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1 Introduction

The study of the properties of a trajectory set and the construction of a reachability
set for control systems plays an important role in the investigation of optimal control
problems. Let the equation of motion of the control object have the form

T = f(t,l’,u), (AS Uv x(tO) = 20, (1)

where x € R™ is a phase vector, t > to, u(t) € U € comp(RF) is a control vector. Problem
can be replaced by the following problem [23]:

€ F(t,x), x(to) = o, (2)

where F(t,z) = {z € R"|z = f(t,z,u), u € U} is a multivalued mapping. It is also men-
tioned in [23] that the sets of solutions of equation (1) and inclusion (2)) coincide. In
the same book, it is mentioned that the solution of the corresponding equation with
the Hukuhara derivative, in which the right-hand side contains the same multi-valued
mapping from 7 bounds the solution of the differential inclusion .

Thus, differential equations with a set-valued right-hand side can be used to study
solutions to the optimal control problem.

The first analysis of differential equations with a multivalued right-hand side was
conducted by S. Zaremba 28] and A. Marchaud [12], |13], [14]. The main results were also
presented in the works of T. Wazewski [26], [27], V.A. Plotnikov [22], [23], J.-P.Aubin [1],
K. Deimling [7], M. Kisielewiez [9], [10] and others. The development of the theory of
multivalued mappings has led to the clarification of the question of what is meant by a
derivative of multivalued mappings. This is stated in the works of M. Hukuhara [8], T.F.
Bridgland [4], H.T. Banks, M.Q. Jacobs [2], A.V. Plotnikov, N.V. Skripnik [19], [21], B.
Bede, S.G. Gal [3], O. Carja, T. Donchev and A.I. Lazu [6].

Differential equations with set-valued right-hand side and generalized derivative ap-
peared first in the works of A.V. Plotnikov, N.V. Skripnik [19], [21]. The existence and
uniqueness of solutions to the Cauchy problems with such equations were studied there.

Let us note that the notion of generalized derivatives for multivalued maps was first
introduced in [17], where the corresponding Cauchy problem was stated and the notion
of solutions to such problems was provided. The initial condition in this Cauchy problem
was given at a time point and the right-hand side of the equation depends on a time point
rather than on a time interval. In contrary to [17], in the current paper, we consider
the equations and initial states which depend on prehistory, that is, are defined on a
time interval. Hence we consider equations with time delay which make the problems
considered here essentially different from [17]. Hence our work extends the results of [17]
to the case of equations with time delays. The presence of a time delay leads to essential
changes in the approach of [17] and to other properties of solutions.

In this paper, the differential equation with a generalized derivative with a constant
delay is considered, the theorem on the existence and uniqueness of solution of such
equations is formulated and proved, the numerical algorithm for construction of these
solutions is developed, and examples of the application of the numerical algorithm for
construction of solutions of differential equations with a constant delay are given.
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2 Main Results

2.1 Concept of solution

Consider a nonlinear differential equation with a generalized derivative with a constant
delay:

DX=F(@{t,X@),X{t—-A), X(s)=p(s), se[-Ato], (3)
where t € I = [to,T],F : I x conv(R"™) X conv (R™) — conv (R"™) is a multivalued
mapping, to = 0, A > 0 is a constant delay, p (-) : [-A, o] = conv (R™).

Definition 2.1 A multivalued mapping X (-) : [to,7] — conv (R™) is called a so-
lution of differential equation if it is absolutely continuous and satisfies almost
everywhere on [tg, T].

But similarly to a differential equation with a generalized derivative without delay,
in this case, it is impossible to ensure the unity of the solution [21]. Next, consider the
differential equation of the form

DX L 0 (—p () i (6, X (1), X (= A) = B (0 (1) o (1, X (1), X (= A)).
X (s)=p(s),s €[=At], (4)
where t € [to,T],X (-) : [to,T] — conv(R™),tg = 0,A > 0 is a constant delay,

p() : [-Atg] = conv (R™), Fy, Fa (-, -, ") [to, T] x conv (R™) x conv (R™) — conv (R™)
is a multivalued mappings, ¢ (+) : [to, 7] — R is a continuous function.

1, ¢>0,
‘b(‘p):{ 0 £<0.

