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Abstract: This paper examines two uncoupled quasistatic problems for thermo-
viscoplastic materials, wherein the equation model considers the dependence of me-
chanical properties on a parameter ¢, which represents the absolute temperature.
Specifically, both the tensor of viscosity and the plastic deformation depend on this
parameter. The boundary conditions for these problems are displacement traction
and Signorini conditions. Our analysis establishes the existence of a unique solution
to the problems, as well as the continuous dependence of the solution on the param-
eter . To provide a practical demonstration of our findings, we also present two
one-dimensional examples that describe the processes involved in these problems.
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1 Introduction

Our study focuses on the analysis of two models designed for thermo-viscoplastic ma-
terials, which exhibit a unique coupling between their mechanical and thermal proper-
ties. Over the years, mathematicians, physicists, and engineers have extensively studied
thermo-viscoplasticity laws to effectively model the influence of temperature on the be-
havior of various materials such as metals, magmas, and polymers. To gain further
insight, we refer the interested readers to the sources such as [14|2,41|5/8,{11}/15]. More-
over, practical applications and mechanical interpretations of thermo-viscoplasticity can
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be found in [13}/14]. To accurately describe the behavior of these materials in real-world
scenarios, we employ a rate-type constitutive equation of the following form:

6 =¢&(t)+G(o,¢,0). (1)

Here u, o represent, respectively, the displacement field, 6 is the absolute temperature,
¢ is the fourth order elastic tensor and G is a nonlinear constitutive function, which
describes the thermo-plastic behavior of the material and the stress field, e(u) = (&;;(w))
is the linearised strain tensor,

1
eij(u) = i(Vu + VTU)

For the heat flux ¢, a constitutive classical Fourier law is given by

q=KVo. (2)

In [15], existence and uniqueness results were obtained for problems (I))-(2) under
classical displacement traction boundary conditions. However, the research in recent
papers has been based on generalized thermo-viscoplastic theories with temperature-
independent mechanical properties. In this paper, we aim to investigate the impact
of temperature dependence of £ on the behavior of the solution in generalized thermo-
viscoplasticity. To accomplish this, we consider a rate-type constitutive equation of the
form

o =¢&(0)e (@) + G(o,¢,0). (3)

The paper is organized as follows. In Section [2] we describe the mathematical model
for the problem. And we introduce some notations, list the assumptions on the problem’s
data, and derive the variational formulation of the model. In Section [3] we state our
main existence and uniqueness result which is based on a Cauchy-Lipschitz technique
and present the continuous dependence of the solution upon the parameter . We give
two numerical examples in the last Section [

2 Problem Statement

Let © be a bounded domain in R%(d = 1,2,3) with a smooth boundary T' which is
partitioned into three disjoint measurable parts I'y, I's and I's such that easI'y > 0. Let
T > 0 and let [0,T] denote the time interval of interest.

We consider the following mixed problem.
Problem P
Find a displacement field u : © x (0,T) — R<, a stress field o : Q x (0,T) — Sq, a
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temperature 6 : Q@ — R, and the heat flux function ¢ : @ — R¢ such that

o =£&0)e () +G(o,e,0), inQx(0,T),
Divo + fo =0, inQx(0,T),
divg+r =0, inQx(0,T),

g=KV6, inQx(0,7),
u=0 onTy x(0,7),
o-v=/fa, onlyx(0,T),
qg-v=yx, onlyx(0,T),
=0 on (T';UTy) x (0,T),
u(0) = ug, 0(0) = g9, in Q,
6(0) = 6y, in Q.

Here Sy is the set of second order symmetric tensors on R?, v = (v;) is the unit
outward normal to € and ug, g, 0y are the initial data.

We consider the following boundary conditions:

u, <0,0, <0,0, =0,0,.u, =0, onTIsx(0,T). (14)

In this way, we obtain two initial and boundary value problems (P;) defined as follows.

Problem P; Find the unknowns (u,o,6,q) such that — hold. This problem
represents a displacement traction problem, in this case, I's = ¢.

Problem P; Find the unknowns (u, 0,6, q) such that — hold. This problem
models the frictionless contact between the thermo-viscoplastic body and the rigid foun-
dation, represent the Signorini boundary conditions.

