
control theory of dynamic equations on time scales has attracted the attention of several
researches, because this is a powerful tool that allows to study from a unified point of
view controllability of continuous systems, discrete systems, systems in which the time
variable can vary both continuously and discretely, as well as other types of time variables.
Among the works made, we can cite Bartosiewicz |1] who explored linear positive control
systems, Bartosiewicz and Pawluszewicz [2,3] reviewed linear systems, Janglajew and
Pawluszewicz |15] analyzed constrained local controllability of linear dynamic systems,
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Bohner and Wintz [8] studied controllability and observability of linear systems, Grow
and Wintz [13| proved existence and uniqueness of solutions to a bilinear state system
with locally essentially bounded coefficients on an unbounded time scale. Approximate
and exact controllability of semilinear systems on time scales was studied by Duque,
Leiva and Uzcategui in [10[11], Malik and Kumar in [18] established exact controllability
for time-varying neutral differential equations with impulses. More works can be seen
in [9L]17L|19] and references therein.

In this regard, in this paper, we will consider a control system governed by the
dynamic equation with memory

22 (t) = — A(1)2°(t) + B(t)u(t) + a/t M(t,8)g(s, zr(s))As

+0f(t2(1),ult), >t >0, (1)

Z(t) :(;S(t), te [T(tO)atO}Ta

where 2(t) € R™ is the state function, z,(t) = 2(7(¢)), and 7 : T — T is the delay
function which is increasing and unbounded on T such that 7(t) < ¢ for t € T (see [12]).
A € R(T,R™"), B € R(T,R"*™), the control u € LA (T,R™), M : Tx T — R is a
function that is locally essentially bounded on T x T, the functions f : TxR™ xR™ — R"™,
g : T xR"™ — R"™ are rd-continuous and there exist rd-continuous functions Ly, L, : T —
R* such that

Cl) Hf(t,z7u) - f(hé,’ﬁ)” < Lf(t)(”Z - 2” + Hu - 7:L||)7 with f(t,0,0) =0,
C2) [lg(t,z) — g(t, 2)|| < Ly(t) ||z — Z[|, with g(¢,0) = 0.

The function ¢ lies in the space Cyq([7(t0), to]T, R™), which is a Banach space endowed
with the norm

16llg = sup{l¢()]| = ¢ € [T(to), o]}

In this paper, we suppose that the time scale T satisfies —oo < 7(tp) < sup T = 0.

The main goal of this work is to study controllability of system . Specifically, we
shall show that under certain conditions, controllability of the associated linear system
implies controllability of the semilinear dynamic equation with memory. In order to
prove this assertion, we impose some conditions on the nonlinear terms presented in the
system, and then apply a direct approach developed by A. E. Bashirov et al. (see [4H6])
to avoid fixed point theorems, and approximate controllability is achieved. But before
that, we prove existence, uniqueness and continuation of solutions of the system. Finally,
we consider some examples in which our results can be applied.

2 Preliminaries

Before studying system , we give a brief introduction to the calculus on time scales,
especially to clarify notations and definitions, which will help for a better understanding
of the reader. For more details about time scales theory, we recommend the excellent
monograph [7].

Time scales theory was introduced by Stefan Hilger (see [14]). We define a time scale
as any arbitrary nonempty closed subset of R, this set is denoted by T. For every ¢t € T,
the forward and backward jump operators o,p : T — T are defined, respectively, as

o(t)=inf{s € T:s>t} and p(t)=sup{seT:s <t}
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A point ¢ € T is said to be right-dense if o (t) = ¢ and ¢ < sup T, right-scattered if o (¢) > ¢,
left-dense if p(t) = t and ¢t > inf T, left-scattered if p(t) < ¢, isolated if p(t) < t < o(%).
The function p : T — [0,00) defined by p(t) := o(t) — ¢ is known as the graininess
function. It is assumed that T has the topology inherited from standard topology on the
real numbers. The time scale interval [a, b]r is defined by [a,blr = {t € T:a <t < b},
with a,b € T, and similarly we define open intervals and open neighborhoods.

Definition 2.1 (See [7]) A function f : T — R™ is said to be right-dense continuous,
or just rd-continuous, if f is continuous at every right-dense point ¢ € T and lim f(s)
s—t—

exists (finite) for every left-dense point ¢t € T. The class of all rd-continuous functions
f: T — R" is denoted by Ciq(T,R™). We define f7 : T — R™ by f7 = f oo. We define
the set T® by T% =T \ (p(sup T),sup T] if T has a left-scattered maximum, and T* =T
otherwise.

Definition 2.2 (See [7]) A function f : T — R” is called delta differentiable (or
simply A-differentiable) at ¢ € T* provided there exists f(t) with the property that
given € > 0, there is a neighborhood U = (t — d,¢ + J) for some § > 0 such that

|l fo@) = f(s) — A (a(t) — s)|| <elo(t) — s)| forall s € U.
In this case, f2(t) is called the A-derivative of f at t.

If f is A-differentiable at ¢ € T", then it is easy to show that (see |7, Theorem 1.16])

f7) = J) 0;2)_];(” if o(t) > t,
A1) =
lim L0 =) o(t) =t.

s—t t—s

Definition 2.3 (See [7]) A function F' : T — R” is called an antiderivative of f :
T — R™ if FA(t) = f(t) for all t € T*. The Cauchy integral is defined by

t
/ f(r)ATr=F(t) - F(s), t,seT,
S
where I is an antiderivative of f.

A function p : T — R is said to be regressive if 1+ u(¢)p(t) # 0, ¢t € T, and positively
regressive if 1+ p(¢)p(t) > 0, t € T. We will denote by R the set of all regressive and
rd-continuous functions, and by R the set of all positively regressive and rd-continuous
functions.

Definition 2.4 [See [7]] If p € R, then the generalized exponential function is defined
by

cottos) =esp ([ t £ (D))

where

m

Log(1+pz) i
>0,
z) =
() { N

where z € C,, :={2 € C: 2z # 1/u} and Logz = log |z| + iargz, —m < argz < .
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Definition 2.5 (See |7]) Let A be an n x n matrix-valued function on T. We say
that A is rd-continuous on T if each entry of A is rd-continuous on T, and the class of all
such rd-continuous n X n matrix-valued functions on T is denoted by Cyq (T, R™"*™). A is
called regressive (with respect to T) provided I + u(t)A(¢) is invertible for all ¢ € T*, and
the class of all such regressive and rd-continuous functions is denoted by R(T,R™*™).

Let tg € T and A be an n x n regressive matrix-valued function defined on T. Then,
the unique solution of the initial value problem

X2 = AWX, X(to) =1,
is called the matrix exponential function, denoted by e4(¢,to), and satisfies the properties

a) eo(t,s) =1 and ex(t,t) =1,

where for A, B € R(T,R"*"),
A®PB=A+B+puAB and ©A=—(I+pA) 1A

3 Existence and Uniqueness

In this section, we show existence and uniqueness of solutions for system . The next
theorem is a consequence of straightforward computation.

Theorem 3.1 Consider a controlu € LA (T,R™). Then z is a solution of system
if and only if z satisfies the integral equation

é(1), tG[T(to)yto]tnr,

conlts to)(to) + / eca(t, ) B(s)u(s)As

2(t) = +a / e@A(t,s)[ T M(s, €)g(€, 2 (€) AL | As (2)
t% to

+b/t ecalt,s)f(s,z(s),u(s))As, t>t.

0

For fixed n > tg, we denote

M, = sup{lleca(t,s)]| : t,s € [to,nle}, M = sup{[|M(t,3)] : t,5 € [to.7)r},
Ly =sup{Ls(t):t € [to,mir}, Ly =sup{Ly(t) : t € [fo,mlr).

Theorem 3.2 Suppose there exists n > to such that
M, (la| MLgn + (b L) n < 1. (3)

Then, for any ¢ € Cra([T(to),to]T,R") and u € L (T,R™), system has a unique
solution through (to, @) defined on [T(to),n]T.
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Proof. Let n > ty be such that holds and consider ¢ € Cya([7(t0), to]T, R™) and
u € L% ([to, n]T, R™). Now, finding a solution of system through (to, ¢) is equivalent
to solving the integral equation . In order to do this, we consider the function space

Cra, ([7(to); nlm, R") = {z € Cra([7(to), nlr, R™) = 2() = ¢(t) for t € [7(to), tolr},

which is a Banach space endowed with the norm ||z||, = sup{||z(¢)|| : t € [7(to),n]r}, and
we show that the operator

T : Cra,([T(to), n]r, R™) — Cra, ([7(t0), n]T, R™)
defined by
o), te [T(tO)ato]tT,
cealt.to)ol) + eoalt ) Blu(s)As

+a/ eeAu,s)[ T M(s,©)g(¢. 21 (€)AE| As @

t% to
—|—b/t ecal(t,s)f(s,z(s),u(s))As, t € [to,nT

0

has a unique fixed point. Indeed, if ¢ € [r(¢o),to]T, then (T2)(t) = ¢(t) = 2(¢). If
t € [to,n]t, then for z, Z € Cyq, ([7(t0), n]r, R™) with z # Z, we have

I(T2)®) - (T2)0)
<tal [ llecatt.9)| [ [ 16,1 lote =€) - gte. )] Ag] As

[ lleoalt 0 s 260, 0) — 0,506 u(o)] A
<l | leealt )l [ / ML,(&) [2(r(€)) — 2 (&) Ag] As
#1 [ lleonlt ) Ls(6) 269~ )] A
<la M A RN PN /t:Meif Iz — 2, As

t
<lol [ MMy |z~ . As-+ b M.Lpn ]z - 2],
to
<M. (la| MLgn +[b| L) ||z = 2], -
Therefore, using 7 we have
|72 =Tz, < M. (jol MLyn+ bl L) nllz — 2], < == 2.,

so that 7T satisfies all assumptions of the Banach contraction theorem, and therefore,
T has only one fixed point in the space Ciq,([7(t0), n]T, R™), which is the solution of
problem (]

Definition 3.1 We shall say that [r(t9),n)r is the maximal interval of existence of
the solution z of system if there is no solution of on [7(to),n*)r with n* > n.
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Theorem 3.3 If z is a solution of system . on [7(to),n)T and n is mazimal, then
either n = 0o or z(t) is not bounded on any neighborhood of 7.

Proof. Suppose that n < oo and there is a neighborhood U of 1 such that ||z(¢)|| < R
for t € U. In this case, we can suppose that ||z(¢)|| < R for all t € [r(to),n)r. If n is
left-dense, then there is an increasing sequence {n}r>1 such that klim . = n and

- —00

lim z(ng) = 2z* for some z* € R™. We shall see that lim z(t) = z*.
k—o0 t—n—
Let € > 0 be small enough. Since klim . = 1n, we can take ,, € (n—¢&,n)r such that
— 00
lz(ny) — 2*|| < e. For t € (n —e,n)r with t > n,,, we have
12(8) = 27l < [l2(8) = ()l + lz(nx) = 2711 -

Now,

12(8) = 2(n)]l < lleca(t,to) — ecaliy, to)ll [[6(to)ll

+ /nN leca(tss) —ecalny, s)| [ B(s)[ [u(s)]| As

to

tlal [ lleealt.s) — ecalny . s [/ 1M (s, &)l lg(€, 2 ()] Aé] As

to

+ [0l " leca(tss) —ecalny, s)| (s, 2(s), uls))|| As

to

+/ leealt, s)I1B(s) uls)]| As

N
t

Flal [ lleontt, )] [ / 1M (s, )] 196, 2 ()] Ag] As

t

101 | llesa(t, )11 (s, 2(s), u(s))|| As

N
<lleca(t to) — ecal(ny, to)ll lo(to)]

+ /nN leca(tss) —ecalny, s)| [ B(s)[ [[u(s)]| As

to

Flal [ lleoa(t, s) — ecn(ny. o) [ / ML= (©)] Ag] As

to

+ [0 tnN lleca(t,s) = ecaliny, s)l Ly(ll2(s)]l + [lu(s))As

leea(t, s)I 1 B(s)l lu(s)]| As

vl [ eontts)] [/ ML, | <>>||A§]As
ol [ lleontt ) Zr(l=(s)] + u(s))As

<llesa(t,to) = ecalny, to)ll [[o(to)ll

<[ leca(t, s) = ecalny, ) [1B(s) [lu(s)]| As

to
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,,] —
+lal [ lleca(t,s) —eca(ny,s)| MLyRsAs
to

n _
10l [ lleca(t, s) —ecalny, )l LR+ [lu(s)])As

to

n n _
+ M. ||B(s)|| ||u(s)|| As + |a] M.MLyRsAs

N N

"] —
+ ol [ MeLg(R A+ |lu(s)])As.

N
Hence, we get that, if n, — n, then ||z2(¢) — z(nn)|| — 0,80 lim z(t) = z*, and therefore,
t—n—

z(t) can be continued beyond of 7, contradicting our assumption.
If n is left-scattered, then p(n) € (to, n)T so that the solution z exists also at 7, namely,
by putting

z(n) =[I + u(p(n))A(p(n))}l{Z(p(n)) + u(p(n) B(p(n))u(p(n))

p(n)
+ap(p(n)) M(p(n),s)g(s, zr(s))As + bu(p(n)) f(p(n), z(p(n)), U(p(n))},

to

which is a contradiction.
Theorem 3.4 If there exists A-differentiable ¢ : [tg,00)T — RT such that

lg(t, 2)Il < (1), ()
then the solution of system is defined on [T(to), 00)T.

Proof. Suppose that z(t) is defined on [7(tp),n)r with n < co. Then, for t € (¢, n)T,
we have

201 < llewalt, o)l 6(to) | + / leaatt,s) | 1B ()] As
+lal [ leaatt ol | [ 165, €)1l ()] a€] s
#1 [ ean(t. 1o e
<ot + | M 1B o as-+ 1o [ o1 [ [ 30188 2s
T b / ML;()(12(5)]| + lu(s)]) As
<M, l6(to)l| + / (M. B + bl ML) Ju(s)]| As + o / M, Mp(s)As

t
+ |b|/ MLy ||z(s)| As.
to
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By using Gronwall’s inequality (see |7, Corollary 6.8]), we obtain
_ ; )
[2(0)]] < | Me [l¢(to) | +/t (M | B(s)]| + [b] Ly M) [[u(s)]| As
L 0

7
—|—|a\/ MeM@(s)As}ewwa(t,to)
to

<[t + [ (3 1B+ 1M L) [uts)] s
n
ol | MeMso<s>As}e|b|LfM<n,to>.

This implies that ||2(¢)]| stays bounded in any neighborhood of 5. So, from Theorem (3.3
we get n = oco. This completes the proof.

4 Controllability of the Linear Equation

In order to study controllability of system , in this section, we shall present some
characterization of controllability of a linear system associated to , namely,

{zA(t) = —A@)2°(t) + Bt)u(t), te€ 8], ©)

2(0) = 2°.

The results presented in this section can be seen in |11], of course, with obvious modifi-
cations.

Note that, for all 2 € R™ and u € L2 ([6,n]r, R™), the initial value problem ([6])
admits only one solution, which is given by

2(t) = epa(t, 6)2° +/6 ecAl(t,s)B(s)u(s)As. (7)

Definition 4.1 We say that (6]) is controllable on [4, 7]y if for every 292! € R",

there exists u € L2 ([6, n]r, R™) such that the solution z of (6) corresponding to u satisfies

2(n) = 2.

Definition 4.2 For the linear system @, we define the following concepts:
1) The controllability operator B" : LZ ([, n]r, R™) — R™ is defined by

B = /; eca(n, s)B(s)u(s)As. (8)

2) The Gramian map is defined by Lgn = B15"*.

Proposition 4.1 The adjoint B"™ : R™ — L2 ([§,n]r, R™) of the operator B" is given
by
(B™2)(t) = B*(t)eg a(n, 1)z

and

n
ngnz:/ eca(n,s)B(s)B*(s)es 4 (n, s)zAs.
s
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Theorem 4.1 System @ is controllable on [0, n]t if and only if one of the following
statements holds:

1) Range(B") = R",
2) (Lpnz,z) >0 for every z € R™ \ {0},
3) there exists v > 0 such that ||B""ZHL2A > v lz|| for every z € R™,

4) Lpn is invertible. Moreover, G, = B"*Egnl is a right inverse of B, and the control
u € L& ([0,n]r,R™) steering the system from the initial state 2° to a final state z* is
given by

u=B"Lg (2" —eca(n,8)z°). (9)

5 Approximate Controllability of the Nonlinear System

Definition 5.1 (Approximate Controllability) System is said to be approxi-
mately controllable on [tg, ]t if for every ¢ € Cra([7(to),to]T,R™), 2* € R™ and € > 0,
there exists a control u € L2 ([to, n)T, R™) such that the solution z of corresponding
to u satisfies

z(to) = ¢(to) and |z(t) — 2| <e.

Theorem 5.1 Suppose the system is defined on [to,n]r, where n is such that
1s satisfied. Assume that

i) n is left-dense,

i) there exists A-differentiable o : [to,n]r — RT such that ||g(t,2)|| < > (t) for all
te [th 77]11‘;

iii) there exists rd-continuous ¥ : [to,n]r — RT such that ||f(t, z,u)|| < ¥(t) for all
t € [to, nlr-

If the linear system @ is controllable on [0,n]t, with tg < § < n, then system 18
approximately controllable on [ty n]r.

Proof. Given ¢ € Cua([7(t0),to]r,R"), a final state 2* and ¢ > 0, we want to find
a control u® € L% ([to, n]r, R™) steering the solution of system ((I)) to an e-neighborhood
of z! at time 7. Indeed, let € > 0 and consider a control u € L% ([to, n]t, R™), arbitrary
but fixed, and the corresponding solution z(t) = z(t,to, ¢, u) of system (I). Since 7 is
left-dense, there exists d. € (to,n)r such that

I3
Mc(|a| M@ + [b]¥)’

where ¢ = sup{p(t) : t € [to,n]r} and ¥ = sup{(t) : t € [to,n)r}. We define the control
u® € LA([(to), nlr, R™) by

W) = {u(t) if ¢ € [to, dclr, 10)

N —0: <

ﬂ(t) ifte (66777]Ta

where
i(t) = B*(t)es a(n,t) Lga (2" — eca(n, 6-)2(62))
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is the control steering the solution of system (6]) from the initial state z(d.) to the final

state 2 on [d., n]r. The corresponding solution 2% (-) = 2% (-, g, ¢, u?) of problem at
time 7 can be expressed by

(1) =eca(n)olta) + [ " eoa(n.5)B(s)u () As
= " eonn.s) [ / " M(s,0)g(e, 2 <@>A5} As

w0 [ oalns) (s, () (9) s
0 N
=ec (1, 0:) {eeA(557to)¢(to) +/t eca(de, 8)B(s)u(s)As
de s
va [Ceontinn)| [ Mis. a6 se)ag| as
/065 0
+ b/t e@A(ée,s)f(s,z(s),u(s))As}

+ /: eca(n, s)B(s)u(s)As —i—a/é” eca(n, s) [/t: M(S,f)g(f,zfa(f))Ag As

= €

’ b/; eca(n, s)f(s. 2% (s), i(s))As

€

o a(n,6.)2(6.) + /5 o (n,5)B(s)ii(s) As

ra [ ccatno)| [ M. ale 5 ©)a¢] as

€ to

- b/; eoa(n, 5)f(s, 2% (s), a(s))As.

e

On the other hand, the corresponding solution y(-) = y(-,dc,y(d:), @) of initial value
problem @ at time t = n is given by

) = cealn.8u(6:) + [ e (n.5)B(s)ii(s) As.

Since the linear system () is controllable on [d.,n]r, we have that y(n) = z'. Taking
y(de) = 2(0:), we get

%)~ =) <ol " lleoa(n s)l [ / 1M (s, 6] |96, )| Ag] As
+lo [ " llean(n s)| | £(s, 2% (), i(s))|| As
<l [ ", [M / s wﬁmf} Aselo [ " Mop(s)As

n n
<lal / M. M(s)As + [b] / Metp(s)As
[ Se
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<M, (Ja| M@ + |b] ) (n — 6:) <e.

So we get that system is approximately controllable.

6 Approximate Controllability on Free Time
In this section, we prove the approximate controllability on free time of the system

{Z%) = —A()27 (1) + B(tyu(t) + bf (t,2(t), u(t), t=1to >0, an

2(ty) = 29,
which is the system without memory (i.e., taking a = 0).

Definition 6.1 (Approximate Controllability on Free Time) System is said to
be approximately controllable on free time if for every 20, 2! € R™, and € > 0, there exist
n € T and u € LA ([to, n]r, R™) such that the corresponding solution of satisfies

|z(m) — 2| <e.
Theorem 6.1 Suppose that
i) There exists M, > 0 such that |leca(t,s)|| < M, for allt,s € T,

ii) there exists rd-continuous v : [tg,00)r — RY such that

£t z,u)|| < (t)  with Oow(s)As < 0.

to

If the linear system @ is controllable on each interval [0,n)r, then the system 18
approzimately controllable on free time.

Proof. For € > 0, zp € R™ and a final state z', we want to find n > ¢y and a control

u® € L% ([to, n]T, R™) steering the solution of system to an e-neighborhood of z! at
o0

time 7. Since / P(s)As < oo, we can choose d.,m € T big enough with tg < 6. < 7

to
such that

n €
/55 P(s)As < 7|b| A

Now, defining u® € LA ([to, n]T, R™) as in and proceeding similarly as in the proof
of Theorem we have

|2 () = 21| < o| /; lleca(m, s)I1[|£ (s, 2% (s), a(s)) || As < e.

So we get that system is approximately controllable on free time.
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7 Examples

Example 7.1 Let us consider the time scale T = Py = [J3—[2k, 2k + 1] and the
control system
t

22(t) = —27(t) + 2u(t) + ﬁ/ eo1(t, s)sin(s) sin(z(s/5))As

& cos(t) sin(=(t) +ult)), ¢ e (1,5, (12)
2(t) = (1), te(z 1,
where to = 1, 7(t) = £, M(t, ec1(t,s), g(t,z) = sin(t)sin(z), f(t,z,u) =
cos(t) sin(z(t) + u(t)), A(t) =1,

5) =
B(t) =2 and ega(t,s) = ec1(t, s). Since
)< Isin(®)[ |z = 2], g(¢,0) =0,

lg(t,2) —g(t, 2
) < feos(®)] (2 — 5H +llu—all), f(t0,0) =0,

Hf(t,Z7’U,) - f(t72a
and M. (|a| MLyn + |b| n <
solutions for problem ((12) on [%

lg(t, 2)|| < @2(t) forall tel[l,5)r with o(t)=t,
lf(t,z,u)|| <(t) forall ¢e[l,5]r with w(t)=1.

Theorem |[3.2[ ensures existence and uniqueness of

1
2
5]r. On the other hand,

5
Furthermore, Lgs = 4/ es(1e1)(5,8)As > 0, so this operator is invertible, and hence

€

the linear system

2(6.) = 2°,

is controllable and, since = 5 is left-dense, by Theorem system is approximately
controllable on [1, 5].

{ZA(t) = —27(t) + 2u(t), t€ [6.,5]m,

Example 7.2 Let us consider the time scale T = {3 : n € Ny} and the control
system

2A(t) = —22° U i anh(z 7u(t)

(t) 227(t) + u(t) + a2 <t h(z(t)) + T +u2(t)) , t>1, 1)
(1) = 2o,

where f(t,z,u) = 35 (tanh( )+ 357 ), A(t) =2, B(t) = 1 and eca(t, s) = esa(t, s). It

is easy to see that the solution of (L3]) is defined on [1,00)r. On the other hand, we have

£tz u)l < 55 [ltanh(2) + SU() with () =5 and /100?; <o

14 u2

For 1 > d., the linear system

ZA(t) - 7220(15) + U(t)7 te [56377]11'7
2(0.) = 20,

n

is controllable since the operator Lgn = / es(2@2) (1, 5)As is invertible. Hence, by
O

Theorem we have that system is approximately controllable on free time.
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8 Conclusion and Final Remark

In this paper, we study a control system governed by a dynamic equation with memory on
time scales. Specifically, first of all, we prove existence and uniqueness of solutions, then
under an additional condition, and by applying Gronwall’s inequality on time scales, we
prove the prolongation of solutions. After that, we prove approximate controllability of
the system assuming that the associated linear control problem on time scales is exactly
controllable on [d, 9], for any & € (to,n)r with n being a left-dense point. In the case
where the time scale does not have left-dense points, we consider the system without
memory and we prove, under additional conditions, controllability on free time, i.e., we
prove the existence of a time 7 such that the system is approximately controllable.
For difference equations, approximate controllability on free time was introduced by
Uzcategui and Leiva in [16]. Finally, two examples show that our results are feasible. Of
course, this work can be extended to evolution equations with memory on time scales in
infinite-dimensional Banach spaces using strongly continuous semigroups on time scales
approach.
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Abstract: We consider a dynamic contact problem between a piezo-thermo-elastic-
viscoplastic material with damage and a rigid obstacle. The contact is frictional and
bilateral, the friction is modeled by Coulomb’s law with heat exchange. We employ
the electro-elastic-viscoplastic with damage constitutive law for the material. The
evolution of the damage is described by an inclusion of parabolic type. We establish
a variational formulation for the model and we prove the existence of a unique weak
solution to the problem. The proof is based on a classical existence and uniqueness
result on parabolic inequalities, differential equations and a fixed point argument.
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1 Introduction

Because of its considerable impact in everyday life and its multiple open problems, con-
tact mechanics still remains a rich and fascinating domain of challenge. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling, the
mathematical analysis as well as the numerical approximation of the related problems.
For example, many food materials used in process engineering are elastic-viscoplastic [14]
and consequently, mathematical models can be very helpful in understanding various
problems related to the product development, packing, transport, shelf life testing, ther-
mal effects, and heat transfer. It is thus important to study mathematical models that
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can be used to describe the dynamical behavior of a given elastic-viscoplastic material
subjected to various highly nonlinear and even non-smooth phenomena like contact, fric-
tion, lubrication, adhesion, wear, damage, electrical and thermal effects. The uncoupled
thermo-viscoplastic models were obtained in [13]. Different models have been devel-
oped to describe the interaction between the thermal and mechanical field [6]. The new
papers use several types of contact for coupled materials such as thermo-mechanical,
electro-mechanical and thermo-electromechanical materials. For the thermo-mechanical
materials, a transmission problem in thermo-viscoplasticity is studied in [11], a thermo-
viscoelastic body is considered in [5], several problems for thermo-elastic-viscoplastic
materials are studied in [6H8]. For the electro-mechanical bodies, many laws of behavior
are considered by many authors, see for example [1,[2}|9L|12] and references therein.

