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Abstract: In this paper, we investigate the existence of our entropy solution for the
nonlinear elliptic equation

—divw(z)a(z,u,Vu)] = f —divF, inQ,

in the setting of the weighted Sobolev space Wol’p(Q, w). We focus on the case where
the operator has a degenerate coercivity and f € L'(Q), F € [L” (2,0 7).

Keywords: nonlinear elliptic equations; degenerate coercivity; entropy solutions;
weighted Sobolev spaces.

Mathematics Subject Classification (2010): 35J60; 35J70; 46E35; 70K99;
93-02.

1 Introduction

Partial differential equations have many applications in various areas of engineering,
mathematics, physics, and other applied sciences (see for instance [8,[20]). In the last
years, there has been an increasing interest in the study of various mathematical problems
in weighted Sobolev spaces motivated by many considerations in applications (see [1}2,
5,/10,/11] and the references therein).

Let ©Q be a bounded smooth subset of RY with N > 2 and 1 < p < co. We are
interested in proving the existence of entropy solutions to the following elliptic Dirichlet
problem:

—diviw(x)a(z,u, Vu)] = f —divF, in Q,
(P) {u(x) =0, on ONQ.

* Corresponding author: mailto:youssef.oumouacha@usmba.ac.ma
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Here a(z,s,€) : @ x R x RV — R¥ is a Carathédory function satisfying the following
conditions:

a(z,s, §).£ > W.WKP (1)

for some o > 0 and some real number 6 such that 0 <6 < 1.

As far as the datum f and F' are concerned, we will assume that f belongs to the
space L(Q), and F e [LP'(Q,w' PN with (1/p+1/p/ =1).

Problems like (P) have been studied by many authors in the non-weighted case.
In 18], Leone and Porretta studied the nonlinear elliptic problem

Bu= f(z) —div(F) in Q

in the setting of Sobolev spaces, where Bu = —div(a(z,u, Vu)) is a Leray-Lions op-
erator from WO1 P(Q) to W1 (Q), they demonstrated the existence of entropy solu-
tions. In addition, Alvino et al. [4] have proved that the nonlinear elliptic equations
—div(a(z,u, Vu)) = f admit the entropy solutions under assumption (L.

Notice that the existence of a weak solution for the Dirichlet problem (P) has been
obtained by Cavalheiro in [12] under the condition

a(z,s,£).£ = alg]?, (2)

and by assuming that f/w € LP (Q,w). Also, he discussed in [11] the existence of our
entropy solution when f € L(f2).

Our objective in this work is to study the problem (P) when the operator satisfies
assumption instead of . The main difficulties that arise in our study are due, on the
one hand, to the fact that the differential operator A(u) = — div(w(z)a(z,u, Vu)), which
is well defined between W, ?(Q,w) and its dual W =% (€, w'~?"), may not be coercive on
VVO1 P(Q,w) when u is large. This imposes that, even if the datum is extremely regular,
the classical methods used to demonstrate the existence of a solution to problem (P)
cannot be used.

On the other hand, f only belongs to L!(), making it difficult to show the existence
of a weak solution. To get around this difficulty, we will use in this paper the concept of
entropy solutions. This concept was introduced in [7], and then used by many authors
to study elliptic equations (see [214}6},10,/18]).

The structure of this paper is as follows. In Section [2| we recall some preliminary
results which will be used later. In Section [3] we give the assumptions on the data, then
we state the main results which will be proved in Section [4]

2 Preliminaries

In this section, we provide a brief facts about the weighted Sobolev space as well as some
A,-weight features. Let w = w(x) be a weight function, that is, 0 < w < oo, and a locally
integrable function on RY. By integration, each weight w generates a measure on the
measurable subsets of RY. This measure is denoted by u and defined as follows:

for a measurable set S ¢ RY.
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Definition 2.1 Let w be a weight and 1 < p < co. We say that w belongs to
A,-weight if there exists a positive constant C,,, such that, for every ball B C RY,

L L gy -
B wdzx B w Pdx <Cuyp ifp>1,
B B

where |.| denotes the N-dimensional Lebesgue measure in R,

Lemma 2.1 [16]. Let B be a ball in RN and S be a measurable subset of B. If
weA,1<p<oo, then
p
<5> <0, MS)
|B| w(B)

Remark 2.1 If u(S) = 0, then |S| = 0. Thus, for every sequence (u,) in B that
converges p-a.e. to some u, we have u, — u a.e.

The weighted Lebesgue space LP (2, w) is defined for every weight w and 1 < p < 0o
by
LP(Qw) = {u = u(z) : uw'/P € LP(Q)},

and it is endowed with the norm

follriow = ( [ |u<z>|pw<z>da:)”p.

Definition 2.2 Let © be a bounded open subset of RV, 1 < p < oo and let w be an
A,-weight. The weighted Sobolev space W1P(,w) is defined as the set of all functions
u € LP(Q,w) with weak derivatives % € LP(Qw), foralli=1,...,N.

The norm of u in W1P(Q,w) is given by

il gy = ( [ petaias+ [ |Vu|Pw(m>dx) . 3)
2 ¢

The space Wy* (€, w) is defined as the closure of C§°(€2) with respect to the norm

||UHW01’p(Q,w) = </Q Vupw(x)dx) . (4)

A compact imbedding is required because we are working with compactness methods
to find solutions to nonlinear elliptic equations. As a result, we assume also that the
domain 2 is smooth.

Theorem 2.1 [13]. Let Q be a bounded smooth domain. For w € A,, we have the
compact embedding
WyP(Q,w) < LP(Q,w).

Theorem 2.2 [1/]. Let Q be a bounded open subset of RY. Take 1 < p < oo and a
function w € A,. There exist positive constants Cq and 6 such that for all u € C§°(2)
and all n satisfying 1 < n < % +9,

lull Lne (.w) < CalllVulll e ©,0)- (5)
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Definition 2.3 Let w be a weight function and let ¢ be a positive real number. The
weighted Marcinkievicz space M9(£2, w) is the set of all measurable functions f: Q — R
such that the function

Dp(k) = p({z € Q1 1f(@)| > k) k>0,
satisfies, for some positive constant C, an estimate of the form ®;(k) < Ck™9.

Remark 2.2 It follows from [17] that if 1 < ¢ < p and Q C R¥ is a bounded set,
then
LP(Q,w) C MP(Q,w) and MP(Q,w) C L1(Q,w).

3 Basic Assumptions and Main Result

3.1 Basic assumptions

Let 2 be an open bounded smooth domain of RM(N > 2), p > 1 and w € A,. Let
a:QxRxRY — RN be a Carathéodry function (that is, a(.,s, &) is measurable on
for every (t,€) in R x RV and a(z,.,.) is continuous on R x R¥ for almost every z in
Q). Assume that

a(x,s,€§) - & = b(|s])[¢]” (6)
for almost every x in Q and for every (s,¢) € R x RV, where

b(s) =

(0%

(1+s)0r=1) @

for some 0 < # < 1 and some a > 0;

a(e,5,€)| < fo(a) + (w5~ + @)l (8)

for almost every z in Q and for every (s, &) € RxRY, where ly, [; and I, are non-negative
functions, with Iy € L? (Q,w) and I1,ls € L= (Q);

la(z,s,8) — a(w,5,¢)]- (- ¢) >0 (9)

for almost every z in  and for every s € R, for every &, &' for every &, ¢ in RN with
& £ &' As regards the source term, we assume that

feL' () and Fell”(Quw ")V, (10)

3.2 Main result

We first give the definition of an entropy solution of problem (P). For a given constant
k > 0, the truncation function 7} : R — R is defined by

Tk (s) = max{—k, min{k, s}}.

We denote by 75 ?(€,w) the set of all measurable functions u : @ — R such that for
every k > 0, the truncated function T} (u) belongs to Wy (9,w).

Let u € Ty (€, w), then there exists a unique measurable function v : @ — RN such
that

VTk(u) = UX{|u\<k}- (11)

If u € 7, P(Q,w), the weak gradient Vu of u is defined as the unique function v which

satisfies .
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Definition 3.1 A function u € 7;"”(€,w) is an entropy solution of the problem (P)
if

/Qwa(x7u, Vu) - VI (u—v)dx = /Qka(u —v)dz + /Q F-VTi(u—v)dx (12)

for every k > 0 and for every v € Wy ?(Q,w) N L>®(N).

The main result proved in this paper is the following.

Theorem 3.1 Assume that the Carathéodry function a satisfies @-@D Then there
exists an entropy solution u of the problem (P).

Proposition 3.1 The entropy solution u of the problem (P) satisfies
u€e M (Quw) withr=np—-1)(1-80), (13)

pn(p—1)(1 - 0)

|[Vu| € M*(Q,w)  with s = T

(14)
where 1 is a constant such that 1 < n < % + 9.

4 Proof of the Main Result

4.1 Useful lemmas

Lemma 4.1 Let u € 761’p(Q,w), where w € A,, 1 < p <oo. Let 1 < A <p, and
suppose that u satisfies

/ |VulPwdz < ME*, V> 0. (15)
{Jul <k}

Then u belongs to M"(Q,w) with r = n(p—A) (where 1 < n < 5 +6). More precisely,
there exists C' > 0 such that
O, (k) < CME™".
Proof. For 0 < e <k, we have {x € Q: |u| > e} = {z € Q: |T(u)] > &}. Thus

p{z € Q:ful > e}) = p({z € @ [Ti(u)| > €})

= / w(z)dz
{7k ()12}

1
=0 ew(x)dx
€ Tk (w)|>e}
1
S T (u)|"w(z)dz

{17k (w2}

1
< B
By Theorem [2.2] and inequality (L5)), we get

1)l o () < O VT 1oy < Coa(MENVP,
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which implies that
1
p{z € Q:|ul >e}) < ﬁC(MkA)n'

Therefore, by taking € = k, we have
1
p{z e Q:|ul > k}) < WC(MI&)” = OM"E"PN = CMTETT.

Lemma 4.2 Assume that the hypothesis in Lemma holds true. Then |Vu| €
M?P(Q,w), where s =pr/(r+ ) (with r as in Lemma ). More precisely, there exists
C > 0 such that

(I)Vu(k) < CM(T+7])\)/(T+)\)k—s-

Proof. We set for every k, p > 0, the function
Uk, p) = ({2 € Q5 [Tul? > p,ul > k}).

It is clear that the function p — W(k,p) is decreasing. Thus for & > 0 and p > 0, we
obtain

1 [? 1 [*
¥(0,p) < ;/ U(0,s)ds < U(k,0) + ;/ (T(0,s) — ¥(k,s))ds. (16)
0 0
From Lemma [£.1] we have
U(k,0) < CME". (17)

Now, observe that

U(0,s) —U(k,s) =p({z e :|VulP >s,|ul >0}) —p({z e Q:|VulP > s, |u| > k})
=pu({zre:|Vul? > s,|ul <k}).

Hence, we get by using Proposition 6.24 in [15] that

/()Oo(\y(o,s) Wk, 5))ds = /Ooou({x €Q: VUl > s, [u] < k})ds

- / \Vu(z)Pw(z)de (18)
{lul<k}
< Mk
Going back to and using and 7 we obtain
1
T(0,p) < CM"E™" + ;Mk*. (19)

A minimization of the right-hand side of in k gives
(0, p) < CMUHmN/rX) j=r/(r+2)
Setting p = hP, we obtain
U(0,hP) = p({z € Q:|Vu| > h}) < C M0/ p=rp/(r+2) — O pp(r+nN)/(r+A) =

where s =rp/(r + A).
Let n € N, and define, for u in Wol’p(Q, w), the differential operator

Ap(u) = —diviw(x)a(z, T, (uw), Vu)].



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (5) (2023)

Lemma 4.3 The operator A, maps Wol’p(Q,w) into its dual W‘l’p,(Q,wl_

Moreover, A, is bounded, pseudomonotone and coercive in the following sense:

< Apv,v > .
— T s 400 if ||v||W1,p(Q w) — T, v E WOI’p(Q,oJ).
HU”WOLP(Q,Q;) S

Proof. By , we deduce that for every u in Wol’p(Q, w),
P’ -
/ (w|a(x,Tn(u),Vu)|) w P dx
o
’ ’ p/
< / (1o + WITu ()P + 1 Vul’? )" wda
Q
< C [0l ) + (Calltel oy + Wl o) Tl ] -
/ ’ N
which means that wa(z, T, (u), Vu) belongs to (Lp (Q,wt=? )) . Therefore
Ap(u) € WHP(Q,w' P, V¥neN.

Thanks to Holder’s inequality and , we have for all u,v € Wol’p(Q,w),

’ ’ ’ 1/17/
[(Ant, )] < (C [0l ) + (Callta Iy + 2 ) 1By 1))

x ||U||W01vp(g,w)~

Thus A, is bounded from Wy*(Q,w) to W~1¢' (Q,w!~?").
For the coercivity, by using @, we get for every u € VVO1 P(Q,w),

(Apu,u) = / wa(z, T, (u), Vu) - Vudz
Q
> [ wb(T () ) Vulpds
Q

> bl 1,

Hence, the operator A,, is coercive.
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.

It remains to show that A, is pseudomonotone. We thus consider a sequence u; in

WP (€, w) such that

uj — u, in WyP(Q,w),

Apuj — P, in W12 (Q,w' 7)), (20)

limsup;_, . (Anuj,uj) < (W%, u).

We shall prove that
Y" = Ayu and (Apuj, uj) = (Apu, u).

