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1 Introduction

Semilinear systems are special types of nonlinear systems. They are a transition class
between linear and nonlinear systems and thus represent a wide range for modeling
the dynamic behavior of various real-world phenomena. Stability is one of the most
important concepts in dynamical systems theory, particularly semi-linear systems. This
problem remains a major concern in the work of mathematicians and engineers. In this
work, we study the stabilization of the inhomogeneous semi-linear system described by
the equation {

dy(t)
dt = Ay(t) + v(t)(Ny(t) + c),

y(0) = y0,∈ H,
(1)

where
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1. The state space is an infinite-dimensional Hilbert space H with the inner product
⟨., .⟩ and the corresponding norm ∥.∥;

2. v(t) is a scalar-valued control;

3. A is an unbounded operator with the domain D(A) ⊂ H, it generates a semigroup
of contractions (S(t))t≥0 on H;

4. N is a nonlinear operator from H into H, which is locally Lipschitz and sequentially
continuous operator such that N(0) = 0; since N(.) is locally Lipschitz, there
is L > 0 such that for all z, y ∈ H satisfying 0 < ∥y∥ ⩽ ∥z∥ ⩽ R, we have
∥Nz −Ny∥ ⩽ L∥z − y∥;

5. c ̸= 0 is a fixed vector in H.

Remark 1.1 If N is linear, the system(1) is bilinear, and if N is not linear, the
system (1) is semilinear; if c = 0, the system is homogeneous, and if c ̸= 0, the system is
inhomogeneous.

One of the most important concepts in systems theory is stability; we study the possibility
of finding feedback u(y(t)) as ”regular” as possible such that the system is stable; this
stability can be strong, weak, or exponential. The study of the stability of homogeneous
bilinear and semilinear systems has been considered in many works, and different results
have been developed in finite and infinite dimensional cases, see J. Ball, M. Slemrod [1],
M. Ouzahra, A. Tsouli and A. Boutoulout [2], M. Ouzahra [3], A. Benzaza and M.
Ouzahra [4], E. Zerrik and M. Ouzahra [5], H. Bounit, and Hammouri [6], A. El Alami
and M. Chqondi [7].

However, only a few works study the case of inhomogeneous systems; the stability of
such systems has been studied in the bilinear case by Z. Hamidi and M. Ouzahra [8], who
proved the necessary and sufficient conditions for weak and strong partial stabilization
of inhomogeneous bilinear system by the control

v(t) = −ρ
⟨y(t), Ny(t) + c⟩

|⟨y(t), Ny(t) + c⟩|+ 1
, ∀t > 0, (2)

where ρ > 0 is the gain control.
In this work, an exponential and strong stabilization result has been established

using the same feedback control (2), provided that the following observation assumption
is verified:

∃δ, T > 0 such that

∫ T

0

|⟨NS(s)y(t) + c, S(s)y(t)⟩|ds ≥ δ∥y(t)∥, ∀y ∈ H.

This paper is organized as follows. In Section 2, we choose a control that ensures the
stabilization of our system; in Section 3, we show the existence and uniqueness of the
solution in the semilinear inhomogeneous case; in Section 4, we present an appropriate
decomposition of the state space H and the system (1) via the spectral properties of the
operator A. We apply this approach to study the exponential stabilization problem of
the type (1); in Section 5, we look at the strong stabilization problem using the chosen
control. In the last section, we give illustrations through examples governed by a heat
equation.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (1) (2023) 1–13 3

2 Choice of Control

Let (1) be as given in the Introduction. Here, the state space is a Hilbert space H with
the inner product ⟨., .⟩ and corresponding norm ∥.∥, y(t) is the state, and u(t) is a scalar
valued control. The problem of stabilization consists of choosing a feedback control u(t)
such that the solution of the resulting feedback system satisfies in some sense y(t) → 0
as → +∞. If we formally compute the time rate of change of the “energy”, we get the
following:

d

dt
∥y(t)∥2 = 2 < y(t);

d

dt
y(t) >

= 2 < y(t);Ay(t) > +2u(t) < y(t), Ny(t) + c >

which implies, since S(t) is a semigroup of contractions,

d

dt
∥y(t)∥2 ≤ 2u(t) < y(t);Ny(t) + c >, ∀t ∈ [0, T ].

Then, to make the energy nonincreasing, an obvious choice of the feedback control

(though not the only one) is v(t) = −ρ ⟨y(t),Ny(t)+c⟩
|⟨y(t),Ny(t)+c⟩|+1 ;

(
∀t > 0, ρ > 0

)
since this control

yields the ”dissipating energy inequality”

d

dt
∥y(t)∥2 ≤ −2

(⟨Ny(t) + c, y(t)⟩)2

|⟨y(t), Ny(t) + c⟩|+ 1
;∀t ∈ [0, T ]. (3)

3 Well-Possedness

Let us consider the closed loop-system{
dy(t)
dt = Ay(t) + f(y(t)), ∀t > 0,

y(0) = y0 ∈ H,
(4)

where f(y(t)) = v(t)
(
Ny(t) + c

)
, ∀y ∈ H, and v(t) is the control given in (2).