Realistically, it may be impossible to predict the electro-mechanical behaviour without
thermal considerations. To achieve this, the authors have started to study a new model
for thermo-electro-mechanical behaviour, see for example [4]. The aim of this paper is to
study a frictionless contact problem for elastic-viscoplastic materials with piezoelectric
effect, also called electro-elasto-viscoplastic materials. To this end, we consider that the
material is electro-elasto-viscoplastic with an internal state variable o which may describe
the damage of the system caused by elastic deformations and thermal effects. The main
difficulty is that Korn’s inequality cannot be applied any more. For this proposal, fol-
lowing the technique already developed by Duvaut and Lions [10] for Coulomb’s friction
models, we use the inertial term of the dynamic process to compensate the loss of coer-
civeness in the a priori estimates. By the change of variable, we bring the coupled second
order evolution inequality into a classical first order evolution inequality. After this, we
use classical results on first order evolution nonlinear inequalities, a parabolic variational
inequality and equations and the fixed point arguments. Existence and uniqueness results
for the boundary value problem for thermo-electro-viscoelastic materials were obtained
by many authors using different functional methods. The novelty in this paper is to
make the coupling of an electro-elasto-viscoplastic problem with damage and thermal
effect. We employ the thermo-elastic-viscoplastic with damage constitutive law for the
material. The damage of the material is caused by elastic deformations. The evolution
of the damage is described by an inclusion of parabolic type. The problem is formulated
as a coupled system of an elliptic variational inequality for the displacement, a parabolic
variational inequality for the damage and the heat equation for the temperature. We
establish a variational formulation for the model and we prove the existence of a unique
weak solution to the problem. A new law of behaviour for the so-called thermo-electro-
elastic-viscoplastic material is given by

o (t)=A(e(u(t)))+Beult), a()+ /O G (r(s) = Ale(ult))), & (u(5))) ds+E" Vip (£-MB (1),
(1)
D(t) = Ee(u(t)) =BV (o (1)) =PO (1), (2)

where A and B are nonlinear operators describing the purely viscous and the elastic
properties of the material, respectively, G, E(¢) = =V, € = (e;j1), M, B, and P are the
relaxation operator, electric field, piezoelectric, thermal expansion, electric permittivity
and pyroelectric tensors. £* is the transpose of £.

Many types of evolution of the temperature field are given by several authors, see for
example [4,/5,8]. In this paper, we use the evolution of the temperature field obtained
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from the conservation of energy and define it with the following differential equation:

0(t) — div(KVO(t)) = —MVa(t) + q,

where 0 is the temperature, X denotes the thermal conductivity tensor, M is the thermal
expansion tensor, ¢ is the density of volume heat sources and ¢ is a nonlinear function
assumed here to depend on the thermal expansion tensor and the velocity.

The differential inclusion used for the evolution of the damage field is

& —kiAa+0,(a) 3 P(e(u), ), in Q x (0,T), (3)

where pp(a) denotes the sub-differential of the indicator function of the set F of an
admissible damage function given as follows:

F={acH'(Q):0>a>1, ae. in Q}

and ® are given constitutive functions which describe the sources of the damage in the
system. When a = 0, the material is completely damaged, when « = 1, the material is
undamaged, and for 0 < a < 1, there is partial damage. The Coulomb friction is one of
the useful friction laws known from the literature. This law has two basic ingredients,
namely, the concept of friction threshold and its dependence on the normal stress. Various
versions of the normal compliance law were recently presented in the literature |1}2}12].
The paper is organized as follows. In Section 2, we present the model. In Section 3,
we introduce the notations, some preliminary results, a list of the assumptions on the
data and we give the variational formulation of the problem. In Section 4, we state our
main existence and uniqueness result, Theorem The proof of the theorem is based
on evolutionary elliptic variational inequalities, ordinary differential equations and fixed
point arguments.

2 The Model

The physical setting is the following. A thermo-electro- elastic-viscoplastic body occupies
a bounded domain Q C R¢ (d = 2,3) with the outer Lipschitz surface I. This boundary
is divided into three open disjoints I', I's and I's, on one hand, and a partition of I'y UT';
into two open parts I', and I'p, on the other hand. We assume that meas(I';) > 0 and
meas(I'y) > 0. Let T > 0 and let [0,T] be the time interval of interest. The body is
subjected to the action of body forces of density fy, a volume electric charges of density
qo and a heat source of constant strength q.

The body is clamped on I'y x (0,7, so the displacement field vanishes there. A
surface traction of density fo acts on I's x (0,7). We also assume that the electrical
potential vanishes on I', x (0,7") and a surface electric charge of density g is prescribed
on I’y x (0, T). Moreover, we suppose that the temperature vanishes on (I'y UT'5) x (0, T).
In the reference configuration, the body is in contact with an obstacle, or foundation,
over the contact surface I's. The contact is frictional and thermo-mechanical. The model
of the contact is specified by the normal compliance and it is associated with Coulomb’s
law of dry friction for the mechanical contact and by an associated temperature boundary
condition for the thermal contact.

The classical formulation of the mechanical problem is as follows.

Problem P. Find the displacement field u : Q x [0,7] — R? the stress field o :
Q x [0,T] — S%, the electric potential ¢ : Q x [0,7] — R, the electric displacement field
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Q x [0,T] — RY, the temperature field  : Q x [0,7] — R and the damage field
[0,

o Q>< 0,7] — R such that
o(t) = A=(i(t)))+B(eu(s), alt) / A(E(i(t))). = (u () ) dske* Voo (1M ().
4
D (t) = Ee(u(t)) = BV (¢ (1) —PO (1), E5g
0 — div (KV0) = —MVi+q in Qx (0,7), (6)
dive + fy = pit in Q x (0,7), (7)
a&— KAa+ 0pk(a) > P(e(u) —a) in Q x (0,7T), (8)
divD — g =0 in Q x (0,7), (9)
u=0 onTly x(0,7), (10)
ov=1£f, onTsyx(0,7T), (11)
=pr(uy, —h)on T's x (0,T), (12)
lo= | < ppl|Row ||,
lo-|| < ppl|Roy|| = 0r =0, (13)
loz]l = ppl|Roy|| = FA>0: or =—A1; on I3 x(0,7),
Ky Oy = K0~ 08) — he(is]) on Ty x 0.7, (14)
Oa

5:0011F><(0,T)7

(15)
D-v=0 on I's x(0,7), (16)

=0 on (T3UTy) x(0,7), (17)

=0 on T,x(0,7), (18)

D-v=gq on I, x(0,7), (19)

D-v =t (u,—h)or(p—po) onlsx(0,T), (20)
u(0) = ug, 4(0) = vy, a(0) = ap and 6(0) = 6§y in Q. (21)

We now describe problem — and provide the explanation of the equations and
the boundary conditions. Equations and represent the thermo-electro-elastic-
viscoplastic constitutive law, the evolution of the temperature field is governed by a
differential equation given by the relatlon , assumed to be a rather general function
of the strains. Next equations (20) an ) are the steady equations for the stress and
electric-displacement field, condltlons J and (1] ) are the displacement and traction
boundary conditions. Equation (17] ) means that the temperature vanishes on (I'y UT'y) X
(0,T) which implies that there is only an electro-mechanical effect on (I';y UT'2).

Next, and represent the electric boundary conditions for the electrical po-
tential on I'y, and the electric charges on Ty, respectively. We use (19)) as the elec-
trical contact condition on I's which represents a regularized condition. Equation
represents the initial displacement field and the initial damage field, where wug is the
initial displacement, and 6 is the initial temperature.
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We turn to the contact conditions — and describe the frictional thermo-
mechanical contact on the potential contact surface I's. The relation describes
a normal compliance conditions with Coulomb’s law. The equation represents an
associated temperature boundary condition on the contact surface. The equation
shows that there are no electric charges on the contact surface. R, is the truncation
operator defined by

L if s<-L,
R,(s)=¢ —s if —L<s<0,
0 if s>0.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer any
additional traction. The introduction of the operator R,, together with the operator
R, defined below, is motivated by mathematical arguments but it is not restrictive from
a physical point of view since no restriction on the size of the parameter L is made in
what follows, where ul — u2 stands for the jump of the displacements in the tangential

direction. R, is the truncation operator given by

v if Ju| <L,
RV(S):{ L i o] > L.

3 Variational Formulation

In order to obtain the variational formulation of the Problem P, we use the following
notations and preliminaries

3.1 Notations and preliminaries.

In this short section, we recall some preliminary material and notations. For more details,
we refer the reader to [7,|L0]. The indices i, j, k and [ run from 1 to d and summation
over repeated indices is implied. An index that follows the comma represents the partial
derivative with respect to the corresponding component of the spatial variable. We also
use the following notations:

H=L*0)'={u=(w):u € L*Q)}, H={oc= (0ij) 1 0ij =0j; € L*(Q)},
HY(Q)={u=w)€cH: e(ueH }, Hi={occH: DiveocH}.

The operators of deformation € and Div are defined by
e(u) = (g5 (), &ij (w) =(uij +uji)/2, Dive = (0ij;)-

The associated norms on spaces H, H'(Q)4, H, and H; are denoted by ||| ;, [l g1 (e

[, and [|-[|,, respectively. Let Hr = HY2(T)* and ~ : HY(Q)¢ — Hr be the trace
map. For every element v € H'(Q)?, we also use the notation v to denote the trace
yv of v on I' and we denote by v, and v, the normal and tangential components of v
on I' . Moreover, we use the dot above to indicate the derivative with respect to the
time variable and, for a real number r, we use ry to represent its positive part, that
is, r4+ = max(0,r). To obtain the variational formulation of the problem —, we

introduce, for the bonding field, the sets

W={pecH Q)" ¢=00n I}, W={D=(D;): D; € L*(Q),divD € L*(Q)}.
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On the spaces V', W, W | we define the following inner products:

(u-v)y, = (o,e(v)n,Vu,v eV, (22)
(Qav ¢)W = (thv qu)w ,V(P, ¢ € I/Va (23)
(w,2)p = (Vw,Vz)y . Vw,z € E, (24)

where E = {y € H'(Q): y=0ae onT; Uy }.
Therefore, the spaces (V. (-,-)y,) , (W ,(-,-)y,) and (E, (-,-) ) are real Hilbert spaces.

3.2 Assumptions on the data

We now list the assumptions on the problem’s data.
The viscosity operator A : Q x S — S satisfies

(a) There exists L4 > 0 such that
| A(z,61) — A(x,e2)|| < Laller — &2 Ver,e0 €S%ae z€Q,
(b) There exists m4 > 0 such that
(A(z,e1) — A(x,69)) - (61 —€2) = maller —ea|®, Ver,e0 €S%, ae. z€Q,
(c) The mapping z — A (z,e) is Lebesgue measurable on Q ,V e €S9,
(d) The mapping x — A (z,¢) belongs to H.

The elasticity operator B : Q x S — S? satisfies

(a) There exists Lg > 0 such that

HB(l‘,ﬁl) — B($,€2)|| < Lp HE1 - 62” v £1,E9 € Sd, a.e. r Q,
(b) The mapping x — B(z,¢) is Lebesgue measurable on Q,V e €S9,
(¢) The mapping © — B (z,0) belongs to H.

(26)

The visco-plasticity operator G : Q x S x S — S? satisfies

(a) There exists a constant Lg > 0 such that

G (z,01,61) = G (x,02,2)[| < Lg ([lo1r — o2 + [[e1 — e2]]) ,

for all o, 09, €1, €3 € S ,a.e. x €4,

(b) The mapping z — G (z,0,¢) is Lebesgue measurable on Q ,V ¢ € S%
for any e,0 € S9,

(¢) The mapping z — G (2,0,0) € H.

The piezoelectric operator £: Q x ST — R? satisfies

(a) E(z,7) = (eijk yTjk), V7 = (Tj1) €S, ae. xin Q,
(b) €ijk = €ik; € L (Q), 1 < i,j,k <d.

The thermal expansion operator M:2 x R — R satisfies

(a) There exists a constant Laq > 0 such that

||M (.73,01) -M (.1‘,02)” < LM H01 - 92” v 91,92 S R, ae. x €0 s
(b) The mapping z — M (z,6) is Lebesgue measurable on 0,V 6 € R,
(¢) The mapping £ — M (z,0) € H.

(29)
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The tangential function satisfies:

h:: s x Ry — Ry verifies:
() :3 L+ >0s.t. |he(z,r1 —he(z,r2) | < L7 |r1 — 12,

Vri,ro €R, ae. x €I'3. (30)
(b) : The mapping x + h.(z,r) belongs to L?(T's).
The electric permittivity operator B = (Bij) : Q x R? — R? satisfies
(a) B(x,E)=(Bij(z)E;)VE=(E;)€eR? | ae z€Q,
(b) Bij=Bjie L*(Q), 1 <1i,57 <d, (31)
(¢) There exists a constant Mp > 0 such that BE.E > Mg |E|2 ,
VE=(E)eR? | ae. in Q.
The thermal conductivity operator K : Q x R — R satisfies
(a) There exists a constant Ly > 0 such that
I (x, 1) = K (z,7m2)|| < L ||r1 —re||  forall vy, € R, ae. x € 9, (32)
(b)mijzmﬁe LOO(Q), 1 <i,5 <d,
(c) The mapping + — S (x,0,0) belongs to L? ().
The damage source function ® : 2 x S¢ x S x R — R satisfies
(a) There exists a constant Lg > 0 such that
|P(x,m1,w1, B1) — P, 02, wa, B2)| < La(|m — n2| + w1 — wa| 4 [B1 — B2])
for all n, 72, wi, w2 € Sd7 ﬂhﬁQ € R7 S Q? (33)
(b) The mapping © — ®(z,n,w, §) is Lebesgue measurable on €2,
for any 7, w € S% and for all B € R,
(c) The mapping * — ®(x,0,0,0) belongs to L?(Q).
The function ¥ :e xS, xS, xS,, x R x R — R satisfies
(a) There exists a constant Ly > 0 such that
|\If($, 0—1351’61361) - \Ij(xa 0—2352762362” < L\I/(|01 - 02| + |€1 - €2|
+|91 - 92| + |§1 - £2|)7 fOI‘ au 01, 02, €1, €2 S Sn; 0179%51752 S Ra T e Qa (34)

(b) The mapping © — ¥(z,0,¢,6,£) is Lebesgue measurable on ,
for all o, € € §,, and for all ,£ € R,
(c) The mapping z — ¥(x,0,0,0) belongs to L2(¢).

We also suppose that the body forces and surface tractions have the regularity

fo € L*(0, T5L*(Q)), fo € L*(0, T;L*(Q)), p € L¥(9), (35)
qo € C (07 T, L2 (Q)) ) q2 € C (Oa Ta L2 (Fb)) ) (36)
g2 (t) =0 on I'3,Vt € [0,7T]. (37)

The functions g and p have the following properties:
g€ L?(T3), g(x)=0, ae on I, (38)

we L (Ts), wp(x)>0, a.e onls, (39)
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here p is the coefficient of friction. The initial displacement field satisfies
ug €V, (40)

and the initial temperature field satisfies
0 € B, Op € L2 (0,T, L% (Ts)) , ko € L= (O Ry) , oy € L (o,T, E) . (41)

Using the above notation and Green’s formulas, we obtain the variational formulation of
the mechanical problem — for all functions v € V, w € Wy, ¢ € W, and a.e. t €
(0,T), given as follows.

Problem PYV. Find the displacement u : [0,7] — V, the stress ¢ : [0,7] — H; , and
an electric potential ¢ : [0,T] — W, the electric displacement D : [0,7] — H and the
temperature 6 : [0,7] — V, and the damage « : [0,T] — Ej; such that

o(t) = Ale(u(t))) + Blu(t), a(t)) + / G (or(s) = Ale(ult))), = (u(s)) ) ds
+EVp (t) — MO(

(i(t), 0 — it vov + (o(1), & (v(E)=ia(t))pe (v (1) — J(0(8)) > (£(t), v —0(D)v, (43)
)

(@(t), ¢ — alt)) L2 + ala(t), ¢ — a(t)) = (P(e(u(t))
for all a(t) € F, ( € F and t € [0,T].

D (t) = &= (u(t)) — BV (p(t) — PO (1), (45)

(D(#),Ve) g =—(ae (), )y + (h(u(t),0), ¢y, Yo W, t€0,T], (46)
0(t) + KO(t) = Ru(t) + Q(t) on E (47)

u(0) = ug, @(0) = vy, a(0) = ag and 6(0) = 6 on Q. (48)

Here, the function @ : [0,7] — E’ and the operators K : £ - E', R:V — E'; M :
E — V' are defined by Vv € V,Vr € E, Vn € E:

@meree = [ kbunds+ [ anda.
I's Q
d ar an
(KT, m)p «p = Z /Qkijaxjamidz+/r kends,
i,7=1 3

(Ro.m) s = / o (for ]y ds — /Q (M. Vo) de,

(M, U>V’><V = (=7Mec,e(v)),
where J. : VXV =R, f:[0;T] >V, ¢ :[0;T] > Wand v:V xW — W are
respectively defined by

Je (Nm):/ up |R x Ny|+/|vr|? + e2da, Yv eV, Ve >0, (49)
I's

(f(t),v)vz/ﬂfo(t).vdm-i—/F f>(¢) - vda. (50)

2
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We define the bilinear form a : HY(Q) x H*(Q) — R

ae.0) = [ ga-vds, (51)
(ge(t), S)w = / qo(t)gdz — / ) e (52)
() O = [ (=) b = ) da (53)

forall u,v €V, 0, we W, ¢ € W and t € [0;T]. We note that the definitions of f and g,

are based on the Riesz representation theorem. Moreover, the conditions and
imply that

feC0,1,V), ¢q€C(0,T,We). (54)

We denote by .||, , |-l and .||.|[y, the norms on the spaces V, H and V’, respec-

tively, and we use (.,.)y/xy for the duality pairing between V' and V. Note that if f €
H, then

(fs0)yisy = (fs0) g, Vv € H. (55)

The existence of the unique solution of problem Py is stated and proved in the next
section.

4 Existence and Uniqueness of the Solution

Our main existence and uniqueness result is the following.

Theorem 4.1 Assume that — hold. Then, if Ny < TZ—??, there exists a unique
solution {u, 0,0, ¢, D} to problem Py satisfying

we WH(0; T3 V)N CHO; T; V) 0 W20, T3 V'), 0 € C(0;T5 M), (%)
p € C(0;T; W), D € C(0; T3 W), 57

0. € WH(0:T;E') N L*(0: T5 E) N C(0; T L*(12)). (58)

a € W2 (0,T; L2(Q)) N L* (0, T; H'(2)) 59

Functions u, o, 0, p, D, 0 and «, which satisfy —, are called the weak solution to
the contact problem P. We conclude that, under the assumptions -@) and if Ny <
% 1s satisfied, the mechanical problem - has a unique weak solution satisfying

£9-E9).

The proof of Theorem is carried out in several steps. It is based on the results
of evolutionary variational inequalities, ordinary differential equations and fixed point
arguments.

In the first step, we let € L2(0,T; V) be given and consider the following variational
inequality.

Problem PVu,. Find a displacement field u,, : [0;T] — V' such that V¢t € [0,7],

(i(t), v = )y + (Az (1ig(8)) 20 = i () + g (£) 0) = G (£) (1)

| | (60)
+ (n® v =u®) v = (FO).0 =y Oy,
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Uy (0) = g, 0y(0) = vo for all u,, v € V. In the study of the problem PVu,, we have
the following result.

Lemma 4.1 PVu, has a unique solution satisfying the reqularity expressed in :

t
uy (t) = ug +/ Ung, (8)ds Wt €[0,T].
0

We define the operator A:V — V' by
(Av,w)y vy = (Ae(v),e(w))y, Yo,w e V. (61)

We consider the following variational inequality.
Problem PVuv,. Find a displacement field v, : [0;7] x @ — V' such that V¢ e [0,T].

(Onn (1), w = oy (1)) oy + (Ao (8), w0 — v (8)) v v + § (N, w)
= (N, oy (1)) = (fy (), 0 = v (8))vrxv, Yw €V,

vy (0) = v,. (63)
In the study of Problem PVuv,, we have the following result.

(62)

Lemma 4.2 For all N € L?(0,T,H1) and n € L?(0,7,V’), the Problem PVuv, has
a unique solution with the regularity vy, € C(0,T, H) NL*(0,T,V) N Wh2(0,T,V’).

Proof. We begin by the step of regularization we defined, for all € > 0,

Je (N,v):/ up |R x Ny|+v/|v|? +€2da, Yv eV, Ve>0.

I's

After some algebra, for all € > 0, J. is C! convex on V, and its Frechet derivative satisfies

Ve>0, VweV

JLNw)| < CINlaqry)- (64)

From and the monotonicity of J/, it follows from the classical first order evolution
equation that

Ve >0, vy, € L*(0,T,V)NC(0,T,H) and i, € L*(0,T,V")

such that

{ Oy (1) + Avgy,, + 3o (N, v,) = f(t) in V7, ae. t € (0,77, (65)

vf\,n(O) = 9.

Therefore, v%;, € L2(0,7; V)N WY2(0,T; V'), we obtain

(iﬁ\/n(t) w— vy )v XV (AUNn< ); w_UJEVn)V/xv + Je(N, w) (66)

—Je(N,v&, (1) > (f2(1), an(t))V,XVVw eV, ae. t€0,T].
Using and the monotony of j., we deduce that

T ) T )
3C >0, vt € [0,T] : |vi, ()] < C’/ [y ()], dt < C/ |05, ()], dt < C,
0
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using a subsequence to find that

VY, — UNy weakly in L2(0,7T;V) and weakly in .°°(0,T; H), (67)
O,y — Uy star weakly in L?(0,T; V7).
It follows that
vny € C(0,T; H) and vy, (t) — vny(t) weakly in H, Vt € [0,T]. (68)

Integrating (66), we have Vw € L?(0,T; V),

T T T T
/O(?')fvn(t)vw)wxvdwr/o (Avan(t),w)v'xvdﬂ/o js(N»w)dtZ/ (fn (@), w(t))vrxvdt,

then we have
T,. T T .
fO (U?Vn(t),w)v/xvdtﬁ-fo A’UN%( ) )V’det+f0 jE(N,U})dt

> ff(@fvn(w,vw))wvdw o (AU, (1), Vi, (D) v v dt+
I de(N ws, (B)dt + [ (fot), w(t) = an( )vxvdt

> L |os, )] — & [0, O, + f (Avsy, (1), V3 (D) vy dt+
Jo de (i @)t + [ (£(1), w(t) — v, (£) vy,

From and we obtain that for all w € L2(0,T;V),
fo UNn(t) w — vy, (1) v xvdt + fo A“Nn( ), w — v, () v xvdt+
fo (N UNn dt > fo f’fl (t) Ulg\fn(t))V’Xth-

The previous inequality implies (see [10]) that

(Ofvn(t),w an)V, v (Avan(t),w—vﬁvn)v/xv—i—jE(N,w)
—Je(N,viy, (1) = (fo(t), w = viy, (), ., Yw €V, t € [0, T].

We conclude that Problem PVwv, has at least a solution vy, € C(O T; H)NL2(0,T;V)N
Wh2(0,T; V') and on, € 1L?(0, T;V’). For the uniqueness, let vy, , v%, be two solutions
of Problem PVv,, we use (62) to obtain for a.e. t € [0,T],

(UJan(t) - fOJan(t%vIan(t) - UJIVn(t)) - (Aan(t) - AUZIVn(t)vaQVn(t) - vll\/n(t)) < 0.

Integrating the previous inequality, using and , we find

1 T
§|v]2\,,7(t) ’UN,,] |V—|—mA/O |U]2Vn() ’UN,,] |Vds§0, Yt € 0,77,

which implies Uzlvn = vjz\,n. Let us consider now upy, : [0,7] — V is the function defined
by
T
uny(t) = / uny(s)ds +ug, Vte[0,T]. (69)
0
In the study of Problem PVu,, we have the following result.

Lemma 4.3 Problem PVu, has a unique solution satisfying the reqularity expressed

m .
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Proof. The proof of Lemma is a consequence of Lemma together with .
In the second step, let n € C(0,T;V), we use the displacement field u, obtained in
Lemma and consider the following variational problem.
Problem PVy,. Find an electrical potential ¢, : [0; 7] — W such that Vt € [0, T,

(B Veoy (1), V) = (€ (uy (1), Vo) y + (v (uy (£) 0 (1)), )y = (e (1) , Q) w. ¥ & %731)1

We have the following result.

Lemma 4.4 PV, has a unique solution @, which satisfies the regularity expressed
n . Moreover, if ¢y, and ¢,, are solutions of (@) corresponding to m,m2 €
L2(0,T;V), then there exists C > 0 such that

[P () = @n, ()] yy < C lun, () = ug, @]y, V2 € [0,T]. (71)

Proof. The same result for this Lemma is given in [12]. In the third step, we
let \ € L2 (0, T;1L? (Q)) be given and consider the following variational problem for the
temperature field.

Problem PV0,. Find a temperature field 8, : [0,7] — E such that

{ 0x(t) + KOx(t) = Ri,(t) + Q(t) in E" ae. t € [0,T], (72)
0x(0) = by,
for all 0,w € F,a.e. t € (0,T). For the Problem PV6, we have the following result.
Lemma 4.5 PV, has a unique solution such that
0y € L*(0,T; E)NC(0,T; L*(Q)) n Wh2(0,T; E'). (73)
Moreover, 3C > 0 such that YAy, Ao € L?(0,T; V"),
2 T 2
[161(8) = O2(t) |72 < C/ [A1(s) = Aa(s)ll g ds, Vit €0,T]. (74)
0

Proof. The result follows from the classical first order evolution equation given in [3].
Here the Gelfand triple is given by

EcCL?*(Q)=(L*Q) cE.
The operator K is linear continuous and coercive. By Korn’s inequality, we have
|K(u)|y, > Clulg,, forallu eV,
with C being a strictly positive constant defined only on €2 and I';. Therefore
(K7, 7)o > Clrl3. (75)

In the fourth step, we let u € L2(0,T; L*(Q2)) be given and consider the following
variational problem for the damage field.
Problem PVa,,. Find the damage field o, : [0,7] — H'(Q) such that o, € F and

(du(t), ¢ — au(t))m(g) +a(aut), ¢ —au(t) > (Se(uu(?)), ault),¢ — au(t))p(g) , (76)
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,(0) = ao, (77)
for all a(t) € F, ¢ € F and ¢ € [0,T]. Note that if f € H, then

(f0)yigy = (frv)g, YveH.