Firstly, since Wy*(Q,w) << LP(Q,w), one has

u; > u in LP(Q,w) for a subsequence denoted again by (u;);.
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Due to the boundedness of the sequence (u;); in W, ?(Q,w), and using the growth

’ ! N
assumption (8), we have that wa(xz, T, (u;), Vu;) is bounded in (Lp (Qw'=P ))

Therefore, there exists a function ¢ € LPI(Q,WI*I’,) such that

’ 7 N
wa(x, T, (uz), Vus) = ¢ weakly in (LP (Q, P )) )

It is clear that, for all v € Wy "*(,w),

(W",v) = lim (Apu;,v)

Jj—+oo

= lim wa(z, Ty (u;), Vuy) - Vode
J—=+0 Jo

:/Q(b~Vvdac.

Hence, by hypotheses, we have

limsup < Apuj,u; > = lim sup/ wa(z, T, (u;), Vuy) - Vujde
Q

j——+oo j——+oo

< / ¢ - Vudz.
Q

On the other hand, by @7

Hence

la(z, Ty (uj), Vuy) = a@, Tn(uz), Vu))] - V(u; —u) > 0.

/ wa(z, Tp(uj), Vuj) - Vudz >/ wa(z, Tn(u;), Vuj) - Vudz
Q

Q

+ /Q wa(z, Tp(uy), Vu) - (Vu; — Vu)de.

Using (21)), we get

liminf [ wa(z,T,(u;), Vu;) - Vujdr > / ¢ - Vu.
Q

j—=+oo Jo

By using and , we get

lim [ wa(z,Th(u;), Vuy) - Vujde = / ¢ - Vudz.
Q

j—© Jo

As a result of and (26)), we get

(Apuj,uz) = (Y™, u) as j — +o0.

(21)

(22)

(23)

Yet, due to (26]) and the strong convergence wa(x, T, (u;), Vu) = wa(z, T, (u), Vu)
’ ’ N
in (Lp (Q,wl=P )) , we deduce that

lim
j——+oo

Q

(wa(z, Tn(uy), Vuy) —wa(z, T, (uj), Vu)) - (Vu; — Vu)dz =0,
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and so, by virtue of Lemma 3.2 in [1],
Vu; — Vu a.e. in (),

we deduce then that wa(z,T,(u;), Vu,;) converges to wa(z,T,(u), Vu) weakly in

’ ’ N
(Lp (Q,wi=P )) . This implies that ¢ = A, u.

4.2 Approximate problem

We consider the sequence of approximate problems

Ay (uy) = f, —divF in Q,
(Py) { ) -
Uy, =0 on 0%,

where (f,) is a sequence of functions in C§°(€2) which is strongly convergent to f in
L (Q) such that || fullr1@) < [fllLi0)-

Since the source term f,, —div(F) belongs to the dual space W12 (€, w'~?"), in view
of Lemma, the operator A, is pseudomonotone, and by Theorem 2.7 in [19|, there
exists at least one solution u, € Wy (2, w) of problem (P,) in the sense that

/wa(a:,Tn(un),Vun).Vvdx:/fnvdx—F/F.Vvda: (27)
Q Q o

for every v € Wy (Q, w).
By choosing v = T (u,,) in , we can take n > k, then applying @ in the first
term and using Hoélder’s then Young’s inequalities in the last one, we obtain

b(k)

F
mm/wnwmmMSWﬂy@+(/wnwm%m+a/\
Q Q Q|w

p/
5 wdzx.

Thus we have the estimate

/Q VT () |Pwsda < Co(1 4+ k)P@=D+1 (28)

4.3 Local convergence of u, in y-measure

Combining the previous estimation with Lemma we conclude that u, € M"(Q,w)
with r = n(p—1)(1—6), we also have that u({z € Q: |u,(z)| > k}) is bounded uniformly
in n for every k > 0, that is,

p{z € Q:|uy(z)| > k}) <Ck™T, (29)

and by Lemma we have that the sequence (|Vuy,|) is bounded in M?*(Q,w) with
s = %. Our objective now is to prove that u, — u locally in y—measure. For
that, we will use the same reasoning as in the proof of Theorem 2.11 in [10] (see also

Theorem 6.1 in [7]). Let p > 0, we have

{lun —um| > p} C{Jun| >k} U {fum| >k} U{[Ti(un) = Ti(um)| > p}
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so that

p(lun —um| > p}) < p({lun| >k} +p({lum| > k})+p({|Tk(un) =T (um)| > p}). (30)

Fix € > 0. From , there exists k. = k such that

5
p{lun| > k}) + u({lum| > k}) < 5.
Since (VT (uy)) is bounded in L, (9,w) for all k > 0 and T}, (uy,) belongs to W, (2, w),
we can assume that (T (uy)) is a Cauchy sequence in L1(QN Br,w) for any ¢ < pn = p*
and any R > 0 and

Ti(un) = Tr(u) in L} (,w) and a.e.
Then
p({|T(tn) = To(um)| > p} N Br) = / o
{IT% (un) =Tk (wm)|>p}NBr

<k / T (i) — T ()| e <
QNBRr

N ™

for all n,m > ng(k, p, R). It follows that (u,) is a Cauchy sequence in p-measure. As a
consequence, there exist a function u and a subsequence, still denoted by wu,,, such that

Up, = u  prae. in £, (31)

then by Remark one has
Up, = u  a.e. in Q. (32)

Using and , we have

T () — Ty (u) weakly in W, P (Q,w) for every k > 0,

33
Ty (un) — T (u) strongly in LP(Q2,w) and p -a.e. in Q for every k > 0. (33)

Hence, Ty (u) € Wy (Q,w).
Furthermore, by the weak lower semicontinuity of the norm VVO1 P(Q,w), estimate
still holds for u, that is,

/ VT (u)Pwdz < C(1 4 k)PP=DF 0 yi > 0.
Q

Applying again Lemma and Lemma we find that v € M"(Q,w) and |Vu| €
M?E(Q,w).

4.4  Strong convergence of truncations

Our aim now is prove that

Ti(un) — Ti(u)  strongly in W, P (2, w) for all k > 0. (34)
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For n > k, we write
/ wla(x, Ty (un), VT (un)) — a(a, Ti(un), VIk(w))] - V(Tk(un) — Ti(u))dz
Q
:/ wa(z, Ty (un), VIg(un)) - V(Ti(un) — Tk (u))dx
Q
— / wa(z, Ti(un), VIg(w)) - V(T (un) — Ti(u))dz
Q
211(7’2,) - IQ(TL)
Keeping in mind that @ implies that a(z,s,0) =0, we get
Ii(n) :/ wa(z, Tp(un), Vuy) - V(Tk(uy) — Tg(uw))dx
{lun|<k}
:/ wa(x, Ty (un), V) - V(Tk (uy) — Ti(w))dz
Q
- / wal(, T (n), Vi) - V(Ti () — T(u)) .
{lun|>k}
Observing that VT (uy) = 0 on the set {|u,| > k}, we obtain
I(n) :/ wa(z, T (un), Vug) - V(Tk(un) — Ti(u))dz
Q
+/ wa(x, Ty (un), V) - VI (u)dx
— / wa(z, Ty (un), VIg(w)) - V(T (un) — Ti(u))dz.
Q
We take Ty (un) — Tk(u) as a test function in and we get
/ wa(z, T (un), V) - V(Ti(un) — T (uw))dz
Q
:/ o (T (un) — T (u))dz +/ F V(T (upn) — Ti(u))dx.
Q Q
By the almost convergence of u,, and using the strong convergence of f, in L}(Q), we

obtain
lim [ fo(Tk(un) — Tk(uw))dz = 0.

n—oo Q

’ / N
Also, since F' belongs to (Lp (Q,wt=r )) and by , we obtain

lim [ F-V(Tk(un) — Tk(u))dz = 0.
n—roo Q

Therefore
lim [ wa(x, T, (un), V) - V(Tk(uy) — T (u))dz = 0. (35)

n—oo Q
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Using the growth assumption (§), for every w in Wy?(Q,w), we have that
w|a(:v,Tn(u),Vu)| is bounded L¥'(Q,w'~?"). Therefore, it converges weakly to some

g in LP (Q,w!~P") and we have

lim wa(x, Ty (un), V) - VI (u)dz = / g+ VTi(u) =0. (36)

By virtue of Vitali’s theorem, we obtain
’ / N
w(z)a(z, Tn(un), VIk(u)) = w(z)a(x, u, VI (u)) strongly in (Lp (Q,w'? )) .

It follows from that

lim | wa(x,Tk(un), VIk(w)) - V(Ti(un) — Ti(u))dz = 0. (37)
n—oo Q
Bringing together —, we conclude that
nh_)n;l(} I(n) =0.

Now we can apply Lemma 3.2 in [1] to get . Hence, for every fixed k& > 0, we have

wa(x, Tp(un), VI (uy)) = wa(z, Ti(u), VIg(u)) in (Lp/ (Q,wlfp/))N. (38)

4.5 Passage to the limit

We will now demonstrate that u satisfies (12)). Let v € WP (Q,w) N L®(Q). Testing
with ¢, = Ty (u, — v), we get

/wa (z,Th(up), Vuy) - Vippdx = / fnwndx—i—/ F-Vi,dx.
Q Q Q
If M = k+||v||pe(q) and n > M, then
/ wa (x, Ty, (un), V) - VT (uy—v) dx:/ wa(x, Tp(uy), VT (un)) - VT (u, —v)de
Q Q
:/ wa(x, Tag(un), VI (un)) - VI (u, — v)da.
Q
Thus, we can write

/wa(x,TM(un),VTM(un))-VTk(un—v)dm:/fnTk(un—v)dﬂc—i—/ F-VTi(up—v)dx.
Q Q Q (30)

Hence we can pass to the limit as n tends to infinity, using and , we obtain
/ wa(x,u, Vu) - VI (v — v)dr = / fTie(u—v)de + / F -VTi(u—v)dz
Q Q Q

for every v € Wy (Q,w) N L>=(Q) and for every k > 0.
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Example 4.1 We put ourselves in the situation N = 2, p = 3. Let Q =

{(z,y) e R? : 2 + y*> <1}, the weight function w(z,y) = (a%+ y2)_1/2 is such
that w € As. And the function f(z,y) = % € LYQ) and F(z,y) =
((ac2 + y?) sin(zy), (2? + y2)71/3 cos(acy)) € [L%(Qﬂu*%)} 2. The Carathéodory func-
tion is defined as follows: a : Q x R x R? — R? a((z,v),s,£) = § . Therefore, by

v/ 14]s|
virtue of Theorem the problem

{le [(AJ(.T, y)a((:v,y),u, VU)} - f(xay) —div F(.’ﬂ, y) in Q7
u(;&y) =0, on 0%,

has an entropy solution.

5 Conclusion

Through this work, we were able to demonstrate the existence and regularity of solutions
for some nonlinear elliptic equations of the form — div|w(z)a(z,u,Vu)] = f — div F, in
the framework of the weighted Sobolev spaces. The novelty here is that the operator
A(u) = - divjw(z)a(x, u, Vu)] is a nonlinear degenerate elliptic operator in the sense that
the Carathéodory function a(-,-, ) satisfies the degenerate coercivity @ instead of the
case where A is a uniformly elliptic operator, that is, when b is the constant function. Let
us point out that this work can be seen as a generalization of the work in [11] and [18].
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Abstract: The proposed study presents a collocation method to address two types
of two-dimensional Volterra integral equations (2D VIEs): nonlinear first kind and
linear second kind. The nonlinear equations of the first kind are transformed into the
linear second kind equations. A convergent algorithm using the Taylor polynomials
is developed to construct a collocation solution that approximates the solution of 2D
VIEs of the second kind. The study includes various numerical examples to compare
the results of different methods and demonstrate the proposed approach’s accuracy
and validity. This validation procedure plays a pivotal role in nonlinear dynamics
and systems theory, establishing the reliability and stability of novel methods.
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1 Introduction

The nonlinear 2D VIE of the first kind, which includes an unknown function u, can be
represented in a standard form as follows:

/OT /OZ (T, z,t, 8)H (u(t, s))dsdt = f(r,2z), (1,2) € D, (1)

where D is a subset of R? defined as [0,T] x [0, 7], f and k are smooth functions on
their corresponding domains. Additionally, H is a continuous inverse function that is
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nonlinear with respect to u. To solve equation (1], we substitute w(t, s) = H(u(t, s)) and
obtain the linear equation

/OT /OZ K(T, 2, t, s)w(t, s)dsdt = f(1,2), (7,2) € D. 2)

To obtain an approximation for w, we transform the first kind VIE into the second
kind VIE by differentiating equation with respect to z and 7. This transformation
technique aligns with the strategies used in various nonlinear systems analyses. It allows
researchers and practitioners to simplify the problem while retaining essential character-
istics, thus aiding the analysis and comprehension of complex nonlinear systems. This
conversion technique is effective only under the conditions that f(7,0) = f(0,z) = 0 and
k(1,2,7,2) £ 0 for (7,z) € D, and results in a linear 2D VIE of the following form:

z

w(T, 2) —g(j,z):r/o m(T,z,t)w(t,z)dtJr/O kao(T, 2, 8)w(T, s)ds "
—|—/O /0 k3(T, 2, t, s)w(t, s)dsdt, (1,2) € D,

where the functions g, k1, k2 and k3 are given smooth functions defined on their corre-
sponding domains by

k(T 2,t) == —Z—H(T,z,t,z)/ﬁ(r,z,ﬂz), ko(T,2,8) = g: (1,2,7,8)/k(T, 2,7, 2),
T
2 2
k3(T,2,t,8) = —%(T,Z,t,s)//i(ﬂz,ﬂ z), g(1,2) = ;ng (1,2)/k(T, 2,7, 2).

The solution for (1) can be approximated as H~!(w(t,s)) = u(t,s). The existence and
uniqueness of the solution for equation , using H(u(t,s)) = w(t, s) and equation ,
have been proposed in [1].

