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Abstract: This study’s primary area of interest is the generalized operators, which
are defined with doubling measures by generalized Bessel-Riesz kernels with various
measures in Morrey spaces. In terms of Bessel decay, the kernel satisfies a few key
requirements. To prove that the integral operators are bounded, we will make use
of Young, Holder, and Minkéwski inequalities and a doubling measure. Additionally,
we look into the relationship, we discover that the norm of these operators will be
similarly constrained by the relationship between the elements of the kernel and the
integral operators based on the norm of each kernel, although according to several
measures. Additionally, we investigate the boundedness of pointwise multiplier op-
erators in Morrey spaces using generalized fractional integrals and the generalized
Bessel-Riesz operator.
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Morrey spaces.
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1 Introduction

This paper extends our recent findings in paper [1] by investigating the boundedness of
Bessel-Riesz operators by a generalized kernel defined with doubling measures in Morrey
spaces with various measures. Some basic requirements are being met by the operator’s
kernel in relation to Bessel decay. We will use the Young, Holder, and Minkowski inequal-
ities and a doubling measure to demonstrate that the integral operators are bounded.
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In Morrey spaces, we also focus on the boundedness of pointwise multiplier operators.
Here,

I @)= | [ 1sopa v

is defined, as a function 1 < p < 00, and a group of f in a way that ||f : LP?(R"™)|| < oc.
The definition of the Bessel-Riesz operator is

o f(@) = [ Ganlle=u) 1) dy

for every f € LV (R™), and 1 < p < oo for each instance of G, - : (0,00) — (0, 00), with

loc
ta—n

1+’

Ga~(t) = O<a<mn, y>0.

The G, the Bessel-Riesz kernel, is referred to in this context. Bessel-Riesz operators
are derived from Schrodinger’s equation. Schrodinger’s equation, a partial differential
linear equation, (see 2| for some results of differential equations of order 1 < o < 2, in a
Banach space) is used to explain a quantum field system’s wave function or state function.
Schrédinger’s equation is the quantum physics equivalent of Newton’s law. In 1999
Kazuhiro Kurata et al. [3] conducted a research on the boundedness of integral operators
with Lebesgue and generalized Morrey spaces. They then used this knowledge to estimate
the Schrédinger operator Ly = —A + V(x) + W(z) with nonnegative V' € (RH)s
(reverse Holders class) and small perturbed potentials W on Morrey spaces. Idris et al.
[Theorem 6, [4]] reported the boundedness of Bessel-Riesz operators on Morrey spaces
in 2016. They achieved outcomes for the boundedness of fractional integral operators
that were comparable to the results by F. Chiarenza [5]. The boundedness of fractional
integral operators when constructed on quasi-metric measure spaces was discussed by
Eridani et al. in their study [6]. Even for Euclidean spaces, the research team’s findings
were novel. The boundedness of these operators for Euclidean spaces on Lebesgue and
Morrey spaces was also demonstrated by Idris et al. in their paper |4], which also looked
into the weighted boundedness of generalized Morrey spaces. Euclidean spaces are the
most straightforward illustration of measure metric spaces. The weighted boundedness
of generalized Morrey spaces has been studied by Kurata et al. [3]. We will use the
Young, Holder, and Minkowski inequalities and a doubling measure to demonstrate the
boundedness of these operators on Morrey spaces in Euclidean contexts. Additionally, we
shall see that the generalized Bessel-Riesz operators’ norm is constrained by the kernels’
norm. Bessel-Riesz operators on Lebesgue spaces in measure metric spaces are bounded,
which is a simple argument of the Young inequality, it was demonstrated by Saba et al. [7]
using the Young inequality. Our entry into the subsequent Morrey space phenomenon is
the second outcome since the generalized Bessel-Riesz operator is bounded on Lebesgue
spaces [1]. The ideal constant in the Young inequality is 1, and it is used throughout the
research. However, we still do not know what the optimum constant in Morrey spaces
is at this point. As a result, we focus on generalized Bessel-Riesz operators in Morrey
spaces in this study. We will also discuss the circumstance in which the measure meets
the doubling requirement. For the relevant inequalities that were derived in [§], [9], the
resulting criteria are both necessary and sufficient. When W is a scalar operator, Kurata
et al. [3] have demonstrated that W. I, - is bounded on generalized Morrey spaces. We
will also work on this operator for boundedness with the generalized operator on Morrey
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spaces. See citation [3] for the examples of using the aforementioned operators in settings
involving Euclidean spaces.