Theorem 4.2 Let V € H C V' be a Gelfand triple. Let K be a nonempty, closed
and convex set of V.. Assume that a(-,-) : V x V — R is a continuous and symmetric
form such that for some constants ¢ > 0 and co,

2 2
a(v,v) = collvlly = Cllvlly, Vv e H.

Then, for every ug € K and f € L%(0,T;H), there exists a unique function u €
HY0,T;H) N1L2(0,T,V) such that w(0) = ug, u(t) € K for all t € [0,7] and for al-
most all ¢ € [0,T],

(w(t),v —u(t))vixv + alu(t),v —u(t)) > (f(t),v —u(t))y, YveK.
We apply this theorem to Problem PVa,,.

Lemma 4.6 There exists a unique solution o, to the auziliary problem PVa,, such
that
o, € W0, T;1L2(Q)) NL2(0,T; H(Q)). (78)

The above lemma follows from the standard result for parabolic variational inequalities.

Proof. The inclusion mapping of (HI(Q), Il - HHI(Q)) into (L2(€2), || - lL2(q)) is con-
tinuous and its range is dense. We denote by (Hl(Q))I the dual space of H(f2) and,
identifying the dual of L2Q2 with itself, we can write the Gelfand triple

HY(Q) cL*(Q) c (H'(Q)) .

We use the notation (-, ) (g1 (q)) x i1 (0) to represent the duality pairing between (H! (Q))/
and H'(Q), we have

(a, B) 1)y xmi) = (@, B2y, Yo €L*(Q), B € H(Q),

and we note that F' is a closed convex set in H!(£2). Then we use the definition of the
bilinear form a given by (51]), and the fact that o, € F.

Problem PVo, . Find a stress field o,y : [0,T] — H,

Tau(t) = Ble (uy (1)), () (v))u +/0 G (a(s),€ (un (5))) ds — MOA(t), VE € [0,T]. (79)

In the study of problem PVo,,, we have the following result.

Lemma 4.7 There exists a unique solution of problem PVoy,, which satisfies .
Moreover, if uy,, 0x,, oy, and oy, 5, ., Tepresent the solution of problems PVu,,, PVO,,,
PYVay, and PVoy, x, .., respectively, for i = 1,2, then there exists ¢ > 0 such that

||0-1717>\17M1 (t) — Ong, Ao,z (t)”'H2 < C((Hum(if)*un2 (t) ||%/

! (80)
+/O (23 (5) =y () I3 + 1030 () = Oxa ()13 + llewgy (5) = iy ()17 ds).-
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Proof. Let IL,, »,, : L*(0,T,H) — L*(0,T;H) be the mapping given by

L 5 0 () = Bl (uy (£) / G(o () ds — MO, (81)

Let 0; € L2(0,T;H) : i = 1,2 and t; € [0,T]. Using hypothesis and Holder’s
inequality, we find

t
1MLy 001 (8) = Ty p o2 (DI, < L3T / lo1(s) — oa(s)3 ds.

It follows from this inequality that for m large enough, a power II”", = of the mapping

A1
IL, x,. is a contraction of the Banach space L2(0,T;H), and therefore there exists a
unique element o, , € L2(0,T;H) such that II,, x ,,05 1, = Oy 1. Moreover, oy, » ,, is
the unique solution of the problem PVo,,. If u,,, 0, o, and oy, x, ., represent the
solution of the problems PVu,,, PV0,,, PVa,, and PVo,,x, .., respectively, for ¢ = 1,2,
then we use , , and Young’s inequality to obtain

||U771,)\1,#1 (t) = Ona, Ao, puo (t)”'Hz < CY(”um(t)—u"2 (t)“%/
t
+/O (||0-7717>\17M1 (t) = Ong, A2 p2 (t)||7-£2 + ||u771(5)7un2(s)“%/ + ”9/\1 (5> - 9/\2 (S)H%/
+ [l (5) = gy (5)[17) ds).

This permits us to obtain, using Gronwall’s lemma, the inequality . Finally, we
consider the operator A such that

A, A w)(8) = (A, A, ) (£), A2 (0, A ) (8), A (m, A, ) (1)), (82)
where A', A% and A? are defined by

(AL (), A(®), (1), v () v v = Ble (un (1)) € (0(t))2 + (€7 Vepy (t) € (v(1))y

83
(g (1) (/ G (0yan(s), (11 (5)) ds—M@,\(t),s(v(t))>H, wev, &
A2 (n(t), A1), p(t), v(t) = U(omau(t), e(uy(t)), Ox(1))) (84)

and
A3 (n(t), A1), p(t), v(t)) = (o au(t), e(un(t)), apu(t))). (85)

Here, for n € L2(0,T;V), A € L2(0,T;L*(Q)) and p € L2(0,T;L%(Q)), uy, ¢y, Or, ap
and oy x,, represent the displacement field, the potential electric field, the temperature,
the damage field and the stress field obtained in Lemmas 44 and [£7 We
have the following result.

Lemma 4.8 The operator A has a unique fived point (n*,\*,u*) € L2(0,T;V x
L*(Q)) x L*(92)).

Proof. We show for a positive integer m, the mapping A™ is a contraction on
L2(0,T;V x L2(Q)) x L2(Q2)). To this end, we suppose that (71, A1, ¢1) and (12, A2, f12)
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are two functions in L?(0,7; V xL?(Q)) x L?(£2)) and denote u,, = u;, iy, = v;, oy,
O, = 0;, oy, = o and oy, z, 4, = 0 for i = 1,2. We have

AT (1, Ay ) (8) = At (2, Az, i2) ()30 < ClI Ry (s (8) = uau (8))[1F2ry
+ O Rr (ur () =z ()22 () + [1Be(ua (1)) — Be(ua(t))[l3,
+ " Ver(t) = e*Vipa (6) 13, + Cllar (t) — aa(t) 2o
t

+/O 1G(1(5), £(u2(s))) — G(oa(s), e(uz(s))) 13, ds
+O[61(t) — 2(1)|[ 20

Therefore, from , 7 and the definition of R,, R, we obtain

[A (1, Aas 1) () = AL (112, A i) ()3 < C([Jun (8) — ua (B)][F

/Hm ) — us(s ||Vds+/\|m ~oa(s), ds

# [ 10— 0+ [ han(s) — ax(o)l
+ller() — w2 30)-

We use estimate to obtain
[AY (1, Ax, ) () = A (2, Ao, p2) (D7 < C(l|ua (t) — ua (8)|13

/||u1 — ua(s ||Vds+/||91 )~ 0s(5)|% ds
n / lon(s) — as(s)[3 ds + 1 (£) — @a(8)[3):
0

517

= i,

(87)

Recall that above u,, and u,, denote the normal and the tangential component of the
function u,,, respectively. By similar arguments, from the function ® and the definition

of A2, it follows that
A2 (1, Axs 1) () = A2 (12, A, o) ()] < C(J|ua () — ua()[I5
[ 1oa(s) = ats) s+ 1615) — 82601
< C([lur(t) = ua (B3 + [161(s) — 2(s) I
[ o)~ s+ [ 10106) - )1 )
On the other hand, by (33), and the definition of A3, we get
A% (1, Axs ) () = A3 (12, A, o) ()] < C(Jlua () — w2 ()3

Fllor(t) — a3 + / s (s) — uals) |2 ds

+los(s) = an(s)llE + /0 i (s) = aa(s) |7 ds).
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Also, since

t

wi(t) = / vi(s)ds + o, t € [0,T],

0

we have .
w(t) = llur(t) — uz(t)|I3 < / [[vi ()]} ds + uo,
0
which implies
t t
s (8) — w13 + / s (5) — wa(s)|2 ds < C / lon(s) — va(s)2 ds.
Therefore
A1, Ax, 1) (£) = Az, Aoy p2) O mxr < CUlur(t) — ua(B)|I3

+ / s (s) — ua(s)|[3 ds + o (s) — aa(s) 3
" / o (5) — a2 ds + (103 (s) — Ox(5)]1%
+ / 104(5) — 02(5) 2 s + 91 (1) — 2 (D)]3).

Moreover, from , we obtain

(01 — D2, v1 — v2)vrxv = (Ae(v1) — Ae(v2),e(v2 — v1))vixv

+ (m —n2,v1 —v2)vixyv < 0.

We integrate this equality with respect to time, use the initial conditions, v1(0) =

0, and to find
t t
mA/O [o1(s) = v2(s)[[3 ds < C/O l[m1(s) = m2(s)llv llvi(s) — va(s)llv ds
for all ¢ € [0, T]. Then, using the inequality 2ab < n% + m4b?, we obtain

/O [v1(s) = va(s) [T ds < C/O Im(s) = n2(s)llv ds, vt € [0, T].

Since u1(0) = u2(0) = ug, we have
T
lu(s) = ua(s)[} < C/ [01(s) = va(s)llv ds,
0
and from , we have
T
161(2) = 62(t) 1720 < C/O 1N (s) = Aa(s)llrds, vt € [0,T],

and from , we have

lp1 () = 22(O)1Fy < Cllus(t) —w2(B)[7, vt € [0,T).

(94)

(95)

V2 (O) =

(98)
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We substitute and in to obtain
A, A, ) (8) = Az, Az, p2) ()3 e < C(/Ot [v1(s) = va(s)|T, ds
+101(s) — ba(s) % + /Ot 161(s) — b2(s) || % ds (101)
+lla(s) — az(s)llF + /Ot li (s) = az(s) |5 ds),

on the other hand, from , we deduce that

(@1 — do, a1 — a2)prur + alog — ag, 0 —ag) < (g — p2, 00 — ag)p, ae. t€[0,T].
(102)

Integrating the previous inequality with respect to time, using the initial conditions
a1(0) = a3(0) = o and inequality a(a; — a9, a1 — ag) > 0, we find

%Hal(s) —az(s)|lF < /Ot(ul(S) — p2(s), ar(s) — az(s))p ds. (103)
This inequality, combined with Gronwall’s inequality, leads to

lai (s) — az(s) 1% < C/Ot i1 (s) = na(s)lz-ds, V¢ € [0,T). (104)
We substitute @, and in to obtain

A1, A1, 1) (E) = Az, Aoy p2) O pxr < C/O (1715 Ay 1) ()

(105)
- (7727 Az, N2)(S))H%/’><E><F ds.
Reintegrating this inequality n times, we obtain
[A™ (11, A, 1) = A" (02, Azs i2) B2 0. 7y iy < TH((nla)\laNl) (106)

— (12, A2s 12)) 2 (v x o )

thus, for n sufficiently large, A™ is a contraction on the Banach space L2(0,T; V' x E x F)
and so A has a unique fixed point. Now, we have all ingredients to prove Theorem
Proof. (of Theorem [4.1)). Let (n*,\*,u*) € L2(0,T; V' x L2(Q2) x L2(Q2)) be the
fixed point of A defined by (82)), (83), and and
Uy = Ups, O =Py, O, =0 and o, = aye. (107)
Let o, : [0,T] — H be the function defined by
0w = Ae(ly) + " Vi + 0 v e (108)

We prove that {u., 0., @, Os, .} satisfies , and the regularities —. In-
deed, we write and use ([107)) to find
(ihe (8), 0)v v + (Ae(ia (1)), €(0)) 2 + Je (i (1), v)

109
+ (n*(t),v)lev > (f(t),v)v/xv, YveV ae.,te 0,7, ( )



520 L. DEBBACHA AND N. LEBRI

we use equalities A*(n*, \*, u*) = p*, A2(n*, \*,u*) = A* and A3(n*, \*, u*) = n*, it
follows that

(n(8); 0)vrxv = (Be(ua (), £(0)) 1 + (€7Vpu(t), (v))y

+ (/Ot G(omx 2= = (8), €(us(8), u(s))) ds — M, (¢), 6(7))) (110)

H
+ Je (ux (1), v(1)),

Ae(t) = (e ae e (t), e(ui (1)), 04 (1)), (111)
M*(t) = ‘I’(Un* e (1), €(us(t)), au(t)). (112)
We now substitute (110) in ) to obtain
(s (t), v)vrxv + (Ae(i(t),e(v)2 + (Be(us)(t), €(v), ault))u + (" Vo, e(v))n
( / G0 e (), (1 (5))) ds — Me*@),s(v))ﬂ (113)
+ Je(ue(t),v) = (f(),0)vixv, YveV.
It follows from Lemma and that o, € L2(0,T;H) and implies that
divo, + fo(t) = pii.(t), ae., t €[0,T].

We Write for A = A\* to find that (74) is satisfied, also write (76 for u = p* to find
that (76 is satibﬁed we consider now for n = n* to find that (60) is satisfied. Next,
the regularltles . follow from Lemmas [£.1] [£.2] [£.4] [£.5] [4.6] and the regularity
. ) follows from Lemma u the uniqueness part of Theorem is a consequence of
the uniqueness of the fixed point of the operator A defined by 1) (85)) and thus follows
the unique solvability of the problems PVu,, PVy,, PV0y, PVa, and PVo, ., which
completes the proof.

5 Conclusion

As a conclusion, we can say that our model, which describes the contact problem with
damage and thermal effect for an electro-elasto-viscoplastic problem, based on thermo-
dynamics is developed to describe the self-heating and stress-strain behavior of thermo-
plastic polymers under tensile loading. The constitutive model considers temperature-
dependent elasticity, nonlinear viscoplastic flow and damage evolution. The literature
devoted to various aspects of the subject is considerable, it concerns the modelling and
the mathematical analysis of the related problems. For example, many food materials
used in process engineering are elastic-viscoplastic, mathematical models can be very
helpful in understanding various problems related to the product development, packing,
transport, shelf life testing, thermal effects, and heat transfer. It is thus important to
study mathematical models that can be used to describe the dynamical behavior of a
given elastic-viscoplastic material subjected to various highly nonlinear and even non-
smooth phenomena like contact, friction, lubrication, adhesion, wear, damage, electrical
and thermal effects. Thermal effects in contact processes affect the composition and
stiffness of the contacting surfaces, and cause thermal stresses in the contacting bodies.
Moreover, the contacting surfaces exchange heat and energy is lost to the surroundings.
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Abstract: We consider a dynamic contact problem between two thermo-electro-
viscoelastic bodies with damage and an internal state variable. The contact is bilateral
and is modeled by Tresca’s friction law. The damage of the materials is caused by
elastic deformations. We derive a variational formulation for the model which is in the
form of a system involving the displacement field, the electric potential, the internal
state variable field, the temperature and the damage. Then we proved the existence
of a unique weak solution to the model.

Keywords: wiscoelastic piezoelectric materials; internal state variable; damage; tem-
perature; friction contact.
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1 Introduction

Our research paper tackles a frictional bilateral contact problem including the topic of
piezoelectric, which can be explained as follows: when we apply mechanical pressure to
some types of crystalline materials such as ceramics BaTiO3, BiFe(O3, a voltage propor-
tional to the pressure is produced. Meanwhile, changes in shape and dimension occur if an
electric field is applied to some types of crystalline materials. At present, there is a great
interest in the study of piezoelectric materials for their importance in radio-electronics,
electroacoustics and instrumentation. Thus, a big interest in the contact problems occurs
because of the fact that parts of the equipment are in contact. So, many models have
been developed to explain the interaction between the electrical and mechanical fields,
see for example [2,/8] and the references therein. Frictional contact problem is a static
problem of electro-elastic materials mentioned in [3] and [10], considering that the basis is
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isolated. Contact problems involving elasto-piezoelectric materials [3], viscoelastic piezo-
electric materials |1] and the contact problem for electro-elastio-viscoplastic materials
were studied in [7].

A mathematical investigation has been conducted for some models taking into consid-
eration the influence of the internal damage of the material in the contact process. From
the virtual power principle, general models for damage were derived in [6]. In [4], we can
find the modes of mechanical damage which are derived from thermo-dynamical consid-
eration. The ratio between the elastic moduli of the damage and damage-free materials
is expressed by the function called the damage function ¢* = (*(z,t) mentioned in [5L[6].
In an isotropic and homogeneous elastic material, let E{ be the Young modulus of the
original material and Ef;, be the current modulus, then the damage function is defined
by (" = Efy; / E§. This definition shows that the damage function ¢ is restricted to
have values between zero and one; when (* = 1, there is no damage in the material,
when (" = 0, the material is completely damaged, when 0 < (" < 1, there is partial
damage and the system has a reduced load carrying capacity. The contact problem with
damage has been mentioned in [9]. The differential inclusion used for the evolution of
the damage field is

" — AC® + K"Oxk™(C") 2 S™(e(u”), (") in Q x [0,T7, (1.1)
where k" is a positive coefficient and K" is the set of admissible damages defined by
Kf={CcH'(Q%);0< (< 1. aec Q") (1.2)

The paper is structured as follows. In Section [2| we present the physical setting and
describe the mechanical problem. We derive a variational formulation, list the assump-
tions on the data, and give the variational formulation of the problem. In Section [3] we
state our main existence and uniqueness result which is based on the classical result of
non-linear first order evolution inequalities and equations with monotone operators and
the fixed point arguments.

2 Problem Statement and Variational Formulation

The physical setting is the following. Let us consider two electro-thermovisco-elastic
bodies, occupying two bounded domains Q', Q? of the space R? (d = 2, 3 in applications).
We put a superscript & to indicate that the quantity is related to the domain Q*. In the
following, the superscript x ranges between 1 and 2. For each domain €%, the boundary
I'* is assumed to be Lipschitz continuous, and is partitioned into three disjoint measurable
parts I'Y, I'y and I'§, on one hand, and in two measurable parts Iy and I'j, on the other
hand, such that measT'§{ > 0, measI'¥ > 0. Let T'> 0 and let [0, T] be the time interval
of interest. The 2 body is subject to f§ forces and volume electric charges of density
q5. The bodies are assumed to be clamped on T'Y x [0,T]. The surface tractions f&
act on I'§ x [0,T]. We also assume that the electrical potential vanishes on I'¥ x [0, 7]
and a surface electric charge of density ¢5 x [0,T] is prescribed on I'j x [0,T]. The two
bodies can enter in contact along the common part I'; = I'2 = I's. The classical form of
the bilateral contact with Tresca’s friction and damage between two electro-thermovisco-
elastic bodies with damage and an internal state variable is the following.

Problem P. For k = 1,2, find a displacement field u® : Q% x [0,7] — R% a stress
field o : QF x [0,7] — S%, an electric potential ¥* : QF x [0,7] — R, an electric
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displacement field D* : Q x [0,7] — R%, a temperature 7 : Q* x [0,7] — R, a
damage o : Q% x [0,7] — R and an internal state variable field " : Q" x [0,T] — R™
such that for all ¢ € (0,T), we have

o"(t) = Ame(a” (1)) + B"(e(u™(t)), @ (t)) — (£%)"E(¢" (1))

—~
[\
—

S—

+]~"‘”~(5"”~(t), () inQ
Dr(t) = Efe(u”(t)) + R"‘E(z/)"‘(t)) +GR(B(t), T(t)) in QF, (2.2)
BE(t) = O (e(ur (1)), a”(t), B*(), 7(1)) i O, (2:3)
T(t) — KGAT™ (1) = ‘I’“( (u(1), a®(t), B=(t), 7°(t)) + x"(t) in Q°,  (2.4)
G5 (1) — KA (1) + Dz (a(1)) 3 S*(e(u(1)), a* (1)) in O, (25)
Divo (t)Jrf('f()—p 4" (t) in Q" (2.6)
div D"(t) = ¢f(t) in Q" (2.7)
u"(t) =0 on T%, (2.8)
o ()"t = f§(t) on T}, (2.9)
(

Ui t) + Ug(t) =0, Uql—(t) = _Uz(t) = U‘r(t)’ |O"r(t)| <9,
lo-(t)] < g = al(t) —u2(t) =0 on T, (2.10)
lo-(t)] = g = I\ > 0 such that o (t) = —A(Wk(t) — u2(t)),

)

%o =0 onT*, (2.11)
K52 gyé’” +AETE(t) =0 on TF, (2.12)
YE(t) =0 onT¥, (2.13)
Dx(t) - v™ =q5(t) onTTy, (2.14)
u™(0) = uf, u*(0) =vf, a®(0) =af, 85(0) =65, 77(0) =75 in Q". (2.15)

First, equations (2.1)—(2.3) represent the electro-thermovisco-elastic constitutive law with
damage and an internal state variable. The evolution of the damage field is governed by
the inclusion given by the relation . Equation represents the conservation of
energy, where U" is a nonlinear constitutive function which represents the heat generated
by the work of internal forces and x* is a given volume heat source. Next, equations
(2.6) and are the equations of motion written for the stress field and of balance
written for the electric displacement field, respectively, in which Div and div denote the
divergence operators for tensor and vector valued functions. Conditions (2.8)) and .
are the displacement and traction boundary conditions, respectively. Boundary condi-
tions , represent, respectively, on I'*, a homogeneous Neumann boundary
condition for the damage field and a Fourier boundary condition for the temperature,

and represent the electric boundary conditions, and are the initial
conditions. Conditions represent the bilateral contact condition with Tresca’s fric-
tion, where [u,] = ul +u? and [u,] = ul — u2.
Now, to proceed with the variational formulation, we need the following function spaces:
H 1/2((2"€ {u = ul)1<1<d, U; € LQ(Q’Q)}
Wl 2<QVV {u = uz>l<z<d7 Ui € Wl Q(QR)}
Hﬁ = L") = {0 = (04j)1<ij<a; 0ij = 050 € L2(Q7)},
={o € H"; Dive € H"},
Y"‘ L2(Q%)™ = {8 = (Bi)i<i<m; Bi € L*(Q%)},
= {u € VV1 2(Q%)% w=0onT%}. These are real Hilbert spaces endowed with the
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inner products (u,v)u~ = [o, w.vdz, Vu,v € H*, (0,0)y~ = [, 0.0dz, Yo,0 € H",
(u,v)mr = fQH u.vdx + fQN Vu.Vudz, Yu,v € HYf,

(0,0)3r = fQK, 0.0dx + fQM Divo.Divldz, Vo,0 € H",

(B, k)yys = [qn Bkdx, VB, k€Y, (u,v)ps = (e(u),e(v))n~ Yu,v € V" and the associated
norms |||, [|-[|#, [[-[ee, |12, |-y~ and [|.[[v~, respectively. Here and below we use
the notation

1 K
Vu = (ui ), e(u) = (ei5(uw)), eij(u) = g(um‘ +uj), Vu € HY,
Diveo = (Gij,j); Vo € HT

Completeness of the space (V7 ||.|[yv=) follows from the assumption meas(I'¥ > 0), which
allows the use of Korn’s inequality. We denote u" as the trace of an element v € Hf on
I'*. For every element u” € V", we denote by us and u? the normal and the tangential
components of v on the boundary I'* given by uf = u".v", uf = u® — ufv". Also, for
an element 0" € HY, we denote by o"v, o)} and of the trace, the normal trace and the
tangential trace of o" to I'*, respectively. In addition to the Sobolev trace theorem, there

exists a constant c; > 0, depending only on %, I'f and I's such that
[ullz2(rg)e < cerllu”[lye,  Vu™ € V" (2.16)

Denote Eg = LQ(QH), Ef = HI(QK), <.7 >E6~ = <., .>L2(Qn), <., >Ef = <., .>H1(Qn), ||HE6" =
-l 2=y and ||.][zx = [|-][ 1 (qx)- For the electric unknowns " and D", we use the spaces

Wr ={y" € Ey; ¥"=0on T4},
W ={D" = (D} )1<i<a; Df € L*(Q%), divD" € L*(Q")}.

These are real Hilbert spaces with the inner products

(W", " ywe = V. Netdx, (D, E")ywx = D".E*dx + div D".div E"dx,
Qr Qr Qr

(2.17)

where div D" = (Df,;), and the associated norms are denoted by ||.[[w~ and |[|.[[=,

respectively. Completeness of the space (W, ||.|lw~) is a consequence of the assumption
meas(I'%) > 0 which allows the use of the Friedrichs-Poincaré inequality. When " € HY,
% € HY(2%) and D* € W* are sufficiently regular functions, the following three Green’s
formulas hold

(0", e(@™))ys + (Dive"™, v )g= = / oV v"da, Yv" € HY, (2.18)

(ATF, 6% + (V77 V6 2y = / g;é”da, Vor € HY(QF), (2.19)
FK,

(D", V¢ )ie + (div D*, ) () = / DR URGRda, YoF € HYQ).  (2.20)
FK/

In order to simplify the notations, we define the spaces
V={u=(u',u*) e V' x V% ul +u2=0o0nT3},
H=HxH? H,=H] xH], H=H'xH> Hi=H]xH] Y=Y xY?
Ey=E} xEZ, By =E] xE? W=W!'xW? W=WwW!xW2
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The spaces V, H, H, Y, Ey, E1, W and W are real Hilbert spaces endowed with the
canonical inner products denoted by (., .}y, (-, m, (- ns (v (oD Eey (b0 Es (o o)w,
and (., .)w. The associate norms will be denoted by ||.|lv, ||-lm, I-1l% II-lvs |26, Il 24
Illw, and ||.|[yv, respectively.