2.1 Variational formulation

For a weak formulation, we list the assumptions on the data and derive variational
formulations for the contact problems (P;). To this end, we need to introduce some
notations and preliminary material. For more details, we refer the reader to [3/12]. We
denote by S, the space of second order symmetric tensors on R¢ (d = 2,3), while || - ||
denotes the Euclidean norm.

Let © C R? be a bounded domain with Lipschitz boundary I' and let v denote the
unit outer normal on 92 = I'. We shall use the notations

dxd

M S

H= [L :
H= H=[L2()]",
Y [L2(Q)]" , M €N,
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and Hy= {u=(u)eH:e(u) et}

H = {0eH:V0e,

Hi= {o€H:Divocec H},
V= {oe€H;:Divco=0inQov=0 onIi},

Hi= qeﬂ:divqeﬁ},
V= qE?’:llsdivq:0inQ,qV:O onfl},

where e : H — H, V: H— H, Div : H—H, and div : H—H are the partial derivative
operators of the first order, respectively, defined by

e(u) = (eij(w)), €55 (u) = §(uij + ujq),
VO = (Vil), V=22,

: 004 : 9qi
Divo = ( [;;JJ ), divg = (ag)

Here and below, the indices ¢ and j run from 1 to d, the spaces H, Hi, H, Hi, H, Hi,
‘H and H; are real Hilbert spaces endowed with the canonical inner products given by

(u,v)g = /Quividx,
(u7 U)H + (5 (u) € ('UDH )
(o,7) = /chij.ﬂ;jda;,

(ua U)H1

(0,7)1, = (o,7)n + (Dive, Divr)g,
(07@)1;{ = /ngpldaj7
Q
(67 @)f{l = (07 90)]:[ + (V@, V(p)q:[, >
()57 = / Qij-pijde,
Q
(@:p)7, = (a,p)g + (divg,divp)g.
The associated norms are denoted by |[ - ||z, |- [z, | - 2, I+ lloeas I+ g |- M7, 5
|- Il and || - ||z, respectively. Also, for any real normed space X, we denote by X' the
strong dual, by || - || x, | - [|x+ the norms on X and X', respectively, and by (,)y, y the

canonical duality pairing between X and X', if in addition, X is a real Hilbert space and
A: X — X is a continuous symmetric and positively definite linear operator, we denote

by (,)4.x and [ - [[a,x the energetical product and the energetical norm induced by A
on X.
Let
Hr = (H'Y*())% Hp=(H*(I))
and~y : H:(T)%— Hp, 4: HY(I'? — Hr,

be the trace map. We introduce the following closed sub-spaces of H; and Hy:

V= {ueH :vu=0 on T},
f/: 96]?1:’3/9:0 on f‘l},
Q= {neH':n=0 on I UT}.
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We introduce the following notations for the problems (P;):
L(t,v) = (fo(t),0) + {f2(£),7) L2(r,)
Uqd, and > (t,v). For the problem P;, we have
ad
Usa =V,

(v ={reH; (new)=L(tw); VweV}
flz does not depend on V).
ad

For the problem P;, we have

Uws ={veV; v, <0onTIs}

%(t,v):{TEH; (r,e(w)—e(v)) > L({t,w—v); YweV}.

In the study of the Problem (P;), we consider the following assumptions.

The operator ¢ : R? x Sg — Sy satisfies

(a) There exists L¢ > 0 such that

Hf( (92)” < Lg”@l 92” for all 64,65 € Rd,

(b) ()07—05()7, Vo € RY, Vo,7 €Sy,

(c) There exists a > 0 such that £().0.0 > al|o|?,
VO € R, Vo € Sq,

(d) £(0) is Lebesgue measurable on §2,

(e) There exists 3 > 0 such that [|£(0)| < 5.