2 Doubling Conditions

We take into account p : (0,00) — (0,00) and define (DC) as a collection of p such that

<9 L _pls)

= MR

s
t

l\D\H

for some C' > 1. If p €(DC), then we have
2R 2R
t t
p(R) ~ / P dt, or C*"p(R)< / P(t) dt < C**p(R)
r r t
for some C** > C* > 0. Additionally, if p € (DC), then G, 5 € (DC), where

p(t)

—— t>0.
1+t >0

Gy (t) :=

Assume that p is a random measure on R™. We consider a group of measures that meet
the growth condition, denoted by (GC). Now, since B(a, R) := {z € R" : |z — a| < R}
in R™ exists, we define 4 € (GC) if and only if C; > 0 such that

u(B(a, R)) < CLR"

exists for all open balls. See [6] for more details on a doubling measure.
Using the definitions provided above, we attempt to estimate

S I ) R

For 1 < s < ooand R > 0, we take into account the following:

() RN (S .
/|$|<R @[> [1 4 []]*Y ) k:Z /2kR<w<2k+1R |]s7[1 + |x|]*Y dul)

< i p(2¥R)*u(B(0,2¢ R)) < Z Qk p(2FR)*

et (sz)sn[l _|_2kR sy R (9k p)(s—1)n
-1 ok+1p
p&)° o, _ p(t)?
< Ck:ZOO /QkR W dt = C/O m dt, and also

G R - )
LMWWHMWW” ;AmmwmwmﬂwﬂM)

(25 R)*u(B(0,2F R
< CZ (2kR)sn[1 + 2kR sy — CZ 2kR (9 1)n+9'y

p(t)* dt:C/oo p(t)*

t(s—l)n+s’y+1 R t(s—l)n—i—s’y—l—l
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where a constant, not necessarily the same one, is denoted by the letter C' > 0 at all

time. At this stage, we define
R s oo s 1/s
TSN — p(t) p(t)
for 1 <s < oo, pe (GC) and p € (DC).

3 Morrey Spaces with the Generalized Bessel-Riesz Operator

We begin this section with the definition that is given below. Take into account
0<A<1<p<oo, B:=B(a,R), and pu(B(a,R)) ~ R™. If and only if

1 1/p
fLPMu,p :sup</fypduy) < o0
1 5 2 i)l = sup( s [ 1P o)
holds, then we define f € LP*(v, ). We define
f=f+fe:=Ffxg+ fxae
for each f € LP*(v, ) and B := B(a,2R), given that
1/p .
1f1: LP(W)]l = [/B If(y)”dy(y)] < uw(BYVP||f 2 LPA v, )| < oo
For each B, we arrive at the following estimation when f; € LP(v):
1/p
[ VP )] < 102 270
< CNGppq s L) - 1 1 LP)|
< CuBMP|Gppy = LX)l - I1f = LA (v, ),
and of course, we will come to the following estimation:
1 1/p 1 N
s [ P )| = €l s B s Al
uw(B)* /g
Contrarily, we have the estimation given below for each x € B:
@) < [ Loy Pw)dn(o)
<[ @)
le—y|>R

k=0

/ Iy ole)du(z)
2k R<|z—y|<2k+1R

k
B [ )

R)v(B(z, 281 R))1-1/P
(QkR)n—[n)\/p]—l-’y

e

b
Il

0

<ol ) S A
k=0
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Considering that v € (GC),

" p(2'R)
Ly fo(@)| < CIf L) Z R
. TP %
<C|f:LP (v, M)H/ t1+fy+[n(17)\)/p] dt
< CR’H,()\ 1)/p||f Lp7 y M H/ t1+'Y dt

< ORI 1 LA (v, )| Gy = LH (W)

And ultimately, we shall have that for any open ball B, we come to

1/p
MB) / pr,wfz(w)Ipdu(w)} < ORI 1 2w, )] - Gy L)1

1 1/p
r [M(B)’\ /B o f2(2) [P d,u(x)} <C|f: L”*’\(y, W - 1Gpy Ll(H)H~

Corollary 3.1 Let us say there are v € (GC) and 1 < p < co. In the case when both
f € LP v, pu) and G,., € L*(u) are true, one has I, f € LP(u). In addition, there is
C > 0 such that

[ Zpof = LPMW) < CllGpy = L) - 1 f = L2 (v, ).