The applications of VIEs extend to a diverse range of fields, including physical and
engineering domains, population dynamics, economics and finance, fluid dynamics, and
heat transfer. By providing a method to efficiently and accurately solve nonlinear integral
equations, we contribute to the modeling and analyzing complex nonlinear systems. Our
algorithm’s ability to handle nonlinearity is directly relevant to nonlinear dynamics, as
it provides a means to understand and predict the behaviors of such systems. However,
solving these equations has motivated mathematicians to develop reliable methods for
their solutions [2H10]. In [2], a method based on applying 2D block-pulse functions
was utilized to solve nonlinear 2D VIEs of the first kind. An Euler-type technique was
discussed in [1]. The Chelyshkov polynomial strategy for solving (1)) was considered in [6].
In [7], the Tau technique was employed to approximate the solution of . Nemati and
Ordokhani [8] used operational matrices of Legendre polynomials to approximate the
solution of a class of , specifically when H = u™ and n is a positive integer. In [9], a
multi-step method was implemented for the numerical solution of nonlinear 2D VIEs of
the first kind. A special case of for k1 = k2 = 0 is considered in [10].

This paper presents an extension of the collocation method proposed in previous
works such as [11114], to solve equations and by utilizing Taylor’s theorem in two
variables. Additionally, the method is straightforward to implement, and the iterative
formulas used to obtain the approximate solution do not require solving any algebraic
equations. This showcases the possibility of our method to address broader challenges in
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nonlinear dynamics that involve integral equations, paving the way for its adaptation in
various related problem domains.

The remainder of this paper is structured as follows: the next section outlines our
approach to approximating the solution of equation through the Taylor polynomials.
Section |3| focuses on the convergence analysis. To demonstrate the validity of our theo-
retical results, we provide several numerical examples in Section[d] Finally, in Section
we present our conclusion and offer suggestions for future research.

2 Description of the Method

In this section, we approximate solutions of 2D VIE in the space

S () = {0 vpm = vlp, . € Tpo1p-1,n = 0,1, N=L;m = 0,1,.., M — 1}
of the real bivariate polynomial spline functions of degree (at most) p — 1 in 7 and z.
Its dimension is NMp?. Here, IIy = {r; = ih,i = 0,1,...,N} and Iy = {z; = jk,j =
0,1,..., M} denote, respectively, uniform partitions of the intervals [0, 7] and [0, Z] with
the step sizes given by h = N and k = AZ/[ These partitions defined a grid for D
Oy =n Xy = {(Tn, 2m),0 <n < N,0 <m < M}. Set the subintervals
On = [Tn;Tn+1)an:0717"'7N_2; ON—-1 = [TNflvTN]v
Om = [Zm;2m+41),m =0,1,... M —2;  dp_1 = [2m—1,2m], and Dy, p, := 0y X §y, for
aln=0,1,... N—1;m=0,1,.... M — 1.

To defined the collocation solution, we use the Taylor polynomial on each rectangle
Dypmin=0,1,..., N —1;m =0,1,..., M — 1. Note that the solution w of () is known at
the point (0, 0): w(0,0) = ¢(0,0).

2.1 Taylor collocation solution in Dy

We approximate w in the rectangle Dg ¢ by the polynomial

1 9Hw(0,0)
ijl 07027

’0070(7', Z) = Ti2j7 (T, Z) S DO,O; (4)

i+j=0

0w (0,0 ot
wi(’,) is the exact value of —— at the point (0,0). We differentiate
1027 01027

where
()
equation 7 times with respect to z and 7 times with respect to 7, we obtain

0"™w(0,0) _ 6y 0)
“Brigs — 0170279(0,0)

Jj i-1 gq : oI ) ) =0 gn+l

(i-1—q) 5(i—1) w(0,0)

*ZZZ< )( )arq I =

1=0 q=0n=0

j—1 r 7 i— r—1l 7=0 +1

r o~ [0 (j—1—7) 9" w(0,0)

Jrz Z <l)< >07'1 " {82"“—5 (82 KQ(T’Z’Z)) OTm92!

r=0 [=0 n=0 z=0
Jr]_lil 1i <1") <q> 097" [ gi—1—a <8rl [a(j—l—r) ( t )})]T_O

_ i—1— — R3\T, 2,1, 2
e 1)\n)ora—n | ori=t=a|,__\ 0z 2 —0
871w(0,0)
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2.2 Taylor collocation solution in D, o

We approximate w in the rectangles D, ¢g,n =1,..., N — 1 by the polynomials

p—1 HIPIN
1 0", 0(7h,0) i
’Un,O(T, Z) = Z Z?'W(T — Tn) ZJ 5 (T,Z) c Dn,O7 (5)
i+j=0

where ¥y, ¢ is the exact solution of the integral equation

Ono(7,2) = g(T, %) +/ Ko (T, 2, 8)0n,0(T, 8)ds
0

n—l e T
+> / k1 (7, 2, t)ve o (t, 2)dt + / k1 (T, 2, )0 0 (L, 2)dt

520 Te Tn
n—1 Tet1 z T z

+Z/ / Iig(T,Z,t,S)’l)g’o(t,8)d8dt+/ / K3(T, 2,1, 8)0n 0(t, s)dsdt.
£=0 Te 0 Tn <40

(6)

We differentiate @ j times with respect to z and i times with respect to 7, we obtain

0"y, 0(Tn, 0) _ 3£i)8éj)g(7n 0)

0Ti02I
n—1 7 . T _ 1
VAN B PNGINEE) 7= Ove,0(t,0)
* ( ) / 61 a2 Hl(TVZat) ————=dt
§§ 1) /.. [ ]z:O 02!
+ii*1 i AV (0690 s (7,,m)] " 9" o0,0(70,0)
2a2y 2 1) \n) ora= |9 b TkR1(T, 2, T o 9192
Jj=1 r i . i— r—1 T=Tn gn+g
r 7\ 0" 0 (j—1—7) " Un,O(TnaO)
’ ;);n:o <l> (77> ori=n [8ZT_I %2 ralr 7 2)] 2=0 Izt
n—1j-1 r T i r—1 T=Tn ]
T L 9 0 (j—1—7) 0 (%3 O(t,O)
R () [ 2 [ ]P0
P o et l) ) Ot |0z 2=0 0z
j=1 r i-1 ¢ — i—1— r—1 T=Tn
r\ [(q) 07" [ 9714 9 (j—1-7)
" ;0 1=0 ¢g=0 77;) (l> (77> ora—n |:8Ti1q t=1 9zt |:82 K?)(T’ - t’ Z):| z=0
0" %, 0(T0, 0
Otz

2.3 Taylor collocation solution in D, ,,

We approximate w by vy in Dy pm,n=0,1,..., N —1and m =1,..., M — 1, so that

p—1 AN
1 0" 0, m(Tn, 2m) ; ,
’Un,m(Ta Z) = Z 2'7' 0702 (T - Tn) (Z - Zm)J ’ (T7 Z) € Dn,ma (7)
i+5=0
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where ¥y, »,, is the exact solution of the integral equation

ol e T
Vo (T, 2) = g(T, z)—|—2/ Hl(T,Z,t)Ug,»,n(t,Z)dt-F/ K1 (T, 2, t)0n m (L, 2)dt
520 Te Tn
m=l ez z
+ Z/ KQ(T,Z,S)’Un,p(T,S)dS—i—/ Ko (T, 2, 8) 0, m (T, 8)ds
p=0 " %p Zm
nolmol erenn pzon
+ Z Z / / k3(T, 2, t, 8)ve (t, s)dsdt
€=0 p=0 "T¢ Zp

n—1 Tet1 z m—1 T Zpt1
+ Z/ / k3 (T, 2,t, 8)ve m (t, s)dsdt + Z / / k3(T, 2,t, 8)Up p(t, s)dsdt
£=0"7e Zm p=0 7Tn "%

T z
+/ / k3 (T, 2,1, 8)0n m(t, s)dsdt.
Tn ¥ Zm
(8)
We differentiate J times with respect to z and ¢ times with respect to 7, we obtain

"0, (Tray 2m)
011023

J . T, 1
J e+t i 1—1 a v ,m(t7 Z?n)
+ZZ (l) /7' a§ )853 )Hl(Tnazmat) £ aZl —dt

= agi)aéj)g(Tn’ Zm)

£=0 1=0 ¢
J i—1 q . _ _ I
I\ () 97" [i-1-a) 5G-D) =m0 0" 0y 1 (T 2m)
" ; q=onz=0 (l) <n> gra=n [81 Oz mlr Z’T)L:zm arnoz!
m—1 1 .
i Zp+1 i . 67],1}”7 (Tn,s)
+ (77)/;; 3£ n)ﬁéj)ng(rn,zm,s)#ds
p=0 n=0 P
j=1 v N Aie rl T=Tn ontls
™ [i\ 0" [ O (j—1—7) " Oy (Thy 2m)
I 8-7 s )
- —0 1=0 ,;) <l> (77> oTi=n [azT_l[ 2 2(7, 2, 2)] o oozt
n—1m—1 Tet1 o1 ) )
+ Z / 01" 05" Ki3(Tny 2m t, 8)ve p(t, 8)dsdt
=0 p=0 7 T¢ Zp
+7L_1§ _ (7‘) /THI o [6“1 095 kg (7, 2, 2)] o 8lv§,m(t7zm)dt
i r—1 Y2 R3(T,2,1,2 — a.
£=0 r=0 =0 ! Te ot [0z 2=2m 0z
m—1i1—1
q Zot1 a—n i ) =" My ,(Tn, 5)
- Z (77 \/z 67-‘1—71 |:a£z Q)aéj)KS(T’Z7T7S)] 2=Zm aan dS

q\ 097" o~ 1-4a
(1) (e

0 ToG-1-m) o
t
r—r <az’r—l |:a2 K3 (7—7 252 Z):| >:| e

an—H@n,m (Tru Zm)

% Otz
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3 Study of Convergence and Error of the Numerical Method
We consider the space L™ (D) with the norm
[l poe(py = inf{C €R: |p(1,2)] < C for ae. (1,2) € D} < 0.
The following lemmas will be used in proving the convergence of the presented method.

Lemma 3.1 (Gronwall-type inequality (2]) Let w(r,z) and p(t,z) be non-negative
continuous functions in Q = [a,b] X [¢,d], and let p(, z) be nondecreasing in each of the
variables in Q and satisfy the following inequality:

T V4 T z
w(r, z) <p(r,z) + Iﬁ:/ w(t, z)dt + n/ w(T,s)ds + /s/ / w(t,s)dsdt, (T,z) € £,
a C a c
where K is a positive constant. Then there exists a positive constant v such that
w(r, z) < vp(r, 2).

Lemma 3.2 (Discrete Gronwall-type inequality [15]) Let {k;}"_o be a given non-
negative sequence and the sequence {e,} satisfy g < po and e, < p0+2?:_01 kjej, n>1,
with pg > 0. Then

n—1
en < poexp ij , n>1.
§=0

Lemma 3.3 (Discrete Gronwall-type inequality of two variables (1) Let wy, m be a
given non-negative sequence, and let by, ba, by and B be independent of h and k and strictly
positive. If the sequence wy, , satisfies

n—1 m—1 n—1m-—1
Wm < hby Y wem +kby Y wnp+hkbs YD we, + B,
£=0 p=0 £=0 p=0

foralln=0,1,.... NNym=0,1,.... M, then

Wn,m < Pexp(y(Nh+ Mk),

where v = 3 (b1 +bo 4+ /(b1 +b2)2 + 4b3) )

Theorem 3.1 Let g, k1, ko and k3 be p times continuously differentiable on their
1)

respective domains. Then ,, define a unique approximation v € S[():Lp_l(HN,M),
and the resulting error function e(t,z) = w(r, z) — v(7, 2) satisfies
lellze<(py < C(h+ k)P,

where C' is a finite constant independent of h and k.

Proof. Define the error e(r, z) on Dy, mm by €nm(7,2) = w(T,2) — Unm(T, 2) for all
n=01,..,N—land m=0,1,... M —1.
There exists a constant C' independent of h and k such that

Hen,mHL"O(Dn,m) <C(h+ k)P
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foraln=0,1,..., N—land m=1,...,.M — 1.
First, let (7,2) € Dy,9, we obtain from (),

O tiw

i1.J
OT027 Wk

1
leoo(,2)] < Y

ilj!
iti=p "

When using a more direct generalization of the procedures utilized in Lemma 3.6 in [10],
itj

there exists a positive number «(p) such that H 8 num ’ < afp)foralln =0,1,..., N—1,

m=0,...,M—1and i+ j=0,...,p, where 0 o(T, 2) = w(r, 2) for (1,2) € Dy . Hence,

071927

1 ., «
eoo(r 2l < at) 3 ik = gy,
iti=p "’ L
C1

Second, let (7,2) € Dy, for alln =1,..., N — 1, we have from @,

n—1 n—1
w(T,2) = bn.0(7,2)| < Y hisllecoll Lo (peo) + 3 hksllecoll Lo (De o)
£=0 £=0
T z
b [ et 2) = tuolt, 2)|dt + 5 / (7, 5) — B o (7, 5)|ds
Tn 0

T z
+ Ii/ / lw(t, s) — On0(t, s)|dsdt,
Tn 40

where k = max{||ki| L~ (p),i = 1,2,3}, then by Lemma

n—1 n—1
jw(T,2) = Bno(T,2)] < | Y hellecollLo(peo) + O hkkllecolleneo) | v
£=0 £=0

n—1
< Z he(l+ Z)v Heg,OHL"O(Dg,O)’
§=0 A1

which implies that

len.ollzoe (D, o) < llw = noll + [[Pn,0 = vn,oll

n—1
«Q
< 5" hlleeolli=(peo) + %(h R,
£=0 '

then, by Lemma we have

a
| (Do) < ](ff) exp(TA1)(h+ k)P.