Definition 2.2 A multivalued mapping X () : [to,T] — conv (R™) is called a so-
lution of differential equation if it is absolutely continuous and on any segment
[Ti, Ti+1) C [to,T], where the function ¢ (-) on the interval (¢;,¢;4+1) has a constant sign,
satisfies the integral equation

X0+ [ @(-p()Fi (5. X (5). X (s~ ) ds =

Ti

¢
=X (m) + /‘I’(W(S))Fz (s, X (s), X (s — A)) ds. ()
If on the interval (7, 7;11), a function ¢ (t) > 0, then X (-) satisfies the integral equation
t
X (1) = X (r) +/F2 (5, X (), X (5 — A)) ds

for t € [y, 7i+1] and diam (X (t)) is a growing function.
If on the interval (7;, 7,11), a function ¢ (t) < 0, then X (-) satisfies the integral equation

X (1) :X(t)+/F1 (s,X (s),X (s —A)) ds,
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that is,

.
X)) =X(n) - /F1 (s, X (s),X (s—A))ds

for t € [1;,7i+1] and diam (X (t)) is a decreasing function.
If on the interval (7;,7i+1), a function ¢ (t) = 0, then X (t) = X () for t € [1;, Ti+1] and
diam (X (t)) is a constant function.

We will also introduce another equivalent definition of the solution of the equation

1)

Definition 2.3 A multivalued mapping X (-) : [to,T] — conv (R™) is called a so-
lution of differential equation if it is absolutely continuous, satisfying almost
everywhere on [to, T], and

increase, @ (t) >0,
diam (X (t)) = constant, ¢ (t) =0,
decrease, @ (t) < 0.

In the equation , the multivalued mappings F; and F5 determine the rate of change
(" compression” and ”expansion”) of the multivalued mapping X (¢) and how it changes
in the space conv (R™), and a function ¢ (t) determines when a diameter X (¢) increases,
decreases or is constant. These mappings are considered different because the laws of
”compression” and ”expansion” may be different.

2.2 A condition for the existence of a unique solution.

Based on [24], we can formulate and prove the following theorems.

Theorem 2.1 Let F} and F» be continuous mappings and, in some neighborhood,
points (tg, p (to) , p (to — A)) satisty the Lipschitz condition with respect to the 2nd and
3rd variables with a constant \. Let the initial function p(s) be continuous and the
delay A be non-negative. Then there is a unique solution X (t) of equation for
to <t <ty+ o, where o is arbitrarily small.

Proof. Consider the function ¢ (t) on the segment ¢ € [tg;to + o]. As mentioned
above, it can take a negative, positive and zero value.

1. ¢ (t) =0. Then
X(t)=p(t). (6)

2. ¢(t) > 0. Then we obtain a differential equation with the Hukuhara derivative
with a constant delay, which has a unique solution [24].

3. ¢ (t) < 0. Then we transform the system (4) into the integral equation

t

h
X<t>=p<t>—/F1<s,X<s>,X<s—A>>ds (7)

to
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and prove that it has a unique solution on the segment [to;to + d].

Suppose the opposite. Let the equation have at least two solutions X (¢) and
Y (t) such that
w= max h(X(),Y () >0,
te[to;t(r‘rd]
where [to;to + d] is the total period of existence of solutions X (t) and Y (¢). We

have
t
h

X(t)zp(t)—/F1<s,x<s>,X(s—A>>ds,

to

Y (1)

p(t)ﬁ/Fl(&Y(s),Y(s—A))ds,

whence, using the Lipschitz condition and the Hausdorff distance properties, we
obtain

h(X(t),Y () =

h : h /
=h p(t)—/F1(S,X(s),X(s—A))ds,p(t)—/Fl(s,Y(s),Y(s—A))ds =
=h /F1(&X(s),X(s—A))ds,/Fl(s,Y(s),Y(s—A))ds <

g/h(F1 (5, X (), X (s — A)), Fy (5, (s),Y (s — A))) ds <

So we get

(X (8),Y (1) < /\/wds=>@(t—t0) < xwd,
(X (1),Y (1)) g)\/w(sfto)ds:

to

22w (t — to)? _ Nod?
5 < S

Using the method of complete mathematical induction, we have that for any natural
m on the segment [to; o + d], there is an inequality

Awd™

m!

h(X(t),Y (1) <

Then A od™
w

= _ <

T et g MO 0 <

)
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from here, by virtue of the positivity w, we have that for any natural m,

(A\d) . (8)

1<
- m!

2] m
In view of the sign of the d’Alembert series, > ()‘i)! converges and from here,

m=1
the necessity of the condition lim % = 0. This means that for ¢ = %, there
m—oo M 2

exists m € N such that 9" < % Then, by virtue of , we get that 1 <

m!

1

. 5.

We have obtained a contradiction, and so we have that the equation and the
equivalent equation have a unique solution.

4. In the case when the function ¢ (¢) changes the sign on the segment [to; tg + d], the
existence of a unique solution is proved by the combination of cases 1) — 3).

