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1 Introduction

The study of nonlinear elliptic system of equations

Auj +gj(uj41) =0 in Q,}

1
u; =0 on 09, (1)

where j € {1,2,3,---,/}, u; = upy1, and Q is a bounded domain in RY, has an important
applications in population dynamics, combustion theory and chemical reactor theory. For
the recent literature on the existence, multiplicity and uniqueness of positive solutions
for , see [315,84/9,/11,/12] and references therein.

In 2], Akdim, Rhoudaf and Salmani established the existence of entropy solutions
for anisotropic elliptic equations of the form

Au + Zgi(x, u, Vu) = f,

=1

where Au is a Leray-Lions anisotropic operator. In [1], Aberqi, Bennouna and Elmassoudi
established the existence results for the following nonlinear elliptic equations with some
measure data in Musielak-Orlicz spaces:

Au +K(x,u,Vu) = .

In 6], Dong and Wei established the existence of radial solutions for the following non-
linear elliptic equations with gradient terms in annular domains:

— Au = g(|x/,u, |X—‘ -Vu) in Q,
X
u=0 on 907,
by using Schauder’s fixed point theorem and the contraction mapping theorem. In [10], R.

Kajikiya and E. Ko established the existence of positive radial solutions for a semipositone
elliptic equation of the form

— Au=Ag(u) in Q,
u=0 on 99,
where ) is a ball or an annulus in RY. Recently, Son and Wang |13] have studied positive
radial solutions for the nonlinear elliptic systems of the form
u; =0 on |x| = ro,

u; — 0 as x| = +o0,
where j € {1,2,3,---, 0}, u1 = w1, A >0, N > 2, rg > 0, and Q is an exterior of a ball,
and established existence, multiplicity and uniqueness results for various nonlinearities
in gj. Inspired by the aforementioned works, in this paper, we apply Krasnoselskii’s fixed
point theorem to derive necessary conditions for the existence of denumerably many

positive radial solutions of the following iterative system of nonlinear elliptic equations
in the exterior of a ball:

Auj + P(|x|)gj(uj41) = 0 in RN\ B,
u; =0 on |x| = ro, (2)

u; — 0 as x| = +o0,
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where j € {1,2,3,---, 4}, u; = upy1, Au=div(Vu), N > 2,79 > 0, B,, = {u € RY| |u| <
ro}, P =[], Ps, each P; : (1o, +00) — (0, +0c) is continuous, r¥ =P is integrable and
may have singularities, and g; : [0, +00) — R is continuous.

The study of positive radial solutions to (2)) reduces to the study of positive solutions
to the following iterative system of two-point boundary value problems:

uéj/(T) + Q(T)gj (uj+1(T)) =0, te (07 1)7 (3)
U (0) = 0, UJ(].) = 0,

P2 2(N—1) n
where j € {1,2,3,- - -,¢}, uy = w1, and Q(7) = ﬁ”c =~ [, Qi(7), Qi(T) =
Pi(ro’cﬁ) by a Kelvin type transformation through the change of variables r = |x| and
2=N
-

T= (E) . Here, Q; may have singularities on [0, 1]. Thus, for each i € {1,2,3,---,n},

we assume that the following conditions hold throughout the paper:

(H1) Q; € LPi[0,1], (p; > 1) and may have denumerably many singularities on (0,1/2).

1
(H2) There exists a sequence {T;}72, such that 0 < Tp41 < T < 3 k €N,
. « 1 .
lim 1, =1 < =, lim Q;(t) = +o0, k€N, i=1,2,3,--- ,n,
k—y00 2" 1Ty

and each Q;(t) does not vanish identically on any subinterval of [0,1]. Moreover,
there exists Q; > 0 such that

Q; < Q;(T) <oo ae.on [0,1].

The rest of the paper is organized in the following fashion. In Section 2, we convert
the boundary value problem into the equivalent integral equation which involves the
kernel. Also, we estimate bounds for the kernel which are useful in our main results. In
Section 3, we develop a criteria for the existence of denumerably many positive radial
solutions for by applying Krasnoselskii’s cone fixed point theorem in a Banach space.
Finally, as an application, an example is given to demonstrate our results.