—
Cy

len,o0
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Third, let (7,2) € Dy foralln =0,...,N—land m=1,..., M — 1, we have from (8],

n—1 m—1 T z
lw(T,2) = Opm (7, 2)] < Z hi|leg ml + Z kk|len,p|l + /1/ / lw(t, s) = Un,m(t, s)|dsdt

n—1m-—1

+Z Z hkk|lee || + Z hkkllegm| + Z hkg||en, ||

£=0 p=0

+ /-@/ lw(t, 2) — Opm (, 2)|dt + H/ |w(T, 8) = Vpm (T, 8)|ds,
Zm

then by Lemma

n—1 m—1
w(7,2) = B (7, 2)] <Y BR(L+ R [legmll + D kr(1+h)v[len,|
£=0 A p=0 A
2 3
n—1m-—1
+y > hk s IIegpll,
£=0 p=0

which implies that

len.ml <llw = Onmll + 10nm — vnmll

n—1m-—1 ()

< Z hAslegml + Z Esllenoll + > hkdallee |l + —(h + k)P,
£=0 £=0 p=0
using Lemma [3.3] we obtain
(p) P
l[enmll < ol exp(y3(T + Z))(h + k)

C3

such that 3 = % ()\2 4+ A3 + \/(/\2 + A3)2 + 4)\3)
Thus, the proof is completed by taking C' = max{C;, Cs, Cs}. O

4 Numerical examples

In this section, we present numerical experiments that assess the performance of the
Taylor collocation method (TCM) for solving problems of the form in Example
and the form in Examples We also compare the TCM results with those
obtained using other methods such as the multi-step method [9], Euler-type method,
and Trapezoidal method [1], Chelyshkov polynomials method [6], bivariate shifted Leg-
endre functions method [16], and two-dimensional block-pulse functions method [17]. In
each example, we compare the TCM solution with the results obtained from previous
references. Our numerical experiments were conducted using Maple version 17 and a PC
with Intel Core i7-2630QM CPU @2.00 GHz and 8,00 Go of RAM, running MS Windows
7 operating system. We observed that the TCM produces more accurate results than the
previous methods.
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(r.2) | N=M=10p=3 | N=M=20p=3 | N=M=10,p=4
(0.1,0.1) 1.73¢ — 06 5.99¢ — 07 2.59¢ — 06
(0.2,0.2) 1.84¢ — 05 5.29¢ — 06 2.20e — 05
(0.3,0.3) 6.23¢ — 05 1.68¢ — 05 7.02¢ — 05
(0.4,0.4) 1.34e — 04 3.53¢ — 05 1.47e — 04
(0.5,0.5) 2.28¢ — 04 5.85¢ — 05 2.46¢ — 04
(0.6,0.6) 3.29¢ — 04 8.35¢ — 05 3.52¢ — 04
(0.7,0.7) 4.27¢ — 04 1.07¢ — 04 4.55¢ — 04
(0.8,0.8) 5.14e — 04 1.28¢ — 04 5.46¢ — 04
(0.9,0.9) 5.85¢ — 04 1.45¢ — 04 6.21¢ — 04
(1.0,1.0) 1.86¢ — 03 3.17¢ — 04 5.93¢ — 04

Table 1: Absolute errors function for Example 1]

Example 4.1 Consider the linear 2D VIE of the first kind

/OT /OZ(TZ+ Dw(t,s)dsdt = f(1,2), 7,2 € [0,1]. (©)

By differentiating both sides of equation @, we obtain

w(T,z):g(T,z)—/ Zw(t’z)dt—/ W(T’S)ds—/ / wW(t:9) et (10)

0o Tz+1 o TZ+1 0o Jo Tz+1

shre i, 7) = 230 e
A comparison between the approximate and exact solutions is shown in Table 1

by applying the TCM to equation at some points with p = 3,4 and (N, M) =

(10, 10), (20, 20).

Example 4.2 Consider the linear 2D VIE of the first kind [9]
(7222 + 2sin(7z) — 272 cos(72)

222 )Sin(z) = /0 ' /0 Z(sin(zt) + Dw(t, s)dsdt

for 7,z € [0,1], and the exact solution is w(T, z) = 7 cos(z). This equation is equivalent
to the following linear 2D VIE of the second kind:

72 sin(2) cos(72) B /z 7 cos(7z)
sin(7z) + 1 o sin(rz)+1

, which has the exact solution w(r, z) = Te*.

w(T,z) = 7cos(z) + w(T, s)ds.
The numerical results for p =4 and N = M = 15 of the TCM and the numerical results
obtained by using the multi-step method [9] are compared in Table 2.

Example 4.3 Consider the linear 2D VIE of the first kind [1]

f(r,2) = /0 /0 (sin(z + t) + sin(7 + s) + 3)w(t, s)dsdt, T,z € [0,2],

where g(7, z) is chosen so that the exact solution is w(7, z) = cos(7 + 2).

In Table 3, the numerical results for p = 3 and h = k& = 0.1,0.05 of the present
method (TCM) are compared with the numerical results obtained by using the Euler-type
method (EM) and Trapezoidal method (TM) [1], Chelyshkov polynomials method (2D-
CPs) (6], bivariate shifted Legendre functions method [16] and two-dimensional block-
pulse functions method (2D BPFs) [17].
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(1,2) multi-steps method | present method
(277,277) 2.38¢ — 07 2.00e — 12
(276,276 1.90e — 06 4.00e — 11
(275,27%) 1.57e — 05 1.24e — 09
(274,27%) 2.25¢ — 06 3.97¢ — 08
(273,273) 1.51e — 07 1.88¢ — 07
(272,272) 1.92e — 07 2.66e — 07
(271,271 6.16e — 07 8.87¢ — 08

Table 2: Comparison of the absolute errors of Example

TCM EM [1] TM [1] | Method in [16] | 2D-BPFs [17] |
(r,2) | h=005 | h=005 | h=0.05 M=4 m = 32
(1,1) | 857¢ — 07 | 4.06e —02 | 9.80e — 04 | 4.96¢ — 06 6.08¢ — 02
(1,2) | 2.29¢ — 05 | 1.23¢ — 02 | 5.47¢ — 04 |  5.98¢ — 06 4.00e — 03
(2,1) | 2.29¢ — 05 | 1.23¢ — 02 | 5.47¢ — 04 | 9.87¢ — 03 4.00e — 03
(2,2) | 4.27¢ — 05 | 4.06e — 02 | 2.03¢ — 03 |  1.22¢ — 05 4.74e — 02
lellso | 4.27¢ — 05 | 5.49¢ — 02 | 2.03¢ — 03 / /

TCM 2D-CPs [0
(1,2) h=01 | h=005 | N=2 M=4

( ) | 2.77¢ — 07 | 3.78¢ — 08 | 7.41e — 03 | 4.77¢ — 06
( ) | 9.38¢— 07 | 1.18¢ — 07 | 4.43¢ — 04 | 2.10e — 05
( ) | 1.63¢ — 06 | 2.03¢ — 07 | 5.40e — 03 | 7.20e — 06
( ) | 2.14¢ — 06 | 2.67¢ — 07 | 6.65¢ — 03 | 8.20e — 06
(0.5,0.5) | 2.33¢ — 06 | 2.91¢ — 07 | 4.48¢ — 03 | 6.40¢ — 06
( ) | 2.09¢ — 06 | 2.62¢ — 07 | 5.43¢ — 05 | 6.90¢ — 06
( ) | 1.28¢ — 06 | 1.60e — 07 | 4.80¢ — 03 | 1.20¢ — 05
( ) | 2.85¢ — 07 | 3.66¢ — 08 | 7.93¢ — 03 | 5.00e — 06
( ) | 2.80e — 06 | 3.58¢ — 07 | 7.08¢ — 03 | 3.00e — 05
(1,1) | 6.85¢ — 06 | 8.59¢ — 07 | 2.77¢ — 04 | 1.80¢ — 06

Table 3: Comparison of the absolute errors for Example

Example 4.4 Consider the nonlinear 2D VIE of the first kind [17]

1 T z
§(e‘r—',-z _ eT+4Z _ e?‘r-i—z + e7r+4z) _ / / 2€T+Zw3(t,8)d8dt

for 7,2 € [0,1], and the exact solution is w(7,z) = e™+2*

the following linear 2D VIE of the second kind:

u(r,z) =g(1,2) — /OT u(t, z)dt f/ (1,8)ds 7/ / s)dsdt,

where u = w3. In Table 4, the numerical results for p = 3 and N = M = 64 of
the TCM are compared with the numerical results obtained by using the Chelyshkov
polynomials method (2D CPs) [6], bivariate shifted Legendre functions method [16] and
two-dimensional block-pulse functions method (2D BPFs) [17].

. This equation is equivalent to
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(27%,27") | 2D-BPFs [17] | Method in [16] | 2D-CPs [6] | Present method
1=1 1.0e -1 2.6e — 6 3.5e —5 6.1e — 6
1=2 4.6e — 2 4.6e — 6 2.0e — 6 2.6e — 6
1=3 2.9e -2 6.3e — 7 1.5e =5 1.3e -6
1=4 23e—2 1.2e — 5 1.2e — 5 7.2e =7
1=25 2.0e —2 3.8 —6 5.9e —5 3.7e =T
1=26 3.1le — 2 9.0e — 6 9.6e — 5 1.9e -7

Table 4: Comparison of the absolute errors of Example

5 Conclusion

In this paper, the problem expressed in is transformed into a linear 2D VIE of the
second kind, which is given by . A collocation method using the Taylor polynomials
is developed to solve the 2D VIE of the second kind. The convergence and error analysis
of this method are investigated, and numerical examples are provided to illustrate its
effectiveness and accuracy. The numerical results confirm the theoretical estimates, and
comparisons with other methods are presented. This method can be easily generalized
and applied to a system of 2D VIEs of the first and second kinds.
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Abstract: Dynamical systems can be stochastic or uncertain because of some as-
sumptions or distractions that limit the problem. This occurs when the system is
obtained from data using system identifiers with various uncertainties. One example
of a system that contains uncertainty parameters is the longitudinal motion of the
aircraft model. The longitudinal motion of the aircraft requires control, so in this
study, control was applied using the Model Predictive Control (MPC) method. Be-
fore applying control to the aircraft model, the Polynomial Chaos expansion will be
applied to the state space model to get the deterministic model. The simulation uses
different prediction horizons (N,) and polynomial orders (r). Based on the simula-
tion results, it was found that the pitch rate output can approach the given pitch rate
reference.

Keywords: polynomial chaos; hermite polynomial; model predictive control.

Mathematics Subject Classification (2010): 33C45, 34H10, 93C15.

1 Introduction

Mathematical models are the representations of phenomena or realities written in math-
ematical equations. The process of constructing a mathematical model of reality or a
problem is called mathematical modelling [1]. Mathematical models can be written in
the dynamic system [2]. A dynamic system is a system that changes or experiences
dynamics over time. In practice, dynamic systems are not always deterministic. The
dynamic system can be stochastic because there are assumptions to limit the problem
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or disturbances. Uncertainty in the parameters occurs if the system parameters are not
known. This can also happen when the system model is obtained from the data using
system identification so that the system’s transfer function has an uncertainty range [3].

One of the methods for approximating linear dynamic systems with parameter un-
certainty is the Polynomial Chaos method. By using the Polynomial Chaos method, the
stochastic system will be transformed into a deterministic system with a larger dimen-
sion state space [4]. Research on the Polynomial Chaos method in dynamical systems
was conducted by Bhattacharya [5] in 2014. This research develops a control design
using the Robust State Feedback Control method with probabilistic system parameters.
In this study, the Polynomial Chaos method approach was applied to the F-16 aircraft
model. Based on the simulation results, it was found that by using the Polynomial Chaos
method, the control design showed good consistency. Another study discussing the Poly-
nomial Chaos method was conducted by Tadiparthi and Bhattacharya [6] in 2020. In
this research, the Robust Linear Quadratic Regulator (LQR) algorithm was developed
with a control design based on the Polynomial Chaos method.

Model Predictive Control (MPC) is an advanced process control method that is widely
applied in industrial processes. Research on the Robust Model Predictive Control (MPC)
method was conducted by Asfihani, et al. [7] in 2019. In this study, the Robust MPC
method was applied to a linear model of Unmanned Surface Vehicle (USV) motion.
Robust MPC is used to control Dubin’s track tracking [8,/9]. In this study, sea waves
are considered as a disturbance. The simulation results show that the Robust MPC
method can guide ships to follow the trajectory and reject disturbances. Another study
discussing the MPC method was conducted in 2020 by Asfihani, et al. |[10]. The MPC
method is applied to control the missile. The MPC aims to minimize the time it takes
for the missile to reach a moving target. The simulation results show that the fastest
time to reach the target is 20 seconds, when the horizon prediction value is 10 and given
a constraint on the state.

Based on the previous research described above, the Polynomial Chaos and Model
Predictive Control (MPC) are applied for the longitudinal motion of the F-16 aircraft
control. In this paper, the nonlinear aircraft model is taken from Stevens, et al. [11].
The Taylor expansion is employed for linearization so that a linear model is obtained
based on the coefficient data of the F-16 aircraft. The longitudinal motion model of the
F-16 aircraft contains stochastic uncertainty in the parameter, so the Polynomial Chaos
method is applied to the linear model [4l]12] to obtain a deterministic model. The previous
studies in [4H6] assumed that the random variables A were uniformly distributed. In this
study, it is assumed that the distribution of the random variables is Gaussian. Then the
control will be applied to a deterministic state space with the MPC method.

This paper is constructed as follows. The longitudinal motion model of the aircraft
is defined in Section 2. Then Section 3 explains the Polynomial Chaos method to trans-
form stochastic state space into deterministic state space. Section 4 explains the MPC
design implemented in the deterministic state space obtained from the Polynomial Chaos
method. Next, Section 5 deals with discussions based on the simulation result. And last,
Section 6 provides the conclusion.