The operator G : Sq x Sg x R — S, satisfies

(a) There exists Lg > 0 such that

1G(o1,61,01) — G(oa,€2,02)|| < Lg ([or — o2 + [lex — &2 + (|61 — 62]])

for all Ul,O'QGSd, 61,5268d7 01792€R R
(b) The mapping G(o,¢,0) is Lebesgue measurable on €2,

K is a symmetric and positively definite bounded tensor, i.e.,
the tensor K : Q) x Sq — S4 satisfies

(a) K(z).q.p=q.K(x).p, VYq,p€Sq, aeinl,
(b) There exists A > 0 such that K(x).q.q = \||q?
forall g € Sy, a.ein Q,

(¢)Ky € L= (Q) for alli,j € 1,2,3.

K~1'A is a symmetric and positively definite bounded tensor, i.e.,

(a) K 'A(x).q.p=q. K *A(z).p, Vq,p € S4, aeinQ,
(b) There exists § > 0 such that K~1A(x).q.q > J]|q||?
forall g € Sy a.ein

(c) (K~1A), € L>(Q) for all 4,j € 1,2,3.

371

(16)
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We also suppose that

fo € CY0,T; H), (19)

r e L*(0,T; L*()), (20)
f2 € CH0,T; HY), (21)

x € L*(T2), (22)
Diveg + fo (0) =0 in £, (23)
oo.v = fo(0) on I'y, (24)
up € Hy, (25)

oo € Hi, (26)

0o € L? (Q). (27)

By using standard arguments, we obtain the following variational formulation of the
problem (—)
2.2 Problem Py

Find the displacement field u : [0, 7] — R?, the stress field o : [0, 7] — Sy, the tempera-
ture function 0 : [0, 7] — R, and the heat flux ¢ : [0,7] — R such that

u(t) = Uga, 0(t) € Z(t,w(t)), vt € 0,7, (28)
ad

& (t) = €0 (t). e(u(t) +G(a(t) ), 0(1)), (29)

u(0) = up, o(0)=o09 (30)

(KVO0,Vn)u + (6, = (r, n) (X vm) (31)

6(0) = 6y. (32)

We notice that the variational formulation PV is formulated in terms of a displace-
ment field, a stress field, a temperature and heat. The existence of the unique solution
of the problem PV is stated and proved in the next section.

3 Existence and Uniqueness of a Solution
Now, we propose our existence and uniqueness result.

Theorem 3.1 Assume that (—) hold. Then there exists a unique weak solu-
tion of the problem (([28)-(32)) such that

6 € L*0,T;Q)NC(0,T; L*(Q)), (33)
u € CY0,T;Hy), (34)
o € CHO,T;H,). (35)

The proof of Theorem will be carried out in several steps. It is based on parabolic
equations and a Cauchy-Lipschitz technique.
In the first step, we consider the following variational problem.
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Problem PVy
Find a temperature function 6 : [0,7] — R such that

(KVO,V)u+ ©0,m)a = (r,n)+ 06m), (36)
80) = 6. (37)

The existence and uniqueness of the functions 6 satisfying can be obtained by
using classical results concerning parabolic equations. For the problem PVy, we have
the following lemma.

Lemma 3.1 PVy has a unique solution satisfying
6 € L*(0,T;Q) N C(0,T; L*(Q)). (38)

Proof Applying classical results concerning parabolic equations, we get the existence
and uniqueness of the solution of ((36)-(37)) with the regularity

6 c L*(0,7;Q) N C(0,T; L*(Q)).

Now, the existence and uniqueness of the solution (u, o) of the mechanical problem
with the regularity, can be proved by considering 6 as a known function and the
existence and uniqueness of the solution of the mechanical problem is proved by reducing
the problem under consideration to an ordinary differential one in a Hilbert space.

In the second step, we consider the following variational problem.

Problem PV,

Find a displacement field u : Q x [0, 7] — R?, and the stress o : Q x [0,T] — Sy such
that

u(t) = Uaa,o(t) € > _(tw(t), Ve [0,T], (39)
ad

& (t) = £(0 (1)) e(a(t)) + G(o(t),e(u(t)), 0(t)), (40)

u(0) = ug, 0(0) = oy. (41)

The existence and uniqueness of the functions (u, o) satisfying (,) is given by
the following lemma.