We set ϕ(s) = s
|s|+1 for all s ∈ R so that f(y(t)) = −ρϕ(< y;Ny + c >)(Ny + c).

In this section, we aim to study the existence, uniqueness, and regularity of the solution
to the system (1).

We start our study with the well-posedness result.

Proposition 3.1 Assume that A is the infinitesimal generator of a linear C0 semi-
group of contractions on a Hilbert space H and let N be locally Lipschitz and sequentially
continuous operator; then the system (1) admits a unique global mild solution y(t) defined
on the infinite interval [0,+∞[, which is given by the following variation of constants for-
mula:

y(t) = S(t)y0 +

∫ t

0

v(τ)(Ny(τ) + c)S(t− τ)dτ.

Moreover, we have the following estimate:

∥z(t)∥2 − ∥z(s)∥2 ⩽ −2ρ

∫ t

s

⟨y(τ);Ny(τ) + c⟩2

|⟨y(τ), Ny(τ) + c⟩|+ 1
dτ.

In particular, we have ∥y(t)∥ ≤ ∥y0∥. ∀t ≥ 0.
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Proof. To establish the existence and uniqueness of the solution of (4), let us show
that the function f is locally Lipschitz for all y, z ∈ H. Let x, y, z ∈ H with t ∈ [0, T ]
and R > 0 such that ∥x−y∥, ∥x−z∥ ≤ R. Without loss of generality, we can take x = 0.
Since N is locally Lipschitz, there is LR(N) > 0 such that for all z, y ∈ H, satisfying
0 < ∥z∥ ⩽ ∥y∥ ⩽ R, we have ∥Nz −Ny∥ ⩽ LR(N)∥z − y∥.

We have f(t, y)− f(t, z) =
(
ρϕ(< z;Nz + c >)(Nz + c)− ρϕ(< y;Ny + c >)(Ny + c)

)
= ρ
(
ϕ(< z;Nz + c >)− ϕ(< y;Ny + c >

)(
Nz + c

)
+ ϕ(< y;Ny + c >

(
Nz −Ny

)
.

By making use of the function ϕ(s) = s
|s|+1 , we have |ϕ(s) − ϕ(r)| ≤ |s − r| and

|ϕ(s)| ≤ |s| for all (s, r) ∈ R2 since N() is locally Lipschitz, and when using Schwartz’s
inequality, it follows that

∥f(t, y)− f(t, z)∥ ≤ ρ
(
| < z;Nz + c > − < y;Ny + c > |∥Nz + c∥

)
+ ρ|ϕ(< y;Ny + c >)|∥Nz −Ny∥.

We have | < z;Nz + c >)− < y;Ny + c > | = | < z − y;Nz + c >)+ < y;Nz −Ny > |

≤
(
∥c∥+ 2LR(N)∥y0∥

)
∥z − y∥

and |ϕ(< y;Ny + c >)|∥Nz −Ny∥ ≤ | < y;Ny + c > |LR(N)∥z − y∥

≤ ∥y0∥
(
∥Ny∥+ ∥c∥

)
|LR(N)∥z − y∥

≤ ∥y0∥LR(N)

(
LR(N)∥y0∥+ ∥c∥

)
∥z − y∥.

So, ∥f(t, y)−f(t, z)∥ ≤ ρ

(
LR(N)∥y0∥+∥c∥

)(
∥y0∥|LR(N)+∥c∥+2LR(N)∥y0∥

)
∥z − y∥

≤ ρ

(
LR(N)∥y0∥+ ∥c∥

)(
∥c∥+ 3LR(N)∥y0∥

)
∥z − y∥

≤ M(∥y0∥;c)∥z − y∥.

where M(∥y0∥;c) = ρ

(
LR(N)∥y0∥+ ∥c∥

)(
∥c∥+ 3LR(N)∥y0∥

)
.

Remark 3.1 For c=0, we obtain the constant M(∥y0∥;0) = 3ρ

(
LR(N)∥y0∥

)2

which

is strictly smaller than that found in the homogeneous case in [9].