2 Linear Model of Longitudinal Motion of the Aircraft

Longitudinal motion is the movement of the aircraft in a vertical direction such as climb-
ing or swooping. The control affecting the aircraft’s longitudinal motion response is the
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elevator deflection |13]. The condition when the elevator angle is negative causes the tail
of the plane to go down and the nose to go up (pitch angle is positive) [14].

In this study, the F-16 longitudinal motion model is used in the form of a stochastic
state space that contains uncertainty parameters. The state variable & = [a q xe]T
consists of the angle of attack («), pitch rate (¢), and elevator state (z.) that captures
the actuator dynamics. The control input (u) is in the form of an elevator command or
an elevator deflection with an angle in degrees (de.). So the stochastic state space for
the longitudinal motion of the aircraft is written as follows [4}/12]:

& = A(A)z+ Bu,

o' -0,6398 0,9378 —0,0014 o 0
(j = 021(A) a9 (A) ass (A) q + 0 [5ec] (1)
Te 0 0 —20,2000| |z, 20,2

with the output in the form of the pitch rate (¢) so that the output equation is as follows:

«
1
y=ca=lo 0 of 4], @)
T
Te
where
ag1(A) = —1,5679(1 + 0, 1A),
aze(A) = -0,8791(1 4+ 0,1A),
azs(A) = —0,1137(1+0,1A).

The stochastic uncertainty parameter in the longitudinal motion model of the F-16
aircraft is shown by A(A), a matrix function of the random variable A. Random variables
A are assumed to be Gaussian distributed.

The random variable A represents the pitch of the plane. This relates to the derived
coefficients of the aircraft pitching moment. The pitching moment is the moment that
pivots on the pitch axis/Y axis [14]. The random variables as;(A), aze(A), and ags3(A)
represent the derived coefficients of pitch stiffness, pitch damping plane, and the power
of the elevator control |11].

3 Polynomial Chaos Method

Polynomial Chaos is a deterministic approach used to handle uncertainty evolution when
probabilistic uncertainty exists in the system parameters. [15]. Let A : @ — R? be a
random variable and L?(2, F, P) be the set of all random variables ¢ over the probability
space (€2, F,P) such that / |€]? dP < co. The second-order general process of

Q
X € L?(Q2, F,P) can be written in Polynomial Chaos as follows [6]:

X(w) = zidi(Aw)), 3)
i=0

where w denotes the sample point and ¢(A) represents the general Polynomial Chaos
(gPC) basis with degree p over the random variable A.
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For a random variable A with a given distribution, a family of the orthogonal basis
functions {¢;} can be selected such that its weight function f(x) exhibits a similar form
as the probability density function, i.e.,

/ 6s(2) () [ (2) do = B3 (D)5 (A)] = Bl62(A)]6s; = (1, 65), (4)

where E[-] represents the expectation relative to the probability measure denoted by P
and pdf f.

The relation between the choice of polynomials and given A distribution can be seen
in Table Il

Random Variable A | Polynomial Choice
Beta Jacobi
Gamma Laguerre
Uniform Legendre
Gaussian Hermite

Table 1: The Relation between Polynomial Choices and the A(w) Distribution.

A stochastic linear system is defined as follows:
&(t,A) = A(A)z(t, A) + B(A)u(t), (5)

where x € R™ u € R™. The system in Equation contains probability uncertainties
in its system parameters.
By applying the general finite-order Polynomial Chaos expansion, we get [6]

A) = zip()gr(A) = ()T (D), (6)
k=0

Zaljk(bk _a CI)( ) (7)

=3 banld) — (), (8)
k=0
where &;(t), @, Eij, ®(A) € RP is defined as
() = [wiol®) - wip®)]”
a;j = [aijo - aij,p]T ;
by =[buo o bl
2B) = [00(d) - gy(A)]"
The value of p is determined by the dimension of A (d) and the order of the orthogonal
polynomial {¢} (denoted by r), which satisfies p+1 = (de'rrr)!. By using the Galerkin

projection onto {¢y};_,, the coefficients a;; and b;j, can be written as follows:

_ (44;(8), x(4))

ik = 1o (), (AN ®)
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(Bij(A), ou(A))

bijk = 10

= gu(B), ou(8) 1

By substituting the Polynomial Chaos expansion (Equations @, 7 ) in the
stochastic linear system , where {¢;} is the basis of an orthogonal polynomial, we get

IENOTIENEES 35 9) SEMEMOLAINEILY
= e (1)
+ 20 2 bij b (A)u;(t).
j=1k=0
Applying the inner product on both sides with ¢, for m =0,1,2, ..., p, we get
S EnD(0n(A), 0m(A) = 35 3 3 aiwia(t) (06 A)Ai(A), ()
= o= (12)
+ 35 3 by (0)(61(8). 0 (D))

Since {¢.,} is an orthogonal basis, (¢k, dm) = 0 for k # m, Equation becomes

n

Tim (t)lom|® = Z > 2 aij ki (D) {k(A)@i(A), dm(A))
=1k=010=0 (13)

an

Z i,k (¢ )2

j=1

S|
bS]

Then divide by [|¢m||? to get

Ng P p N
& (1) = Z Z ij ki1 (£)Crim + Z bijmu;(t), (14)
j=1 k=0 1=0 i=1
where Clim = W
From , the deterministic differential equation is obtained as follows:
X = AX + Bu, (15)
where .
x =[xt af ... xl],
u :[uT uT z}T
A =[A;] = Z aij kT, 1,7 =1,2,...,n,,
B =B = by, t=1,2,....n.;7 =1,2,...,n4
And
Croo Ckio -+ Chpo
Cror Crnn -+ Cip
T, = ) . ) )
Ck()p Oklp R Ckpp

with the dimensions of X, A, B, and U equal to n,(p+ 1) x 1, ny(p+ 1) X n(p + 1),
n.(p+ 1) X n,, and n, X n,, respectively.
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4 Design of Model Predictive Control

MPC is a control system that can predict the future system output by considering both
the present input and output information. The advantages of the MPC method are that
it can handle multi-variable system control problems, has the ability to feed-forward
control to compensate for measured disturbances, and takes into account input and state
constraints [16] [17]. The basic MPC structure is presented in Figure [1] [17].

Past Inputs and g Reference
Predicted :
Trajectory
Ouipls Outputs + 4 :
—
Model
Future
Inputs
Optimizer
Future errors
Cost Function I I Constraint

Figure 1: MPC Structure.

In this study, MPC is applied to a discrete deterministic system given in and

(17):
X(k+1)=AqX (k) + BaUd(k), (16)

Y(k) =CX (k). (17)

In designing the MPC control in this study, the objective function formulation and
constraints were determined as prediction constraints using a dynamic system and limit
constraints on control inputs. By using N, = N, the MPC objective function can be
written as

Jo= S Orep b+ k) = (b +110) QY res (k4 jlk) = P(h+1R) 1)
+U(k+j— 1k)TRU(k + j — 1]k)],

where Yyey is the reference output and Y is the system output subject to

Xk+jij+1k) = AgX(k+jlk)+ Bald(k+ jlk),

j=0,1,...N, — 1. (19)
umin gu(k"_ﬂk) gumazvj:()v]-v"'va_l' (21)

By transforming the objective function and constrains in equations 7 ,
into quadratic programming form, the problem formulation for MPC is written as
follows:

min J(U) = %UTHU +UTf (22)
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subject to
Z/lmm umaz
umin umam
min <U< Unax , (23)
umin umaw
where
foo= 20"Q(FX(k[k) - Yrey),
H = 2(8"Q®+R),
i Q 0 0 --- O T
0 Q 0 --- 0
o = 0 0 Q - 0 7
L 0 0 0 0 Q 4 ny Npxny.Np
[ R 0 O 0
0 R O 0
R = 0 0 R 0 ,
L 0 0 0 0 R 4y .NpXng . N,
[ CAg4
cAZ
.Np
- CAd Ny .NpXng(p+1)
[ CBy 0 0 0
CA B, CBy 0 0
d = CAﬁBd CA B, CBgq4 s 0
L cAYP ' By cAP B, cALPTPB, - CBy

Ny . Np X1y .Np
5 Simulation and Discussion

The MPC simulation aims to make the pitch rate follow the given reference, yr.y =
gref = 0°/s. The value of the pitch rate of 0°/s means that there is no difference or
change in the pitch angle every time, so it can be said that there is no movement on
the nose of the aircraft or it is in a stable condition. The parameter values used in the
simulation are T, = 0,05, £(0) = [30°,10°/s,15°]7, Q = 10.000, R = 1, U, = —25°,
and U 4. = 25°.

This simulation used the value of polynomial order » = 3 and prediction horizon
N, = 10. The optimal control results (U*) are applied to the stochastic state space of
the F-16 aircraft by generating the random variable A, which is Gaussian distributed
in 1000 simulations. The elevator control .. and the pitch rate output are obtained as
follows.
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Elevator Deflection 5e: (Np =10,r=3) Pitch Rate Output & Mean of Pitch Rate Qutput (Np =10,r=3)
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Figure 2: Control Input & Pitch Rate Output (N, = 10, r = 3).

From Figure it can be seen that the elevator deflection movement is still within
the given constrain, —25° < §.. < 25°. Changes in the ups and downs of the J.. value
indicate the effort of the control input so that the output approaches the given reference,
namely g¢rey = 0°/s.

In Figure the blue line is the pitch rate output, while the black dotted line
shows the mean of the pitch rate output by simulating 1000 times. From Figure it
can be seen that the output of the pitch rate by simulating 1000 times and the mean of
pitch rate output both converge or approach the given reference, ¢ = 0°/ second. From
the simulation, the mean of the MAE (mean absolute error) by simulating 1000 times is
0,78171.

5.1 Simulation with various prediction horizon values

The first simulation used the polynomial order value r = 3 and different prediction
horizon values (N, = 5,N, = 10, N, = 20). The simulation results of the elevator
deflection control §.. and the mean of the pitch rate output by doing 1000 simulations
are shown in the following figures.
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Figure 3: Control Input & Pitch Rate Output for Different Prediction Horizon (N, = 5,10, 20).

Based on Figure different prediction horizon values IV, affect the system’s output
response towards the given reference. For a smaller prediction horizon value N, = 5, from
the simulation, it looks longer to reach the reference pitch rate. To find out the difference
in system response with different prediction horizon values IV, the mean of MAE for each
prediction horizon value is given as follows.

Prediction Horizon (N,) | MAE (degree/ s)
2 0,79424
5 0, 78501
8 0,78310
10 0,78171
15 0, 78150
20 0,78134

Table 2: MAE for Different Prediction Horizon Np.

5.2 Simulation with various orders of the polynomial

The second simulation used different Hermite polynomial orders (r = 2,7 = 5,7 = 8).
This simulation used the same prediction horizon value, N, = 20. The control input d..
and the mean pitch rate output are given by the following figures.
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Figure 4: Control Input & Pitch Rate Output for Different Polynomial Orders (r = 2,5, 8).

From Figure it can be seen that the pitch rate can approach the given reference
value for all polynomial order values. The simulation obtains the same pitch rate output
for 30 seconds simulation time by using the polynomial order r = 2,7 = 5,7 = 8. Based
on the simulation results, the same mean of the MAE value is obtained for different
polynomial orders (r = 2,7 = 5,7 = 8). The mean of MAE and computation time for
different polynomial orders are given in the following table.

Polynomial Orders (r) | MAE (degree/s) | Computation Time (s)
2 0,78134 6,10266
3 0,78134 6,41526
1 0,78134 7.65380
5 0,78134 7,93255
6 0,78134 11, 39271
7 0,78134 26,17483
8 0,78134 49, 87485

Table 3: MAE and Computation Time for Different Polynomial Orders 7.

6 Conclusion

In this study, Polynomial Chaos and MPC are implemented for controlling the longitudi-
nal motion of the F-16 aircraft, which has uncertainty in the parameter system (A). The
contribution of this paper is the random variables A are assumed to be Gaussian dis-
tributed. The simulation results indicated that the Polynomial Chaos and MPC methods
could be implemented properly for the linear model of the F-16 aircraft with uncertain
stochastic parameters. This can be seen from the pitch rate output, which can follow and
satisfy the given reference (gre; = 0°/s). Based on the simulation results for different
prediction horizon values (IV,), a larger N, gives a better pitch rate output response and
a smaller mean of MAE. Meanwhile, different orders of the Hermite polynomial do not
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significantly influence the result of control input and the pitch rate output. However, a
higher order of the Hermite Polynomial requires a longer computation time.
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1 Introduction

Quenching refers to the process of rapidly cooling a material from a high temperature to a
lower temperature. This is done to alter the material’s physical or mechanical properties
such as hardness or strength. The rapid cooling prevents the material from undergoing
a gradual cooling process, which would allow the material to form larger crystals that
could weaken the material’s structure. Quenching can be accomplished using different
methods, including immersion in water, oil, or air, depending on the desired outcome.
The study of this important phenomenon began in 1975 with a paper by Kawarada [5],
where he studied a model in one space dimension. That paper was an introduction to
the large-scale studies of the quenching problem by many researchers in several scientific
fields. For a detailed survey, we refer to Chan [3|, Levine [7], Rouabah et al. [13], Zouaoui
et al. [20].

By using reaction-diffusion models, researchers can simulate the behavior of quenching
processes and predict the resulting microstructure and mechanical properties of the metal.
This can help in the design of new quenching techniques and in the optimization of

* Corresponding author: mailto:salimbra@gmail.com

(© 2023 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ual99
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existing ones. For more research on the phenomenon of quenching via reaction-diffusion
systems, we refer the readers to Bonis [2], Ji et al. [4], Mesbahi [§], Mu et al. [11], Pei
and Li [12], Salin |14H16], Wang |17], Zheng and Song [18], Zheng and Wang [19] and the
references therein, where we will also find, in addition to the results by Mesbahi [9] and
[10], many theoretical and numerical methods frequently used to study such problems.