Finally, for any real Hilbert space X, we use the classical notation for the spaces
LP(0,T; X), WkP(0,T; X), where p € [1,4+oc], k € [1,+0c[. We denote by C(0,T; X)
and C(0,T; X) the space of continuous and continuously differentiable functions from
[0,T] to X, respectively, with the norms

I7lleo,rix) = putes Im@®)llx, lI7llerorx) = e [ ()]l x + max, 7 ()llx,
respectively. Moreover, we use the dot above to indicate the derivative with respect to
the time variable. Moreover, if X; and X5 are real Hilbert spaces, then X; x X5 denotes
the product Hilbert space endowed with the canonical inner product (.,.) x, x x,-

We now list assumptions on the data. Assume the operators A", B, F= G~ R~
Or Ur S% and £" satisfy the following conditions (LAK,, Mmar, Lgr, Lre, Lge, Mg,
Lox, Ly~ and Lg~ being positive constants) for k =1,2:

H(1): (a) A% : QF x S¢ — S4;
b) |AK($,51) — AH($,€2>| < LA»<|<€1 — 82‘7 Veq,e9 € Sd, a.e. r € QK;
c) (A%(z,e1) — A%(,62)).(61 — €2) > maxler — 2|?, Ver,e2 €S? ae x € QF;

(
(
(d) A%(.,¢) is measurable on %, for all ¢ € S%
(e) A"(.,0) belongs to H".
H(2): (a) B¥: Q" xS x R — S
(b) |BS(x,e1,7m1) — B(z,e9,72)| < L3~(|51 —&o| 4+ |r1 — 7"2|);
Ve, e9 €S9, 11,1 €R, ae. x € QF;
(c) B%(.,e,r) is measurable on QF, for all ¢ € §¢, r € R;
(d) B*(.,0,0) belongs to H"*.
H(3): (a) F*:QF xR™ xR — S,
(b) |J_'.K(I, kl,Tl) - fn(l’,kg,’r’gﬂ S L]:h (|k1 - k2| + |T1 — T2|);
Vki, ko € R™ r,m €R,  ae. x € QF;
(¢) F*(.,k,r) is measurable on Q”, for all k € R™, r € R;
(d) F7(.,0,0) belongs to H". H(4): (a) G~ : Q% x R™ x R — R%
(b) 1" (2, k1, 71) — G* (2, k2, m2)| < Lan ([ky — k| + |r1 — r2]);
Vki,ko € R™,r,71 €R, a.e. x € Q.
(c) G*(., k,r) is measurable on Q7, for all k € R™, r € R;
(d) G%(.,0,0) belongs to H".
H(5): (a) R": Q" x R? — R4,
(b) R* = (ri3), rij = rf; € L=(Q2%), 1<i,j <d;
(c) Rfv.w > mg«|v|?, Yo € R, ae. z € QF.
H(6): (a) ©%: Q% xS? xR x R™ x R — R™;
(b) |@K($,81,T17k’1,d1) — @K($7527T2,]€2,d2)| S;

Lox(le1 — 2| + [r1 — ra| 4 |k1 — ko| + |d1 — da]);

Ver,e9 €S k1, ky € R™, 1y, 10,d1,dy €R, a.e. x € QF;
(c) ©%(.,e,7,k,d) is measurable on Q, for all e € S, k € R™,r,d € R;
(d) ©%(.,0,0,0,0) belongs to L2(Q~).
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H(7): (a) % : 0% xS¢ x R x R™ x R — R;
(b) |\I/H(.T,€1,T17k1,d1) — \I/N(I7€2,T2,]€2,d2)| S,
L\pfc(|€1 —&a| +|r1 — ra| + k1 — ka| + |d1 — d2|)§
Vey,e9 € Sd,khk‘g eER™, rq,r9,dy,ds €ER, ae. x € QR;
(c) ¥*(.,e,7,k,d) is measurable on %, for all ¢ € S k € R™,r,d € R;
(d) ¥*(.,0,0,0,0) belongs to L?(2%).

H(8): (a) S®:0F xS x R — R;
(b) |SK($,€1,T‘1) — SK(.Z‘,FJQ,TQN < Lsn(|61 — €2| + |7"1 — 7’2|);
v€1752 € Sd,‘v’rl,rg ceRae xe€ QK’;
(c) S*(.,&,r) is measurable on Qf, for alle € S¢, r € R;
(d) $%(.,0,0) belongs to L?(2%).

H(9): (a) &% : Q8 x S — R
() €% = (e5,), €y, = ey € L®(Q%), 1<, j,k < d;
(c) EFew = e.(EF)*v, Ve € S% v e R

We suppose that the mass density, the forces, the traction densities and the foundation’s
temperatures satisfy

H(10): (a) p™ € L>®(Q%), Ipo > 0; p"(z) > po a.e. x € QF;
b) fo € L*(0,T; L*(Q")9), f5 € L*(0,T; L*(T'5));
c) q§ € C(0,T; L*(Q%)), g5 € C(0,T; L*(Ty));
d) x* € L?(0,T; L*(2%)).

P

The energy coeflicient, microcrack diffusion coefficient and the friction yield limit g satisfy
H(11): K, Kfy >0, ge L>*T3), g >0, ae. on ;.
Finally, we assume that the initial values satisfy the regularity
H(12): By € Yr, uf e V*, of e H*, of € 2%, 15 € EY.
We will use a modified inner product on H, given by

(u,v)m =D _(p"u" 0¥ )me, Vu,v € H (2.21)

k=1

and let ||.]lm be the associated norm. It follows from assumption H(8)(a) that ||.|lg and
Illz are equivalent norms on H, and the inclusion mapping of (V,|.|lyv) into (H, ||.||lm)
is continuous and dense. We denote by V' the dual of V. Identify H with its own dual.
Then

(U, V)prxy = (u,v)m, YueH,vel. (2.22)

We define five mappings F : [0,7] — V', Q : [0,T] - W, ap : E1 X E1 — R, a; :
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Fy x Fy — Rand J: V — R, respectively, by

2 2
(F(t), o)y = Z::l /Q F5(0) - o da + ; /F £5(0) - vFda Vo eV, (2.23)

2 2
@arm=> [ aocar-3 [ awcda e (224
2 2
,¢) = Ks VErRvEtd A5 ®("da, .
(&)= DK [ Ve v Sox [ ecia (2.25)
2
’ — X \V/ AV K,d7 A
Wl =DoKE [ Ve e (226)
J(u) = L — | da. 2.27
(u) /FsgiuT u2| da (2.27)

We note that conditions H(10)(b) and H(10)(c) imply
FeL*0,T;V), QeccC(0,T;W). (2.28)

We now turn to deriving a variational formulation of the mechanical problem P. To that
end we assume that {u”, o ¢" D" 7% o "} with £ = 1,2 are sufficiently smooth
functions satisfying (2.1)-(2.15) and let w = (w',w?) € V and ¢ € [0,T]. First, we use
Green’s formula (2.18)) and by , and 7, we find

(1), w — a(t))yrv + (0", e(w™ =i () us = (F(),w — a(t))vrxv

k=1

; (2.29)
+Z/ o (B (w — 0% (£))da.
k=171
Using now (2.9)) and definition of V, we achieve
2
S (wr — (1) = o (). (wh — w?) — (ab(t) — a2 ()
k=1
and use the frictional contact conditions (2.9 and the definition (2.27)) to obtain
2
3 / R (B (w — 05 (8)da > —J(w) + J(a(t). (2.30)
k=1"T3
Finally, we combine (2.1)), (2:29) and (2.30) to deduce that
2
((t), w = a())vrv + 30 (Ame(i) + B(e(u”), o), e(w" = a7 ()~
(2.31)

+ 22 (%) Vipr e(w™ — a5 (t)))ax + é@”(ﬂ“ﬁ“)ﬁ(wk” — 4" (t)))w

k=1

+J(w) = J(a(t)) = (F(t), w —i(t))v .
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Similarly, let ¢ = (¢',$?) € W and ¢ € [0, T}, from (2.2), (2.7), (2.14), (2.19) and (2.24)),
we deduce that

D (ROVYE(E) = E7e(u (1)) = G (BT (1), TV(1)), V" )y, = (Q(E), d)w- (2.32)
r=1

On the other hand, let £ = (¢1,¢2) € Z and t € [0, 7). Then, using (2.5), we have

i (1), — () ) — 3 (KFAQN(0,€° — 0" (D) o)

(57 (e(u™ (1)), a™ (1)), & — a™(t)) L2(ax)-

3

—_

K=

Combining this inequality with (2.11)), (2.19) and (2.26)), we obtain

S (65 (8), €% — (1)) o + ar(a(t). € — a(t))
*ﬂzlz (2.33)

(5% (e(u™(1)), a™()), £ — " (t)) L2(2%)-

—

K=

For the temperature, let 6 = (§1,0%) € Ey and t € [0,7T]. Using (2.4), (2.12) and (2.19),

we have

S (W (e (), 0 (). B(2), 7 (1) + X"(0).6%)

=1 L2(Q)
2 2
=D (F5(t),6") 2oy — Z/ K5 AT™(8)0" da:
k=1 "
2
= Z(*N( ,0") L2 () + Z/ KV () Vétde + Z/ t)o"da.

We use now (2.25) in the previous equality to obtain

= <\Il€(5(u”), aﬂ,ﬁﬂ,ﬂ)(t),mm =S TR - X (), 8 my. (2:34)

r=1 0 r=1

We now gather the constitutive law (2.3), the initial condition (2.15)), inequalities (2.31)),
(2.33)), and equalities (2.32]), (2.34)) to obtain the following weak formulation of the piezo-
electric contact problem P.

Problem PV. Find v = (u',u?) : [0,7] — V, ¥ = ('14?%) : [0,T] - W,
7= (4,7 :[0,T] = E1, a = (a*,a?) : [0,T] — E; and 8 = (8',5%) : [0,T] - Y
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such that for a.e.t € (0,7),

= O~ (e(u(t)), a"(t), B7(t), 7"(t)) in Q" Kk =1,2, (2.35)
(1), w0 = (1)) + §1< (1) B (=(u (1), 2 (1), (' = (0 e
(€ (0, — )+ 3 (R0, 0w — a0 [0
() = J(0) 2 (F), 0= i)y Fwe,
3 (REVU(1) = £ (1) = (0. 7(0), T ). = QU )
Vo e W
alt) € 2, 3 {a5(0), €%~ a"()zx(ar + ala(d), € ~ alt)
) r=1 (2.38)
> §1<S"(5 ut(t)), at(t)), & — a(t)) L2y V€€ Z,
a0(r{1),) = Yy (" (el (1)), (1) (1), (1)), 0%) g } (2.39)
- S ) — X (0),0° >E~ e B

The existence of a unique solution to Problem PV will be presented in the next section.

3 Main Existence and Uniqueness Result
Now, we propose our existence and uniqueness result.

Theorem 3.1 Under the assumptions H(1)-H(12), there exists a unique solution
{u, ¥, 1, , B} to problem PV . Moreover, the solution satisfies

u € WH2(0,T; V) NCH0,T; H) N W2(0,T; V'), (3.1)
Y €C(0,T; W), (3.2)

€ WH2(0,T; Eo) N L*(0,T; EY), (3.3)

a e Wh2(0,T;Y), (3.4)

Be Wh30,T; Eo) N L*(0,T; Er). (3.5)

The functions {o, D,u, ¥, T, a, S}, which satisfy (2.1), (2.2) and (2.35)—(2.40) , are

called the weak solution of the thermo-piezoelectric contact Problem P. We conclude

by Theorem [3.1] that, under the assumptions H(1)-H(12), the mechanical problem (2.1))~

has a unique weak solution {o, D, u, %, T, a,5}. To precuse the regularity of the

weak solution, we note that the constitutive relation 7, the assumptions H(1)-

H(5), H(9) and the regularities f show that ¢ € C(0,T;H) and D € C(0,T;H).

We test h v € CS°(2%;RY) and v37% = 0. Then we take ¢" € C$°(Q2*) and
2.37

37" = 0 in (2.37) to obtain that

Divo”(t) + f&(t) = prit(t), divD"(t) = ¢§ (1),
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almost everywhere in Q" for a.e. t € (0,T) and k = 1, 2. Next, we use assumptions H(10)
to deduce that Dive® € L?(0,T;H*), div D" € C(0,T; Ef), k = 1,2, which shows that
o€ L*(0,T;H1), D e€C(0,T;W). (3.6)

We conclude that the weak solution {o, D,u,¥,7,«,3} of the thermo-piezoelectric
contact Problem P has the regularity (3.1)—(3.6]).

The proof of Theorem is carried out in several steps that we prove in what follows,
everywhere in this section we suppose that assumptions of Theorem hold, and let a
n = (n',n?) € L?(0,T;V’) be given. In the first step, we consider the following variational
problem.

Problem P,,. Find u, = (uy,u;) : [0,T] =V such that for a.e. t € (0,7),

i (1),10 = (O + 35 (AT2(05(0). (0" = 5(0).
(W) — I (it (1)) > (F(t) — 1t), w — iy (£))yr v, Y € V, (3.7)
u77<0) = (u07u0)7 i‘n(()) = (Ué’v(%)'

We define the mappings A :V — V' and F), : [0,T] — V', respectively, by

2

(Au, vivrcy = 3 (AT (W), e(v))e, Yu,v €V, (3.8)

Kk=1

<Fn(t) >V’><V = <F(t) — ’I](t),v>v/><v, Vt € [O,T], ve V.

Use velocities v = u! with x = 1,2. So, Problem P has been rewritten.

Problem P, . Find v, = (v;,v7) : [0,T] =V such that for a.e. t € (0,T),
{0 (1), w = vg(8))wrxcy + (Avy (1), w = vp(E))vrxv + J(w) = J (g (1))
> (Fy(t), w — vy (t))vrxy, Ywe V. (3.9)

vy(0) = (v, v5)-

Lemma 3.1 Assume that H(1) and H(11) hold, then the mappings A and J defined,

respectively, by (@ and satisfy

(a) A:V =V is semi-continuous and strongly monotonous,
(b) 3CY >0, 3C% >0 such that || Aully < Ch|lully +C%, VueV,
(¢) for all sequence (ur) and u in L*(0,T;V) such that u, — u weakly in L*(0,T;V),
Auy, — Au weakly in L*(0,T;V")
and limyg_, ;o inf fOT<Auk(s),uk(s))vxxvds > fOT<Au(s), u(s))yrwyds
(@) J:V = Ris a convex and lower semi-continuous functional.
There exists a sequence of C1 convex functions (Ji) : V — R
(b') 3Cy >0 suchthat |J}(u )Hy/ <C VkeN, YueV,
() limpssoo fy Ji(uls))ds =[5 T )ds Yu e L2(0,T; V),
(d") There exists a sequence (uy) and w in L?(0,T;V) such that
u — u weakly in L?(0,T;V), then limy_, . inf fOT T (ug(s))ds > fOT J(u(s))ds,

where Ji(u) is the Fréchet derivative of Jy at u.
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Proof. From the definition and assumption H(1), we can verify that A4 satisfies
the conditions (a)-(b), and applying the Lebesgue theorem, we deduce the condition (c).
On the other hand, by using the continuous embedding V < L?(I'3)%, we find that J is
convex and continuous. To approximate the function J, we use the following functional
Jr : V = R defined by

Ji(u) :/F g\/’ul - u3|2 + k=1 da, Yu=(u',u?) €V, Vk € N*.
3

We verify that the Fréchet derivative of Jj, at u = (u!,u?) is given by

1 _ .2 hl h2
ita vy = [ U gy a2 ey, (30)
rs \/|u1 u2| 4kl

Then J, is of class C'. Direct algebraic computations show that for all @ > 0, b > 0 such
that a + b =1, and for all reals x and y, k > 1,

Vier +by)2 + k=1 <ava?+ k=1 +by/y2 + kL.
Then Jj is convex for all k € N*. From (3.10)), it follows that
3o > 0, vu eV, |l < lgllimy.

therefore (b’) is satisfied. From the definition of J, we have limy_, 1 oo Ji(u) = J(u) and
as Ji is continuous on V, applying the Lebesgue theorem, we deduce the property (¢’).
Finally, (d’) is a consequence of the fact that

Yu eV, Vk e N*, Jp(u) > J(u),
which finishes the proof.
Lemma 3.2 Problem P, has a unique solution v, which satisfies
v, € C(0,T;H) N L*(0,T; V) nWh2(0,T; V).

The proof of Lemma is found in [9} p.48].
Let now u, = (u,), ,,) [0,T7] — V be the function defined by

t
uy (1) :/ vp(s)ds +ug, Vtel[0,T], k=1,2. (3.11)
0

In the study of Problem P,, , we have the following result.
Lemma 3.3 P, has a unique solution satisfying the reqularity expressed in .

Proof. The proof of Lemma [3.3] is a consequence of Lemma [3.2] and the relation
(3.11). In the second step, let 7 = (7!, 72?) € L?(0,T; Ep) and consider the auxiliary
problem.

Problem P,_. Find 7, = (7},72) : [0,T] — Ejy such that for a.e. t € (0;7),

T T

Yoa o (FE() = 7 () = X5 (1), 0%) gy + ao(7<(t),8) = 0, V0 € Ey, (3.12)
7:(0) = (¢, 78). (3.13)
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Lemma 3.4 There exists a unique solution 7. to the auxiliary problem P, _ satisfying

B3).

Proof. The proof of Lemma[3.4]is a consequence of the Poincaré-Friedrichs inequality
and the definitions of the operator ag(.,.).

In the third step, let p = (u', u?) € L?(0,T,Y) be given, and define 8, = ( ,IL,BZ) €
W2(0,T,Y) by

t
Bu(t) = B —l—/o u(s)ds, k=1,2. (3.14)

We use u,, = (u},u?) obtained in Lemma and 7, = (7},72) obtained in Lemma

nrwn T i
to construct the following variational problem.

Problem Py, .. Find ¥yry = (U}, Vor,) 1 [0,T] = W such that for ae. ¢ € (0,T),

N

) (REVG (1. V") = ey (E7eu5(0) + GX (B30, 72(0). V6 ) (150

We have the following result.

2

) Which satis-

Lemma 3.5 Problem Py, . has a unique solution vym, = ( 717,“.“,’(/}

fies the regularity (3.2)).
Proof. We define a bilinear form b(.,.) : W x W — R by

2

b(,8) = D (REVY™, VoS, Wip,¢ € W. (3.16)

k=1

We use H(5) and (3.16]) to show that the bilinear form b(.,.) is continuous, symmetric
and coercive on W, moreover, using ([2.24)) and the Riesz representation theorem, we may
define an element @, : [0,7] — W such that

(Quru (1), Ohw = (Q(1), dhw + Yooy (EFe(ui(t)) + GF(BE(1), TE(1)), VE© ).
Vo e W, t € (0,T).

We apply the Lax-Milgram theorem to deduce that there exists a unique element

Vnru(t) = ( mru(t)v ,2777”(15)) € W such that

b(wnﬂ',u(t)a ¢) = <Q7I‘ff,u(t)v ¢>W V¢ cw. (317)

We conclude that 9, is a solution of Problem Py, _ . Let t1,ty € [0,T], it follows from
(3.15) that
[t (t1) = U (t2)llw < C (llun(tr) — ug(t2)llv + 1Bu(t1) = Bulta) v
Hia(t1) = 72 (t2) 15, + Q1) — Q(t2)llw)-

Due to (2:28), (3:2), (3-3) and 8, € W2(0,T;Y), inequality (3.18) implies that ., €
C(0,T;W). In the fourth step, let § = (61,0%) € L?(0.T; Ey) be given and consider the
following initial-value problem.

(3.18)
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Problem P,,. Find ap = (a},a?):[0,T] — E; such that for a.e. ¢t € (0,7),

2
ag(t) € Z, Y (aF(t) — 0%(t), n" — af(t) L2(ax) + ar (g (t), p — ap(t) >0, VYue Z.

k=1

(3.19)
In the study of Problem P,,, we have the following result.

Lemma 3.6 The problem P,, has a unique solution ag = (o, o) which satisfies

the regqularity .

Proof. We use a standard result for parabolic variational inequalities |9} p.47]. Fi-
nally, we now pass to the final step of the proof of Theorem in which we use a fixed
point argument. To this end, we consider the mapping

¥ L20,T;V' x Y x Ey x Ey) — L*(0,T;V' x Y x Ey x Ep)

defined by
2(777 W, T, 9) = (Zl (na M, T 9)7 Z2 (77, w7, '9)7 Z3 (777 oy T 9)7 Z4(777 22 9)) (320)
with
2
(2101, 1,7, 0)(8), vy = D (BH(E(ws(6), @ (1)) + (€7) Vi (), £(v"))
+ D (FHBE®), 5 (1), (W), V0EV, (3.21)
Sa(n, 1,7,0)(8) = (O (e(uh (1)), ah (1), BL(1), 72 (1), O (e(ud(1)), ad (1), B2(1), 72(1)) )
(3.22)
Sa(n, 1,m,0)(1) = (9" (=(uh (1)), ah(0), B0, 72 (1)), W (e(ud (), ad (1), B2(1), 72(1)) ),
(3.23)
Saln 1, 0)(1) = (S (e(uh(0), aj(1) , SAe2®),af(®)).  (3:24)

We have the following result.

Lemma 3.7 The operator ¥ has a unique fived point (0., pix, T, 0) € L?(0,T; V" x
Y x E() X Eo)

Proof. Let (01, u1,m1,61), (N2, g2, m,02) in L2(0,T; V' x Y x Eg x Ep) and let t €
[0,T]. For simplicity, we use the notation u; = uy,, v; = Uy,, Vi = Upripsr Bi = Buss
Ti = T, and a; = ag, for i = 1,2. From the definition 1) combined with the
assumptions H(2), H(3) and H(6)-H(9), we conclude that there is C' > 0 such that

12 (01, a1, 71, 61) (8) = 2 (2, p2, w2, 02) (1) i/xYxonEo <O (|| (t) - Uz(t)Hi

Hwa () — a5, + [181() = Ba(D[5 + |72 (8) = ()|, + [Jaa(t) — a2 ()| 7.)-
(3.25)
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Moreover, from (3.11]), we have

s (8) — us(8) [y < / lon(s) — vals)lvds, ¥t € [0,7]. (3.26)

Substituting n = 11, w = v2 and n = 12, w = vy in (3.7)), we find

2
{01 =02, 01 _”2>V’XV+Z<AKE(UT)—Aﬁg(vg)af(v?—vg)>ﬂﬁ +{m —n2,v1 —v2)y 5y < 0.

k=1

We integrate this inequality with respect to time, use the initial conditions
v1(0) = v2(0) = (v, ), the assumption H(1)(c) and the inequality
<’[J1 — U9,V — 'U2>V’><V >0 to find that

min(mAl,m_A2)/0 lv1(s) — Ug(S)”%ds < —/0 (m (8) — m2(s), v1(8) — va(8) )y xvds.

Then, using the inequality 2ab < % + eb?, we obtain

/ lvi(s) = va(s)[[Hds < C/ lm1.(s) = m2(5) [ ds, (3.27)
0 0

where C is a positive constant that may change from line to line.

From and , we deduce
lur (t) — w2 (t)|f3 < C/Ot lm(s) = n2(s) [ ds. (3.28)
The definition yields
150~ 0018 < [ in(s) - ). (3.2)

On the other hand, from (3.12), we can write

(F1(t) = 72(t), 71 (t) = T2(t)) 5, + ao(T1(t) = 7a2(t), T1(t) — 72(t))
= (m(t) = ma(t), 11(t) = 12()) p, a-et € (0,T).

We integrate this equality with respect to time, and use the initial conditions
71(0) = 12(0) = (74, 78) and inequality ag(my — 72,71 — T2) > 0 to find

1 t
sl = Oz, < /O I71(s) — m2(8) | o -[I71(s) — 72(s) | o ds.
Then, using the inequality 2ab < a? + b%, we obtain

I () — 7a(0)]13, < / lm1(s) — ma(s) |13, ds + / 71 (s) — ma(8)][3 ds

and, by using Gronwall’s inequality, we obtain

|7 (¢) — 7'2(t)||%E0 < C/O l7r1(s) — 7T2($)H2E0d8 a.e. t € (0,T). (3.30)



536 M. L. GOSSA, T. HADJ AMMAR AND K. SAOUDI

Also, (3.15) and the arguments similar to those used in the proof of ([3.18) yield

[1(8) =2 (8) [w < C (lua () —uz () [v+181 ()= B2 () v+ 71 (1) —72(t) | 5,) a-e.t € (0,T).

(3.31)
Furthermore, by substituting 8 = 6;, © = a3 and 0 = 65, p = as in (3.19) and subtract-
ing the two inequalities obtained, we find

(@1 (t) — da(t), a1(t) — az(t)) B, + ar(aa(t) — aa(t), a1 (t) — az(t))
< (01(t) = 02(t), 1 (t) — a2(t)) B, ae. t € (0, 7).

We integrate the previous inequality and applying the inequality of Holder and Young
with Gronwall’s lemma, we deduce that

o (t) — aa(t)|E, < C/o 161(s) — 02(s) ||, ds ae. t € (0,T). (3.32)

We substitute (3.28)—(3.32) in (3.25]), we obtain

Hz(m,ﬂlﬂflaal)(t) - 2(7727N277T2702)(t)|ﬁ}’><Y><E0><E0 <
Cfg H(nl,ul,m,@l)(s) - (772,/12,71’2,92)(8)‘ N ds a.e.te(0,T).

Reiterating this inequality n times leads to

V' xY X Eqgx Eq

||En(7717’u17ﬂ.1791) - En(U27H277T2792) ||12(0,T;V’><Y><E0XE0) <

SN, o, 1, 61) — (772’/‘277r2’92)H2L2(0,T;v'wa0xEo)'

Thus, for n sufficiently large, X" is a contraction on the Banach space L%(0,7;)V’ x Y x
Ey X Ey), and so ¥ has a unique fixed point.
Now, we have all the ingredients to prove Theorem
Proof. Let (n*,u*ﬂr*,@*) € L?(0,T;V' x Y x Ey x Eg) be the fixed point

defined by (3.20)—(3.24)) and denote
U = Up,, T =Tr,, (W), e(W" —Y=Vprpu, w=ap, Bc=PBu. (3.33)

We prove {u., ¥y, 7w, ax, By} satisfies (2.35)—(2.40) and the regularities (3.1)—(3.5). In-
deed, we write (3.7)) for n = . and use (3.33) to find

(i (0), 0 = ()1 + 3 (A0 + () = T (i (1) 530

+(M(t), w — (D)) xy = (F (), w — ws(t))vrxy, Yw €V, ae. t €(0,T).