So f(t; y(t)) satisfies a local Lipschitz condition in y, uniformly in t on bounded
intervals. Thus we may apply Theorem 1.4 [10] (p.185), to obtain that there is a tmax ≤ ∞
such that (8) has a unique mild solution y on [0, tmax[, which is given by the following
variation of constants formula:

y(t) = S(t)y0 +

∫ t

0

f(y(τ))S(t− τ)dτ

= S(t)y0 − ρ

∫ t

0

⟨y(τ), Ny(τ) + c⟩
|⟨y(τ), Ny(τ) + c⟩|+ 1

(Ny(τ) + c)S(t− τ)dτ.
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To show that tmax = +∞, it is sufficient to prove that for each T > 0, the mild solution
y(t) is bounded by a constant independent of T . To do this, we discuss two cases:
(i) If the initial value y0 ∈ D(A), then the function w(t) := 1

2∥y(t)∥
2 is continuously

differentiable and we can write for all t ≥ 0, the following: since this control yields the
“dissipating energy inequality”,

d

dt
∥y(t)∥2 ≤ −2ρ

(⟨y(t);Ny(t) + c⟩)2

|⟨y(t), Ny(t) + c⟩|+ 1
;∀t ∈ [0, T ]. (5)

When integrating the last inequality over the interval [s,t ], it follows that

∥y(t)∥2 − ∥y(s)∥2 ≤ −2ρ

∫ t

s

⟨y(τ);Ny(τ) + c⟩2

|⟨y(τ), Ny(τ) + c⟩|+ 1
dτ,∀t ≥ s ≥ 0. (6)

It follows that ∥y(t)∥ ≤ ∥y0∥ ,∀t ≥ 0.
ii) Let y0 ∈ H and consider a sequence (yn0 )n of elements in H converging to y0. For
each T > 0, let y(t) and yn(t) be the mild solutions of (S) associated, respectively, to
the initial values y0 and yn0 . Then one can prove that for each t ∈ [0, T ], the sequence
(yn(t))n converges in H to y(t), see [11].

So, if y0 /∈ D(A), then we can find a sequence (yn0 )n of elements in D(A) converging

to y0 in H (because D(A) = H).
∀t ∈ [0, T ] and ∀n ∈ N, we know from i) that ∥yn0 (t)∥ ≤ ∥yn0 ∥ .

Now, we conclude that ∥y(t)∥ ≤ ∥y0∥ for all t ∈ [0, T ].
∥z(t)∥ ⩽ ∥z0∥ , ∀t ∈ [0, tmax[ .

Hence tmax = +∞ and from (6), we have ∥y(τ)∥2−∥y(t)∥2 ≥ 2ρ
∫ t

τ
⟨y(s);Ny(s)+c⟩2

|⟨y(t),Ny(t)+c⟩|+1ds

for all 0 ≤ τ ≤ t. This completes the proof.

4 Exponential Stabilisation

4.1 Decomposition of the state space and the system

Let δ > 0 be fixed in advance. We suppose that the spectrum σ(A) of A can be decom-
posed into σu(A) and σs(A)

such that σu(A) = σ(A) ∩ {λ : Reλ ⩾ −δ}, σs(A) = σ(A) ∩ {λ : Reλ < −δ}.

Then σ(A) = σu(A) ∪ σs(A) such that σu(A) can be separated from σs(A) by a simple
and closed curve C.

It has been shown in [12](p. 178) and [13] that the operator A may be decomposed
according to the decomposition:

H = Hu ⊕Hs (7)

meaning PD(A) ⊂ D(A);AHs ⊂ Hs, AHu ⊂ Hu (invariance of Hs and Hu under A),
where Hu = PuH and Hs = PsH with Pu being the projection operator

Pu =
1

2πi

∫
C

(λI −A)−1dλ and Ps = I − Pu.

Then the operator A can be decomposed as

A = Au +As (8)
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with Au = PuA and As = PsA. Here, As and Au are the restrictions of A on Hs and
Hu, respectively.

We considerNs andNu, the restrictions of the operatorN onHs andHu, respectively,
such that

(H1) : NHu ⊆ Hu.

(H2) : NHs ⊆ Hs.

In the sequel, we suppose that the operator A may be decomposed according to the
decomposition (8). Under the hypotheses (H1) and (H2), the system (1) can be decom-
posed into the two following systems:{

dyu(t)
dt = Auyu(t) + vu(t)(Nuyu(t) + cu), ∀t > 0,

yu(0) = (yu0
) ∈ Hu,

(9)

and {
dys(t)

dt = Asys(t) + vs(t)(Nsys(t) + cs), ∀t > 0,
ys(0) = (ys0) ∈ Hs,

(10)

where yu and ys are the components of the solution y ∈ H on Hu and Hs, respectively.
By [13], the semigroup S(t) generated by A also commutes with Pu and Ps, and induces
a C0-semigroup Su(t) (resp. Ss(t)) on Hu (resp. Hs).