3.1 Minkowski’s inequality

Before stating our key findings on the boundedness of I, ., we take into consideration
the following simple finding [10].

Lemma 3.1 Assume we are given F' : R" xR™ — R. When considering any measure

v and ji on R,
"] < [ [ ot vrae)] o

L

4 Main Results

G(x —y)dv(y)

Rn

Theorem 4.1 Let v be any measure on R™ and p € (GC).
If there is Cs > 0 such that f € LY*(v) and G, € L*(u), then

My - LA < CallGpry - L) - 1 - L0, 5> 1.

Proof. According to Minkéwski’s inequality, with 1 < s < 00, we have
gt [ M d @ duto)] T[], st - s vty Sdu(a»)l/s
< [ ([ 2slGnnle y)f(y)lsdu(:v)>1/st(y)
<[(/ Gmux—y|>|8du<m>)1/s|@f<y>|du<y>

< CGppy s LW - I1f : LA
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So
1 1/s
L T f@F )| < sup 1,50 2] o
<CNGpn LW L) | (2)
In accordance with the aforementioned Theorem we additionally have the follow-
ing.

Corollary 4.1 Consider the case when v is any measure on R™ and p € (GC). There
exists C > 0 such that if f € LY"*(v) and G,., € L*(p), then

o f o LMl < ClIG s L) - IIF = LM @)

Next, we come to a particular case of Young’s inequality.
Suppose
1 1 1 1 1

1 1 1 1
—=—+4+--1, or I=-"41—-=-41—-=-4—+—.
s p q S p q s P

p q
p=q’(1—>, q=p'<1—)-
S S

Theorem 4.2 Assume p,v € (GC). If f € LP(v) and G, 5 € L(p), then there exists
C > 0 so that

Note that

. 1 1 1
paf LA < CNGp LI - IF LW =4 o= L

Proof. With Hélder’s inequality, we start with the following:

["(}W J, tonstorr d#(az)} :

1
< F)|P/erQ=plG, (o —y])|7/* =99 qu(y
[ —Eli G = ] v)

<[] 1Gnalle = DI P doto)] 1/5

[/B H(;)A | (y)|9 O=p/9) dy(y):| 1/q

, 1/p
x [ [ (Gl =l -2/ du(yﬂ

= [ 16tz = i) o) "

[/B p ;))\ |fy)IP dV(y)] "

<|[ |Gp,7<|:c—y>|wv<y>]l/p/.

—~
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The right-hand side will now be estimated for every f € LP*(v, ) and B := B(a,2R),
we define

f=h+Ff=[fxg+ [Xxze

1/p ~
since (17 220 = | [ 1f P dvt)| - < B 0] <
B
we have f; € LP(v), and for every B, we come to the following estimation:

/B Gon(lz = yD) LA WIP dv(y) < 1Gpq(lz —yDI*fT : LP ()

< ClGpy(x = yl) = LI - Nl fr = PP
< Cu(BM?||Go (J = yl) « LA - |If = LA (v, )P
<NGpo(le =yl LI [1f = L7 (v, )17

On the other hand, for every x € B, we have the following estimation:
/ G (lz = yDI f2() " dv(y / G (lz = yDI* f2() " dv(y)
<[ (Guslle = DI dvly)
le—y|=R

:Z/ |Gl =y f2(y)[" dv(y)
k=0’ 2" R<|z—y|<2*+1R

< () / P iy
_k:O @R Joy<orsir

p(2" R)v(B(x, 21 R))1 /P
ol Z

<O|f: L7 2kR )%

Since v € (GC), we have

k
[ 1Goalle =D\ dvly) < €1 7 u>||PZ<(2kR)£(/ZRQA/Z,M

<clf Ll [ o) < dt
<C|f: (v, w)| n (m)

n(A— < p(t
<oroanr gl [

< ORIV f o LPAw, p)||P - |Gy = L ()]0
SCIf = L wllP - 1G oy = L)1,

it implies

/B |Gl = yDIFW)IP dv(y) < CIIf = L (v, )P - |

Gyt L)% 3)
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Now we want to estimate the right-hand side, especially when for x € B and R > 0,
we will have

[ fGuntizaditavy = [ Gyt [ (Gl —yldviy)