Lemma 3.2 PV, has a unique solution satisfying

u € CY0,T;Hy), (42)
o € CYHO,T;H,). (43)

Proof. In order to prove Lemma [3:2] we need some preliminaries given by the
following lemma, whose proof can be easily obtained.

Lemma 3.3 Let , 6 € C(0,T; L*(Q)) hold, then for all t € [0,T], we have

lE@@) ol < Bloln,
EOD)o0)y > allol,
et @ ®)ol, < Lol
ENOW)a0y, > ol
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Let now X =V x V. Using the properties of the trace maps, from and , we
obtain the existence of the function 6 € W1°°(0,T; H) such that

ov(t) = fa(t) on I's x [0,77,
Divé(t)+ fo=0 in Q x[0,7].
Let now
a: [0,T]xXxX — R,
F: [0,T]xX - X
be given by
alt,zy) = (€0 @) (w),e(v)y + (€O )o, ), (44)
(Ft,z),y)x = (€ 10OW)G(0+5(t),e(u),0(t),7),
—(Go+0a(t),e(u)),0(t),e )y,
— (T (8) e (), = (ETHO)T (), 7)y, (45)
forallz = (u,0),y=(v,7)€ X and t € [0,T]
Let us now denote
c=5+a, = (u,7), (46)
o9 = 0g + 5’(0), xTo = (U0,0'()) (47)

We have the following result

Lemma 3.4 The pair (u,0) € C1(0,T; Hy x Hy) is a solution of the problem P, if
and only if x € C*(0,T; X) is a solution of the problem

a(t7¢(t)uy) = <F(tvm)7y>x7 (48)
z(0) = o, (49)

where X =V xV, z = (u,7).

Proof. Using ([46), (47), it is easy to see that (u,0) € C(0,T; Hy x H,) is a solution
of the viscoplastic problem if, and only if € C*(0,7T; X) and

c = &0)e(w)+G(+d,e(u),0) -0, (50)
U(O) = g, 5‘(0) = 0yp- (51)

Let us suppose — are fulfilled. Using the fact that e(v) is the orthogonal
complement of V in H, we have .
Conversely, let hold and let

2(t) = (1) — E(t)e(i) — G(6 + 5,(u),0) — 0. (52)
Taking y = (v,0) € X in and using the orthogonality of e(v) and v, we get

(2(t),€(v))g = 0. (53)
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Now, we take y = (0,7) € X in and using the orthogonality of e(v) and v, we
get

(€O 1)2 (1), ), =0. (54)

Due to the orthogonality of €(v) in H to v, from , we get z (t) € V, thus we may
put 7 = z(t) in (54)), and thus from (39)), we deduce z (t) = 0. Hence, we proved that

is equivalent to (49)).

The following lemma can be easily obtained.

Lemma 3.5 For every x € X and t € [0,T], there exists a unique element z € X
such that

a(t,z,y) = <F(tax)7y>X7 (55)
where X =V xV, z = (u,0).

Proof. Let x € X and t € [0, T, using the properties of £, ¢! and Korn’s equality, we
get that a (¢, .,.) is bilinear continuous and coercive, hence the existence and uniqueness
of z which satisfies following from Lax-Miligram’s Lemma.

The previous lemma allows us to consider the operator

A: [0,T]xX — X
defined as A (t,x) = z, moreover, we have the following result.
Lemma 3.6 The operator A is continuous and there exists C' > 0 such that
|A(t,x1) — A(t,x2)|x < Clr1 — 22|y, Vai,20 € X. (56)

Proof. Let us consider t1,ta € [0,T]; x; = (us,0;) € X and let z; = (w;, 1) € X
be defined by z; = A (t;,x;).