We further suppose that Au generates a C0-semigroup of contractions Su(t), and Au

generates a C0-semigroup of contractions Su(t). If As satisfies the following spectrum-
determined growth assumption:

limt→+∞
ln∥Ss(t)∥

t = supRe (σ (As)) , then ∃η,Kη > 0 such that ∥Ss(t)∥ ⩽ Kηe
−ηt, t ⩾ 0.

The aim of what follows is to study the problem of weak and strong stabilization of
(1) via the properties of the systems (10) and (9). We begin with the component ys(t)
of the solution y(t) of the system (10).

4.2 Exponential stabilization of the component ys(t)

Theorem 4.1 Let A generate a C0-semigroup S(t), and suppose that the following
conditions hold:

1. The operator A may be decomposed according to the decomposition (8).

2. As satisfies the following spectrum-determined growth assumption:

∃η,Kη > 0 such that: ∥Ss(t)∥ ⩽ Kηe
−ηt, t ⩾ 0.

Then if ρ < η

Kη

(
L∥ys(0)∥+∥cs∥

)2 , the feedback

vu(t) = −ρ
⟨yu(t), Nuyu(t) + cu⟩

|⟨yu(t), Nsy(t) + cu⟩|+ 1
, ∀t > 0, (11)

exponentially stabilizes the system (10).
More precisely, ∃βs > 0 such that ∥ys(t)∥ ≤ Kη∥ys(0)∥e−βst, ∀t > 0.
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Proof. Using Proposition 3.1, we deduce that the system (10) admits a unique global
mild solution given by

{
ys(t) = Ss(t)ys(0) +

∫ t

0
Ss(t− τ)vs(τ) (Nsys(τ) + cs) dτ, t ≥ 0,

ys(0) ∈ Hs.

So, ∥ys(t)∥ ≤ ∥Ss(t)∥∥ys(0)∥+
∫ t

0

|vs(τ)| ∥Ss(t− τ)∥
(
∥Nsys(τ)∥+ ∥cs∥

)
dτ.

We have ∥Ss(t)∥ ⩽ Kηe
−ηt. So,

∥ys(t)∥ ≤ Kηe
−ηt∥ys(0)∥+

∫ t

0

|vs(τ)|Kηe
−η(t−τ)

(
∥Nsys(τ)∥+ ∥cs∥

)
dτ

≤ Kηe
−ηt∥ys(0)∥+

(
Ls∥ys(0)∥+ ∥cs∥

)∫ t

0

|vs(τ)|Kηe
−η(t−τ)dτ(

Ls is a Lipschitz constant of Nu in the ball B(0,∥z0∥)
)
.

The feedback (11) is a bounded function in time and is uniformly bounded with respect
to the initial states, and we have

|vu(t)| ≤ ρ| ⟨yu(t), Nyu(t) + cu⟩ | ∀t > 0,

≤ ρ∥yu(t)∥
(
Lu∥yu(0)∥+ ∥cu∥

)
;(

Lu is a Lipschitz constant of Nu in the ball B(0,∥z0∥)

)
So,
∥ys(t)∥ ≤ Kηe

−ηt∥ys(0)∥

+ ρKη

(
Lu∥ys(0)∥+ ∥cs∥

)(
Ls∥ys(0)∥+ ∥cs∥

)∫ t

0

∥ys(τ)∥e−η(t−τ)dτ

≤ Kηe
−ηt∥ys(0)∥+Ae−ηt

∫ t

0

∥ys(τ)∥eτdτ,

where A = ρKη

(
Lu∥ys(0)∥+ ∥cs∥

)(
Lu∥ys(0)∥+ ∥cs∥

)
.

So, ∥ys(t)∥ eηt ≤ Kη∥ys(0)∥+A
∫ t

0
∥ys(τ)∥eτdτ.

By using Gronwall’s inequality, we have ∥ys(t)∥ eηt ≤ K∥ys(0)∥ exp
(∫ t

0

Ads

)
≤ Kη∥ys(0)∥eAt.

So, ∥ys(t)∥ ≤ Kη∥ys(0)∥e(A−η)t.

We set: βs = η −A = η − ρK
(
Lu∥ys(0)∥+ ∥cs∥

)(
Lu∥ys(0)∥+ ∥cs∥

)
if

ρ < η

Kη

(
Lu∥ys(0)∥+∥cs∥

)(
Lu∥ys(0)∥+∥cs∥

) .
Then ρKη

(
Lu∥ys(0)∥+ ∥cs∥

)(
Lu∥ys(0)∥+ ∥cs∥

)
< η, so βs > 0.

Finally, ∥ys(t)∥ ≤ Kη∥ys(0)∥e−βst, Kη, βs > 0. This completes the proof of the
theorem.