Equation Xy (., ps, s, 6,) = 1, combined with (3.21) shows that for a.e.t € (0,T),

2

(120, 0y = D (BE (i (0), () + FE(BE(1), 75(1) + (67) V1), <))

k=1

HN 9
(3.35)

We substitute (3.35) in (3.34) and use (3.33) to see that (2.36) is satisfied. From
PPN (77*, T 9*) = p and (3.14]), we see that (2.35) is satisfied. We write now (3.15|) for
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(n,m, 1) = (N, Ts, pix ) and use to find . The equalities X3 (n*, [T 9*) =,
and Xy (7, ps, 74, 0+) = 0., combined with (3.12)), show that (2.38)-(2.39) are sat-
isfied. Next, and the regularity 1i follow from Lemmas (3.1} |3.4} |3.5| and
and the relation , which concludes the existence part of Theorem [3.1} The
uniqueness of the solution follows from the uniqueness of the fixed point of the operator
> defined by f combined with the unique solvability of Problems P, , P,

P,

Pnmp

and P,,.
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Abstract: The goal of this paper is to study the global exact controllability of a
reaction-diffusion equation in a bounded domain with Dirichlet boundary conditions.
We will first consider the case of bilinear equation, then we identify a set of target
states that can be exactly reached at any a priori given time. This result is then
applied to prove the exact controllability of semilinear reaction-diffusion equation un-
der distributed controls. The approach is constructive and based on linear semigroup
theory and null controllability properties of linear problems.
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1 Introduction

This paper deals with the controllability of the following semilinear reaction-diffusion
equation:
ye=Ay+qlx,thy+ fy), inQr (T>0),
y(0,t) =0, on X, (1)
y(l‘,O) :yO(I)’ in Q,

where  is a bounded domain in R®,n > 1 with a boundary 99, Q7 = Q x (0,T) and
Yr =00x(0,T). Here, g € L™ (Qr) is a control function with the corresponding solution
y = y(x,t). The nonlinearity f : R — R is assumed to be a Lipschitz function such
that f(0) = 0.

In terms of applications, the equation like provides the practical description of
various real problems such as chemical reactions, nuclear chain reactions, biomedical
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models etc. (see [21/9,/10,/14,/19./20] and the references therein). Equation can be also
used to describe a diffusion process with y(z,t) being the concentration of a substance at
the point x at time ¢, or a heat-transfer process, with y(z,t) describing the temperature
at the point = and time ¢ (see [5] and [14], p. 17). It is shown in [2] that the equation like
can be also used to study the insect dispersal with constant random motion and an
(z,t)—dependent emigration parameter. It may be also used as a model for the growth
of avascular tumor [9).

The question of controllability of the bilinear reaction-diffusion equation has attracted
many researchers (see e.g., [4L/5L|8] and [14]- [18]). In [4], the approximate controllability
properties have been derived for the truncated bilinear version of (i.e., f = 0) for the
initial and target states yq, yq with finitely many changes of sign. The same question has
been discussed by Fernandez and Khapalov in [§8] when the support of the bilinear control
is allowed to depend on time. The exact controllability of the bilinear part of equation
with inhomogeneous Dirichlet conditions has been considered in [15/17]. However,
the assumptions of [15[17] are not compatible when dealing with homogeneous Dirichlet
conditions. Recently, the approximate and exact controllability have been studied for
the truncated bilinear version of equation under the sign condition yo(z)yq(x) >
0, for almost every x € Q in [18]. Moreover, the partial controllability of bilinear
reaction-diffusion equation has been studied in [12]. According to the maximum principle,
it is not possible to steer the bilinear part of from an initial state which has a
constant sign to a target state that change its sign. In [13], Khapalov studied the global
approximate controllability of the semilinear convection-diffusion-reaction equation by
multiplicative controls while dealing with nonnegative initial and target states. In [5],
Cannarsa, Floridia and Khapalov have studied the global approximate controllability
properties of system in the one-dimensional case for suitable classes of initial and
target states that change their sign at a finite number of points. However, in the works
above, the time of steering depends on the given initial and target states. In this paper,
we are interested in the multiplicative controllability of the semilinear reaction diffusion
system at a priori given time, when the initial and target states have the same sign
at almost every x € (2 and satisfy ln(Z—Z) € L>(9Q). We will first deal with a bilinear case
(f = 0), then we proceed to the full equation . Moreover, we will see that the exact
steering of the semilinear system can be reduced to the controllability of its bilinear
part since the nonlinear term f can be absorbed by the control in an appropriate way.

The paper is organized as follows. In the next section, we first consider the problem
of exact controllability of the bilinear part of the system , and we will show that the
steering time can be arbitrary small and uniform for all initial and reached states. Then,
we apply this result to solve the problem of exact controllability of the semilinear system
at a priori fixed time. In the third section, we present a numerical example with
simulations.

2 The Main Results

Our goal in this section is to study the exact controllability properties of the system
at a given time T > 0.
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2.1 Exact controllability of the bilinear equation

Here we consider the following system:

Yt = Ay+v(‘rat)y7 in QT7
y(0,t) =0, on Xr, (2)
y(z,0) = yo(x), in Q.

From [18], one may deduce the following approximate controllability result regarding
the bilinear part of the system .

Lemma 2.1 [18] For any initial state yo € L?*(S2), for any function g € W>(Q)
and for all € > 0, there exists a time T = T (yo,ya,€) such that the respective solution to

(@) controlled with v := % satisfies

ly(T) — eyoll <e.
We also recall the following null-controllability of the linear heat equation.

Lemma 2.2 [7,|11] Consider the system

Yy = Ay + b)Y + 1us(x,t), nQ x (to,T),
P =0, on 9Q x (to,T), (3)
1/J('»to) = 6 € L2(Q), m Q?

where 0 < tg < T, b € L*(Q) and w is a nonempty open subset of Q. Then there is a
control usy € L>(2 x (to, T)) such that the corresponding solution to (3) vanishes at T.
Furthermore, we have

l[u2ll Lo (x (t0.1)) < C €]l L2(0), (4)
where C = Cr_y, 1s a positive constant depending on T — to and such that Cr_y, 1s
bounded near ty — 0T.

We now state the exact controllability result of the bilinear system .

Theorem 2.1 Let yo € LP(Q), (p > 2 and p > %) and let yg € H*(Q) such that
i) for a.e. x € Q, yo(x)ya(z) >0 and ya(r) = 0 < yo(z) =0,
i1) ln(g—j)le € L>(Q), where 1, denotes the characteristic function of the set Ey, =
{z € Q/ yo(z) # 0},
ii1) %IEM € L>*(Q) and |yq| > o > 0, a.e. on some open subset w C .

Then for any T > 0, there exists a control v € L=°(Qr) such that the respective solution
to (@) satisfies y(T) = yq, a.e. in Q.

Proof. Let T > 0.
1. Approximate steering.
Let g := In({4)1p. It follows from the assumption (i) that eyo = y4. Then, in the
case where g € W2°°(Q), we deduce from Lemma that for any € > 0, there exists
0 < Ty} < T small enough such that the corresponding solution to controlled with
vy = # verifies
1y(T1) — wall <e. ()

Moreover, in the general case g € L (), one can construct a sequence (gi) C W2>°(Q)
which is uniformly bounded in Q such that gp — g in L?(2), as k — 4oo. We will



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) 541

consider the control vy (z) = % for a suitably selected k € IN (large enough integer).

1
Let y(t) be the solution of (2) corresponding to v;(z) and to the initial state y(0) = yo.
Finally, let (yo;) € L>(Q) such that yo, — yo in L?(Q), as | — +oo.

We have the following triangular inequality:

ly(T1) — e?yoll < ly(T1) — e woll + le? yo — e youll + lle” yor — eTyorll + [le?yor — eyol|
< |ly(T1) — e%yol| + e yor — e%yaurll + (ksug [[€9% | oo () + el @) [|yo, — o .
S

Let L € IN be such that
€

(sup [le?] L) + GHQHLW(“))HZIJOL — ol < 3
keN

and for such value of L, we consider K such that

€
le?s = ellllyorll = (o) < 3-

Finally, for this value of K, it comes from Lemma [2.1] that there exists 7' > 0 such that
€
ly(T3) — e yoll < <.

We conclude that
ly(T1) — eTyoll <e.

Hence, since e9yy = yq4, it comes that holds for some 0 < T} < T.
2. Exact steering.
Let us consider the following system:

ye = Ay +o(x,t)y, inQx(T1,T),
y(0,t) =0, on 9Q x (Th,T), (6)
y(Th) = y(Iy), in Q-

Let z = y — yq4, where y satisfies @ Thus z satisfies

2zt = Az +v(x, t)(z+ya) + Ayg, inQx (11, T),
z(0,t) =0, on 00 x (11, T), (7)
2(Th) = y(Ty ) — ya, in Q.

In order to prove Theorem it is sufficient to prove that is exact null control-
lable. Let Ty € (T1,T) be close to T7, so we can assume in the sequel that 0 < To—T7 < 1.
Then consider the following time-independent control in (T, T3) :

From the definition of ve, we have voyqs + Ayg = 0, a.e. in Q. Thus the system can
be reduced to the following one:

2zt = Az +vs(x)2, in Qx (Ty,Tz),
z = 0, on 0f) X (1_'1,112)7 (8)
2(Th) = y(Ty) — ya, in €,
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whose solution is given by

z2(t) =St —T1)z(Ty) + t S(t — s)va(x)z(s)ds, Vt € [Ty, Ts). (9)

T

Then, since S(¢) is a contraction semigroup,

t
Izl < IIZ(T1)||+Hv2IILoo<Q>/T [I2(s)llds

for all ¢t € [T}, T»]. Gronwall’s inequality gives
(O] < Cllz(T)ll, vt € [Th, Ta], € > 0. (10)
Moreover, we know that S(¢)(LP(Q2)) C L*>(Q), and for all £ € LP(Q)), we have
ISl Loe () < O F [|€]| Lo, VE > 0, (11)

where the constant C' is independent of £&. We also have S(¢)(L>°(€2)) C L*>°(Q), and for
all £ € L>°(Q), we have (see [0], p. 44)

Hs<t)€HL°°(Q) < ||f||Loo(Q),Vt > 0.

Using the smooth effect of the heat semigroup S(¢), we can take the mild solution z(t)
in the space of continuous function equipped with the supremum norm. Then, by taking
the L*°—norm in @D and using , we get

t
()| oo ) < C(t = T1) 22 [|2(T1)[| L1 () + Cllvz L~ (o) /T (t —s)" 22 |l2(s)l|L1 (o ds

for all ¢ € [Ty, T3], and for some constant C' > 0 which is independent of 5 := Ty — T7.
Then, when using 7 it comes

t
[2() () < C(t = T1) 2 [|2(T1) | 2 (o) +C||U2||Loo(m||2(T1)H/T (t—s) 2vds

for all ¢t € [Ty, T3], and in particular,
2(T2) | (o) < Cn~ % ||2(Th)|,
where C' is a positive constant which is independent of n € (0,1). Thus implies
12(To) ey < O e 12)

for some constant C' > 0 which is independent of 7.
Let us now consider the control v(z,t) = va(x) 4+ vs(z,t) on [T, T], vs € L>®(Q x
(T3, T)) (with v3(t) =0, ¢t € (T1,T2)). When using this control, the system (7)) becomes

zt = Az +ve(x)z +v3(x, t) (2 + ya), in Qx (T2,T),
z =0, on 9N x (Ty,T), (13)
2(Te) = y(Ty ) — ya, in Q.
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Let us consider the following linear system:

Uy = A+ vo () 4+ 1yur(z,t), inQx (T, T),
¥(0,t) =0, on IQ x (T, T), (14)
’(/)(Tg) = Z(Tg), in Q

From Lemma there exists a control u; € L (2% (T3, T)) such that the corresponding
solution to (14) satisfies ¢(.,T") = 0. Furthermore, the steering control u; satisfies the
estimate

1wl oo (ax (1,1 < CllU(T2) |l L2(0) (15)

for some positive constant C' which is independent of T5. In other words, for some positive
constant C (depending though on T — T5). Moreover, since T» is small enough, we can
(according to the Lemma choose C only dependent on T'.

The solution of is given, for all t € [Ty, T, by

P(t) = S(t = To)p(T2) + / S(t = s)(v2(@)(s) + ual:, 5))ds. (16)

T

Since 9 (T») € L*°(Q), we have (see [6], p. 44)

1S#) 0 (T2) Lo () < [[(T2) |l ()-

Since ¥(T3) € LP(Q) and uy € L>=(2 x (T3, T)), we can see that ¢(t) € LP(Q), To <t <
T.
Moreover, from , we have

1St = 8)(s) | () < C(t = 8)7F[|[9(5) [ L), 0 <5 <t

and
1St — s)Loui(s, 8)||Lee () < C(t — 8)7%||U1('7S)||LP(Q), 0<s<t-

Thus from (16]), we have v (t) € L>(Q) for all ¢ € (13, T], and

t
2
for some C which is independent of 7.
Gronwall’s inequality yields, via and (15),
V()] Lo () < C*n_%e, t € [Ty, T,

for i small enough and for some constant C, > 0 which is independent of 7.
Since |yq| > o > 0 a.e. in w, we can choose € and 7 small enough such that

n > (%)ZTP Hence
[Y(x,t) + ya| >0, a.e w x (To,T).
This enables us to define a control vs in Q x (T, T) through the following relation:

’Ug(l’,t)(l[)(x,t) + yd) = ul(xat)'
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Since u; € L>®(Q x (T,,T)), it follows that v € L>(Q x (T5,T)).
Using the control v(z,t) = ve(x) + vs(2,t), t € (I2,T) in the system (L3), leads to the
following one:

zt:Az—I—vg(x)z—&—M(z—i—yd), in Q x (T,,T),
z(0,t) =0, on 90 x (T, T),
2(T2) = y(Ty ) — ya, in Q,

which admits v as a solution. Hence, by uniqueness, we have z = ¢ a.e in Q x (T, T).
Finally, returning to initial system , the control is then defined by

vi(z), in (0,73),
=] B T,
UQ(.T)+m, n (TQ,T)’

so that v € L>(Qr) and y(T) = yq.

Remark 2.1 The result of Theorem [2.I] improves the results from the literature in
terms of the steering time which is here independent of the initial and target states (see
for instance [4,18]).

2.2 Exact controllability of the semilinear system

Presently, the system is considered. The next theorem introduces significant differ-
ences with respect to the literature in terms of the proof techniques. Indeed, the method
used in [5] consists of shifting the points of sign change by making use of a finite sequence
of initial-value pure diffusion problems. In 18], a static control was used to study the ap-
proximate controllability of the truncated part of , and the equation at hand becomes
linear so that one can apply the linear semigroup theory. In the context of equation ,
the central idea of our method is to try to select the bilinear control in such a way that
the corresponding trajectory of can be approximated by the bilinear term v(x, t)y(t)
on a small interval of steering [0,7]. In other words, the effect of the pure diffusion (i.e.
v=0and f =0) as well as the one of the nonlinearity becomes negligible as T — 0F.
Our exact controllability result for semilinear case is as follows.

Theorem 2.2 Let T > 0. If yo and yq satisfy the assumptions of Theorem[2.1], then
there exists a control q(-,-) € L>®(Qr) for which the respective solution to s such
that y(T') = yq.

Proof. The idea consists in looking for a control that makes the system equivalent

to its bilinear part so that one may apply the results of the previous section.
Let us observe that (at least formally) the system can be written as follows:

ye = Ay + (q(z,1) + %1&,)% in Qr,
y(0,t) =0, on X, (18)
y(m,O) :yO(x)v in Q,
where E, = {(z,t) € Qr : y(z,t) # 0}. This leads us to consider the following bilinear
system:
ot = Ap to(z,t)p, inQr,
»(0,t) =0, on Y, (19)
o(z,0) = yo(x), in Q.
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According to Theorem there exists v € L (Q) for which the solution of the system
is such that (T) = yq.
From the assumptions on f, we deduce that |f(y(z))| < Lly(x)| for a.e z € €,

1(¥) 1g, € L>(Q), where E, =

where L is a Lipschitz constant of f. Thus we have .

{(z, 1) : g(a,t) # 0}.

Consider the following bilinear system:

v = Ay + (v(x,t) = L2105 )y + f(y), W Qr,
y(O, t) = Oa on ET7 (20)
y(x,0) = yo(z), in Q,

and let us set ¢(x,t) = v(x,t) — Mle in , where ¢ is the solution of cor-
2

responding to the steering control v. It is apparent that ¢ is a solution of . Hence,
by uniqueness, we have that y = ¢ is the unique solution of corresponding to the

flp)

control ¢(z,t) = v(x,t) ———1p,. Then the controllability result of the theorem follows
14
from Theorem 211

Remark 2.2 1. In the case where f(0) # 0, we can use the control g(z,t) =
— f(0
v(w,t) — Ml%-
¥

2. The result of Theorem extends the results of approximate multiplicative con-
trollability of semilinear systems established in [5] to the case of several dimensions.
Moreover, the result of Theorem also holds for a nonlinearity f = f(¢,z,y, Vy)
which is globally Lipschitz in y uniformly w.r.t the other parameters (see [13]).

The next result provides a set of states that can be reached with additive controls
through the following semilinear system:

Yt :Ay+f(y)—|—u(a:,t), in QT7
y(0,2) =0, on Y, (21)
y(x,0) = yo(z), in Q.

Corollary 2.1 Let assumptions of Theorem hold. Then for any T > 0, there
exists a control u € L2(0,T;L*(Y)) for which the respective solution to satisfies

y(T') = ya-

Proof. Tt suffices to take u(x,t) = q(x, t)y(x,t), where ¢ is the steering control of
from yo to yq at T and y is the corresponding solution of .

3 Simulation

In this section, we investigate the exact controllability for the one dimensional version of
system . Note that the approximate controllability of such models has been considered
in the bilinear and semilinear context in [41|5] (see also [14] for different interpretations
of these equations).

Let us consider the system with f(z) = sin(x), € R. This function constitutes
a prototype of (non trivial) smooth Lipschitz nonlinearities that vanish at the origin,
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which is widely used for illustrative and numerical examples (see for instance |1}3}/16]).
As initial and final data, let us take yo = 107%(z + 1072)(1.01 — z) and y4 = yoe® in

Q= (0,1).
Aya dx
_ 1 _x — —
Thus, we have a(z) = 7 In % = 7 and g(z) = — vy -1+ @+ 10510l —2)

T
d
According to Theorem we deduce that for every T' > 0, there are positive real
numbers T and 75 which are small enough and for which the control

x  sin(y)
?1 - 0 1EZa - ( ) (OaTl)7
x sin(p
= -1 - 1 T, T
Q(xat) + ($+10_2)(1.01 _$> 0 Eg» ( 1y 2)7
4x u(z,t)  sin(p)

P T )00l —2) T e e e e (T2, T),

(B, = {(x,t) : p(x,t) # 0}) achieves the exact steering of system from yo to y4 at
T, where ¢ solves with
Til’ 4 (0’ Tl)a
v(z,t) =4 ~1+ Gron ey (T1, T>),

Az u(x,t)
~I+ i@ T o (2T,

and u(z,t) is the control of null-controllability of the linear system

1/1t:A1/1—1/1+U($775)» inQX(TQaT)7
¥(0,t) =0, on 90 x (T, T),
,(/}(T2) = y(TQ) — Yd; in Qv

and v is the corresponding solution.
Here we consider a globally distributed control u(z,t), which can be taken time-
independent (see |14], p.57)

(1212 o~ (T-To)(x*k>+1) o
— Y e (| 06T - @) ante). (22)

k=1

where @i (x) = V2sin(krz), k > 1, are the eigenfunctions of A associated to the eigen-
values \, = —k272.

Now, note that system with control ¢(z,t) and system with control v(z,t)
have the same state and it suffices to simulate the latter. We will give simulations for
T =1, Ty =0.01 and T = 0.02, and we will follow the three steps given below.

Step 1. Approximate steering: Solve system , controlled on the time interval
(0,T1), by v(z,t) = vi(x) = %ln(%) = 100z to get y(z,T}).

Step 2. Computation of the additive control u(z,t): Solve on the time interval
(0,T%), by taking the control

100z, (0,Ty),
v(x,t) = v (x,t) = Ay

S (z+10-2)(1.01 — 2)’ (10, T2).
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This gives y(&, T%), which enables us to compute the control u(z, t) using the formula (22)).

Step 3. Exact steering: Consider the solution :

t

P(z,t) = P78t - To)y(z, Ta) + / e TI8(t — s)u(z, s)ds
T>

of the equation

wt = A’l/] - 1/} + U(Z’,t), te (T27T)7
with ¢(T5") = y(Ty ) as the initial state. Then, we use the relation y(z,t) = ¥ (z,t) +
y?, t € (T»,T) to get y(z,T) = y4. Below are the figures corresponding to the exact
steering with the error function.

Figure 1: The evolution of the state at T'.

e Figure 1 reflects the exact steering and shows that the trajectory y(t) becomes very
close to the desirable state at time 7.

e Figure 2 describes the variation of the error function defined by E(t) = ||y(t) —
yall,t € [0,T], and shows that E(t) tends to zero when ¢ becomes close to the time of
steering T'.

4 Conclusion

In the present paper, the multiplicative controllability of a semilinear reaction-diffusion
equation is considered in several space dimensions. The approach is constructive and
consists in using a set of three controls applied subsequently in time. First, a static
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3 Euslution of the error
25 T T T T T T T T T T

1.581F .

1
] 0.1 0.2 0.3 0.4 05 0B 0y 0.8 0a 1
Teme

Figure 2: The variation of the error.

control is used to achieve the approximate steering in L? at a small time T;. Then, a
second static control is used in a small time interval [T7,75] so that the approximate
steering becomes in L> sense. Finally, in the remaining time interval [Ty, T], we exploit
a (z,t)—dependent control law that ensures the zero controllability of an appropriate
linear system (with an additive control) to guarantee the exact steering. Furthermore,
the considered methods allow us to achieve the approximate and exact steering (for a
given couple of the initial and desirable states) at arbitrary small control time which can
be fixed in advance.
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Abstract: Blood is a vital component in body health because it distributes oxygen,
food, and hormones in the whole body. However, there are some cases such as the
lack of blood, accidents, or other diseases when humans need blood transfusions,
which depend on the demand and supply of blood in hospitals. In this research,
panel data regression is used to analyse the demand and supply of blood in hospitals
in Surabaya city. There are three models in panel data regression, namely, common
effect (CE), fixed effect (FE), and random effect (RE). In this panel data regression,
the number of demands of blood type O, A, B, and AB is the independent variable.
In contrast, the blood supply is the dependent variable. First, we will determine the
best model, common effect (CE), fixed effect (FE), or random effect (RE), through
the Chow test, Hausman test, and Lagrange Multiplier test. From the result, the
best model of the quantity of blood supply is fixed effect (FE). Then, the fixed effect
(FE) model parameters are tested by using the F-test and T-test for testing the
impact of independent variables on the dependent variable and R-squared for finding
the proportion of effectiveness of independent variables. According to our simulation
results, the R-squared is 0.998, which is very satisfactory.
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1 Introduction

Blood is a vital component in body health because it distributes oxygen, food, and
hormones in the whole body. However, there are some cases such as the lack of blood,
accidents, or other diseases when a human needs blood transfusion which depends on the
demand and supply of blood in hospital [1,/2].

In this research, panel data regression is used to analyse the demand and supply of
blood in hospitals in Surabaya city. Panel data is the data combining time-series data
and cross-section data. Time-series data cover an object for an extended period. Cross-
section data consist of many things such as a company, factory, restaurant, a place with
some attributes. Thus, panel data regression is the regression using panel data. There
are three models in panel data regression, namely, common effect (CE), fixed effect (FE),
and random effect (RE).

From the previous research, the effects of independent variables and dependent vari-
ables have been applied by the correlation method in a Neural Network (NN) [3l|4] and
Adaptive Neuro-Fuzzy Inference System (ANFIS) [5,/6]. There is a work on stability
analysis of stochastic neural networks [7]. Let us also mention the results on control
design using Sliding PID [8] and Linear Quadratic Regulator [9].

In this panel data regression, the number of demands of blood type O, A, B, AB is
the independent variable, while blood supply is the dependent variable.

First, we determine the best model, common effect (CE), fixed effect (FE), or random
effect (RE), through the Chow test for determining a better model between the common
effect (CE) model and the fixed effect (FE) model in the panel data model, the Hausman
test for determining a better model between the random effect (RE) model and the
fixed effect (FE) model in the panel data model, and the Lagrange Multiplier test for
determining a better model between the common effect (CE) model and the random
effect (RE) model in the panel data model. Then, the simulation results are applied by
EViews software.

From the result, the best model of the quantity of blood supply is fixed effect (FE).
The F-test and T-test test the parameters of the fixed effect (FE) model for testing the
impact of independent variables on the dependent variable, and R-squared is used for
finding the proportion of effectiveness of independent variables.

2 Panel Data Modeling

Panel data is the data combining time-series data and cross-section data. Time-series
data cover an object for a long time. Cross-section data consist of many entities (for
example, a company, factory, restaurant, place) with some attributes (for example, cost,
benefit, the volume of production, the number of workers) in one period. Thus, panel
data regression is the regression using panel data.

The regression model of time-series data is as follows:

P
YVi=a+) Blal+e, t=12..T,
j=1

where T is the number of time-series data and P is the number of independent variables.
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The regression model of cross-section data is as follows:

P
Yi:oz-i-zﬁjxg—i—ai, 1=1,2,...,N,

j=1

where NNV is the number of cross-section data and P is the number of independent variables.
So the regression model of panel data is as follows:

P
Y =a+ ngt + &4t t=1,2,....T, i=1,2,...,N,
j=1

where N is the number of cross-section data, T" is the number of time-series data, and P
is the number of independent variables.

3 Estimation of Panel Data Regression

For estimating the parameters of the panel data model, there are three techniques.

3.1 Common Effect (CE) model (Pooled model)

In this model, time-series data and cross-section data are merged. By joining both of
them, one can use the Ordinal Least Square (OLS) method or the least square technique
to estimate the data panel model. It is assumed that the properties of data of the objects
are similar in the interval of time [10].