2 Kernel and Its Bounds

In this section, we constructed a kernel to the homogeneous boundary value problem
corresponding to and established certain lemmas for the bounds of the kernel.

Lemma 2.1 Let y € C[0,1]. Then the boundary value problem

ulll(T) + Q(T)y(T) =0, te (Oa 1),
111(0) = 07 Ul(l) = 0,

has a unique solution

where

s<t<1,
(1—35), 0<t<s<1.
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Lemma 2.2 The kernel X(t,s) has the following properties:
(i) N(t,s) is nonnegative and continuous on [0,1] x [0, 1],
(i1) N(t,s) < N(s,s) fort,T€[0,1],
(iii) there exists B € (0, %) such that BR(s,s) < R(t,s) for T € [B,1—B],s € [0,1].

Proof. From the definition of kernel R(t,s), it is clear that (¢) and (i7) hold. To
prove (i), let T € [B,1 — B] and s < T, then

~s(1—1)
- (1—8)217’(26’

and for T < s, we have

This completes the proof.
From Lemma we note that an ¢-tuple (u1,ug, -+, ur) is a solution of the boundary
value problem if and only if

1 1 1
(1) = / N(nsl)a(sl)gl[ / N(sl,s2>a<s2>g2[ / R(s2, 55)Q(53)g1 -

1
gr—1 l/o N(Sg_l, Sg)Q(Sg)gg(ul(Sg))dse] .. ~‘|d53‘| d52‘| dsy.

In general,
1
uy (T) :/ N(T,5)Q(s)g; (wj41(s))ds, 3 =1,2,3,--- ¢,
0

u; (T) ZUg+1(T).
We denote the Banach space C([0,1],R) by % with the norm |ju|| = m[%}i] |u(T)|. For
telo,
B € (0,1/2), the cone Pg C A is defined by
Pg = €ERB: >0, i > .
p={ne#:u( 20, min () > Bl }

For any u; € Pg, define an operator 2 : Pg — £ by
1 1 1
@u)() = [ Nxs)ae l | G satse: l [ Masatsa)g
0 0 0

g1 [/01 R(sp-1,50)Q(5¢)8e (u1(84))d851 . -10[531 d82‘| dsy.

Lemma 2.3 For each p € (0,1/2), Q(Pg) C Pg and Q : Pg — Pp is completely
continuous.
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Proof. Let B € (0,1/2). Since g;(uj+1(T)) is nonnegative for T € [0,1], u; € Pg.

[0,
Since N(T,s) is nonnegative for all t,s € [0,1], it follows that Q(u;(t)) > 0 for all
T € [0,1], u; € Pg. Now, by Lemmas and we have

in (Q
Te[ré}}ﬂﬁ]( u)(T)

= min {/ N(’c?sl)Q(sl)gl[/O N(sth)Q(sz)gg[/O N(s2,53)Q(s3)ga - -

T€[B,1-B]
[ N(sp—1, ¢ Q(sz)gg(ul(sz))dw] . ~]d531 d@} dsl}

1 1 1
B/O N(s1,51)Q [/0 R(s1,52)Q 82)82[/0 N(s2,53)Q(s3)g4a - -

[/0 N(sp—1, S¢ Q(S[)gg(ul(Sg))ng] ~~]d53] dSQ] dsy

> B{/;N(T 51)Q l/olN 51,82)Q 32)g2l/@lu(32,53)g(33)g4...

[ N(s¢—1,5¢ Q(Se)gz(m(w))dse] - -]ds;»,] d@] dsl}

1

S—

Y

>
>p Inax, 1Quy (7).

Thus Q(Pg) C Pp. Therefore, the operator 2 is completely continuous by standard
methods and by the Arzela-Ascoli theorem.

3 Denumerably Many Positive Radial Solutions

In this section, we establish the existence of denumerably many positive radial solutions
for the system by utilizing the following theorems.