We start with
| (Gule =yl dv(y) Z v Gpalo = yI" ()
lz—y|<R — 2k R<|z—y|<2k+1R

~C Z Gy (2R)1w(B(z, 281 R))

k=—o0

p(2FR)1
<C Z QkR (9k pY(g—1)n

p(t)1
= C/O i
< OlGpy - LRI,

and also

[ Gl =ity cZGm’CR)w (2,21 R)

k=0

S CZ QkR nqg— n+q7

el RO L
- R tn(g—1)+gv+1
< Cl|Gpy L)%

Up to now, for every x € B, we already have

1/s
[M(;W/Bfmf(x)s du(x)} S OGpy « LU | f 2 LA )7/

1/s
. { / Gyl = )£ ()P i)
B

By using and , finally, we have

Mo f (@) s LA < C UGy LA™ L 2 172 @) 7/
<O 222w P -G = ()7,
S C NGy s LA |TH | f 2 222 ) [P/

So sp
q

Consequently, we also have the following result.
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Corollary 4.2 Consider u,v € (GC). If f € L>*v) and G, € L* (1), now there is
C > 0, and thus
[Zpf : LA < Gy s LW - ILf : L), s > 1.

5 Pointwise Multiplier Operators

Say that 1 <p<ooand 1 =1/p+1/p’ with f € LP*(u) and g € Lfg")‘(ﬂ)7 respectively.
The Holder inequality will then result in || f-g: LY ()| < |If : L2 ()| - |lg = LP (W)
We will examine a pointwise multiplier operator W by

W:fsW-f with [W-f](z)=W()-f(z), zeR™

Therefore, based on the Holder inequality, if W € Lp/)‘(u), then W is a bounded operator
from LP (1) to LI (), with [W - £ : LA < [W : 2N @)l - I = LA, 1 <
p < Q.

The following is another illustration. Assume we take a look at a fractional integral
operator I, and we define

W l,:f=W-I,f, with [W-I,f|(z):=W()-I.f(z), zecR"

Reiterating the previous point, given that 1 < p < n/a and 1/¢+a/n = 1/p are both
affected by the Holder inequality, we get

IW - Laf < P < [W 2 LY Lo f < L9 < CIW LY -1 < LP.

In other words, if W € L™/®* then W - I, : LP* — LP* is a bounded operator.
From our primary findings, we also have the following.

Corollary 5.1 Assume v is any measure on R™ and p € (GC). If f € Ll,/\(y)’ W e
L5 () and G, € L* () are true, then

W1, : LY v) — LY ()

is a bounded operator. To put it another way, for any s € [1,00), there exists Cs > 0
such that

W I f o L)) < W 2 LA )| - Gy = L ()] -1 2 LA )]

Corollary 5.2 Suppose u,v € (GC).
If f € L3 v), W € L**p), and G, € LP*(p), then

W I, L v) — L ()
is a bounded operator. That is, for every s € [1,00), there exists Cs > 0 such that
W Lo f o LA < ClGppy = L) - W2 P2 - (1 = LA ()]
The next result is our last corollary.

Corollary 5.3 Suppose 1/s+1/q¢' =1/p, and p,v € (GC).
If f € LPMv), W € LY ) and G, € L(), then

W1, : LPA(v) — LP ()
is a bounded operator. That is, there exists C > 0 such that
IW - Lo f o LPM )| < Ol Gy s LI - W2 LEA ()] - |1 f = L2 (@)
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6 Conclusions

As a result of this investigation, we have learned that generalized Bessel-Riesz operators
defined with doubling measures in Morrey spaces with various measures are working
toward boundedness. Regarding Bessel decay, the kernel of the operators satisfies a few
essential characteristics. To prove that the integral operators are bounded, we used the
Young, Holder, and Minkowski inequalities and a doubling measure. The norm of these
generalized operators is similarly bounded by the norm of their respective kernels, but
with different measures, according to our investigation of the relationship between the
kernel’s parameters and generalized integral operators. The Bessel-Riesz kernel is used in
studying the behavior of the solution of a Schrodinger type equation [3] which is related
to quantum mechanics. In future we will consider it for the generalized Bessel-Riesz
kernel. |11] investigated a new discrete chaotic system with rational fraction including
the symmetry. Furthermore, symmetry properties of a nonlinear two-dimensional space-
fractional diffusion equation with the Riesz potential of the order a € (0, 1) will be further
considered.
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