However, this assumption deviates from the actual conditions because the charac-
teristics of the objects are very different. Therefore, this model can be constructed as
follows:

P
Yi=a+Y Bal,+eq, t=1,2..T, i=12..N,
j=1

where N is the number of cross-section data, T is the number of time-series data, P is
the number of independent variables, Y;; is the dependent variable of the i-th object in
the t-th time, x7, is the j-th independent variables of the i-th object in the ¢-th time, 37
is the coefficient (parameter) of the j-th independent variables, « is the intercept, ;4 is
the error component of the i-th object in the ¢-th time.

3.2 Fixed Effect (FE) model

This model estimates panel data by adding dummy variables. There are different effects
among objects through the difference of their intercepts. In the fixed effect (FE) model,
an object is an unknown parameter, and it will be estimated by dummy variables. This
model can be constructed as follows [10]:

P n
Yi=a+Y Fal,+> apDp+en, t=1,2,..T,  i=12..,N,
k=2

Jj=1

where Dy, is the dummy variable.
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3.3 Random Effect (RE) model

In this method, the differences in object and time characteristics are formed by the
error from the model. Because two components contribute to the error results, such as
object and time, this method needs to be expanded to become the error from the object
component, the error from the time component, and the combined error. The random
effect (RE) model is as follows [11]:

P
Yi=a+)» Bl +ey, t=12..T,  i=12_.N,

=1

where €;; = u; + v; + w;t, u; is the error from the object component, v; is the error from
the time component, w;; is the combined error.

4 The Selection of Best Model

For selecting the best model, the common effect (CE) model, fixed effect (FE) model or
random effect (RE) model, there are some tests such as the Chow test, Hausman test,
and Lagrange Multiplier test.

4.1 Chow test

The Chow test is used for determining a better model between the common effect (CE)
model and the fixed effect (FE) model in the panel data model [12].

The hypothesis used in the Chow test is as follows. The null hypothesis (Hp) repre-
sents the common effect (CE) model, whereas the alternative hypothesis (H;) represents
the fixed effect (FE) model. The Chow statistics is given by

(ESS1 — ESS2)/(N — 1)
(ESS2)/(NT —-N - P) '

where

ESS1 : Residual Sum Square of the fixed effect (FE) model,
ESS2 : Residual Sum Square of the common effect (CE) model,

N : the number of cross-section data,
T : the number of time-series data,
P : the number of independent variables.

The Chow statistics follows the F-statistics distribution with the degree of freedom
(N —1,NT — N — P). If the Chow statistics is larger than the critical value of the
F-statistics distribution or the p-value is less than the significance level «, then H; is
accepted and Hj is rejected so that the selected model is the fixed effect (FE) model.

4.2 Hausman test

The Hausman test is used for determining a better model between the random effect
(RE) model and the fixed effect (FE) model in the panel data model |12].
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The hypothesis used in the Hausman test is as follows. The null hypothesis (Hp) rep-
resents the random effect (RE) model, whereas the alternative hypothesis (H; ) represents
the fixed effect (FE) model. The m statistics is given by

m = (8 —b)(M0 - M1)~*(8 - b),
where:

B : Statistics vector of fixed effect (FE) variables,

b : Statistics vector of random effect (RE) variables,

MO : covariance matrix for the fixed effect (FE) model,
M1 : covariance matrix for the random effect (RE) model.

The m statistics follows the chi-square distribution with the degree of freedom equal
to P. If m statistics is larger than the critical value of the chi-square distribution or the
p-value is less than the significance level «, then H; is accepted and Hj is rejected so
that the selected model is the fixed effect (FE) model.

4.3 Lagrange Multiplier test

The Lagrange Multiplier test is used to determine a better model between the common
effect (CE) model and the random effect (RE) model in the panel data model |13].

The hypothesis used in the Lagrange Multiplier test is as follows. The null hypothesis
(Hy) represents the common effect (CE) model, whereas the alternative hypothesis (H;)
represents the random effect (RE) model. The LM statistics is given by

2
N T _
NT dim1 (Zt:l eit)
LM = ~ 7 -1,
2(T-1) Doim1 Dim1 6221:

where

N : the number of cross-section data,
T : the number of time-series data,
e;¢ : residual of the common effect (CE) model.

The LM statistics follows the chi-square distribution with the degree of freedom equal
to P.

If the LM statistics is larger than the critical value of the chi-square distribution or
the p-value is less than the significance level «, then H; is accepted and Hj is rejected
so that the selected model is the random effect (RE) model.

The Lagrange Multiplier test is not applied when the Chow test and the Hausman
test show a better model is the fixed effect (FE) model |10].

5 Significance Test

After the best model is obtained, it is required to apply the significance test as follows.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) [550H560 555

5.1 F-test

The F-test is applied for testing the estimation results on whether the independent vari-
ables have effects on the dependent variable globally [14].

The hypothesis used in the F-test is as follows. The null hypothesis (Hy) represents
“independent variables do not affect the dependent variable”, whereas the alternative
hypothesis (H7) represents “independent variables affect the dependent variable”.

The F-statistics is given by
MS(y)

Fes = 3ra/ .\
et MS(e)

where

MS(e) : mean square of regression,
M S(y) : mean square of residual.

The Fj.s; statistics follows the F-statistics distribution with the degree of freedom
equal to (N+ P —1, NT — N — P). If the F}.s statistics is larger than the critical value
of the F-statistics distribution or the p-value is less than the significance level a, then
H, is accepted and Hj is rejected so that the conclusion is that there is the effect of the
independent variables on the dependent variable.

5.2 T-test

The T-test is applied for testing the estimation results on whether the independent
variables have effects on the dependent variable partially [14].

The hypothesis used in the T-test is as follows. The null hypothesis (Hy) represents
“independent variables do not affect the dependent variable”, whereas the alternative
hypothesis (H;) represents “independent variables affect the dependent variable”.

The T-statistics is given by

Br
SE(By)’

Ttest =

where

B : the k-th parameter,
SE(B): standard deviation of the k-th parameter.

The Ties: statistics follows the T-statistics distribution with the degree of freedom
equal to (NT — N — P). If the Ti.s: statistics is larger than the critical value of the
T-statistics distribution or the p-value is less than the significance level «/2, then H;
is accepted and Hj is rejected so that the conclusion is that there is the effect of the
independent variables on the dependent variable.

5.3 R-squared

The determination coefficient (R?) is used for measuring the fitness rate of panel data
regression. It is a proportion of the contribution of independent variables and dummy
variables to that of the dependent variable |15].
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The coefficient (R?) is determined using

, ESS

TSS’
where

ESS : sum of square of regression,
TSS : total of sum of square.

The value of R? is between 0 and 1. If R? approaches 1, then in this model, the effect
of independent variables is stronger.

6 Results

This research shows the effects of the demand for blood types O, A, B, AB on the quantity
of blood supply in five hospitals in Surabaya city from January 2015 until December 2017.
In creating panel data regression, the data used are as follows. Cross-section or object
data:

1. Angkatan Laut hospital,
2. Unair hospital,

3. Haji hospital,

4. Adi Husada hospital,

5. Darmo hospital.

The data used are monthly data from January 2015 until December 2017.

In this research, the analysis of demand and supply of blood in some hospitals in
Surabaya city is done by panel data regression using EViews software. There are three
models in panel data regression, such as common effect (CE), fixed effect (FE), and
random effect (RE). In this panel data regression, the number of demands of blood type
0O, A, B, AB is an independent variable, while blood supply is the dependent variable.

6.1 The selection of best model

First, we use the Chow test to determine a better model between the common effect
(CE) model and the fixed effect (FE) model in the panel data model.

The Chow test results can be seen in Figure [I] Figure [1| shows the p-value of cross-
section F is 0.0039 < 0.05. Therefore, H; is accepted and Hj is rejected so that the
selected model is the fixed effect (FE) model.

Second, we use the Hausman test to determine a better model between the random
effect (RE) model and the fixed effect (FE) model in the panel data model.

The Hausman test results can be seen in Figure 2] Figure [2] shows the p-value of
cross-section random is 0.003 < 0.05. Therefore, H; is accepted and Hj is rejected so
that the selected model is the fixed effect (FE) model.

Because both the Chow and the Hausman test show that the fixed effect (FE) model
is the best model, the Lagrange Multiplier test is not required.
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RedundantFixed Effects Tests
Equation: Untitled
Test cross-section fixed effects

Effects Test Statistic df. Prob.
Cross-section F 4.003197 (4,171) 0.0039
Cross-section Chi-square 16.112418 4 0.0029

Figure 1: Chow test result.

Correlated Random Effects -Hausman Test
Equation: Untitled
Test cross-section random effects

Chi-Sq.
Test Summary Statistic  Chi-Sq.df. Prob.
Cross-section random 16.012786 4 0.0030

Figure 2: Hausman test result.

The fixed effect (FE) panel data regression model for the quantity of blood supply
used is shown in Figure [3| The coefficient of the quantity of blood type O is 0.982566,
the coefficient of the quantity of blood type A is 1.003406, the coefficient of the quantity
of blood type B is 0.976337, the coefficient of the quantity of blood type AB is 0.990383,
the intercept is 1.376641.

Dependent Variable: S_BLOOD

Method: Panel Least Squares

Date: 06/19/20 Time: 11:36

Sample: 2015M01 2017M12

Periods included: 36

Cross-sections included: 5

Total panel (balanced) observations: 180

Variable Coefficient Std. Error t-Statistic Prob.
BLOOD_O 0.982566 0.009145 107.4399 0.0000
BLOOD_A 1.003406 0.013104 76.57403 0.0000
BLOOD_B 0.976337 0.008611 113.3822 0.0000
BLOOD_AB 0.990383 0.027919 35.47346 0.0000

Cc 1.376641 0.951421 1.446931 0.1497

Figure 3: Fixed effect (FE) model panel data regression.

6.2 Significance test

In fixed effect (FE) model panel data regression, we will test the impact of independent
variables on the dependent variables using the F-test and T-test. Furthermore, we also
measure the proportion of the independent and dummy variables’ contribution and that
of dependent variables using R-squared.

The F-test is applied for testing the estimation results on whether the independent
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variables have effects on the dependent variables globally. The F-test results can be seen
in Figure [l Figure [f] shows the p-value of the F-test is 0.000 < 0.05. Therefore, H; is
accepted and Hj is rejected, i.e., there is an effect of the independent variables on the
dependent variables.

Effects Specification

Cross-section fixed (dummy variables)

Root MSE 3.490123 R-squared 0.998008
Mean dependent var 193.3889 Adjusted R-squared 0.997915
S.D. dependent var 78.41534 S.E. ofregression 3.580790
Akaike info criterion 5.437751 Sum squared resid 2192.572
Schwarz criterion 5.597399 Log likelihood -480.3976
Hannan-Quinn criter. 5.502481 F-statistic 10708.81
Durbin-Watson stat 1.469845 Prob(F-statistic) 0.000000

Figure 4: F-test results.

The T-test is applied for testing the estimation results on whether the independent
variables have effects on the dependent variables partially. The T-test results can be
seen in Figure[5] Figure[5]shows the p-value of the T-test on the number of demands of
blood type O is 0.000 < 0.05, the number of requests of blood type A is 0.000 < 0.05,
the number of requests of blood type B is 0.000 < 0.05, the number of demands of blood
type AB is 0.000 < 0.05. Therefore, H; is accepted and Hj is rejected, i.e., there is an
effect of the independent variables on the dependent variables.

Dependent Variable: S_BLOOD

Method: Panel Least Squares

Date: 06/19/20 Time: 11:36

Sample: 2015M01 2017M12

Periods included: 36

Cross-sections included: 5

Total panel (balanced) observations: 180

Variable Coefficient Std. Error t-Statistic Prob.
BLOOD_O 0.982566 0.009145 107.4399 0.0000
BLOOD_A 1.003406 0.013104 76.57403 0.0000
BLOOD_B 0.976337 0.008611 113.3822 0.0000
BLOOD_AB 0.990383 0.027919 35.47346 0.0000

C 1.376641 0.951421 1.446931 0.1497

Figure 5: T-test results.

R-squared is used to measure the proportion of the contribution of independent and
dummy variables and that of the dependent variables. The R-squared test can be seen in
Figure[6] Figure[f]shows R-squared is 0.998. It means that the effects of the independent
variables on the dependent variables are 99.8%.

7 Conclusions

There are three models in panel data regression, namely, common effect (CE), fixed effect
(FE), and random effect (RE). In this panel data regression, the number of demands of
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Effects Specification

Cross-section fixed (dummy variables)

Root MSE 3.490123 R-squared 0.998008
Mean dependent var 193.3889 Adjusted R-squared 0.997915
S.D. dependent var 78.41534 S.E. ofregression 3.580790
Akaike info criterion 5.437751 Sum squared resid 2192.572
Schwarz criterion 5.597399 Log likelihood -480.3976
Hannan-Quinn criter. 5.502481 F-statistic 10708.81
Durbin-Watson stat 1.469845 Prob(F-statistic) 0.000000

Figure 6: T-test results.

blood type O, A, B, AB is an independent variable, while blood supply is the dependent
variable. First, we determine the best model, common effect (CE), fixed effect (FE),
or random effect (RE), through the Chow test, Hausman test, and Lagrange Multiplier
test. From the result, the best model of the quantity of blood supply is fixed effect (FE).
Then, the parameters of the fixed effect (FE) model are tested by the F-test and T-test for
testing the impact of the independent variables on the dependent variable and R-squared
is used for finding the proportion of effectiveness of the independent variables. In our
simulation, the R-squared is 0.998, which is a very good result. As a future work, we are
planning to employ some machine learning techniques to analyze the demand and supply
of blood. Furthermore, by combining mathematical science and business management,
we strive to provide a feedback for stakeholders before making any decision.

Acknowledgment

This research was supported by Kemendikbud with contract number
313/E4.1/AK.04.PT/2021,027/AMD-SP2H/LT-MULTI-TERAPAN/LL7/2021,
895/UNUSA/Adm-LPPM/VII/2021 year 2021 and thanks to LPPM Universitas
Nahdlatul Ulama Surabaya.

References

[1] A. Muhith, T. Herlambang, M.Y. Anshori, R. Rizqina, D. Rahmalia and Hermanto. Esti-
mation of Whole Blood (WB) and Anti-Hemophiliate Factor using Extended Kalman Filter
in PMI Surabaya. Journal of Physics: Conference Series 1538 (1) (2020) 012034.

[2] A. Muhith, T. Herlambang, A. Haris and D. Rahmalia. Estimation of Whole Blood (WB)
using Unscented Kalman Filter in Surabaya. IOP Conference Series: Materials Science and
Engineering 874 (1) (2020) 012028.

[3] D. Rahmalia and T. Herlambang. Prediksi Cuaca Menggunakan Algoritma Particle Swarm
Optimization-Neural Network (PSONN). In: Proc. Seminar Nasional Matematika dan Ap-
likasinya 2017, 41-48.

[4] D. Rahmalia and N. Aini. Pengaruh Korelasi Data pada Peramalan Suhu Udara Menggu-
nakan Backpropagation Neural Network. Zeta-Math Journal 4 (1) (2018) 1-6.

[5] D. Rahmalia and A. Rohmatullah. Pengaruh Korelasi Data pada Peramalan Kelembaban
Udara Menggunakan Adaptive Neuro Fuzzy Inference System (ANFIS). Applied Technology
and Computing Science Journal 2 (1) (2019) 10-24.



560

[6]

[10]
[11]

[12]
[13]
[14]

[15]

A. MUHITH, I.H. SUSANTO, D. RAHMALIA, D. ADZKIYA AND T. HERLAMBANG

D. Rahmalia, T. Herlambang, A.S. Kamil, R. A. Rasyid, F. Yudianto, L. Muzdalifah and
E.F. Kurniawati. Comparison between Neural Network (NN) and Adaptive Neuro Fuzzy
Inference System (ANFIS) on sunlight intensity prediction based on air temperature and
humidity. Journal of Physics: Conference Series 1538 (1) (2020) 012044.

B. Benaid, H. Bouzahir, C. Imzegouan and F. El Guezar. Stability Analysis for Stochastic
Neural Networks with Markovian Switching and Infinite Delay in a Phase Space. Nonlinear
Dynamics and Systems Theory 19 (3) (2019) 372-385.

T. Herlambang, S. Subchan, H. Nurhadi and D. Adzkiya. Motion Control Design of UN-
USAITS AUV Using Sliding PID. Nonlinear Dynamics and Systems Theory 20 (1) (2020)
51-60.

T. Herlambang, D. Rahmalia, H. Nurhadi, D. Adzkiya and S. Subchan. Optimization of
Linear Quadratic Regulator with Tracking Applied to Autonomous Underwater Vehicle
(AUV) Using Cuckoo Search. Nonlinear Dynamics and Systems Theory 20 (3) (2020) 282—
298.

B. H. Baltagi. Econometric Analysis of Panel Data. Springer, 2008.

J. M. Wooldridge. Econometric Analysis of Cross Section and Panel Data. MIT press, Cam-
bridge, MA, 2002.

W.H. Greene. Econometric Analysis. Pearson Education India, 2003.

C. Hsiao. Analysis of Panel Data. Cambridge university press, 2014.

M. Srihardianti, M. Mustafid and A. Prahutama. Metode Regresi Data Panel Untuk Pera-
malan Konsumsi Energi di Indonesia. Jurnal Gaussian 5 (3) (2016) 475-485.

A.Y.D. Kristina. Pengaruh Pendapatan Asli Daerah, Indeks Pembangunan Manusia dan
Tenaga Kerja Terhadap Produk Domestik Regional Bruto (38 Kabupaten/Kota di Provinsi
Jawa Timur Tahun 2011-2016). Jurnal limu Ekonomi JIE 1 (2) (2017) 176-188.



Nonlinear Dynamics and Systems Theory, 22 (5) (2022) 572

&\IFOR $

M s
Publishing
Group

Effect of Water Scarcity in the Society:
A Mathematical Model

K. Siva and S. Athithan*

Department of Mathematics, College of Engineering and Technology,
SRM Institute of Science and Technology,
Kattankulathur - 603 203, Tamilnadu, India.

Received: July 21, 2021; Revised: November 14, 2022

Abstract: Water scarcity is one of the major problems faced by all those living
around the world. So, there should be a multiple way approach to be adopted to
conquer the water scarcity effects in future. Keeping this in mind, we developed a
mathematical model and demonstrated the effect of water scarcity through a deter-
ministic and stochastic formats. The equilibrium point of the model is found and its
stability is analyzed analytically. Numerical simulation of both the deterministic and
the stochastic model is exhibited to validate our analytical findings. The attainment
level of the equilibrium point is demonstrated by using the Runge-Kutta method.
The comparison is also made for this equilibrium. The effect of few parameters of the
model was exhibited in different figures in the numerical simulation section. Particu-
larly the effect of the water draining rate and the rate of human population affected
by water scarcity on each compartment were shown visually through plotting time
vs particular compartments. Our results show the better ways for water recovery
through the compartments of the model.

Keywords: water scarcity; local stability; global stability; stochastic model.

Mathematics Subject Classification (2010): 70Kxx; 70K42; 70K70; 93-XX;
93E03; 93C10; 93C15; 34D20; 34D23; 65C30.

* Corresponding author: mailto:athithas@srmist.edu.in

(© 2022 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.uab61


mailto: athithas@srmist.edu.in
http://e-ndst.kiev.ua

562 K. SIVA AND S. ATHITHAN

1 Introduction

Water shortages are a severe shortage in which the rates of water availability do not
meet certain basic requirements specified. Water is one of the most essential natural
renewable resources, and no one, neither humans nor animals, can live without it. Water
comes from numerous sources, including runoff, groundwater, and surface water. The
main contributor to the world growth and development are water supplies [1].

The paper concludes that there is a fixed amount of water on our planet. But so
little of it is at our disposal to use. 70 percent of the earth surface is filled with 1400
million cubic kilometers of water (m km3): 2.5% is freshwater and 97.5% is saltwater,
2.5 percent is groundwater, 0.3 percent are lakes and rivers, 68.9 percent is frozen in
ice caps. One-third of the population of the world currently resides in countries where
the quality of the water is not adequately compromised, but by 2025, it is projected to
increase by two-thirds [2].

The primary objective of this paper is to determine the scarcity of water in selected
Middle East countries. For Iran, Iraq, and Saudi Arabia, the Anomaly Standardized
Precipitation (WASP) index was spatially computed from 1979 to 2017. The water
scarcity situation has been investigated in cities with a population of more than one
million. This was done by using the methodology of the composite index to make water-
related statistics more intelligible. A forecast was created for the years 2020 to 2030 to
show potential improvements in the supply and demand for water in selected Middle East
countries. With rising urbanization, there is a moderate to high water shortage risk for
all countries at present [3]. Water shortage is a common issue in many parts of the world.
Many previous water shortage evaluation strategies only considered the volume of water,
and overlooked the quality of water. Moreover, the Environmental Flow Criterion (EFR)
was not usually considered directly in the evaluation. In this paper, we have developed
an approach to assess water scarcity by considering both water quantity and quality [4].

The formulation of a corruption control model and its analysis using the theory of
differential equations are presented in paper [5]. The equilibria of the model and the
stability of these equilibria are discussed in detail. Yadav, A. et al. [6] propose and
evaluate mathematical models to research the dynamics of smoking activity under the
influence of educational programs and also the willingness of the person to quit smoking.
A nonlinear mathematical model is formulated and analyzed in paper 7] to research the
relationship between the criminal population and non-criminal population by taking into
account the rate of non-monotone incidence. See also [8,9].

[10] suggested and analyzed a mathematical model using oncolytic virotherapy for
cancer care. The growth of tumor cells is presumed to obey logistic growth and the
interaction between tumor cells and viruses is of saturation type. Several nonlinear
mathematical models are proposed and analyzed in paper [11] to study the spread of
asthma due to inhaled industrial pollutants [12}|13] are also referenced.

This paper aims to illustrate the requirements to and the availability of water. As a
result of growing population, rising urbanization, and rapid industrialization, combined
with the need to increase agricultural production, water demand has been found to
increase significantly. Water per capital supply is also slowly declining. More than 2.2
million people are expected to die every year from diseases related to polluted drinking
water and poor sanitation.
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As mentioned above, we have analyzed and proved that water scarcity is one of the
major problems that has been proved statistically and theoretically. We are here giving
a new try to prove the same by using the mathematical model.

Using the principle of an ordinary differential equation, we analyze our model and
record comprehensive results of numerical simulations to support the analytical results.
First, our model is expanded to the model of stochastic differential equations. The out-
comes of deterministic and stochastic models were also compared. The remainder of this
paper is structured as follows, Section 2 explains the model and the presence of equi-
libria and illustrates local stability, global equilibrium stability. Section 3 addresses the
remaining stochastic model. Section 4 displays the effects of simulation for deterministic
and stochastic models. Our results are summarized in Section 5 as a conclusion.

2 The Model and Analysis

We proposed and analyzed a non linear model for water scarcity by dividing into four
different compartments |14], namely, the total usage of water (W), the human (H),
water scarcity (W), water recover (W,.). All variables are time t functions. The transfer
diagram of the model is described in Figure [I} The mathematical model is suggested as
follows, in view of the above considerations:

LV = A—a W — wuWH + 6W,,
4 = @,WH — BH — puH — 1 H,
(1)
U = aW+BH - oW,
W — 5 W, — oWy

dt

In Table (1] the parameters used in model are defined.

Table 1: Description of parameters.

Parameter Description

A Recruitment rate

o Water draining rate

Qs The rate of consumption of water by a human

o1 The recovery rate of water resource

0o The rate at which water becomes normal level water
153 Rate of human population affected by water scarcity
I Natural death rate

151 Death rate due to water scarcity

2.1 Existence of equilibria

Our model’s equilibrium is calculated by setting the right-hand side of the model to
zero [15]. The system has the following equilibria, namely, the endemic equilibrium (EE)
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arW (w+u)H
| [
CYQWH BH 51W5
Aoy W H Wi W,

Figure 1: Transfer Diagram of the Model.

E* (W*, H*, WX W), where

ky
w* = — 2
3 @)

A
H = 3
-5 ©

" Aagﬁ—alklﬁ—i—alk%

W = , 4
* 51012(k1 *5) ( )
W: _ AaZﬁ - alklﬁ + alk%7 (5)

52042(/€1 - ﬁ)
where k1 =04+ pu+ p.

2.2 Stability analysis

The system’s variational matrix is given by

—(041 + OéQH) —as W 0 0o

_ OéQH OQW — /{11 0 0
M= o 5 & 0
0 0 01 —6a

2.2.1 Stability analysis of EE point

The variation matrix M* corresponding to the point E* of the endemic equilibrium, is
given by
nip niz 0 ny

N ngy m22 0 0
M* = ,
ngy nzz nzz 0
0 0 ng nug
where
nip = —(a1 +H), ni2=—-wW, niy=0d

N9g1 = 042117 Nog = OégW — k‘l
n3; = ai, N3 =, nzz3=—0,n43 =101, TNgq = 0.
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The bi-quadratic equation is

M+ a3 +aX?+ash+as =0,

where
ar = —(ni1 + oz + N3z + Naa),
a2 = MN11M22 + N22N33 + N33N44 + N11M33 + N11M4q + N22M4q4 — N12N21,
a3 = —MN11M22M33 — N11M227044 — N11M337044 — N22M337044 + N12M217033
+  N12M21M44 — N14N43N31,
G4 = MN11M22M33M44 + N14M22M31743 — N14N21N32743 — N12M217337044.-

E* will be locally asymptotically stable by using the Routh-Hurwitz criteria if the
following conditions are satisfied: a; > 0, a3 > 0, ajazaz — a3 — afas > 0, a3 > 0.

If two other inequalities referred to above are satisfied, E* is locally asymptotically
stable [16].

2.2.2 Global stability of endemic equilibrium

In order to analyze the global stability of the endemic equilibrium E*, we adopt the
approach developed by Korobeinikov [8] and successfully applied in |9]. E* exists for all
x,y,z,u > €, for some € > 0.