In biology, quenching is a process that involves the rapid cooling of a sample in
order to interrupt or halt certain biological processes. This procedure has several uses,
including stopping metabolic processes and preserving metabolite profile of a sample in
metabolomics. Protein synthesis and degradation can also be stopped for protein level
and modification analysis in cells or tissues, while RNA in cells or tissues can be preserved
for the analysis of gene expression. Moreover, microbial cultures can be preserved for
long-term storage or transport by rapidly cooling them to halt growth and metabolic
activity.

Quenching has many applications in medicine. One common medical application of
quenching is cryotherapy, where extreme cold to treat disease or injury is used. This
can include using liquid nitrogen to freeze and destroy cancerous tissue, or the use of
ice packs to reduce swelling and inflammation. Another application is controlling the
release of drugs from drug delivery systems. Rapid cooling of the system can halt or slow
down drug release, enabling sustained release over time. Furthermore, quenching can aid
in the preservation of biological samples such as blood or tissue samples for analysis or
storage. Rapid cooling can prevent degradation of the sample and preserve its integrity
for later use.

Quenching is also an important process in the manufacture of contact lenses. Typi-
cally, after the lenses are shaped, they undergo thermal quenching by being immersed in
cold water. This process helps in solidifying their structure and preventing any deforma-
tion or distortion during handling and further processing. Furthermore, it enhances the
mechanical and optical features of the lenses making them stronger, more resistant to
damage, and long-lasting. Chemical quenching is also used by manufacturers to adjust
the properties of the lenses. For instance, to crosslink the polymer chains in the lenses
or to enhance their strength and flexibility. For better understanding, we refer to Barka
et al. [1], Khurshid et al. [6].

In this work, we are interested in the study of the following reaction-diffusion sys-
tem with general singular terms and positive Dirichlet boundary conditions that can be
applied to the quenching phenomenon:

(u1), — Auy = —f1 (u2) in (0,7) x 9,

(1), — Attt = — frnr (ttm) in (0,7) x O, "
(Um)y = At = = frm (w1) in (0,T) x Q,

U =Ug =+ = Uy = 1 on (0,7) x 09,

uy (0,2) =ugo (2),. .., um (0,2) = umo (x) in Q,

where 2 C RY (N > 2) is a bounded domain with smooth boundary. The functions f;
(1 <j <m) are positive on (0,1]. The initial data satisfy

U10, U20,---5 Um0 € C? (Q) NnCt (ﬁ),
ujo =1, for all 1 < j <m, on 09, (2)
0<ujo <1, forall1<j<m, in Q.
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The rest of this paper is organized as follows. In the next section, we state our main
results. In the third section, we prove some important preliminary results. The fourth
section is devoted to the proof of the main results. The paper ends with a concluding
remarks and perspectives.

2 Statement of Main Results

2.1 Assumptions

For this model, the finite-time quenching phenomena are caused by singular nonlinearities
in the absorption terms of .

Definition 2.1 We say the solution (u1,...,u,) of problem quenches if

(u1,...,uy) exists in the classical sense and is positive for all 0 < ¢ < T, and also

satisfies inf min {(uy (t,2),...,um (t,2)} = 0. In this case, T is called quenching
t—T x€[0,1]

time.

To study problem , we also assume that the positive functions f; : (0,1] — (0, +00),
1 < j < m, satisfy the following simple assumptions which allow them to be chosen from
a wide range:

(H1) The functions f;, 1 < j < m, are locally Lipschitz on (0,1],
(Ha) f}(s) < 0on (0,1] for all 1 < j <m,
(Hs) lim f;(s) =+oo forall 1 <j<m.

s—0t

In order to state our results more conveniently, we denote by ¢ the first eigenfunction
associated with the first eigenvalue A1 of the problem

Ap+Ap=0 in Q,
p=0 on 012,

normalized by [, ¢(z)dx =1, with ¢(z) > 0 in Q.

2.2 The main results
The following theorem gives us a sufficient condition for finite-time quenching.

Theorem 2.1 Under hypotheses (Hy) — (Hs), the solution of problem quenches
in finite time for any initial data provided that A1 is small enough.

Many quenching studies confirm that time-derivatives blow-up while the solution itself
remains bounded. We refer, for example, to Chan [3] and Kawarada [5]. Throughout
this paper, without any special explanation, we assume that the initial data uiq, ..., %Umo
satisfy

Auqg — f (’LLQQ) <0,..., Ao — fm (ulo) < 0in Q. (3)

Thus, the global existence of solutions can be described by the following theorem.

Theorem 2.2 If the diameter of 2 is small enough and the initial data satisfies
0 <& < U, Umo < 108, then under hypotheses (Hy)—(Hs), the solution of problem
does not quench in finite time. In this case, we say that the solution (ui, ..., Um)
exists globally.
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3 Preliminary Results
We will prove two important lemmas which we will use to prove our main results.

Lemma 3.1 Assume that the initial data satisfy (3), then (u1),,...,(um), < 0 in
(0,T) x Q.

Proof. Let I (t,x) = (u;), (t,z) for all 1 < j < m and (t,z) € (0,T) x Q. Differen-
tiating system (|1)) with respect to ¢, we have

= A(ur), — (ua), fi(u2) in (0,7) x Q,

2 (L) (1) = A (), — (), fn (w) i (0,T) x 2,

Ilzlgzzlm:O on (0,T)><8Q,
I; (0,z) <0, forall 1 <j <m in Q,

which, after simplification, gives

%11 — AIl = —Igf{ (UQ) in (O,T) X Q,
21— ALy = =11 f, (u1) in (0,7) x Q, (4)
11112:"': m:0 on (O,T)XaQ,

I; (0,2) <0, forall 1 <j <m in Q.
By the comparison principle, we have, for all (¢,z) € (0,T) x Q,
I (t,x) = (uj), (t,z) <0 forall 1 <j<m.

This shows that uy,...,u,, are strictly decreasing in time.

Now, we consider the radial solutions of problem (I) on @ = Br =
{z e RN : |z| < R}.

Lemma 3.2 Let (uy,...,u,) be the global solution of problem (1) with
(U105 -+, Umo) = (1,...,1), U1, ..., upm > b in (0,00) x Br for some b € (0,1). Then
(U1, ..., um) approaches uniformly from above to a solution (Uy,...,Uy) of the steady-
state problem

AUy = f(Us) in B,

AUp—1 = f (Up) in Br, (5)
AU, = f(Uy) in Bg,

U1:U2:"'_Um:]. onaBR.

Proof. Since (1,...,1) is a strict super-solution of problem , by Lemma we
have (u1),,...,(um), < 01in (0,00) x Bg. Define the functions

Qj (t,x) :/ G (z,y)u; (t,y)dy, in (0,00) X Bg, forall 1 <j <m,
B

R
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where G (z, y) is Green’s function associated with the operator —A on Bg under Dirichlet
boundary conditions. Hence

@) = [ Gt
= G(xay) Aul (t’y)dyf G(iﬂ,y) fl (u2 (tay))dyv
Br Br
0 = G d
ot (Qm) = B (.T, y) (UM)t (t, y) Yy
= G(Z’,y) Aum (t>y) dy - G(x7y) fm (ul (t7y)) dy7
Br Br

S@) = 1wy - [ G iy,
Br

) .

E(Qm) = 1 — Um (967y) - G(xay) fm (ul (tvy))dy

Br

It follows from (u;), < 0 for all 1 < j < m, that

G($7y)f1 (u2 (tvy))""a G(l’,y)fm,1 (um (tvy)) and G(xvy) fm (ul (tvy))

are nondecreasing with respect to t. According to the monotone convergence theorem
with
b<Uj(z)= lima; (t,z) forall 1 < j <m,
—

we have
gg%g(@l) — 1-Ui@)— [ Gy f (Us(y)dy,
Br
0
lim= (Qm) = 1-Un(2) - BRG(%y)fm(Ul(y))dy-

Furthermore, since Q1,...,Q,, are bounded, (Q1),,...,(@m); < 0, and by
(ul)t [ (um)f < 0, we have

lim— (Q;) =0forall 1 <j<m,

which yields

S

=

N~—
I

1-— 5 G (-’L’,y) fl (U2 (y)) dy7

5
&
I

1- G(Z’,y) fm (Ul (y)) dya

Br
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and therefore (Uy,...,U,,) is a solution of problem , and the uniform convergence is
ensured by Dini’s theorem.

4 Proofs of the Main Results

Proof. [of Theorem Let (u1,...,un) be the solution of problem with the
maximal existence time 7. By the maximum principle, we have 0 < u; < 1 for all
1<j<m,in (0,T) x Q. Let

wj(t):/(l—uj)apdac forall1<j<m, tel0,T) (6)
Q
and
\P(t):¢1(t)+"'+7/}m(t)v tG[OﬂT)' (7)
By hypotheses (H;) — (H3) and the corresponding Taylor expansions, we can easily get
fl (u2) 2(5(1—’&2)4-61 P fm(ul) > 6(1—U1)+Cm, (8)
where §, ¢1, ..., ¢, are positive constants determined by fi (uz), ..., fin (u1).

By a straight-forward computation and , we have
Py (t) = —/ Auypdr + / f1 (u2) pdx
Q Q
/ A (1 —uy) pdx +/ 11 (u2) pdx
Q Q
—)\1/ (1—u1)cpdm+5/ (1—uQ)Lpdm+cl/<pdx
Q Q Q

= A1 () + 02 (t) + e

In the same way, with 1 (t),..., ¥, (t), we finally get the following inequalities:
Pit) > =M () + 0 (t) + e,

Y

U (1) — Mt (8) + 001 (£) + .

Y%

Using , we get
T () > (6-M)TE)+C, withC=cy +- -+ cpm. (9)

Since 0 < u; <1in (0,7) %, then 0 <1—wu; <1in (0,T) x 2, which clearly implies
by @ that 0 < ¢, (¢t) <1 for all 1 < j < m, consequently, 1 < ¥ (¢) < m. Since A; is
small enough, it is obvious that (§ — A1) ¥ (£) + C > 0. Then, by (9), we have

dv
>dt, tel0,T),
G=2)T()+C — [0,7)
which gives, by integration from 0 to T,
1 (=2)T )+ C
lo
00—\ (0—X)¥(0)+C

> if 5 £\,

1 .
(w0 -v(0) if 5= A1
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Now, letting ¢t — T~ in and combining lim ¥ (¢) < m, we get

t—T—
1 m(d—)\l)+C .
T < 5_)\1 10 <(6_)‘1)\IJ(0)+C> lf(S?é)\l’ (11)
%(mf\I/(O)) i 5=\

Since 1 < ¥ (t) < m, we can easily arrive at the positivity of the right-hand side of ,
which shows finite time quenching of the solutions in system . This ends the proof of
Theorem 211

Proof. Consider the auxiliary system

%ﬂl = A’L_l,l — f (1_1,2) in (O,T) X Q,
Ll = Aty — f (1) in (0,7) x Q,
U=+ =Up=1 on (0,7) x 0,
1 (0,2) =+ =10y (0,2) =1 in Q.

By the comparison principle, we have u; < @; for all 1 < j < m.
We first consider the following system:

Aut = fi1 (1) in Bp,
ATt = fm (1) in Bp,
uj=---=u} =1 ondBpg.

By Green’s function, the solution is (a3, ...,a),) denoted as follows:

£ () (Jaf?* - R2)

u; = SN +1,1<j5<m
and
—f: (1) R?
minﬂjz%—f—l, 1<j5<m.

Clearly, (@3,...,u},) is a super solution of (). By Lemma[3.2] the solution (u1,...,un)
of (1)) is global only if uj,...,u}, > 0.

5 Concluding Remarks and Perspectives

This contribution advances mathematical research on quenching phenomena. The results
of this study can be used to study other singular reaction-diffusion phenomena. We
managed to overcome some difficulties and achieved very important results. This leads
us to think more about the problem and do further theoretical and numerical research
under other conditions. These efforts will advance quenching technology and modeling
in many scientific fields.
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1 Introduction

The maximum principle is an important tool in the study of differential equations and
we refer the reader to the well-known book [14] for many applications. For example, for
the specific boundary value problem for a second order ordinary differential equation,
y'+ Ay =71,y (0) =0,y (1) =0, if A <0, then this boundary value problem satisfies a
maximum principle. In particular, for f € C[0, 1], the boundary value problem is uniquely
solvable and f nonnegative implies y is nonpositive, where y is the unique solution
associated with f. In the study of boundary value problems for ordinary differential
equations, the maximum principle implies that the associated Green’s function is of
constant sign, and in this case, the Green’s function is nonpositive on (0,1) x (0, 1).

Clément and Peletier [8] were the first to discover an anti-maximum principle. They
were primarily interested in partial differential equations, but they illustrated the anti-
maximum principle with the boundary value problem, y” + Ay = f, y'(0) =0, ¥'(1) = 0,
0< A< %2. For this particular boundary value problem, if 0 < A < ”72, if f € C[0,1], the
boundary value problem is uniquely solvable and f nonnegative implies y is nonnegative,
where y is the unique solution associated with f.

Since the publication of [8], there have been many studies of boundary value problems
with parameter and the change of behavior from maximum to anti-maximum principles
as a function of the parameter. In the case of partial differential equations, we refer
to [1L[2L[7L/9L/10,/12}/13[15]. In the case of ordinary differential equations, we refer to
[3H6L[16]. In this paper, we shall continue to study the change in behavior of boundary
value problems for ordinary differential equations, with respect to maximum and anti-
maximum principles, through simple eigenvalues.