The theorem is proved.

Theorem 2.2 Let all conditions of Theorem [2.]] be satisfied. Then the solution of
the equation continuously in the space comp (R™) depends on the initial function,
and at h(p1 (s),p2(s)) <6,0 >0, s € [-A;tg], we have

h(X1 (t), Xa (1) < 0e2 710 ¢ > ¢, 9)
Proof. Similarly to the previous theorem, consider 3 cases for the function ¢ (t).

L ¥ (t) = 0. We have
hp1(s),p2(s)) <d< e (t—to),

which implies @D
2. ¢ (t) > 0. We have

h /Fg(s,Xl(s),Xl(s—A))ds,/Fg(s,Xg(s),Xg(s—A))ds <

< /h(F2 (5, X1 (5), X1 (5 — A)), Fy (5, Xa (), Xo (5 — A))) ds <

< A/ [h (X1 (5), Xa (5)) + h (X1 (5 — A), Xa (s — A))] ds. (10)

Let

to<s<

2 (t) zmax{é, max h (X; (s), Xo (s))}.

From ([10]), we get

z(t) <o+ 2)\/2(5) ds. (11)

From , by the Gronwall-Bellman lemma, we get @D



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (2) (2023) 201

3. ¢ (t) < 0. Similar to the previous case, we have
t t
h /F2 (s, X7 (s),X1(s—A))ds, /Fg (s,X2(s),Xa2(s—A))ds | <
to to
t
< )\/ (1 (X (5), X2 (5)) + 1 (X1 (s — A), X (5 — A))] ds.
to

Next, from and by the Gronwall-Bellman lemma, we get @

The theorem is proved.

2.3 A numerical algorithm for construction of solutions of differential equa-
tions with a generalized derivative with a constant delay

Based on Definitions [2.2| and Theorems and 2.2/ and [21], we can formulate a nu-
merical algorithm for constructing a solution of a differential equation with a generalized
derivative with delay.

Consider the equation

DX L0 (—pt) Py (£.X (1), X (= 8)) = (0 (1)) Fa (1. X (1), X (t = A)),
X (s)=p(s),s € [-Ato],

where t € [to,T],X (-) : [to,T] — conv(R"),tp = 0,A > 0 is a constant delay,
p(5) : [-Atg] = conv (R™), Fy, F5 (-, -, ) [to, T] x conv (R™) X conv (R™) — conv (R™)
are multivalued mappings, ¢ (-) : [to, 7] — R is a continuous function.

1, > 0,
(I)((p):{ 0 $<0.

Let the dimension of the space n = 2. Next, we write the formula for a counterpart
of Euler’s method in the case of differential equation

Xm (tk)+(t—tk) F (tk,X(tk),X(tk—A)), (p(t) > 0,

h
X (1) =9 X (te) — (t — te) Fy (b, X (t2), X (te — A)), @ (t) <0,
t € [tr,tpr1], k=0,m—1,X,,(s) =p(s),s € [-A,to].
Using the apparatus of support functions, we obtain
C (X (¢ )+ (t —ti) Fo (te, X (tr) , X (s — D)), 9)
C (X (0.0 =8 € (%00 (0] ™ (= 10) Fa (0 X (). X (0= ), 0) . =
C(Xm (t ) ¥)

X (ty — A)) 1),
(tk,X(tk) X (te —A)) ),
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where 9 is a unit vector.
For t = t11 we have formulas:

C(Xm (tr), %) +0C (Fa (tr, X (tr), X (tx — A)) ),
C (X (tey1), %) = C(Xm (tr) ) = 0C (Fy (tg, X (tr), X (tx — A)) ;0
C (Xm (tk) 7’(/)) .

To construct an external approximation of the set X, (t5x41), we find
cos; ;
C (X (tkg1) , i), where 1p; = (Sm%) Vi = 27” ,i=0,p—1.
Vi
It follows from (|12]) that

C(Xm tk + 6F2 (tlmX(tk:) aX (tk - A))awz)a
C(Xm (tgy1),0) =4 C| X (tr) — "R (te, X (tr), X (tp — A)) 0 |, =
C (X (tr) s 1s) -

C (X (tr) s ¥) + 6C (Fo (t, X (tr) , X (t — A)) , i),
=1 C(Xm (tk),¥) = 6C (F1 (e, X (tr) , X (t — A)) , ¥5)
C (Xm (tk) 7'(/)1) .

Thus, we can get the values of the support functions C (X, (tx),%:), k =
1=0,p—1.

o

NN
X, () N\
'\

\

Figure 1: Construction of boundary points of the numerical approximation of a convex set.