Theorem 3.1 /7] Let & be a_cone in a Banach space X and A1, Ag be open sets
with 0 € A1, Ay C Ag. Let T : EN(A2\A1) — & be a completely continuous operator such
that

(a) [|Tu| <|lu|l, w € ENIAL, and | Tu| > ||u|l, u € ENIAs, or
(0) ITu|l = |lull, w € ENIA1, and || Tul| < |ull, u € €N IA..
Then T has a fized point in € N (Az\A1).
Theorem 3.2 (Hélder’s) Let f € LPi[0,1] with p; > 1, for i = 1,2,--+ ,n and

n

1
Z;—l TheanzeLIO 1) and |TT, fill, < TTy 1 fille,
i=1 "

and g € L>[0,1], then fg € L0.1] and [ fglly < [ fll1llgllo-

. Further, if f € L[0,1]

Consider the following three possible cases for Py € LPi[0,1] :

n n n 1
Z Z _17ZE>1'

1 1
bi bi
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n

1
Firstly, we seek denumerably many positive radial solutions for the case Z — < 1

i—1 Pi

Theorem 3.3 Suppose (H1) — (Ha) hold, let {Pr}r2, be a sequence with Tp41 <
Br < Tr. Let {Ri}p, and {Sk}7, be such that

Rr+1 < [?)ksk < 8L <MSy, < Rk, ke N,

where

-1
2 n 1-B1 1
mmax{ [Blmnqr/fs N(S,s)52(2NN)d5‘| y 1}
=1 1
Further, assume that g; satisfies

(A1) gj(u(t)) < MRy for all T € [0,1], 0 < u <Ry,
where
i

n -1
M < lMIINIIqEIIQillpi] » R(s) = R(s,8)s 27,

(A2) g;(u(t)) > NSy, for all T € [Br, 1 — P, BrSr < u < Sk

The iterative system has denumerably many radial solutions {(u[lk],u[gk], - ~,uLk]) it}

such that ugk](”t) >0on(0,1), j=1,2,---,¢ and k € N.

Proof. Consider the sequences {A; ;}52, and {Ag}72; of the open subsets of Z
defined by
Al,k ={ue AB:|u| <R}, Ag,k ={ue AB:|u| <Si}.

Let {fx}72, be as in the hypothesis and note that ™" < Tp41 < P < T < % for all
k € N. For each k € N, define the cone Pg, by

Ps, = S >0 d i t) > .
o= {ueum 20 wd _win | u) > Bula(r)] |

Let uy € Pg,NOA1 ;. Then u;(s) <Ry = |Jug|| forall s € [0,1]. By (A1) and 0 < sp—1 < 1,
we have

/N(SZA,Se)Q(Sz)ge(m(Se))dszS/ N(se, 5¢)Q(s0)ge (w1 (se))dse
0 0

1
<R, / R(s¢, 5¢)(5¢)dse
0

2 2(N—1)

1
"o 2—N
<M — N i .
< M;Rg (N — 2)2 A (S[, S[)Se J:Il Q (Sé)dsi

n
1 1
There exists a ¢ > 1 such that E — + — = 1. By the first part of Theorem we have
—/ bi q
=1

2
)

1 n
/0 N(se—1,5¢)Q(se)ge (wi(s0))dse < MlemHNIIqE 11Qillp:

< Rg.
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It follows, in a similar manner, for 0 < s;_o < 1,

/ N($z2,8e1)Q(8z1)ge1[/ N(sr—1,50)Q(s¢)ge(u1(se))dse [ dse—s
0 0

1
< / R(s01, 51)Q(50—1)Er—1 (Ri )1
0

1
§M1Rk/ N(sp—1,50-1)Q(s¢—1)dse—1
0

2 n

o
< M;R N[l T Il
>~ 11 k(p772)2|| ||qi:1||Q

Pi

< Ry.

Continuing with this bootstrapping argument, we get

1 1 1
(uy)(t) = / N(nsl)a(sl)gl[ / N(sl,szm(sz)g{ / R(52, 55)Q(53)g4 -

ge—1 [/0 N(s¢—1,50)Q(5¢)8e (111(32))05813] - st;;] da@] dsy

< Ry.
Since Ry = ||wy]| for u; € Pg, N OA1, we get

[[Qur ]l < flua .

Let T € [Bk; 1-— Bk] Then S;, = Hu1|| > ul(t) > min U1(t) > ﬁk ||u1|| > ﬁksk.