Using , we have
a(ti, z1, 21 — 22) — a(te, 22,21 — 22) = (F(t1,21) — F(t2, 22),21 — 22) 5 , (57)
and from and Korn’s inequality, we get
a(tiy,z1,21—22) —a(ta,22,21-22)

> C|a1- 22||X—||[5<0 t1)) — £(0 (t2))] € (wa) |y 12122l
— |l — €710 (t2))] 72|y 11— 22 x - (58)

In a similar way, from , , we get
(F(t1,21) —F(ta,x2),21-22)x
< COllzr-z2llx + 116 (t1) — 7 (t2) ]l 4
+lio (tl) -G (tQ)HH + H9 (t1) = 0 (t2)ll L2 (e
+|[e7H O (1) - 2Dy F 02+0(),6(U),9(t2))
+{[[EHO (1) - 2))] o ()] ) lzr-z2 x - (59)
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So, from —, it results
21 = 22]|x
< C(IIE@ (t1)) — €0 (t2)] € (w2)ll

H{[[E7HO () = 71O ()] 2|
+ lzr-z2llx + 116 (t1) = & ()l + 16 (t1) — 0 (E2)]l 120
H{[[E7HO (t1) = 71O )] ||y F (02 + 5 (1), (u) 0 (t2))
+1[EHO (1) — €710 (12)] o ()| ) - 121 =22l - (60)

Using the properties of ¢, £~ and the regularity of &, u, from , we get 217 —> 29

in X when t; — t5 in [0,¢], and ;1 — z2 in X. Hence A is a continuous operator,
moreover, taking t; = t5 in , we get .
Now, we have all the ingredients needed to prove Theorem |3.1
Proof of Theorem Using the hypothesis on ug, g, we get that xy € X, and
by Lemma [3.5] and the classical Cauchy-Lipschitz theorem, we get that there exists a
unique solution z € C1(0,T; X) of the Cauchy problem
o(t) = Atz (1)),
z(0) = xo.

Theorem follows now from the definition of the operator A, and Lemma .

4 The Continuous Dependence with respect to Parameter § and Numerical
Examples

In this section, we prove the continuous dependence of the solution (u, o) upon the data
f. Moreover, we give two one-dimensional examples to illustrate the results.

4.1 The continuous dependence of the solution with respect parameter ¢

We consider the case when ¢ in does not depend on 6 and we replace by & which
is a symmetric and positively definite tensor.
We have the following result.

Theorem 4.1 Let & be a symmetric and positively definite tensor, , , -
hold, and let (u;,0;) be the solutions of the problem — for 0 =0;i=12.
Then there exists C' > 0 such that

[ur — u2||Cl(O,T;H1) + flor — 02||01(O,T;H1) <Cl6: - 92||CO(0,T;Y) . (61)

Proof. Let ¢ be a function which satisfies

gV =fa,
Dive + fo =0,
g =0, —0, x;=(uj04), t=1,2. (62)
From Theorem 3.1, we have
Zi(t) = A4; (L, z; (1)), (63)
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where ¢ is given by z¢ = (ug, 0p) and the operators A; are defined by Lemma 3.6 with
replacing 6 by 6; in . In a similar way as in , we obtain

[A 21 () = At 22 (D) x < C([21(t) — 22 (D) x + 101(2) = O2(8)ly) (65)

for all ¢ € [0, 7], hence from and , using a standard technique, we get
t
(lz1(t) — 22(t)]lx) < C/O 161(s) = O2(s)|| x ds (66)

(IZ1() = 22 x) < C (21 (t) = z2(B)[[ x + [161(2) = O2(D)lly) (67)

for all ¢ € [0,T]. Theorem 4.1 follows now from ([62), and (67).

4.2 One-dimensional Examples

In this section, we give two one-dimensional examples to illustrate the main results.

One-dimensional model
We consider a thermoviscoplastic body € =|0, 1] whose boundary is divided in three
parts I'1,I's and I's. We suppose that the body is fixed at £ = 0 and is subject to the
action of a body force of density fo(x,t) = 10. On the part I's, known tractions act on
the body. We suppose then the volume heat r = 0 and the thermal boundary conditions
are

0(0,t) = 0y, 6(1,t) = a,
where 0y and a are given.
We also use a thermoviscoplastic law, i.e.,
6 =FE(0)é—o+ E(0)e. (68)

ou . de -~ _ Oo

Here ¢ = 2%, ¢ = 5,0 = 57 and E(0)¢ is the modulus of elasticity. For this

consideration, we have the following.