To construct the approximation (Fig. , find the points of intersection of the support
hyperplanes to the set X,, (¢x) in the directions of the vectors ¥; and ¢; 41,1 =0,p — 1,
wp = 1/)0:

{ (z,9:) = C (X (tr) s i)
(w,1hi41) = C (X (tr) , Vig1) -

This is a linear system relatively unknown vector € R? with determinant

A= ( coS8%; SN,

2w
. = sin(vir1 — V) = sin— F# 0.
) = sinfog ) = sin 2
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Let us denote the solution of the system by z;, ¢ = 0,p — 1. Construct a polygon with
vertices at points zo, 21, ..., Zp—1, which we denote Q). The criterion for account
termination is

square Qiﬁ — square QY| < e,

where ¢ is a predefined number.

2.4 Construction of solutions of differential equation with a generalized
derivative with a constant delay

Using the Octave package, we constructed a solution of differential equations with a
generalized derivative with a delay with different initial sets Xg, a partition m, the Euler
number of "broken lines” p and a constant delay A on the time interval ¢ € [0;T]. It
should be noted that the delay A must be a multiple of the time step h = % The
following examples show how this program works.

Consider the equation of the form

DXﬁfI)(t—a)%X(t—A) —Bla—t) X (1), X (5) = Xo(s),s € [-A0.  (13)

1. Let Xo = Si00 <(2>, then C(XOaw) =ty + 100 H’L/}”

2500
2000
1500,
1000

500

-1500
2000 -

\
0

\
-2000 — T T
30 20 -10 0 10 20 2

Figure 2: Equation sol. graph for m = 30, p = 30, A = 30, a = 5, T' = 30, init. conditions
(1)

2. Let XO = K10000 ( > s then C(Xo,w) = twl + 2t2’l/)2 + 10000 |’l/11‘ 4+ 10000 W}Q|

t
2t2
Consider the equation with a generalized derivative with a delay of the form

h 1
DX — & (diam (X (t)) — diam (Xo) — 100) §X (t—A) =
= @ (diam (Xo) + 100 — diam (X (t))) X (t), (14)

X (s) = Xo (s),s € [-A,0].

There are no proved theorems on the existence and uniqueness of the solution for this
equation, so we will consider it as an experiment.
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«10%

25—

Figure 3: Equation sol. graph for m = 30, p = 30, A = 30, a = 5, T' = 30, init. conditions
(2).

10 O sint
1. Let Xo = 0 20/ "1\ 2cost

A0 )]

, then ¢ (Xo,v) = sintih + 2costipa+

Figure 4: Equation sol. graph for m = 30, p = 30, A = 30, 7' = 30, init. conditions (1).

rectangle with half sides 100 and 300

2. Let Xy = . int
et Xo and the center at the point s
2cost

then ¢ (Xo,¥) = sintipy + 2costis + 100 11| + 300 |1ha].

)

3 Conclusion

The theorem on the existence of a unique solution of a differential equation with a
generalized derivative with a delay and the theorem on the continuous dependence of
this solution on the initial function are formulated and proved. A numerical algorithm
for solving such equations is developed. The paper presents examples of this algorithm
for different types of equations, different initial conditions, partitions, and delays.
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400,

300
200
100 .
o B
'100.
200
-a00)
-400
200\!
L) s — — —
2000 20 10 0 10 20 20

Figure 5: Equation sol. graph for m = 30, p = 30, A = 30, 7' = 30, init. conditions (2).

Acknowledgment

This research was partially supported by the German foreign exchange service DAAD in
the frame of the east partnerships program.

References

(1]
2]
3]

[11]

[12]

[13]

J.-P. Aubin, and A. Cellina. Differential Inclusions. Set-valued Maps and Viability Theory.
Springer-Verlag, Berlin, New York,1984.

H.T. Banks and M. Q. Jacobs. A differential calculus of multifunctions. J. Math. Anal.
Appl. 29 (1970) 246-272.

B. Bede and S. G. Gal. Generalizations of the differentiability of fuzzy-number-valued func-
tions with applications to fuzzy differential equations. Fuzzy Sets and Systems 151 (2005)
581-599.

T.F. Bridgland. Trajectory integrals of set valued functions. Pacific J. Math. 33 (1) (1970)
43-68.

H. Chouial and M. F. Yarou. Functional Differential Inclusions with Unbounded Right-hand
Side in Banach Spaces. Nonlinear Dynamics and Systems Theory 22 (4) (2022) 355-366.