TE[Br,1—B]
(As) and for s;—1 € [Br,1 — Bx, we have

1-Bk

1
/0 N(Sé—laSZ)Q(SE)ge(ul(SE))dSE2/ N(s¢—1,50)Q(s¢)ge(u1(se))dse

k

1*61«
> 9, / N(se_1, 5¢)Q(s¢)ds
B

k
1-B1
> ’ﬁskﬁu/ N(s¢, 5¢)Q(s¢)ds¢

2 2(N—1) ™

101

1-B1
> N8Py O N(sg,50)s, """ Qi(se)dse
) Je

(N -2 bl

1-B1 2(N—1)

2 n
0 * =N
> MNSkP1 (N -2 il:Il Q; /[51 N(s¢,50)8, dsy

> Si.
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Continuing with the bootstrapping argument, we get

() (1) = / N(r,snu(sl)gl[ / N(sl,saa(@)gz[ / R(s2, 55)Q(53)gs

g1 [/01 N(Sé—hSZ)Q(SZ)gZ(ul(Sl))dSZ] --~]d53] dszl dsy

> Sk.
Thus, if u; € Pg, NOA2 i, then
[Quill = [[url]- (7)
It is evident that 0 € Ay, C Kg,k C Ay ;. From @,, it follows from Theorem that

the operator € has a fixed point u[lk] € Pg,, N (A1,5\A2x) such that u[lk] (t) > 0on (0,1),

and k£ € N. Next, setting ugy; = u;, we obtain denumerably many positive solutions
{(u[lk],u[zk], . ~,u£k])}z°:1 of given iteratively by

1
w0 = [ N ()ds, 3 = 1200 L= L
0

Uy+1 (T) = uq (T)

The proof is completed.
For > " | p; = 1, we have the following theorem.

Theorem 3.4 Suppose (Hi) — (Hz) hold, let {Br}>, be a sequence with Ty <
Br < Tk Let {Rp}e, and {Sk}2, be such that

Rit1 < PrSk < Sk < NSk <Rg, k€N

Further, assume that g; satisfies (As) and
(As) g (u(T)) < MaRi for all 0 <u(t) <Ry, T € [0, 1], where

-1
2 n
. ) .
My <m1n{ [(N_2)2N|M7H||Ql pi‘| , ‘ﬁ}.
[k]

The iterative system has denumerably many radial solutions {(u[lk],u2 , ~,u£k]) ]
such that ugk](”t) >0o0n(0,1), j=1,2,---,£ and k € N.

Proof. Let Ay be as in the proof of Theorem [3.3] and let u; € Pg, N IAy . Again,
u1(t) <Ry = |juy|| for all Ty € [0,1]. By (A3z) and 0 < 1,1 < 1, we have

/01 N(se—1,50)Q(s¢)ge (w1 (s¢))dse < /01 N(se, 5¢)Q(se)ge (u1(se))dse

1
§M1Rk/ N(Sg,Sg)Q(S[)dS@
0

2 2(N—1) T

1
(]Vr_oz)z/o N(32a56)5g2_N HQi(SZ)dSZ

i=1

< M;Ry
7"2 -

< MleﬁHNllm H [1Qi [,
i=1

< Rg.
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Continuing with this bootstrapping argument, we get

(1) = / N(r,sna(sl)gl[ / N(51a32)Q(32)g2[ / (52, 55)Q(53)g4 -

g1 l/o N(Sz1,84)Q(8e)ge(u1(8e))d851 -~~]d53] dszl ds;

< Ry.

Thus, ||Qui|| < ||ui| for uy € Pg, N IA1 . Now define Ay = {u € B : ||u|| < Si}. Let
u € Pq, NOAsy and let sp—1 € [Bk, 1 — Bx]. Then the argument leading to @ can be
applied to the present case. Hence, the theorem is proved.

Finally, we deal with the case Y . p; > 1.

Theorem 3.5 Suppose (Hi) — (Hz) hold, let {Br}>, be a sequence with Ty <
Br < Tk Let {Rp}y, and {Sk}2, be such that

Ri4+1 < BrSk < Sk < NSk <Rg, ke N.