Now let us study the component yu(t) of the solution y(t) of the system (10).
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4.3 Decay estimate and exponential stabilization of the component yu(t)

Lemma 4.1 Let Au generate a semigroup Su(t) of contractions on Hu and let Nu be
locally Lipschitz. Then the system (9) controlled by (2) possesses a unique mild solution
yu(t) ∈ Hu for each yu(0) ∈ Hu which satisfies, when t → +∞,

∫ T

0

|⟨Su(τ)yu(t), NuSu(τ)yu(t) + cu⟩|dτ = O

√∫ t+T

t

|⟨yu(τ), Nuyu(τ) + cu⟩|2
1 + |⟨Nuyu(τ) + cu, yu(τ)⟩|

dτ

. (12)

Proof. Using Proposition 3.1, we deduce that the system (9) admits a unique global mild
solution given by the following formula of variation of the constants:

yu(t) = Su(t)yu(0)− ρ

∫ t

0

⟨yu(τ), Nuyu(τ) + cu⟩
|⟨yu(τ), Nuyu(τ) + cu⟩|+ 1

(Nuyu(τ) + cu)Su(t− τ)dτ,

and using the fact that Su(t) is a semigroup of contractions, and Schwartz’s inequality, for all
t ∈ [0, T ], we have

∥yu(t)− Su(t)yu(0)∥ ≤ ρ
√
T
(
L ∥yu(0)∥+ ∥cu∥

)(∫ T

0

|⟨yu(τ), Nuyu(τ) + cu⟩|2

1 + |⟨yu(τ), Nuyu(τ) + cu⟩|
dτ

) 1
2

. (13)

From the relation

⟨NuSu(t)y0 + cu, Su(t)y0⟩ = ⟨NuSu(t)y0, Su(t)yu(0)− yu(t)⟩+ ⟨cu, Su(t)yu(0)− yu(t)⟩
+ ⟨NuSu(t)y0 −Nuyu(t), yu(t)⟩+ ⟨Nuyu(t) + c, yu(t)⟩,

when using ∥yu(t)∥ ≤ ∥yu(0)∥ , ∀t ∈ [0, tmax[ , the fact that Su(t) is a semigroup of contraction,
Nu is locally Lipschitz, and Schwartz’s inequality, it comes

|⟨NuSu(s)yu(0)+cu, Su(s)yu(0)⟩|≤
(
2Lu∥yu(0)∥+∥cu∥

)
∥yut)−Su(t)yu(0)∥+|⟨Nuyu(s)+cu, yu(s)⟩|.

Using (13),

|⟨NuSu(s)yu(0) + cu, Su(s)yu(0)⟩| ≤ C(∥yu(0)∥;cu)

(∫ t

0

|⟨yu(s), Nuyu(s) + cu⟩|2

1 + |⟨yu(s), Nuyu(s) + cu⟩|
ds

) 1
2

+ |⟨Nuyu(s) + cu, yu(s)⟩|,
(14)

where C(∥yu(0)∥;cu) = ρ
√
T (2Lu ∥y0∥+ ∥cu∥) (Lu ∥y0∥+ ∥cu∥) . Replacing y0 by yu(t) in (14)

and using the fact that ∥yu(t)∥ ≤ ∥yu(0)∥ ∀t ≥ 0, we get

|⟨NuSu(s)yu(t) + cu, Su(s)yu(t)⟩| ≤ C(∥y0∥;cu)

(∫ T

0

|⟨yu(s+ t), Nuyu(s+ t) + cu⟩|2

1 + |⟨yu(s+ t), Nuyu(s+ t) + cu⟩|
ds

) 1
2

+ |⟨Nuyu(s+ t) + cu, yu(s+ t)⟩|.
Integrating the last inequality over the interval [0, T ] and using the semigroup prop-

erty of the solution y(t) and Schwartz’s inequality, remarking that the mappings
x 7→ Cx = (2Lux+ ∥c∥) (Lux+ ∥cu∥) are increasing

(
C∥yu(t)∥ ≤ C∥y0∥

)
, we get∫ T

0

|⟨NuSu(s)yu(t)+cu, Su(s)yu(t)⟩|ds ≤ T 3C(∥y0∥;cu)

(∫ T

0

|⟨yu(s+ t), Nuyu(s+ t) + cu⟩|2

1 + |⟨yu(s+ t), Nuy(s+ t) + cu⟩|
ds

) 1
2

+

∫ T

0

|⟨Nuyu(s+ t) + cu, yu(s+ t)⟩|ds.