Let k1y = [B+ p+ mly = g(z,y, 2, u) be positive and monotonic functions in R (for
more details, see [8l[9]).

x koK % * Yy k% ok ok
gla*, y*, 2, u*) h(x*,y*, 2%, u*)

V(z,y,z,u) = fc—/ —dn+y—/ ——=——=dp
e 9(n,y*, 2z, ur) ¢ h(x*,n, 2% u*)

® h(z*,y*, 25 ut) Ygla*, Yyt 2t ut)
—I-z—/ —d77+u—/ FLY 20 ) g (6)
¢ h(z*,y*m,u*) ¢ h(z*,y*,2%,n)

If g(x,y, z,u) is monotonic with respect to its variables, then the state E is the only
extreme and the global minimum of this function. So, obviously,

ov 1 gla*,y*, 2" u*) oV ) h(xz*,y*, 2%, u*)

Or — glaytut) 0y h(ztyztur)]
87‘/ . h(z*,y*, 2", u*) (9l 1 g™, y*, 2%, u*) )
0z h(z*,y*, z,u*) " Ou glx*, y*, 2%, u)

The functions g(z,y, z,u) and g(z,y, z,u) grow monotonically, then have only one
stationary point. Further, since

Yyt 2t ) gz, Yt 2t ut)
x, Y%, 25 ur) ]2 Ox ’
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O*V gla*,yt, 2 ut) glat,yr, 2t u)
our gl y*, 2%, u)? ou

are non negative, g(x,y, z,u) and h(z,y, z,u) have minimum. That is,
Vi, y,z,u) 2 V(z*,y*, 2% u")

and hence, V is a Lyapunov function, and its derivative is given by

o ey ety ) ety )
dt g(xay*7Z*>u*) g(m*,y,z*,u*) g(x*,y*,Z,U*)
g(xay )y % ,U)

*

_ alx*ﬂ_%) (1_9(96 Y2 )) ot — ) (1_9(3: Y2t ))

. y h(x*, y*, 2%, u*) . T h(z*, y*, 2%, u*)
by (1— Ly (1- - 1- 5y (1=
+ v ( y*) ( h(lE*,y,Z*,U*) ) s ( LE*) ( h(I*,y*,Z,U*)
y 7y Z*7u ) Z h(x*7y*72*7u*)
- Iy (1 S5 (1— 2y (1
Ay y* T Y%, 2, ur) ) Thl= o) < h(x*,y*, z,u*)

7612 177 <1 7y Z7u)

)
I zu(l xxzzzuw(l‘g(:cyzu)))
)

1 xy,zu))

— YT 2,
R g9(z*,y*, z,u)
It is noted here that g(z*, y*, z*,u*) = h(z*, y*, z,u) is explicitly given as g and h in
terms of x,y, z and u.
Since E > 0, the function g(z,y, z,u) is concave with respect to y, z and v and

O%g(x,y, z,u) <0 O%g(z,y,z,u) <0
oy? - 022 -

dv
then »r <0 for all z,y, z,u > 0. Also, the monotonicity of g(z, vy, z,u) with respect to

x,1y, z and u ensures that

x _ glz™,y*,z"u™) _ h(z™,y*,z" u")
(-2 (1- s ) <0.0- ) (1- 5 <o

(1,;7*)(1,%)@,(1 7)<1,M>§0 9)

h(z*,y*,z,u*) g(z*,y*,2*u)

holds for all x,y, z,u > 0. Thus, we establish the following result.

Theorem 2.1 The endemic equilibrium E* of model (1) is globally asymptotically
stable whenever conditions outlined in Eq. @D are satisfied [17).
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3 Stochastic Model

We are expanding our deterministic model to stochastic systems here, as stochastic mod-
els are more able to capture random variations of the biological dynamics of the prob-
lem. The derivation of an SDE model is based on the method developed by Yuan et
al. [18]. Let X(¢) = (X1(t), Xa(t), X3(t), X4(t))T be a continuous random variable for
(W(t), H(t), Ws(t), W,.(t))T and T denote the transpose of a matrix.

Let AX = X (t+At)—X(t) = (AX1, AX2, AX3,AX4)T denote the random vector for
the change in random variables during the time interval At. Here, we’ll write transition
maps that define all possible changes in the SDE model between states. Based on our
ODE model system , here we see that within a small time interval At, there are
9 possible changes between states. Changes in the state and their probabilities are
discussed in Table[2| In the case, the state change AX is denoted by AX = (—1,1,0,0).
The probability of this change is determined by

Prob (AXl, AXQ, AXg, AX4) = (—1, 1, 0, 0)|(X1,X2,X3,X4) = P3 = OéQXlXQ + O(At)
by neglecting terms higher than o(A t), the following expectation change F(AX) and
its covariance matrix V(AX) associated with AX, can be identified. The expectation of
AX is

A — Oéle — O[2X1X2 + 52X4
0 X1 X2 — 5X2 - MXz - ulXQ
Xy + Xy —01X3
01 X3 — 62Xy

8
E(AX) =) P(AX);At = At
1=1

= f(X17X27X3,X4)At.

Table 2: Possible changes of states and their probabilities.

Possible stage change Probability of state changes

(Az); = (1,0,0,0)7 P, = AAt + o(At)
(Aﬂ?)z ( 1 05170) P2 = OéleAt—i-O(At)
(Az)z = (=1,1,0,0)"  P3 = as X1 XAt + o(At)
(Az)s = (1,0,0,-1)T Py = 65 X4At + o(At)
(AJ;)5 (07 la 17 O)T P5 = /6X2At + O(At)
(Az)s = (0,-1,0,0)" Py = uX>At + o(At)
(Al’)7 (07 1,0, O)T P = N1X2At + O(At)
(AI’)S = (07 07 ]-7 1)T PS = (51X3At + O(At)
(Az)g = (0,0,0,007 Py=(1-3% P)+o(At)

It can be noted here that the expectation vector and also the function f are in the
same form as those of the ODE system (1).

Since the covariance matrix V(AX) = E((AX)(AX)T) — B(AX)(E(AX)T) and
E(AX)(AX)T) = f(X)(f(X)T)AL, it can be approximated with the diffusion matrix
Q) times At by neglecting the term of (At)? so that V(AX) ~ E((AX)(AX)T). That is,
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Vit Viz Viz Viu
Vor Vaa Va3 0O

Var Via Vi3 Vi
Var 0 Viz Vi

BAX)AX)T) = 3" PUAX) (AX)T At =

i=1

At = QA

where each component of the diffusion matrix of 4x4 is symmetric, positive-definite, and
can be obtained by

Vii=Pi+Po+Ps+Pi=A+ o1 X1+ X1Xo + 02Xy, Vaa = Vg = =Py = —01 X3,
Voo = Ps+ Ps + Ps + Pr = a2 X1 X2 + BXo + puXa + p1 Xo, Via = Va1 = =Py = —62 X4,
Vas = Po + P5 + Ps = a1 X1 + BX2 + 61 X5, Vis=Vs1 = —P, = —an X3,
Vig = Py + Ps = 02 X4 + 61 X5, Vag = Vao = —P5 = —fXo.

Vig = Va1 = —P3 = —a2 X1 X>,

A matrix D square root of the symmetric, positive-definite diffusion matrix 2 is such
that K = Q2. Use an equivalent matrix K such that Q = KK”, where K has the
dimension of a 4x7 matrix.

VA —VaiXi —VaaXiX: VeXa 0 0 0

K — 0 0 Voas X1 X9 0 —\/ﬁTQ —\/(/J,—‘rul)Xg 0
0 \/0¢1X1 0 O \/,67)(2 0 — 51X3
0 0 0 V5 X4 0 0 Vo1 X3

Then, the Ito stochastic differential model has the following form:
dX(t) = f(Xy, Xo, X3, X4)dt + K.dW (1)

with the initial condition X (0) = (X1(0), X2(0), X3(0), X4(0))” and a Wiener process,
W(t) = (Wi(t), Wa(t), Wg(t{, Wa(t), Ws(t), We(t), Wr(t))T. We get the stochastic differ-

ential equation model as follows:
dW = [A—a1W — aaWH + §oW,]dt + VAdW1 — VarWdWs — /asWHdW3 + /52 Wr.dWy,
dH = [coWH — BH — pH — p1 H|dt + aaWHdW3 — /BHAWs — /(p + p1 ) HdWe,
AWs = [aaW + BH — 6W,]dt + Va1 WdW2 + /BHAWs5 — /61 WsdWr,
AWy = [501Ws — 82W,]dt — /S WrdWy + /51 WsdWr.
(10)

4 Numerical Simulation

Here, we simulate both deterministic and stochastic models for the following set of pa-
rameters: A = 200, a; = 0.02, ap = 0.04, u = 0.0143, p; = 0.08, 8 = 0.093, §; = 0.02,
d9 = 0.0001.

The system is simulated for various sets of parameters satisfying the condition
of local and globally asymptotic stability of equilibrium E*. For both deterministic and
stochastic models, the simulation results are shown in Fig. The stochastic model
(SDE model) is simulated by the method of Euler-Maruyama, and Fig. plots the mean
of the 100 runs. Here, the results of the stochastic model seem better than those of
the deterministic model as the curve corresponding to scarcity lies below the one that
corresponds to the deterministic model A = 100, a; = 0.00002, cg = 0.004, . = 0.0143,
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w1 = 0.08, 8 = 0.093, 6; = 0.02, 6o = 0.9. The system is simulated for different
sets of parameters satisfying the condition of local and globally asymptotic stability of
equilibrium E* (see Fig. [3)).

Figs. [ - [7] demonstrate the impact of various parameters on the equilibrium level of
water scarcity and recovery.

700 4

600 -

500 -

300 -

200 A

100 4

Figure 2: Variation of all compartments of the model showing the effect of stochastic
and deterministic models.
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Figure 3: Variation of all compartments of the model showing the stability.
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Figure 4: Effect of oy on the variation of all compartments of the model.
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Figure 5: Effect of aiy on the variation of all compartments of the model.
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Figure 6: Effect of 8 on the variation of all compartments of the model.
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Figure 7: Effect of §; on the variation of all compartments of the model.

5 Result of Discussion and Conclusion

In this paper, a deterministic mathematical model on water resource-related wa-
ter scarcity problems was proposed and analyzed. We calculate the equilibrium of the
proposed model and analyze in detail the local stability and global stability of endemic
equilibria.

Further, we extended the deterministic model to a stochastic model and compared
numerical simulation results of both models. The resuls of the stochastic model showed
that the water scarcity decreased comparatively to the deterministic model. The im-
pact of various parameters on the equilibrium point of water scarcity and recovery is
demonstrated. As a society, we have a social responsibility to reduce the scarcity of
water. Therefore, we have developed a model of possible strategies to predict better re-
sults. Simulations using this model showed the effectiveness of progressing from human
to water scarcity.

When the value 8 (the rate of human population affected by water scarcity) increases
in time, the stable point is differed in all compartment (see Fig. @ Figs. El and
depict if the values a; and as increase or decrease, there is no major difference in all
compartments. Fig. Edepicts if the parameter d; (the rate of water recovery) is increasing
in time, the water scarcity is decreased and the recovery is increased.
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Abstract: In this paper, we study a contact problem between a deformable vis-
coelastic body and a rigid foundation. Thermal effects, wear and friction between
surfaces are taken into account. We model the material’s behavior by a nonlinear
thermo-viscoelastic law with the internal state variable. The problem is formulated
as a coupled system of an elliptic variational inequality for the displacement and the
heat equation for the temperature. Our proof is based on nonlinear evolution equa-
tions with monotone operators, differential equations and fixed point arguments.
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1 Introduction

During the last decades, the analysis of mathematical models in Contact Mechanics
is rapidly growing. These models are suggested for different materials using different
boundary conditions modelling friction, lubrication, adhesion, wear, damage, etc.

The aim of this paper is to model and establish the variational analysis of a contact
problem for viscoelastic materials within the infinitesimal strain theory. The process
is supposed to be subject to thermal effects, friction and wear of contacting surfaces.
Mathematical models in Contact Mechanics can be found in [3}4}/9,/11}/13].

Wear of surfaces is the degradation phenomenon of the superficial layer caused by
many factors such as pressure, lubrication, friction and corrosion. Moreover, wear is a
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loss of use as a result of plastic deformations, material removal or fractures. Analysis of
contact problems with wear can be found in [6}7}/12,(16].

The constitutive laws with k internal variables have been used in various publications
in order to model the effect of internal variables in the behavior of real bodies like metals,
rocks, polymers and so on, for which the rate of deformation depends on the internal
variables. Some of the internal state variables considered by many authors are the spa-
tial display of dislocation, the work-hardening of materials. Here, we consider a general
model for the dynamic process of a bilateral frictional contact between a deformable
body and an obstacle which results in the wear of the contacting surface. Recent mod-
els of frictional contact problems can be found in [2,|11,|14,/15]. The material obeys a
viscoelastic constitutive law with thermal effects. Models taking into account thermal
effects can be found in [5,[12]. We derive a variational formulation of the problem which
includes a variational second order evolution inequality. We establish the existence and
the uniqueness of a weak solution of the problem. The idea is to reduce the second order
evolution nonlinear inequality of the system to the first order evolution inequality. After
this, we use classical results on first order evolution nonlinear inequalities, a parabolic
variational inequality and equations and the fixed point arguments. The novelty of this
paper consists in the coupling of k internal state variable, the thermal effect and wear.

The paper is structured as follows. In Section 2, we present the thermo-viscoelastic
contact model with friction and provide comments on the contact boundary conditions.
In Section 3, we list the assumptions on the data and derive the variational formulation.
In Section 4, we present our main results on existence and uniqueness which state the
unique weak solvability.

2 Problem Statement

The physical setting is the following. A viscoelastic body occupies a bounded domain
Q C Ry (d =2,3) with a smooth I'. The body is acted upon by body forces of density
fo. It is also constrained mechanically on the boundary. We consider a partition of T"
into three disjoint measurable parts I'1, I's and I's, such that meas(I';) > 0. Let T' > 0
and let [0,7] be the time interval of interest. We assume that the body is fixed on
I'y, surface traction of density fo acts on I's and a body force of density fy acts in
Q. Moreover, the process is dynamic, and thus the inertial terms are included in the
equation of motion. Then, the classical formulation of the mechanical contact problem
of a thermo-visco-elastic material with an internal state variable is as follows.

Problem P. Find a displacement field u : Q x [0,7] — R%, a stress field o : Q x
[0,T] — S4, an internal state variable field k : Q x [0,7] — R™, a temperature field
0:Qx1[0,T] = Ry and the wear w : I's x [0,7] — R4 such that

o(t) = Ae(u(t))) + Fle(u(t))) + /B(t —s)e(u(s))ds — 6(t)M,in Q x [0,T] (1)
0

k()= ¢ (0 (t) = Ae (a (1) e (u(t)  k(2) (2)
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0 — div (K.V0) = —MVi + q, (3)
Divo + fo=pii in Qx(0,7), (4)
u=0 onTy x(0,7), (5)
ov=fa onTsyx(0,7), (6)
0y = —« |uu’ y ‘O—‘r| = —HOoy,

{ o = Ay~ 0*), A>0, &= —kv'a,, k>0, OnTs x0T (D)

00 .
—kij%’l)j :kie (9—93) —hr (|UF|) on Fg X (O,T), (8)
=0 onl, UFQX(O,T), (9)
U(O) = Uo, U(O) = o, k(O) = ko, 0 (0) = 90 in Q, (10)
w(0) =wp on I's. (11)

First, represents the thermal viscoelastic constitutive law with long-term memory, 6
represents the temperature, M := (m;;) represents the thermal expansion tensor. We
denote by e(u) (respectively, by A, F, B) the linearized strain tensor (respectively, the
viscosity nonlinear tensor, the elasticity operator, the relaxation function), ¢ is also a
nonlinear constitutive function which depends on k. There is a variety of choices for the
internal state variables, for reference in the field, see [8,/10]. Equation describes the
evolution of the temperature field, where K, := (k;;) represents the thermal conductivity
tensor, ¢ is the density of volume heat sources. (4) represents the equation of motion,
where p represents the mass density; we mention that Div is the divergence operator. (5]
- @ are the displacement and the traction boundary condition, respectively. describes
the frictional bilateral contact with wear described above on the potential contact surface.
represents the associated temperature boundary condition on I's, where 0 is the
temperature of the foundation, and k. is the exchange coefficient between the body and
the obstacle. The equation @D means that the temperature vanishes on I'y UT's x (0,7).
In , ug is the initial displacement, vg is the initial velocity, kg is the initial internal
state variable and 6 is the initial temperature. In , wo is the initial wear.

3 Variational Formulation and Preliminaries

For a weak formulation of the problem, first, we introduce some notations. The indices i,
4, k, I range from 1 to d and summation over the repeated indices is implied. The index
that follows the comma represents the partial derivative with respect to the corresponding

component of the spatial variable, e.g., u; ; = g;? . We also use the following notations:
J

H=1*Q)"H = {0 = (0ij)/0i; = 0;i € L ()},
Hy = {u=(u;)/e(u) € H},H1 = {0 € H/Divo € H}.

The operators of deformation € and divergence Div are defined by

e(u) = (ij(u)), €ij(u) = %(Uv:,j + i), Dive = (045,5).

The spaces H,H, Hy, and H; are real Hilbert spaces endowed with the canonical inner
products given by
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(u,0) g = [quvide,Yu,v € H,(0,7)y = [, 04j7ijdx,Yo,T € H,
(u, )i, = (u,0) g + (e(u),e(v))n, Vu,v € Hy, (0, 7)1, = (0,7)y + (Divo, Divr) g,
o, T € H.

We denote by ||~ (respectively, by ||, , [.|, , and [.[, ) the associated norm on the
1

H b
space H ( respectively, H, Hy, and H;). '
The following Green’s formula holds:
(0,6(v))y + (Div(o),v)g = [pov-vda Vv e HY(Q)Y,
and for the displacement field, we need the closed subspace of H; defined by
V={veH(Q):v=0o0nT4}.

The set of admissible internal state variables is given by

Y ={a=(a;)/a; € L*(Q),1<i<m}.
Let us define

Ez{nEHl(Q):n:Oonflqu}.

Since meas(I'1) > 0, Korn’s inequality holds, i.e., there exists a positive constant Cy,
which depends only on €, 'y, such that

le(W)ly = Cklvlg, @pa, Yo eV
On the space V', we consider the inner product and the associated norm given by
(u,v)v = (e(u),e(v))n, vly =lev)ly Vu,veV. (12)

It follows that |.|; and [.[;, are equivalent norms on V' . Therefore (V,|.[;,) is a real
Hilbert space. Moreover, by the Sobolev trace theorem and Korn’s inequality, there
exists a positive constant Cy which depends only on €, I'; and I's such that

0,0 < Cololy Vo EV. (13

L2(rg)d T

In the study of the mechanical problem —, we make the following assumptions
that the viscosity operator A : Q2 x S¢ — S satisfies:

a) 3 Lg>0:|A(z,e1) — A(w,e9)| < Laler — 2| ,Ve1,62 €S, pop. € Q,
b ng >02(.A(l‘,é‘l)—.A(x,Sg),€1—€2) >my |61—€2|2,VE1,€2 ESd,

)
) The mapping x — A(x,0) € H.

c¢) The mapping = — A(z,¢) is Lebesgue measurable on 2, Ve € S¢,
d
(14)
The elasticity operator F : Q x S — Sy satisfies
a) There exists a constant Lr > 0 such that
| (z,61) = F (2,€2)| < Lr (le1 — 2])
Vey,e9 € Sd, a.e. r €. (15)

b) The mapping x — F (z,¢) is Lebesgue measurable
on €2, for any € € Sy.
¢) The mapping x — F(z,0) is in H.
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The relaxation function B : [0,7] x Q x S — S? satisfies

&) Bijkh c Wl'OO(O7T; LOO(Q))7

b) B(t)o -1 =0 -B(t)7,Yo,7 €S p.pte0,T], p.p.on .
The function ¢ : Q x Sg3 X Sg x R™ — R™ satisfies

a) There exists a constant Ly > 0 such that
¢ (z,01,81,k1) — ¢ (2,02,82,k2) | < Lg (lor — o2 + &1 — & + [k1 — k2|)
Voi,0961,62 € Sq and ky,ky € R™, a.e. x € Q.
b) For any o, € Sy and k € R™, x — ¢(x,0,¢,k) is Lebesgue measurable on €.
¢) The mapping x — ¢(,0,0,0) is in L3(Q2)™.
(17)
The function A, : I's x Ry — R, satisfies

a ) There exists a constant L, > 0 such that
|hr (x,71) — hr (z,72)] < Lp |11 — 72| Vri,me € Ry, ae. z €. (18)
b) z — p-(.,0) is Lebesgue measurable on I's, Vr € R.

For the temperature, we use the following Green’s formula:
/ Ordx — / div (K.V0) = / — (M, Vi) rdx + / grdz VT € E. (19)
Q
Q Q Q

The mass density satisfies

p € L>(Q), there exists p* > 0 such that p > p* ae. z € Q. (20)

We also suppose that the forces, the tractions, the volume, the surface free charges
densities and the functions a and p have the regularity

fO € LQ(OaT; H)a f2 € L2(0>T7 LQ(FZ)d)a

acl>®T;) alx)>a* >0, pponls;, (21)
peL>*Ts), p(x)>0, p.ponls,
q € WH2(0,T; L*(Q)), 0r € Wh2(0,T; L*(T'3)), ke € L(QLR,) , (22)
K. = (kZJ) s (kij = kji € L™ (Q), (23)
Vep > 0,¢ € RY ki GGG > eni(,
M = (m”) , My = My; € L (Q) . (24)
The initial data satisfy
ug €V, vg € H, aer, koEKaJoELOO(Fz;). (25)
We will use a modified inner product on the Hilbert space, given by
((w,0))g = (pu,v)g YV u,v € H, (26)

and we let ||.||g be the associated norm given by

vl = (pv,v)% Yo € H. (27)
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It follows from assumption that || . ||z and |- |y are equivalent norms on H, and also
the inclusion mapping of (V,|-|v) into (H, ||.||z) is continuous and dense. We denote by
V' the dual space of V. Identifying H with its own dual, we can write the Gelfand triple

VCcHCcCV.

We use the notation (.,.)yxy to represent the duality pairing between V'’ and V | recall
that
(0w = (v))i Yu e H,Yo € V. (28)

Let f: [0,T] = V' be the function defined by
() ovrey = [ Oadz+ [ (bnda ¥y e, (29)
Q I
Next, we denote by j : L?>(T'3) x V x V = R

) = [ atul (uloe = v da. (30)
s
Let ¢ : V x V — R be the function defined by

o(u,v) = /F o luyl vy ] da, Yo € V. (31)
s
Let us introduce the operator A:V — V'
(Au, v)yixy = (Ale(w)), e(v))n
for all u,v € V and ¢t € [0, T]. Note that
feL*0,T;V"). (32)

Using standard arguments based on Green’s formulas we can derive the following varia-
tional formulation of problem P.

Problem PV. Find a displacement field w : [0,T] — V, a stress field o : [0,T] — H,
an internal state variable field k : [0,7] — Y, a temperature field 6 : Q x [0,T] — R4
and the wear w : I's x [0,7] — R such that

o(t) = A(e(u(t))) + Fe(u(t))) + /B(t —s)e(u(s))ds — 0(t)M,in Q x [0,T], (33)
0

k(t)=¢ (o (t) — A (u(t)),e(ut), k(t), (34)

(i@(t), w = a(t))y o + (1), e(w —u(t))n + j(u, w) = j(a, u(t) + e(u, w) — o, u(t))
> (f(t),w—u(t)), Yu,w eV,

(35)

O(t)+ KO (t)=Ru(t) +Q(t) te(0,T), (36)
w=—kv*o,, (37)

u(0) = ug, 4(0) =wvg, k(0) = ko, 6(0) = by, (38)
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where Q : [0,T] - E',K : E — E',R:V — E’ are given by

(@)1} = [ e (0)uda+ /Q ¢ (1) pd, (39)
I's
4 or du
K7 1) pxs = 2T 4
(KT, 1) 5= B ”2::1 /Q K B 8x¢dm+/ps kerpda, (40)
(Roup) = [ ellorlnda~ [ (3190)ds (41)
I's Q

forallve V,u,7€E.
The proof of the existence and uniqueness of solution to problem PV will be given in
the next section.

4 Existence and Uniqueness Result

Now, we propose our existence and uniqueness result.

Theorem 4.1 Let the assumptions f hold. Then the problem has a unique
solution {u, o, k,w,0} satisfying

=~
[\

N N SN N N
=~
=~

= L L = =

we CH0,T; H)yn W2 (0,T;V)nW*2(0,T; V')
o€ L*(0,T;H), Dive € L*(0,T;V"),
ke Wh(0,T;Y),
w € CH0,T;L2(T)),
6 € W'2(0,T; E') N L*(0,T; E) N C(0,T; L* ().

We conclude that under the assumptions - , the mechanical problem (1))-
has a unique weak solution with the reqularity (42)-(46

=
S Ot

The proof of this theorem will be carried out in several steps.
The first step: let g € L?(0,T7;V) and n = (n',n*) € L*(0,T;V’ x Y) be given,
and prove that there exists a unique solution ug, of the following intermediate problem.
Problem PV,,. Find the displacement field ugy, : [0,7] — V such that for a.e.
te(0,7),

{ (tign (t), w = tgn(t)) vy + (Ae(ign(t)), €(w — ugy(t))) 1+ (47)

(nlvw - uém(t))lev +j(gaw) _j(gvuén(t)) Z (fgn(t)aw - ugn(t)) ’ Yw € ‘/a
Ugn(0) = up, Ugyn(0) = vo. (48)

We define fg,(t) € V for a.e.t € [0.T] by

(fan (@), w)yry = (F) = 0" (1), w) g, » YwEV. (49)
From , we deduce that
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fy € L*(0,T;V"). (50)
Let now w,, : [0.7] — V be the function defined by

uy () = /Ot vy (8) ds + up, ¥t € [0,T]. (51)
Concerning Problem PV,,, we have the following result.
Lemma 4.1 There exists a unique solution to problem PV, with the reqularity.
vy, € L*(0,T;V) and v, € L*(0,T;V"). (52)
Proof. The proof by nonlinear first order evolution inequalities is given in [9].

The second step: we use the displacement ug,, to consider the following variational
problem.
Let us consider now the operator A, (g) : L?(0,7;V) — L2(0,T; V) defined by

Ay, (9) = vgy - (53)
We have the following lemma.

Lemma 4.2 The operator A, has a unique fized point g, € L2(0,T; V).