In an interesting study produced in [7], those authors began with a differential equa-
tion

y”(t) +y(t) = f(t), telo,1], (1)

and considered either periodic boundary conditions or Neumann boundary conditions.
Key to their argument is that for f =0, at A = 0, the boundary value problem, with
periodic or Neumann boundary conditions, is at resonance since constant functions are
nontrivial solutions. Further, A = 0 is a simple eigenvalue and the eigenspace is < 1 >,
where < 1 > denotes the linear span of the 1 function. Employing the resolvent, the
inverse of (D? + \Z) for A # 0, under the imposed boundary conditions, if it exists, and
the partial resolvent for A = 0, and under the assumption that f > 0 (with f € L]0, 1]),
the authors in [7] obtained sufficient conditions to construct an interval [—A, A}, A > 0,
a constant K > 0, independent of f such that

Ay(t) > K|fl1, Ae[-AAJ\{0}, 0<t<1,

where |f]; = fol | f(s)|ds. With this one inequality, the authors showed that for A < A < 0,
the boundary value problem, with periodic or Neumann boundary conditions, satisfies
a maximum principle and for 0 < A < A, the boundary value problem with periodic
or Neumann boundary conditions, satisfies an anti-maximum principle. They proceeded
to produce many nice examples in that paper.

Consider the boundary value problem

y”(t) + 6y/(t) =f(t), te [03 1]7 (2)

y(0) =0, ' (0)=y'(1). 3)
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For f =0, B = 0 is a simple eigenvalue and generates the eigenspace < t >, the linear
span of ¢t. For 5 # 0,

o~ BO=8)_ =B —Bt—5)

B(l—e*ﬂ) I O S t S S S 17
G(Bst,s) = (4)
—B(—=s) _,—B,—B(t—s) 1—e—B—9)
€ 5(1_66—5) € B , 0<s<t<,

is the Green’s function for the boundary value problem , . Note that
0
BG(B;t,5) >0, (t,5) €(0,1] x[0,1], and F5G(B;t,5) >0, [t,s) €[0,1] x[0,1].

So, if y denotes the solution of (2), (3), then f > 0 implies By’ > 0 and By > 0. This
observation indicates that the principle obtained in |7] can be extended to other order
derivatives.

Our goal in this paper is to study boundary value problems for ordinary differential
equations containing a parameter 8 such that § = 0 is a simple eigenvalue generating
an eigenspace < t — tg > for some constant ¢y and modify the methods produced in [7];
in particular, we shall assume f > 0 and obtain sufficient conditions to construct an
interval [—B, B|, B > 0, a constant K > 0, independent of f, and an inequality

By'(t) = K|fl, Bel[-B,B\{0}, 0<t<1, (5)

where y is a unique solution of the boundary value problem associated with f. It will
follow that if 0 < || < B, and if f > 0, then Sy’ > 0.

In Section 2, following the lead of |7], we shall define the concept of a strong signed
maximum principle in 3. In Section 3, we shall obtain sufficient conditions for and
hence obtain sufficient conditions for adherence to a strong signed maximum principle
in /. In Section 4, we shall illustrate the main result, Theorem with two examples.
In each example, the boundary conditions are such that generates a natural partial
order in C1[0,1].

We close in Section 5 with an application of a monotone method applied to a nonlinear
problem related to one of the examples produced in Section 4. At § = 0, the problem
is at resonance. The problem is shifted [11] by 8y’ and 8 > 0 or 8 < 0 is chosen as a
function of the monotonicity properties of the nonlinearity.

2 Strong Signed Maximum Principle

Assume A is a linear operator with Dom (A) € C'[0,1] and Im (A) C C[0,1]. Let
Dy =y for y € C'[0,1]. The following definition is motivated by Definition 1 found
in [7].

Definition 2.1 For 8 € R\ {0}, the operator A+ 8D satisfies a signed maximum
principle in Dy if for each f € C[0, 1], the equation

(A+B8D)y=f, y€ Dom (A),

has a unique solution, y, and f(t) > 0, 0 < t < 1 implies fDy(¢t) > 0, 0 < t < 1. The
operator A + 8D satisfies a strong signed maximum principle in Dy if f(t) > 0,
0 <t <1land f(¢) > 0 on some interval of positive length, implies SDy(t) > 0,0 < t < 1.
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Remark 2.1 Throughout this study, the phrases “maximum principle” or “anti-
maximum principle” may be used loosely. If so, we mean the following. If f > 0 implies
y <0 (or Dy < 0), the phrase, maximum principle, may be used. This is precisely the
case for the classical second order differential equation with Dirichlet boundary condi-
tions. If f > 0 implies y > 0 (or Dy > 0), the phrase, anti-maximum principle, may
be used. This is the case observed in 8] where the phrase, anti-maximum principle, was
coined.

Remark 2.2 As pointed out in the Introduction, for the boundary value problem
y'(t) + By'(t) = f(t), with boundary conditions (3)), f(t) > 0, 0 < t < 1 implies
BDy(t) > 0,0 <t <1, and By(t) > 0, 0 <t < 1. In the application of the main
theorem, Theorem one only concludes (5)). In the examples produced in Section
4, the boundary conditions are such that implies further that for some tq € [0, 1],
B(t —to)y(t) > 0,0 <t < 1. In particular, in each example, a signed maximum principle
in Dy will generate a natural partial order on C*'[a,b] in which monotone methods can
be applied.

3 The Main Theorem

Let C[0, 1] denote the Banach space of continuous real-valued functions defined on [0, 1]
with norm |y|o = maxp<;<1 |y()| and let C*[0, 1] denote the Banach space of continuously
differentiable real-valued functions defined on [0, 1] with

[lyll = max{lylo, ly'lo}-

Also, C[0,1] € £ = L*[0,1], and so, we shall also have use for |f|; = fol |f(s)|ds. For
fecrL,set

P= [ s,
and define
Cccp1]={fecCo,]]:f=0}, LcL={feL0,1]:f=0}
Let to € R. Assume A : Dom (A) — L denotes a linear operator satisfying
Dom (A) C Ca,b] Ker (A) =<t —tg>, Im (A) =L, (6)

where < t — to > denotes the linear span of ¢ — to. Assume further that for f Eiﬁ, the
(y") =0.

2 )

problem Ay = f is uniquely solvable with solution y € Dom(.A) and such that
In particular, define

Dom (A) = {y € Dom (A): (y) = 0},

and then ) )
Al Dom (4 : Dom (A) = L

is one to one and onto. Moreover, if Aj = f for f € L, § € Dom(.,i), assume there exists
a constant K; > 0 depending only on A such that

170 < K1lfl1. (7)
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For f € L, define

and for y € Dom (A), define

g=y—y'(t—to),
which implies
v=vy-v.
Finally, assume there exists A’ : Dom (A’) — £ such that A = A’D. In this context,

we rewrite

Ay+ 8y =f, ye Dom (A), (8)

as
(A" + BI)Dy = f, Dy € Dom (A). (9)

Define Dom (A’) = {v € Dom (A’): 5 =0} C C[0,1] and it follows that

Al Dom (4ry : Dom (A = L

is one to one and onto. ~ - - o
With the~ decompositions f = f — f and § =y — y'(¢t — to), it follows that f € £ and
7 € Dom (A), or more appropriately, Dy € Dom (A’). So, equation or equation @[)
decouples as follows: )
A'Dj+ pDj = (A + BT)Djj = . (10)
BDy' (t —to) = By = f. (11)
Denote the inverse of (A" + BZ), if it exists, by Rz and denote the inverse of
A/| Dom (A’) by Ro. SO, RO L — C[O, 1] and

Djj = Rof if, and only if, A'(Dg) = f. (12)

Note that implies
Dy =RoA'Dj (13)
since Dy € Dozn(fl’), )
Since C C L, we can also consider Ry : C — C[0,1]. Let

||ROHC~—>6 = Ssup |R0'U|0, ’U,Ro’l} € C~7

[v]o=1

and o
|Rollze = |S‘up |Rovlo, veEL, RoveC.
v[1=1
Since Dj € C, it follows that |RoDglo < ||Rolls_e|Ddlo. Similarly, f € L implies
Roflo < l[Rollzoelflr-

Theorem 3.1 Assume A: Dom (A) — C|0,1] denotes a linear operator satisfying
@ and , and assume that fm:f € £~, the problem Ay = f s uniquely solvable with
solution y € Dom(A) such that (y') = 0. Further, assume there exists A" : Dom (A') —
C[0,1] such that A = A'D. Assume A'| pom, Ay @ Dom (A') — L is one to one and
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onto. Then there exists By > 0 such that if 0 < |B| < Bi, then Rg, the inverse of
(A" + BI), exists. Moreover, if f € L, Bi||Roll¢_¢ < 1 and 0 < |B| < By, then

; Rollzne 7
R < — . 14
| ﬁf|0_1_BlHR0Héﬁé|f|l (14)

Further, there exists B € (0,B1) such that if 0 < || < B, then the operator (A + D)
satisfies a strong signed mazimum principle in Dy.

Proof. Employ and apply R to to obtain
Dj + fRoDjj = Rof.
Note that implies that Ry : L — C is continuous. Assume |B|||Ro||¢_¢ < 1. Then
(Z+ BRy): C — C is invertible and
Dj = (I + BRo) 'Rof.

So, assume 0 < By < and assume || < B;. Then R = (Z + fRo) 'R exists.

Moreover,
|Dglo — Bil|Rollg_¢lDdlo < |Dglo — |8l Rollg_elDFlo
< (T + BRo)Dylo = [Roflo < |IRollz-el fla
and is proved since Dy = Rgf.

Now assume f € £ and assume f > 0 a.e. Then f=1fli-Let 0 < |B] < By <
, write f = f + f and consider

N

1
lRolle e
BDy = BRsf = BRs(f + f)-
Note that 3Rz f = f since (A’ + BI)f = Bf. So,
BDy =pRsf = BRs(f + f)
= [+BRsf = |fl1 = 1BIIRs lo-
Continue to assume that 0 < |5| < By; it now follows from that

HR'O||E—>5 £
> — - A=y

Since f = f — f, and |f| < |fli + f = 2|f|1, assume
1— B1||Rolls_p
B<min{Bl,<—1” OHCHC)}.
2||R0HE~~>€

Then

vz (120 Rl ),

and is valid with

K= (ol )
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4 Examples
Example 4.1

Our first example considers boundary conditions that contain (3). Let to € [0,1] and
consider the boundary value problem

y'+8y =f 0<t<1, (15)

y(to) =0, y'(0) =y'(1). (16)
So, for the boundary value problem (I5)), (16), A = D?, A’ = D, Ker(A) =<t —to > or
Ker(A') =<1 >.
We point out that if tp = 0 or tg = 1, the Fredholm alternative will imply that
Im(A) = L. If ty = 0, then f € Im (A), if, and only if, f is orthogonal to solutions of
the adjoint problem

y'=0, 0<t<1, y(0)=y(1), y'(1)=0.

Thus, f is orthogonal to the constant functions. If t; = 1, then f is orthogonal to
solutions of the adjoint problem

y'=0, 0<t<1, y(0)=y(1), ¥(0)=0,

and again, f is orthogonal to the constant functions. y
However, if ¢y € [0,1], one can show directly that Im(A) = L. If f € Im(A), then
there exists a solution y of

y'(t)=f(t), 0<t<1, ylto) =0, ¥'(0)=y'(1),
which implies ) )
0=y/(1)—y/(0) = / y (1)t = / F(bydt,

and f € L. Likewise, if f € £, then

y(t) = / (t— 5)f(s)ds — / (b0 — )f(s)ds (17)
is a solution of

y'(t)=f(t), 0<t<1, y(to) =0, ¥'(0)=1y(1),

which implies f € Im(A’). Thus, if t, € [0,1], Im (A) = C.

To argue that Ay = f is uniquely solvable with solution y € Dom (A), implies the
solvability. For uniqueness, if y; and y, are two such solutions, then (y1 —y2)(t) = c(t—to)
and y; — y2 € Dom (A) implies ¢ = 0.

Finally, (17) implies is satisfied with K7 = 1.

Theorem applies and there exists B > 0 such that if 0 < || < B, then (A + 8Z)
has the strong signed maximum principle in Dy. Thus, f > 0 implies Dy > 0. Hence,
a natural partial order in which to apply the method of upper and lower solutions and
monotone methods to a nonlinear boundary value problem is

y € CH0,1] = 0 <= B(t —to)y(t) > 0,0 <t <1, and By/(t) >0,0<t <1.  (18)
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In Section 5, we shall employ monotone methods with respect to this partial order
and obtain sufficient conditions for the existence of maximal and minimal solutions of a
nonlinear boundary value problem associated with the boundary conditions .

Example 4.2

For the second example, let h > 0, and we consider a family of boundary conditions

y(0) = hy(1), ¢'(0) =y (1). (19)

The boundary conditions contain the periodic boundary conditions at h = 1. In this
example, however, we exclude h = 1.

For the boundary value problem (15), (19), A = D? and A’ = D, Ker(A4) =<
t+ % > or Ker(A’) =< 1 >. Appealing directly to the Fredholm alternative, f € Im
(A) if, and only if, f is orthogonal to solutions of the adjoint problem,

y'=0, 0<t<1, y(0)=y(1), hy'(0)=y (1)

Thus, Im (A) = L. Again, f E~£~ implies Dom (A) = {y € B: Dy = 0}. Again, K in (7)
can be computed since if f € C, then

1

g(t):/o (t—s)f(s)ds+% -9 feas

Thus, Theorem 3.T]applies and there exists B > 0 such that if 0 < [3| < B, then (A'+3D)
satisfies the strong signed maximum principle in Dy.

To determine sign conditions on By, four cases arise. If 0 < # < B, one considers the
two cases, ] <hor0<h<1.If 0 < 8 < B, then By is increasing, which in turn implies
y is increasing. If h > 1, then % > 1, and it follows that y(t) < 0 for 0 < ¢ < 1. If
0<h<1,then0< % < 1, and it follows that y(¢) > 0 for 0 < ¢ < 1. Two analogous
cases can be analyzed if 0 > 3 > —B. So, for example, if > 0 and 1 < h, a natural
partial order in which to apply the method of upper and lower solutions and monotone
methods to a nonlinear problem is

yeCl0,1] = 0+=y(t)>0,0<t<1, and y/(t) >0,0 <t <1.