Since∫ T

0
|⟨Nuyu(s+ t) + cu, yu(s+ t)⟩|ds ≤

(
1 + Lu∥y0∥2+∥cu∥∥y0∥

) ∫ T

0

|⟨yu(s+t),Nuyu(s+t)+cu⟩|2
1+|⟨yu(s+t),Nuyu(s+t)+cu⟩|ds,
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by Schwartz’s inequality, we get∫ T

0
|⟨Nuyu(s+t)+cu, yu(s+t)⟩|ds ≤ T

(
1+Lu∥y0∥2 + ∥cu∥∥y0∥

)(∫ T

0

|⟨yu(s+t),Nuyu(s+t)+cu⟩|2
1+|⟨yu(s+t),Nuyu(s+t)+cu⟩|ds

) 1
2

.

We deduce that∫ T

0

|⟨NuSu(s)yu(t) + cu, Su(s)yu(t)⟩|ds ≤ M
(∫ T

0

|⟨yu(s+ t), Nuyu(s+ t) + cu⟩|2

1 + |⟨yu(s+ t), Nuyu(s+ t) + cu⟩|
ds

) 1
2

,

where M =
(
ρT

3
2 C(∥y0∥;cu)

)
+ T (1 + Lu∥y0∥2 + ∥cu∥∥y0∥). This gives the estimate (12).

Remark 4.1 For c=0, we obtain the same content found in the homogeneous case,
see [2], M = ρT

3
2

(
2Lu∥yu(0)∥)(L(Nu)∥yu(0)∥

)
+ T (1 + Lu∥yu(0)∥2).

Theorem 4.2 Let A generate a C0-semigroup Su(t), and suppose that the following
conditions hold:
1. Su(t) is a contraction semigroup;
2. there exist δ, T > 0 such that∫ T

0

|⟨NuSu(s)yu(t) + cu, S(s)yu(t)⟩|ds ≥ δ∥yu(t)∥, ∀yu ∈ Hu. (15)

Then the feedback (5) exponentially stabilizes the system (6).

More precisely, there exists βu > 0 such that ∥yu(t)∥ ≤ e−βu ∥y0∥ e−
βu
T (t) ∀t > 0.

Proof. Integrate now the following inequality over the interval [kT, (k + 1)T ], for
k ∈ N and T > 0,

d

dt
∥yu(t)∥2 ≤ −2ρ

(⟨yu(t);Nuy(t) + cu⟩)2

|⟨yu(t), Nuy(t) + cu⟩|+ 1
;∀t ∈ [0, T ].

We get ∥yu((k + 1)T )∥2 − ∥yu(kT )∥2 ≤ −2ρ
∫ (k+1)T

kT
|⟨y(τ),Nuy(τ)+cu⟩|2

|⟨yu(τ),Nuyu(τ)+cu⟩|+1 dτ.

Using now the estimate (12), we deduce that

∥yu((k + 1)T )∥2 − ∥yu(kT )∥2 ≤ −2ρ

M

(∫ T

0

|⟨Su(τ)yu(t), NuSu(τ)yu(t) + cu⟩|dτ

)2

.

According to the inequality (15), we have

∥yu((k + 1)T )∥2 − ∥yu(kT )∥2 ≤ −2ρδ2

M
∥yu(kT )∥2. (16)

Letting sk = ∥y(kT )∥2, k ∈ IN, the inequality (16) can be written as

sk+1 − sk ≤ −2ρδ2

M
sk, ∀k ≥ 0,

sk+1 ≤ Csk, ∀k ≥ 0,

where C =
(
1− 2ρ

Mδ2
)
< 1, which gives sk ≤ e−k ln 1

C s0.

So, ∥yu(t)∥ ≤ e−
ln( 1

C
)

2 ∥y0∥ e−
ln( 1

C
)

2T t for all t ≥ 0, ∥yu(t)∥ ≤ e−βu ∥y0∥ e−
βu
T t for all

t ≥ 0, where βu =
ln( 1

C )

2 > 0.
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4.4 Exponential stabilization

Theorem 4.3 Suppose that the assumptions of both Theorems 4.1 and 4.2 are veri-
fied. Then the feedback (2) exponentially stabilizes the system (1). More precisely, there
exist β > 0 and α > 0 such that ∥y(t)∥ ≤ αe−βt,∀t ≥ 0.

Proof. Using Proposition 3.1, we deduce that the system (1) admits a unique global
mild solution y(t); according to the decomposition (8), we have y(t) = yu(t) + ys(t).
It follows from Theorems 4.1 and 4.2 that

y(t) ⩽ e−βu∥y0∥e−
βu
T t +Kη∥ys(0)∥e−βst

⩽ 2(e−βu ∥y0∥+Kη∥ys(0)∥)e−min(e−
βu
T ,βs)t.