Further, assume that g; satisfies (Az) and
(Ag) g(u(T)) <MsRy for all 0 < u(t) <Ry, T € [0,1], where

-1
. r3 -
M3 <mln{ [MN|WH||Q21‘| ) m}
i=1

The iterative system has denumerably many radial solutions {(u[lk],u[Qk], . ~,u£k]) x,
such that ugk](’r) >0o0n(0,1),j=1,2,---,£ and k € N.

Proof. The proof is similar to the proof of Theorem [3.3

4 Applications
Example 4.1 Consider the following fractional order boundary value problem:

Auj +P(|x])g; (w541) = 0 in R*\ A1,
u; =0 on [x[ =1, (8)
u; — 0 as x| = +oo,

where j € {1,2}, u3 = w1, Q(1) = & [[:-, Qi(7), Qi(T) = P;(2), in which

1 1

Pi(t)=——— and Py(t)= ———,
1(t) PR 2() TEETH
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5% 10714, u € (1074, 4+00),

—(4k+2) _ —4k—10 _ Ak
30x10 5x10 (u —10 4k) +5x% 10 4k 107

10— (4k+2) _10—4k
c |:10(4k+2)’ 104k:| ,

gj(u) =
30 x 10~ (4k+2), ue <% x 10~ (4h+2), 10—(4k+2))’
30x 10~ (4k+2) _5x 10— (4k+14) (444 (4k414
T o= —jo-aren (4~ 10 @kF4)) 5 x 10~ (k)
_ 1 _
< <1O @) 110 (4k+2)]7
j=1,2. Let
3 b 1 1
=1 YRRV =c k=1,2.3,---
K 64 ; 4(7- + 1)4’ Bk Q(Tk + Tk+1)7 3 4y 9y )
then
T2 648 32
and :
Trt1 < Br < T, Br > =
It is easy to see
15 1 1
= 55 a - = —— k=1,2 e,
T1 32 < 27 Trk Tk+1 4(]@—’-2)4’ 5 73,
2
Since Z =00 and Z i F it follows that
™= lim 1, = — — 3 7—£_L4>1
= 4G +1)% 64 360 " 5

i=1
Also,
2 1
PPy € LP[0,1] and []Q; = —=,
L1 V12

1-B1 2(N—1)
/ N(s,8)s >~ ds = 0.2657555992,
1

LN
HQ / (5,8)s 7~ ds = 0.03584271890,

1- [31 2(N 1) !
M = max 2HQ / =~ ds| 1% ~ 27.89966918.
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Let 9 = 2,p1 = p2 = 1/4, then

-1

pi| A~ 5.95134 x 1071

r2

0
M < W”N”qn Qi

i=1

So, let M; = 5.5 x 10719 In addition, if we take
Rp = 107, 5 = 10~ (4F+2),
then
Rjypq = 107+ < é x 10742 < B3, < 8, = 10~ #F+2) < g, = 1074,
and g1, go satisfy the following growth conditions:
gi(u) <MjR, = 5.5 x 107710 we {0, 10—4’“},
g;(u) > NSy, = 27.89966918 x 10~ +2) |y ¢ E x 107 (+2) 10—<4k+2>}

Then all the conditions of Theorem are satisfied. Therefore, by Theorem # the
) yuiit

boundary value problem has denumerably many positive solutions {(u[lk],ugk
such that 10~(#++2) < ||ugk]|| < 10~* for each k =1,2,3,--- , and j = 1,2.

5 Conclusion

This paper focuses on establishing the existence of denumerably many positive radial
solutions to the iterative system of nonlinear elliptic equations through the application
of one of the most important fixed point theorems known as ” Krasnoselskii’s fixed point
theorem”. These ease the proof of the existence of the positive solution attached to the
system under study.

In the future, we aim to expand this study by adapting some techniques used to
other ideas and extracting new results that show the effectiveness of this study and its
effect in the midst of scientific research. The closest result we would like to prove is
the establishment of the multiple and sign-changing solutions for the iterative system of
nonlinear elliptic equations with critical potential and critical parameters.
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