O. Carja, T. Donchev and A.I. Lazu Generalized Solutions of Semilinear Evolution In-
clusions/ SIAM Journal on Optimization. 26 (2) (2016) 1365-1378.

K. Deimling. Multivalued Differential Equations. Berlin: Walter de Gruyter, 1992.

M. Hukuhara. Integration des applications mesurables don’t la valeur est un compact con-
vexe. Func. Ekvacioj. 10 (1967) 205-223.

V. Kisielewicz. Differential inclusion and optimal control. Warszawa: PWN, 1991.

M. Kisielewicz, B. Serafin and W. Sosulsk. Existence theorem for functional-differential
equation with compact convex valued solutions. Demonstratio math. 13 (2) (1975) 229-
237.

T.A. Komleva, A.V. Plotnikov, L.I. Plotnikova and N.V. Skripnik. Conditions for the
existence of basic solutions of linear multivalued differential equations. Ukr. Math. J. 73 (5)
(2021) 758-783.

A. Marchaud. Sur les champs de demi-cones et equations differentielles du premier order.
Bull. Soc. Math. France. 62 (1934) 1-38.

A. Marchaud. Sur les champs continus de demi-cones convexes et leurs integrals. Comput.
Math. 8 (1936) 89-127.



206
[14]
[15]

[16]

[17]

[18]
[19]

[20]

21]

[22]
23]
[24]
[25]
126]
27]

28]

0O.D. KICHMARENKO, I.V. CHEPOVSKYI, Y. PLATONOVA AND S. DASHKOVSKIY

A. Marchaud. Sur les champs de demi-cones convexes. Bull. Sci. Math. LXII (2) (1938)
229-240.

A. A. Martynyuk. Qualitative Analysis of Set-Valued Differential Equations. Springer In-
ternational Publishing, 2019.

Lopes Pinto, A. J. Brandao, F.S. De Blasi and F. Iervolino. Uniqueness and existence
theorems for differential equations with compact convex valued solutions. Boll. Un. Mat.
Ital. 4 (3) (1970) 47-—54.

A.V. Plotnikov and N.V. Skripnik. Conditions for the Existence of Local Solutions of
Set-Valued Differential Equations with Generalized Derivative. Ukrainian Mathematical
Journal. 65 (2014) 1498-1513.

A.V. Plotnikov and N. V. Skripnik. Differential equations with ”clear” and fuzzy multivalued
right-hand sides. Asymptotics Methods. AstroPrint, Odessa, 2009. [Russian]

A.V. Plotnikov and N.V. Skripnik. Set-valued differential equations with generalized
derivative. J. Adv. Res. Pure Math. 3 (1) (2011) 144-160, doi:10.5373/jarpm.475.062210.

A.V. Plotnikov and N.V. Skripnik. Existence and uniqueness theorems for gen-
eralized set differential equations. Int. J. Control Sci. Eng. 2(1) (2012) 1-6.
doi:10.5923/j.control.20120201.

A.V. Plotnikov and N.V. Skripnik. An Existence and uniqueness theorem to the Cauchy
problem for generalized set differential equations. J. Dynamics of Continuous, Discrete and
Impulsive Systems. Series A. 20 (2013) 433-445.

V. A. Plotnikov. Averaging Method for Control Problems. Kiev-Odessa: Lybid’, 1992.[Rus-
sian]

V. A. Plotnikov, A.V. Plotnikov and A.N. Vitjuk. Differential Equations with multivalued
right hand side. Averaging Methods. Odessa: AstroPrint, 1999.[Russian]

V. A. Plotnikov and P.I. Rashkov. Averaging in differential equations with Hukuhara
derivative and delay. Funct. Different. Equat. (Israel) 8 (2001) 3—4.

L. Stefanini. A generalization of Hukuhara difference. Soft Methods for Handling Variability
and Imprecision. Springer, Berlin, Heidelberg, 2008.

T. Wazewski. Systemes de comande et equations au contingent. Bull. Pol. Acad. Sci. Ser.
Sci. Math., astron. et phys. 9 (3) (1961) 151-155.

T. Wazewski Sur une condition equvalente ’equation an contingent. Bull. Pol. Acad. Sci.
Ser. Sci. math., astr. et phys. 9 (12) (1961) 865-867.

S.K. Zaremba Sur les equations au paratingent. Bull. Sci. Math. LX (2) (1936) 139-160.



	Introduction
	Main Results
	Concept of solution
	A condition for the existence of a unique solution.
	A numerical algorithm for construction of solutions of differential equations with a generalized derivative with a constant delay
	Construction of solutions of differential equation with a generalized derivative with a constant delay

	Conclusion