So, ∥y(t)∥ ≤ αe−βt, ∀t ≥ 0, where α = 2(e−βu ∥y0∥+Kη∥ys(0)∥) and β = min(βu

T , βs).

5 Strong Stabilisation

Theorem 5.1 Let A generate a semigroup S(t) of contractions on H. Suppose that
(i) N is locally Lipschitz;
(ii) ∃δ, T > 0 such that∫ T

0

|⟨NS(s)y(t) + c, S(s)y(t)⟩|ds ≥ δ∥y(t)∥2, ∀y ∈ H. (17)

Then the feedback (2) strongly stabilises the system (1) with the following decay estimate:

∥y(t)∥ = O
(
t−

1
2

)
as t → +∞.

Proof. If H = Hu is of finite dimension, then we retrieve the result of Theorem 4.2.
In the case dimHu = +∞, following the techniques used in the proof of Lemma 4.1, we
can obtain the following estimate when t → +∞:∫ T

0

|⟨S(τ)y(t), NS(τ)y(t) + c⟩|dτ = O

√∫ t+T

t

|⟨y(τ), Ny(τ) + c⟩|2
1 + |⟨Ny(τ) + c, y(τ)⟩|

dτ

 . (18)

Integrating now the inequality d
dt∥y(t)∥

2 ≤ −2ρ (⟨y(t);Ny(t)+c⟩)2
|⟨y(t),Ny(t)+c⟩|+1 ;∀t ∈ [0, T ], over the

interval [kT, (k + 1)T ], for k ∈ N and T > 0, we get

∥y((k + 1)T )∥2 − ∥y(kT )∥2 ≤ −2ρ

∫ (k+1)T

kT

|⟨y(τ), Ny(τ) + c⟩|2

|⟨y(τ), Ny(τ) + c⟩|+ 1
dτ.

Using now the estimate (18), we deduce that

∥y((k + 1)T )∥2 − ∥y(kT )∥2 ≤ −2ρ

M

(∫ T

0

|⟨S(τ)y,NS(τ)y + c⟩|dτ

)2

.

From (17), we have ∥y((k + 1)T )∥2 − ∥y(kT )∥2 ≤ −2ρδ2

M ∥y(kT )∥4.
Letting sk = ∥y(kT )∥2, k ∈ IN, the last inequality can be written as

sk+1 ≤ sk − 2ρδ2

M
s2k, ∀k ≥ 0.
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Using the fact that t 7→ ∥y(t)∥ is a decreasing function on [0,+∞[, we get

sk+1 ≤ sk − 2ρδ2

M
s2k+1, ∀k ≥ 0.

The last inequality can be written as follows: sk+1 ≤ sk − Cs2k+1, ∀k ≥ 0, where

C = 2ρδ2

M > 0. Now, to obtain the decay rate for solutions of (1), we recall the following
lemma, see [14] and [15].

Lemma 5.1 Let the sequence of non-negative real numbers sk, k = 0, 1, 2, . . ., sat-
isfy sk+1 ⩽ sk − C(k + 1)rs2k+1, where C is a positive real number and r is a non-
negative integer. Then there exists a positive number M = M (M, r, u0) such that
sk ⩽ M

(k+1)r+1 , k = 0, 1, 2, 3, . . . .

So, from the lemma and for r = 0, there exists a positive constant K (depending on
C) such that sk ≤ M

k+1 , so ∥y(kT )∥2 ≤ M
k+1 . For k = E( t

T ),
(
E
(

t
T

)
designed the integer

part of t
T

)
, we obtain

∥y(E(
t

T
)T )∥2 ≤ M

E( t
T ) + 1

.

Using the fact that E( t
T )T ≤ t and t 7→ ∥y(t)∥ is a decreasing function on [0,+∞[, we

get ∥y(t)∥2 ≤ TM
t . So, ∥y(t)∥ = O

(
t−

1
2

)
as t → +∞.

6 Applications

Example 6.1 One-dimensional heat equation.
Let us consider the following semilinear heat equation:{

∂y(x,t)
∂t = ∂2y(x,t)

∂x2 + v(y(t))(Ny(t) + c), x ∈ (0, 1), t > 0,
∂y(0,t)

∂x = ∂y(1,t)
∂x = 0, ∀t > 0,

(19)

where y(t) is the temperature profile at time t. Here we take the state space H = L2(0, 1)
and the operator A is defined by

Ay =
∂2y

∂x2
with D(A) =

{
y ∈ H2(0, 1) | ∂y(0, t)

∂x
=

∂y(1, t)

∂x
= 0

}
.