Proof. Let g1,9o € L%(0,T;V) and let n = (771,7]2) € L%2(0,T;V' xY). Using
similar arguments as in , , we find

(01 (8) =02 () 01 (8) = v2 (1)) + (Ae (v1 () — Ae (v2 (1)) & (v1 () — £ (v2 (1)) +
+7(g1,v1 (1)) — j(g1,v2 () — j(g2,v1 () + (g2, v2 () < 0. (54
54
From the definition of the functional j given by , we have

(g1, v2 (1) = 591,01 () = §(g2,v2 (1)) + (g2, v1 (1) = [, (@ |gin| — a[gau]) (55)
(#lvir —v*| = plozr — v*|) da.

From 7 we find
391,02 (1)) = jg1,v1 (8) = ji(g2,v2 (1) +4(g2,v1 (1) < Clg1 — galy [v1 — valy, . (56)

Integrating the inequality (54) with respect to time, using the initial conditions v (0) =
v1 (0) = vp, using , (56) and the inequality

C
2ab < —a® + ma

b2
mu c "’

we find

v () — o1 (D] < c/ 192 (5) — g1 (s)[2 ds. (57)

From and , we find that

[Anga (t) — Aygr (D], < C/ lg2 (s )|Vds.
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Reiterating this inequality m times, we obtain

Cme

|A:,n92 (t) - Aqugl (t)|]L2(0,T;V) S S ‘92 ( ) gl|]L2(O,T;V) . (58)
Since lim CT;T,M = 0, it follows that exists a positive integer m such that LS T <1

m——+o0
and, therefore, shows that AJ" is a contraction on the Banach space ]LQ(O T;V).
Thus, from Banach s fixed point theorem the operator A, has a unique fixed point g; €
L2(0,T; V).

Lemma 4.3 Now, define k,, € WH2(0,T;Y) by

ky (t) = ko + /O 12 (s) ds. (59)

Then there exists C > 0 such that

k1 (s) — k2 (s)]? <o/ n? (s 2(5)}; ds. (60)

In the third step, we use the displacement field u, obtained in Lemma 4.1 and k,, defined
in to consider the following variational problem for the temperature field.

Problem PVy. Find 6, : [0,7] — E’ satisfying for a.e. t € (0,7,
0,(t) +K6,(t) = Ru,t)+Q(t) tec(0,T), in E, (61)
0,(0) = 0o (62)
Lemma 4.4 Problem PVy has a unique solution
0, € Wh2(0; T; E' ) N L2(0; T; E) N C(0; T; L*(Q)), Vn e L*(0,T; V"),

satisfying

Oy (£) = O (B) [ 720 < C/O [v1(s) — va(s) [T ds vite(0,T). (63)

Proof. The existence and uniqueness result verifying (61) follows from the classical

result on the first order evolution equation, applied to the Gelfand evolution triple
ECF=F cE.

We verify that the operator K is linear continuous and strongly monotone. Now
from the expression of the operator R, v, € W%(0,T;V) = Rv, € W'2(0,T; F), as
Q € WH2(0,T; E), then Rv, +Q € W%(0,T; E), we deduce (63), (See [1]).

Finally, as a consequence of these results, and using the properties of F, £, G, ¢, and
j for t € [0,T], we consider the element

An(t) = (Al (1), A% (1) € V' x Y, (64)
(M), w) ey = (F(e(uy(#)),w)y, +

jB (t — s)e(uy(s))ds, w)y — (O,()M,e(w))n +o(u, w) Yw €V, (65)

A2 () = ¢ (o (t) € (un (1)), Ky (1) (66)
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Here, for every n € L*(0,T;V’ x Y), u,, 0, represent the displacement field and the
temperature field obtained in Lemmas 4.1, 4.4, respectively, and k,, is the internal state
variable given by . We have the following result.

Lemma 4.5 The operator A has a unique fived point n* € L*(0,T; V' x Y).

Proof. Let 0y, n2 € L*(0,T; V’ X Y) Write for i = 1.2, up; = u;, Ui = vy = 05,

Oni = 04, kni = ki, 0, = 0;. Using (12 . . . ., we have

Aty () — A 2 (¢ My < Cllun (8) = uz @) + [ Jua () = ua (s)[5 ds+
101 (t) = 02 (1) 20 + \vl( ) =2 (B)[)-

By similar arguments, from , and , it follows that

A2y (£) = A% (1)), < Clloa (1) = a5 (O, + [ua (1) = us (O, + [k (£) = ko (8)[2),

(67)

Taking into account that
ai(t) = A(e(wi(t) +n; (t), vt € [0,T], (69)
by , and using , we find

o1 (1) = a2 (D)3, < C (o1 (1) =02 (O, + [ni () = m3 (D[7,) (70)
So
A2 () = A2mp (1)]5 < Cjun (8) = va (O + [t — b3, + fur (8) —ua (8)[3
k1 (8) — k2 (D). (71)
Consequently,
A1 (8) = Az (D)1 y < Cur () —ua (8)[3 + |k1< > ks (8)]2 + |m —us (O,
+101(t) = 02 (8)[ T2 + [0 (8) = v2 (D5 + fy |U1 up ()|} ds.
(72)

Since u; and ug have the same initial value, we get

t
11 (®) = ua (0 <C [ Jor () =2 (5) .
0
From this inequality, and , we obtain

[Am (£) = Ana (¢ >|2wy < C(Jy lon (5) = v2 ()] ds + or (1) = w2 (O +
b (£) = k2 (O, + |2} (8) = n3 )] ), ¥t € [0, 7]

Moreover, from (54)), we obtain

(01 () — b2 (£) , 01 (£) —v2 (t)) +
+ (1 (t) =2 (t) ,v1 () —v2 (1))
—Jj(v2 (t),v2 (t)) +J( (t ) 1 (1))

1 (1) = Ae (v2 (1)) ;€ (01 (1)) — & (v2 (1)) +
1 (1), 02 (1) = j(vi (£) 01 (1))

—~

Ae (v
j(v

IN

(73)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22 (5) (2022) 583

From the definition of the functional j given by , and using ,, we get
Gor (8) v (£)) = (01 (1) ;01 (8) =3 (v2 (), 02 (8)) + 3 (v2 (£) 01 () < C'los (£) = w2 (D] -
Integrating the inequality with respect to time, using the initial conditions v ((5)742
v1(0) = vg, using , and using the Cauchy-Schwartz inequality and the inequality

1
2ab < mga® + —b?,
ma

/‘7)1 —7}2 ‘VdS<C/ |771

It follows now from ., and . that

t
(A (£) — A () < C / 71 (5) = 72 (5)/ By ds.

we find
v ds. (75)

Reiterating the previous inequality n times, we find that
2 Cn, n 2
[A"m = A2l 20,1 vixyy < T fo 1 (s) = m2 ()] y ds.

This inequality shows that for n large enough, the operator A™ is a contraction on the
Banach space L2 (0,T; V' x Y), and so A has a unique fixed point. Next, we consider
the operator £ : C(0,T;1L?(T'3)) — C(0,T;1L?(T'3)) defined by

Lo (t) = — ko /O o (5) ds. ¥t € [0,T]. (76)

Lemma 4.6 The operator L : C(0,T; L2(r3)) - C(0,T; LQ(F3)) has a unique point
element w* € C(0,T;1L%(T'3)) such that Lw* = w*.

Proof. Using wy, wy € C(0,T;1L2(I'3)), we have
t
i1 () = L Oy < k" [ o1 (5) = o () s

From and using —, we find

o1 (8) — 02 ()3, < Clua (t) — uz (B)]F + o1 (£) —v2 (B)]} + )
Jo lux (s) = uz (s)[3, ds + 01 (£) — 02 (8)] 52 ))-

Using (63)), we obtain

o1 () — o2 (t)|H <c(fy |ul ug ()% ds + |ug () —ua ()3 + (78)
[vr (t) — w2 ( \V + fo vy (s ( )|%/ ds.

From , we have

Ji o ) = ()1 s+ s ) — w0 + o (1) — 02 (O <
C [y |v1 (s) —va (s)] ds.
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So
Jo \utl (5) = w2 ()] ds + [ua () — ua (£)]3, + o1 (£) — 02 (1)}, <
C(fy o1 (5) = va ()7 ds + wi (£) = ws ()2 (ry))-

By Gronwall’s inequality, we find

(79)

t
/0 lur (5) — ua (5)[3 ds + |ur (£) = ua (O} + [v1 (£) = v2 (1)} < Clwr (1) = w2 (B) Far,) -
So, we have
t
o1 (t) — o2 (t)[3, < C A jwi (s) = wa (5)|72 ) ds. (80)

Using (80), we find

¢
|Lwy (t) = Loz ()|p2(ry) < C/o w1 (8) — w2 (8)[p2(ry) ds-

Reiterating the previous inequality p times, we find that

(Ct)”
p!

[Lw (t) — Lwa (D)|p2(ry) < w1 (1) — w2 (D)l (ry) -

This inequality shows that for p large enough, the operator L? is a contraction on the
Banach space C(0,T;1L%(T'3)), and so £ has a unique fixed point w* € C(0,T;L?(T3)).
Now we have all the ingredients to prove Theorem 4.1.

Existence. Let g = g;. be the fixed point of A,- defined by Lemma 4.2, let
ne = (ni,n?) € L? (0,T;V’ xY) be the fixed point of A defined by and ,
ke (t) = ko + f(f n? (s)ds, and let w* € C(0,T;L?(T'5)) be the fixed point £ defined
by and let (u,,,0,. ) be the solution to Problems PV, PV, for n = ,, that is,
u=u,, k==~,,0=0,, and

o(t) = A(e(u(t))) + Fe(u(®)) + [ Bt — s)e(u(s))ds — 6(t) M.

o

It results from (65) and , for Al(n.) = n' and A%(n.) = n?, that (u,0,k,0,w) is a
solution of Problem PV. The regularities — follow from Lemmas 4.1, 4.3, 4.4 and
4.6.

Uniqueness. The uniqueness of the solution follows from the uniqueness of the fixed
point of the operators A,, A and L.

5 Concluding Remark

Scientific research and recent papers in mechanics are articulated around two main com-
ponents, one devoted to the laws of behavior and the other devoted to the boundary
conditions imposed on the body.

The constitutive laws with internal variables have been used in various publications
in order to model the effect of internal variables on the behavior of real bodies like
metals, rocks, polymers and so on, for which the rate of deformation depends on the
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internal variables. Some of the internal state variables considered by many authors are
the spatial display of dislocation, the work-hardening of materials. Our model is obtained
by combining the thermoviscoelastic constitutive law with a long memory term, wear,
friction and the internal state variable k. The model is developed to describe the self-
heating and stress-strain behavior of thermoviscoelastic polymers under tensile loading
when the rate of deformation depends on the internal variable k.

Mathematically, the idea is to reduce the second order nonlinear evolution inequality
of the system to the first order evolution inequality. After this, we use classical results on
first order evolution nonlinear inequalities, parabolic inequalities, differential equations
and fixed point arguments.

References

[1] S. Adly and O. Chau. On some dynamic thermal non clamped contact problems. Math.
Program., Ser. B 139 (2013) 5-26.

[2] O. Baiz and H. Benaissa. Analysis of Dynamic Frictional Contact Problem for Electro-
Elastic Materials. Nonlinear Dynmics and Systems Theory 21 (2) (2021) 150-165.

[3] M. Barboteu, D. Danan and M. Sofonea. Analysis of a contact problem with normal damped
response and unilateral constraint. ZAMM-Z Angew Math. Mech. 96 (4) (2015) 408-428.

[4] A. Capatina. Variational Inequalities and Frictional Contact Problems-Advances in Me-
chanics and Mathematics. Springer, New York, 2014.

[5] O. Chau. A class of thermal sub-differential contat problems. AIMS Mathematics 2 (4)
(2017) 658-681.

[6] J. Chen, W. Han and M. Sofonea. Numerical analysis of a quasistatic problem of sliding
frictional contact with wear. Methods Appl. Anal. 7 (4) (2000) 687—704.

[7] C. Ciulcu, T.V. Hoarau-Mante and M. Sofonea. Viscoelastic sliding contact problems with
wear. Math. Comput. Modelling. 36 (7-8) (2002) 861-874.

[8] N. Cristescu and I. Suliciu. Viscoplasticity, Mechanics of Plastic Solids 5. Martinus Nijho
Publishers, The Hague, 1982.

[9] G. Duvaut and J. L. Lions. Inequalities in Mechanics and Physics. Springer-Verlag, Berlin,
1988.

[10] S. Latreche and L. Selmani. Analysis of a frictionless contact problem with adhesion for
piezoelectric materials. Taiwanese J. Math. 21 (1) (2017) 81-105.

[11] L. Maiza, T. Hadj Ammar and M. Said Ameur. A Dynamic Contact Problem for Elasto-
Viscoplastic Piezoelectric Materials with Normal Compliance, Normal Damped Response
and Damage. Nonlinear Dynamics and Systems Theory 21 (3) (2021) 280-302.

[12] M. Shillor, M. Sofonea and J.J. Telega. Models and Variational Analysis of Quasistatic
Contact. Lect. Notes Phys. 655, Springer, Berlin Heidelberg, 2004.

[13] M. Sofonea, W. Han and M. Shillor. Analysis and Approzimation of Contact Problems with
Adhesion or Damage. Pure Appl. Math., (Boca Raton) 276, Chapman, 2006.

[14] M. Sofonea, F. Patrulescu and A. Farcag. A viscoplastic contact problem with normal
compliance, unilateral constraint and memory term. Appl. Math. Opt. 69 (2) (2014) 175-
198.

[15] M. Sofonea and Y. Souleiman. A viscoelastic sliding contact problem with normal compli-
ance, unilateral constraint and memory term. Mediterr. J. Math. 13 (5) 2863-2886.

[16] N. Stromberg. Continuum Thermodynamics of Contact, Friction and Wear. Thesis No.
491, Department of Mechanical Engineering, Linkoping Institute of Technology, Linkdping,
Sweden, 1995.



Nonlinear Dynamics and Systems Theory, 22 (5) (2022) [586H589

Publishing
Group

Contents of Volume 22, 2022

Volume 22 Number 1 2022

Capacity and Anisotropic Sobolev Spaces with Zero Boundary Values ............... 1
Y. Akdim, R. Elharch, M. C. Hassib and S. Lalaoui Rhali

First Integral of a Class of Two Dimensional Kolmogorov Systems ................. 13
R. Boukoucha

Comprehensive Description of Solutions to Semilinear Sectorial Equations:
AN OV VI EW ottt et e et e e 21
Radoslaw Czaja and Tomasz Dlotko

A Geometric Study of Relative Operator Entropies ..............coooiiiiiii ... 46
A. El Hilali, B. El Wahbi and M. Chergui

On the Equivalence of Lorenz System and Li System ............. ..., 58
Lotfi Meddour and Kheireddine Belakroum

Similarities between the Lorenz Related Systems ........... ... ... 66
C. Morel, R. C. Vlad and J.-Y. Morel

A Mathematical Study of Wuhan Novel Coronavirus Epidemic Model .............. 82
Sayed Sayari

Finite Element Solution to the Strongly Reaction-Diffusion System ................. 97
Muhannad A. Shallal, Adham A. Ali and Ali M. Jasim

Global Stability and Optimal Harvesting of Predator-Prey Model with Holling
Response Function of Type II and Harvesting in Free Area of Capture ............ 105
Syamsuddin Toaha, Firman and Agustinus Ribal

Volume 22 Number 2 2022
The Geometry of Mass Distributions ... 117
S. B. Davis

Lyapunov-Type Inequalities for a Fractional Boundary Value Problem with a
Fractional Boundary Condition ............. ..o i, 133
S. Dhar and J. T. Neugebauer

(© 2022 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua586


http://e-ndst.kiev.ua

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22(5) (2022) 587

Performance Comparison of Some Two-Dimensional Chaotic Maps for Global
OptImEZAtION . ...t 144
A. Djaout, T. Hamaizia and F. Derouiche

Existence and Uniqueness of Solutions for a Semilinear Functional Dynamic
Equation with Infinite Delay and Impulses .......... ... . i, 155
C. Duque, H. Leiva and A. Tridane

Modification of the Trajectory Following Method for Asymptotic Stability in a
System Nonlinear Control ......... ...t i 169
Firman, Syamsuddin Toaha, Kasbawati

Direct Torque Control of Three-Phase Induction Motor Powered by Three-Level
Indirect Matrix COnVEIter ... ......oiuutitte it 178
Ameur Khaldi, El Madjid Berkouk, Mohand Oulhadj Mahmoudi
and Abdellah Kouzou

On the Existence of Periodic Solutions of a Degenerate Parabolic
Reaction-Diffusion Model ......... . i 197
Amer Mesbahi and Salim Mesbahi

Active Fault Tolerant Synchronization of Two Hyper Chaos Lu Systems with
Disturbance Input and Parametric Uncertainty ............ ... ..ot 206
Alireza Sabaghian and Saeed Balochian

Type-II Left Censoring of Some Finite Support Family Lifetime Distributions ... .. 218
Mahmoud M. Smadi

Volume 22 Number 3 2022

The Solution of the Second Part of the 16th Hilbert Problem for a Class of
Piecewise Linear Hamiltonian Saddles Separated by Conics ....................... 231
R. Benterki, L. Damene and L. Baymout

Asymptotic Analysis of a Nonlinear Elliptic Equation with a Gradient Term ...... 243
A. Bouzelmate and M. EL Hathout

Existence, Uniqueness of Weak Solution to the Thermoelastic Plates .............. 263
B.El-Aqqad, J. Oudaani and A.El Mouatasim

The Effects of Pesticide as Optimal Control of Agriculture Pest Growth
Dynamical Model .. ... 281
T. Herlambang, A.Y.P. Asih, D. Rahmalia, D. Adzkiya and N. Aini

Solvability of Equations with Time-Dependent Potentials ......................... 291
M. Mardiyana, S. Sutrima, R. Setiyowati and R. Respatiwulan

Weighted Performance Measure and Generalized H,, Control Problem for Linear
Descriptor Systems . ... ... 303
A. G. Mazko

PI-Fuzzy Control Applied to the Hybrid PV / Wind Pumping System with
Energy Storage .. ....oonuoi 319



588 NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22(5) (2022)

Ahmed Medjber, Abdelhafidh Moualdia and Abdelkader Morsli

Some Results on Controllability for a Class of Non-Integer Order Differential
Equations with Impulses ....... ... e 330
A. Raheem and M. Kumar

Equivalent Conditions and Persistence for Uniformly Exponential Dichotomy ..... 341
Sutrima Sutrima and Ririn Setiyowati

Volume 22 Number 4 2022

Functional Differential Inclusions with Unbounded Right-Hand Side in Banach
DD ACES .+ ottt ettt e e e 355
H. Chouial and M. F. Yarou

SOFC-PV System with Storage Battery Based on Cuckoo Search Algorithm ...... 367
Hamidia Fethia and Abbadi Amel

Application of Accretive Operators Theory to Linear SIR Model .................. 379
Mariam El Hassnaoui, Said Melliani and Mohamed Oukessou

Design of Navigation and Guidance Control System of Mobile Robot with
Position Estimation Using Ensemble Kalman Filter (EnKF) and Square Root
Ensemble Kalman Filter (SR-EnKF) ... ..o i 390
T. Herlambang, F. A. Susanto, D. Adzkiya, A. Suryowinoto and
K. Oktafianto

On the Dynamics of a Class of Planar Differential Systems ........................ 400
A. Kina and A. Bendjeddou

Chaos Synchronization between Fractional-Order Lesser Date Moth Chaotic
System and Integer-Order Chaotic System via Active Control ..................... 407
M. Labid and N. Hamri

New Design of Stability Study for Linear and Nonlinear Feedback Control of
Chaotic SYStEIS . ...t e 414
W. Laowira and N. Hamri

Control of a Shunt Active Power Filter by the Synchronous Referential Method
Connected with a Photovoltaic Solar Energy ........... ... .. o .. 424
A. Morsli, A. Tlemcani and H. Nouri

A Neural Network Approximation for a Model of Micromagnetism ................ 432
M. Moumni and M. Tilioua

A New Fractional-Order Three-Dimensional Chaotic Flows with Identical
Eigenvalues .. ... 447
S. Rouar and O. Zehrour

Estimation of Closed Hotels and Restaurants in Jakarta as Impact of Corona

Virus Disease (Covid-19) Spread Using Backpropagation Neural Network ......... 457
F. A. Susanto, M. Y. Anshori, D. Rahmalia, K. Oktafianto, D. Adzkiya,
P. Katias and T. Herlambang



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 22(5) (2022) 589

Stabilization of Chaotic h-Difference Systems with Fractional Order ............... 468
Hasna Yousfi, Ahlem Gasri and Adel Ouannas

Volume 22 Number 5 2022

Analysis of an Antiplane Thermo-Electro-Viscoelastic Contact Problem with
Long-Term MemOTY ... ...ttt e e 473
L. Benziane and N. Lebri

Controllability of Dynamic Equations with Memory ............... ... ... .. ... 489
Martin Bohner, Cosme Duque and Hugo Leiva

A Dynamic Contact Problem for Piezo-Thermo-Elastic-Viscoplastic Materials with
Damage ... 503
L. Debbacha and N. Lebri

A Dynamic Contact Problem between Viscoelastic Piezoelectric Bodies with
Friction and Damage ....... ... i 522
M. L. Gossa, T. Hadj Ammar and K. Saoudi

Exact Controllability of the Reaction-Diffusion Equation under Bilinear Control ... 538
M. Jidou Khayar, A. Brouri and M. Ouzahra

The Analysis of Demand and Supply of Blood in Hospital in Surabaya City
Using Panel Data Regression ............ . i 550
A. Muhith, I. H. Susanto, D. Rahmalia, D. Adzkiya and T. Herlambang

Effect of Water Scarcity in the Society: A Mathematical Model ................... 561
K. Siva and S. Athithan

Frictional Contact Problem for Thermoviscoelastic Materials with Internal State
Variable and Wear . ... 573
S. Smata and N. Lebri

Contents of Volume 22, 2022 ... ... ... 586



CAMBRIDGE SCIENTIFIC PUBLISHERS

AN INTERNATIONAL BOOK SERIES
STABILITY OSCILLATIONS AND OPTIMIZATION OF SYSTEMS

Advances in Stability and Control Theory for Uncertain Dynamical Systems
Stability, Oscillations and Optimization of Systems: Volume 11
317+xxii pp., 2021 ISBN 978-1-908106-73-5 £60/$80/€67

C. Cruz-Hernandez (Ed.)

Department of Electronics and Telecommunications, Scientific Research and Advanced
Studies Center of Ensenada (CICESE), Ensenada, México.

A.A. Martynyuk (Ed.)

Institute of Mechanics, National Academy of Sciences of Ukraine, Kyiv, Ukraine

A.G. Mazko (Ed.)

Institute of Mathematics, National Academy of Sciences of Ukraine, Kyiv, Ukraine

This volume presents the latest investigations in stability and control theory for uncertain
dynamical systems, incorporating the main engineering applications. The volume consists of 16
chapters containing the results of theoretical research and engineering applications of some
uncertain systems and provides new trends for future promising researches. Some issues covered
in the volume include:

o stability and control in uncertain systems: optimal design of robust control, generalization of
direct Lyapunov method, robust output feedback stabilization and optimization of control
systems, optimal control of nonlinear systems over an infinite horizon;

e stability and stabilization in discrete-time systems: stability conditions for discrete-time
positive switched systems with delay, quadratic stabilization for nonlinear perturbed discrete
time-delay systems, robust output feedback stabilization and optimization of discrete-time
control systems, stability of singularly perturbed nonlinear Lur’e discrete-time systems;

e synchronization in dynamical systems: function projective dual synchronization of chaotic
systems with uncertain parameters, anti-synchronization and hybrid synchronization of 3D
discrete generalized Hénon map, adaptive hybrid function projective synchronization;

e engineering applications: attitude stabilization of a rigid body, adaptive control of continuous
bioreactors, wavelet adaptive tracking control, adaptive fuzzy control of nonlinear systems,
robust active control for structural systems with structured uncertainties.

The Advances in Stability and Control Theory for Uncertain Dynamical Systems may be
useful for graduate students and researchers in applied mathematics and physics, control,
nonlinear science, and engineering.

CONTENTS: Introduction to the series * Preface » Contributors « An Overview » Stability
and Control in Uncertain Systems ¢ Stability and Stabilization in Discrete-Time Systems ¢
Synchronization in Dynamical Systems ¢ Engineering applications ¢ Index

Please send order form to:
Cambridge Scientific Publishers
45 Margett Street, Cottenham, Cambridge CB24 8QY, UK
Telephone: +44 (0) 1954 251283; Fax: +44 (0) 1954 252517
Email: janie.wardle@cambridgescientificpublishers.com
Or buy direct from our secure website: www.cambridgescientificpublishers.com




	COV-V22N5_web
	Страница 1
	Страница 2

	V22N5_print
	 Introduction
	Mathematical Model
	Variational Formulation and Main Result
	An Abstract Existence and Uniqueness Result
	Conclusion
	Introduction
	Preliminaries
	Existence and Uniqueness
	Controllability of the Linear Equation
	Approximate Controllability of the Nonlinear System
	Approximate Controllability on Free Time
	Examples
	Conclusion and Final Remark
	Introduction
	The Model
	Variational Formulation
	Notations and preliminaries.
	Assumptions on the data

	Existence and Uniqueness of the Solution
	Conclusion
	Introduction
	Problem Statement and Variational Formulation
	Main Existence and Uniqueness Result
	Introduction
	The Main Results 
	Exact controllability of the bilinear equation
	Exact controllability of the semilinear system

	Simulation
	Conclusion
	Introduction
	Panel Data Modeling
	Estimation of Panel Data Regression
	Common Effect (CE) model (Pooled model)
	Fixed Effect (FE) model
	Random Effect (RE) model

	The Selection of Best Model
	Chow test
	Hausman test
	Lagrange Multiplier test

	Significance Test
	F-test
	T-test
	R-squared

	Results
	The selection of best model
	Significance test

	Conclusions
	Introduction
	The Model and Analysis
	Existence of equilibria
	Stability analysis
	Stability analysis of EE point
	Global stability of endemic equilibrium


	Stochastic Model
	Numerical Simulation
	Result of Discussion and Conclusion
	Introduction
	Problem Statement
	Variational Formulation and Preliminaries
	Existence and Uniqueness Result
	Concluding Remark