Example 1. Let us consider a thermoviscoplastic problem of the form — in
the following context:

Q =]0,1[,Ty = {0},T2 = {1},T3 = 0, fo(z,t) = 10,u(x,0) = 0,u(0,t) = 0 and
o(1,t) =0,0(z,0) = 10 — 10z, r = 0.

In this case, the problem is the classical displacement-traction formulated as follows.
Find a displacement field u : © x (0,T) — R, a stress field o : Q x (0,T) — Sq, a
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temperature 6 : Q@ — R, and the heat flux function g : © — R¢ such that

dq B

0.1y =0, (69)
06

0(0,T) = o, (71)
0(1,T) = a, (72)
gi(x,t) +10 =0, (73)
o= E0)e(u(x,t)) —o(x,t) + E(0)e(u(x, t)), (74)
u(0,1) = 0, (75)
u(z,0) =0, (76)
o(1,t) =0, (77)
o(z,0) =10 — 10z (78)

where u, 0,6, and ¢ are unknowns.
Example 2. In this case, we suppose that the body is in frictionless contact with a
rigid foundation. Then problem — is the following Signorini contact problem:

dq
5 (1) =0, (79)
q= %, (80)
0(0,T) = 6o, (81)
0(1,T) (82)
6—(3:, #)+10 =0, (83)
& = E(0)é(u(z,t)) — o(z,t) + E(0)e(u(,1)), (84)
u(0,) =0, (85)
u(z,0) =0, (86)
o(x,0) =10 — 10z, (87)
u(l,b) < % o(1,4) < 0,0(1, 1) (u(l,t) - i) ~0, (88)

where u, 0,0, and ¢ are unknowns.
In Section [2| we considered the Signorini contact problem with a zero gap. The
results there can be extended straightforward to the situation with a nonzero initial gap
1
g, here g = ;.

Now, we present the exact solution for the example below. For the thermal problem,
we can easily find the solution (6, ¢). For the isotherm mechanical problem, we have the
following.

For Example 1: From the equilibrium equation, we have

o(x,t) = —10z + k(¢). (89)
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Substituting for the equation law and boundary conditions, we have

e(x,t) =Ct)e " + UE(H(C’QI;). (90)
Using the initial conditions, we obtain
(10 10 _, —10z + k(t)
e(u(x,t)) = (E(G)I — E(G)) O (91)
(5 10\ _, -52%+k(t)z
0= (5 5) .

Using the boundary conditions of o, we have k(t) = 10, the exact solution of the
displacement traction problem is

o(z,t) = —10z + 10, (93)

10 z?
t)= — | — — 1), 4
u(z,t) E() <2 I) (e ) (94)
For Example 2: Using the same technique as Example 1, we have
o(z,t) = =10z + k(t), (95)

2 1 _ 2
(o, t) = 5z 10 » 5x* + k(t)x
E@0)  E0) E(0)
At 2 =1, the body is in contact with the foundation, then u(1,t) < i.

(96)

e When u(1,t) = %, there is a contact, then we obtain

k(t) = g [El(g) +2+ Ze_t}

and o(1,) < 0 gives k() < 10 and ¢ > log [20_27;1(9)]
The exact solution of the Signorini problem is as follows.
e In the case when t € [0; log (20_27]%(9))],
there is no contact, we have o(1,t) = 0, then k(¢) = 10.

The solution is
{ o(x,t) = —10x + 10,

0)
e In the case when t > log (20,2;%(9 )»

)
there is a contact and we have u(1,t) = 1, o(1,¢) <0.

The solution is

o(x,t) = —10z — (%00) +2+ 267t) ,

el —1)+ 1 (—2e7"+ E(0) + 2)] : (98)

2
u(e,t) = 5% [5

Remark. From these two one-dimensional examples, we deduce that the solution
(u,0) is dependent on E(6).

(
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5 Conclusion

This study addresses two uncoupled quasistatic problems in thermo-viscoplastic materi-
als. A model is proposed where the mechanical properties of the problem are dependent
on a parameter 6, which can be interpreted as the absolute temperature. The boundary
conditions include displacement traction and the Signorini conditions. The existence of
a unique solution to the problems is proven, and two examples in one-dimensional study
are presented to describe the problem processes.
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