The domain of A gives the homogeneous Neumann boundary condition imposed at
the ends of the bar, which requires specifying how the heat flows out of the bar and
means that both ends are insulated. The control v(y(t)) is defined by

v(y(t)) = −ρ
⟨y(t), Ny(t) + c⟩

|⟨y(t), Ny(t) + c⟩|+ 1
, ∀t ≥ 0. (20)

The operator of control N is defined by Ny = 1
1+∥y∥

∑+∞
j=1 αj ⟨y, φj⟩φj , αj ≥ 0,∀j ≥ 1,

such that
∑+∞

j=1 α
2
j < ∞; N is a nonlinear sequentially continuous and locally Lipschitz

operator such that N(0) = 0.
The spectrum of A is given by the simple eigenvalues λj = −π2(j − 1)2, j ∈ N∗,

and eigenfunctions φ1(x) = 1 and φj(x) =
√
2 cos((j − 1)πx) for all j ≥ 2. Then the
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subspace Hu is the one-dimensional space spanned by the eigenfunction φ1, and we have
Su(t)yu = ⟨yu, φ1⟩φ1, so Su(t) = IHu

(the identity) and hence (Su(t))t≥0 is a semigroup
of isometries.

Nu is the restriction of the operator N on Hu defined by

Nuyu(t) = α1yu(t)
1+∥yu(t)∥

= α1

1+|⟨yu(t),φ1⟩| ⟨yu(t), φ1⟩φ1,

Nu is a nonlinear sequentially continuous and locally Lipschitz operator,

∥Nuyu(t)−Nuzu(t)∥ = ∥ α1yu(t)
1+∥yu(t)∥ − α1zu(t)

1+∥zu(t)∥∥
⩽ α1yu(t)

1+∥yu(t)∥ − α1zu(t)
1+∥yu(t)∥ + α1zu(t)

1+∥yu(t)∥ − α1zu(t)
1+∥zu(t)∥

⩽ ∥ α1

1+∥yu(t)∥ (yu(t)− zu(t))∥+ ∥α1zu(t)
(

1
1+∥yu(t)

− 1
1+∥zu(t)∥

)
∥

⩽ Lu∥yu(t)− zu(t)∥, where Lu = |α1|.

Here we can see that NHu ⊂ Hu. We have

< NSu(τ)yu(t) + cu, Su(τ)yu(t) >H | = | < Nuyu(t), yu(t) > + < cu, yu(t) > |

=

(
α1∥yu(t)∥
1+∥yu(t)∥ + ∥cu∥

)
∥yu(t)∥

if α1 > 0, we have

(
α1∥yu(t)∥
1+∥yu(t)∥ + ∥cu∥

)
∥yu(t)∥ > ∥cu∥∥yu(t)∥, then

| < NSu(τ)yu(t) + cu, Su(τ)yu(t) > | > ∥cu∥∥yu(t)∥, so∫ T

0
| < NSu(τ)yu(t) + cu, Su(τ)yu(t) > |dτ > δ∥yu(t)∥ with δ = T∥cu∥.
We can see that (15) holds, and the assumptions of Theorem 4.1 are verified.

For j ≥ 2, the subspace Hs is spanned by the eigenfunctions (φj)j≥2; Ns is the

restriction of the operator N on Hs defined by Nsys =
1

1+∥ys∥
∑+∞

j=2 αj ⟨ys, φj⟩φj .

We have Ss(t) =
∑∞

j=2 e
−π2(j−1)2t. Since j − 2 ≥ 0, one has e−2π2j(j−2)t ⩽ 1,

then ∥Ss(t)∥ ≤ e−π2t, ∀t ≥ 0.
So, As satisfies the spectrum-determined growth assumption.

If ρ <
π2

(Ls ∥ys(0)∥+ ∥cs∥) (Lu ∥ys(0)∥+ ∥cs∥)
, where Lu = α1 and Ls =

+∞∑
j=2

α2
j ,

then the assumptions of Theorem 4.2 are verified.
Finally, the assumptions of both Theorems 4.1 and 4.2 are verified. Then by applying

Theorem 4.3, we deduce that (19) is exponentially stabilizable by the control

v(y(t)) = −ρ
(α1 + |cu|)yu(t)2 + |cu|yu(t)

(1 + α1 + |cu|)yu(t)2 + (1 + |cu|)yu(t)
, ∀t ≥ 0.

7 Conclusion

In this work, the sets of necessary and sufficient conditions for the exponential stabi-
lization of inhomogeneous semilinear systems are given. The stabilizing controls may
be chosen bounded with respect to time and initial states and can be applied to sys-
tems subject to constraints on the control input. Though the exponential stabilization
of bounded operators enables us to discuss various stabilization problems, the present
study does not cover other situations. This is the case of exponential stabilization of
unbounded operators in a Banach space. Also, the issue of unbounded operator control
is of great interest.
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