5 A Monotone Method

Let f :[0,1] x R? — R be continuous. Let ¢y € [0,1] and consider the boundary value
problem

y'(t) = f(ty(t),y' (1), <t<1, (20)
y(to) =0, ¢'(0) =y'(1). (21)

Assume that f satisfies the following monotonicity properties:
f(t?yv Zl) < f(t7y7 22) for (tay) € [05 1] X R7 21 > 22, (22)

f(taylvz) < f(t,y%z) for (t,Z) € [t07 ” X ]Ra Y1 > Y2,
f(tayhz) > f(t7y27z) for (tv Z) € [O,to} X Ra Y1 < 22.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 23 (5) (2023) 515

So, f is monotone decreasing in the third component; for ¢t < ¢ < 1, f is monotone
decreasing in the second component and for 0 < t < ¢y, f is monotone increasing in the
second component.

Apply a shift to and consider the equivalent boundary value problem

y'(t) + By (t) = f(ty(t),y (1) + By’ (1), 0<t<1,

with boundary conditions 7 where f < 0. Assume |§| is small such that 8] < B,
where B > 0 is shown to exist in Theorem Note that if g(t,y, 2) = f(t,y,2) + Bz

and f satisfies , then g satisfies .
Assume the existence of solutions, w; and vy, of the following boundary value prob-
lems for differential inequalities

wll/(t) 2 f(t7w1(t)7w/1(t))7 0<
wi (to) =0, wy(0) = wy

<1, Ulll(t) < f(t’vl(w vll(t))7 0<t<l, (23)

Assume further that
(t—to)(v1(t) —wi(t)) >0, 0<t<1, (vi(t)—wi(t)>0, 0<t<1. (24)
Motivated by and noting that 8 < 0, define a partial order = on C*[0,1] by
uw€ C0,1] = 0 <= (t —to)u(t) <0,0<t <1, and v/(t) <0,0 <t < 1.

Then the assumption implies w1 > v1.
Define iteratively, the sequences {vy}2, {wr}72,, where

V1 (8) + By () = f(tvx(2), vi, (1)) + Bug(t),0 < t < 1, (25)
vey1(to) =0, v4y1(0) = vy (1),
and
wy 1 (t) + Bwyy 1 (t) = f(t, wi(t), wy(t) + Py (t),0 <t <1, (26)
wt1(to) =0,  wj11(0) = wi4(1).

Theorem implies the existence of each vgy1, wgy1 since if 0 < |5| < B, the inverse of
(A + D) exists.

Theorem 5.1 Assume f :[0,1] x R? — R is continuous and assume f satisfies the
monotonicity properties . Assume the existence of two times continuously differen-
tiable functions, vi and wi, satisfying . Define the sequences of iterates {vk}32,,
{wr 332, by and , respectively. Then, for each k € Ny,

Wy = Wht1 = Vkt1 = Uk (27)

Moreover, {v}32, converges in C*[0,1] to a solution v of and {wy}72, converges
in C1[0,1] to a solution w of satisfying

Wk = W1 = W = U = Upgp = Vg (28)
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Proof. Since vy satisfies a differential inequality given in ,
W (1) + Bub(t) = F(tv1(D), 0] (5)) + AUl (8) > o] (1) + Bul(t), 0<t<1.
Set u = vo — v1 and wu satisfies a boundary value problem for a differential inequality
W (t)+Bu(t) >0, 0<t<1, wu(ty) =0, «(0)=1u'(1).

The signed maximum principle applies and u > 0; in particular, vo > wvi. Similarly,
wy = ws. Now, set u = wy — v and

u”(t) + Bu'(t) = (f (£ wi(t), wi (1) = f(t, (), v (1)) + Bwy (t) —vi(t), 0<t<1,
u(to) =0, «(0) =u'(1).

Since f satisfies and B(w)(t) —vi(¥)) > 0,0 <t <1, it follows that
u'(t) 4+ pu(t) >0, 0<t<1,

and again, the signed maximum principle applies and v > 0. In particular, ws = vs.
Thus, is proved for k = 1. It follows by a straightforward induction that is valid
using the arguments presented in this paragraph.

To obtain the existence of limiting solutions v and w satisfying , note that the
sequence {v;} is monotone and appropriately bounded. Thus, the sequence {v}} is
converging pointwise on [0, 1]. Dini’s theorem then implies the uniform convergence of
the sequence {vi} on [0,1] since {vg(t)} is monotone for each ¢t and is appropriately
bounded. This argument can be repeated to obtain the uniform convergence of {vj}
on [0,1]. Since vy (t) = f(t,vr(t), vy (1)) + B(vy(t) — vy, (t)), the sequence {v}} is
converging pointwise on [0, 1]. Now, Dini’s theorem implies the uniform convergence of
the sequence {v},} on [0, 1]. Again, employ vy, (t) = f(t,vi(t), v}, (1)) + B (v}, () —v 1 (1)),
and it follows that the sequence {v} } converges uniformly on [0, 1]. This implies that if
v € C0,1] is the limit of {v)} (meaning vy is converging to v uniformly and v}, is
converging to v’ uniformly), then {v}'} converges uniformly to v” on [0,1] and v is a
solution of 7 satisfying . Similarly, the solution w of 7 satisfying
(28)) exists, and the theorem is proved. O

Suppose now f satisfies the “anti”’-inequalities to ; that is, suppose f satisfies

f(t,y72’1) > f(t7y322) for (tay) € [05 1] X Rv 21 > 22, (29)
fty1,2) > f(t g, 2) for (t,2) € [to, 1] xR, y1 > o,
f(taylvz) < f(t7y27z) for (ta Z) € [O,to} X ]Ra Y1 < 22.

One can appeal to the signed maximum principle and apply a shift to and consider
the equivalent boundary value problem, 3" (¢t)+ 8y’ (t) = f(t,y(t),v'(¢))+6y'(t),0 < t < 1,
where 8 > 0. Note, if f satisfies and 8 > 0, then g(t,y,2) = f(t,y, z) + Bz satisfies
29).

Now, assume the existence of solutions, w; and vy, of the following differential in-
equalities

wi (t) < f(t,wi(t),wy(t), 0<
wy(to) = 0, wi(0) = w)
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Assume further that
(t—to)(v1(t) —wi(t)) <0, 0<t<1, (vi(t)—wi(¥) <0, 0<t<1. (31)
Noting that 3 > 0, define a partial order =; on C*[0,1] by
u € CH0,1] =1 0 <= (t —to)u(t) > 0,0 <t <1, and v/(t) > 0,0 <t < 1.
In particular, assume vy =1 v1.

Theorem 5.2 Assume f : [0,1] x R? — R is continuous and assume f satisfies the
monotonicity properties , Assume the existence of two times continuously differen-
tiable functions, v1 and wy, satisfying and . Define the sequences of iterates

{vp 2, {we}s2, by and , respectively. Then, for each k € Ny,

UV 71 Vk41 71 Wil 71 Wk

Moreover, {v}32, converges in C*[0,1] to a solution v of and {wy}72 | converges
in C1[0,1] to a solution w of satisfying

Vg 71 Vgt1 Z1 0 21 W 21 Wha1 21 W

6 Conclusion

Boundary value problems for ordinary differential equations with dependence on a real
parameter 3, where 5 = 0 is a simple eigenvalue, are studied. The concept of a maximum
principle in 3%/ is defined. Sufficient conditions are obtained such that if Ay+8y’ = fisa
representation of the boundary value problem, there exists a punctured neighborhood of
B = 0 such that f > 0 implies Sy’ > 0, where y is the unique solution of Ay+8y’ = f. Two
examples are provided to illustrate the main theorem and an application of a monotone
method is given.
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Abstract: The underwater vehicle has been developed by many countries to be
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underwater exploration and as a defense vehicle. The ROV can move by using six
degrees of freedom (6-DOF) and requires a control system in order for the ROV to
move as intended. In this paper, a controller was synthesized in the 6-DOF Evacuation
ROV linear model with the Sliding Mode Control (SMC) and Sliding PID (SPID)
methods. The contribution of the paper provides an analysis of numerical study and
stability analysis by using the Lyapunov function for the performance of both control
system methods. The focus of this paper is the comparison between the performance
of SMC and SPID on the AUV linear model, of which SPID is a combination of SMC
and PID. The simulation results show that the SMC and SPID methods have a good
stability and small error of about 0.1% - 4%. Further, the results show that the SPID
method is more stable than SMC.
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1 Introduction

Underwater robots are widely developed by many countries as one of their defense tech-
nologies. The underwater defense technology is very important for a country in keeping
and maintaining its marine wealth. This underwater robot is usually called the Remotely
Operated Underwater Vehicle (ROV). The ROV is commonly used for marine security
systems, assisting evaluation on at-sea accidents, and underwater exploration [1]. The
ROV has two kinds of motions, namely, the translational and rotation motions on the
x-, y-, and z-axes. Two parts of the ROV functioning to control the ROV motion are
the propulsion system and the fin system. The propulsion system is used to regulate the
angular velocity of the ROV, and the fin system is used to adjust the angle of the fin and
the rudder position. The development of the ROV was initiated in the 1970s together
with the initial investigation of the usefulness of the ROV system, and in 1970-1980,
the ROV technology development and experiments were carried out. In 1980-1990, the
experiments using prototypes were done, then in 1990-2000, the ICT-based ROV was
developed.

This encouraged researches to improve the technology for innovations, in particular
on the controller design of unmanned vehicles. The development of the controllers aimed
to organize the actuator such that the unmanned vehicle can be stable in its motion as
expected. Several studies related to the AUV control system began in the 2000s when
Chiu et al. [2] used a fuzzy control sliding mode with a 2-DOF model. In 2002, W.
Naeem [3] used a predictive control model for a nonlinear 2-DOF (surge and yaw) model.
Kim and Ura [4] used the R-One Robot AUV with a length of 8.3 meters, a diameter
of 1.2 meters, and a mass of 4400 kg with PID. Repoulias and Papadopoulos [5] used
partial state-feedback in nonlinear 3-DOF (surge, sway and yaw) models. Lapierre and
Soesanto [6] used the Infante AUV with a length of 4,215 m and a mass of 23 Kg with
path-following control. Akcaya et al. [7] used SMC in a 3-DOF linear model. Rezazadegan
et al. [8] used an adaptive nonlinear controller in the 5-DOF model. Oktafianto et al. [9]
used SMC in the linear model of AUV. Herlambang et al. [10] used the PID controller
method to control the movement of the 6-DOF linear model applied to UNUSAITS AUV,
Nurhadi et al. [11] used the SMC method to control the Surge, Heave and Pitch Motions
in the 3-DOF nonlinear model, in 2020, Herlambang et al. [12] used SPID Control in the
6-DOF linear model of the AUV, and also used the Linear Quadratic Regulator (LQR)
for the linear motion system of the AUV [14].

The focus of this paper was to compare two control methods: SMC and SPID for 6-
DOF motion control, of which the SPID controller is a combination of the SMC and PID
controllers. This study used the 6-DOF liner model, and the linear model was obtained by
linearization of the nonlinear 6-DOF model. The result of this study was the comparison
of the stability performance of SMC and SPID shown by numerical simulation on the
response results of both methods. The stability obtained by both methods was quite
significant with an error of 0.1%-4% with a settling time of 0.1-1 second.

In order to analyze an ROV, it is necessary to consider the axis system which com-
prises the Earth Fixed Frame (EFF) and Body Fixed Frame (BFF) that are displayed
in Figure 1 [14]. The motion of the ROV has 6 degrees of freedom (6 DOF) comprising
3 degrees of freedom in the direction of translational motions on the z-, y-, and z-axes
and 3 degrees of freedom in the rotational motions on the z-, y- and z-axes. The gen-
eral description of an ROV with 6 DOF can be expressed in (1), where _ represents the
position and orientation vectors over the EFF and v represents the linear and angular
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velocities over the BFF. The details have been described in [15].

2 Remotely Operated Underwater Vehicle (ROV)

In order to analyze an ROV, it is necessary to consider the axis system which comprises
the Earth Fixed Frame (EFF) and Body Fixed Frame (BFF) that are displayed in Figure
. The motion of the ROV has 6 degrees of freedom (6 DOF) comprising 3 degrees of
freedom in the direction of translational motions on the z-, y-, and z-axes and 3 degrees
of freedom in the rotational motions on the x-, y- and z-axes. The general description of

an ROV with 6 DOF can be given as

n= [77’{777;],11’ m = [Z’,y,Z]T, e = [@,07\11]T’
= [U?/Ug]T) U1 = [uvvvw]Tv U2 = [p7 q, T]Ty (1)

=[]’ n=[X,Y,2]", n=[K MN]".
This study uses the prototype of the Evacuation ROV, and the specifications of the

Evacuation ROV are: the weight is 16 kg, the length is 2 meter and the diameter is 300
mm . The properties of the Evacuation ROV are displayed in Figure |2[ and Table

Earth-fixed frame

Body-fixed frame ’,’
- o W o
N groll)

{freave) plroll rate)
v{swap) N

8 pireh) k| Jwiran

gl pitch rate r{vawrate)

Figure 1: ROV Motion with Six Degrees of Freedom [20].

Figure 2: Profile of Evacuation ROV.
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Table 1: Specification of the Evacuation ROV.

Weight 15 Kg

Overall Length 900 mm

Beam 300 mm

Controller Wired Control ArduSUB with Joystick
Sensors Depth Sensor, Sonar

Camera TTL Camera

Lighting 1500 LM, 145° Beam Dimmable
Battery 11.8 V Li Po 5200 mAh

Material Carbon Fiber

Main Propulsion T200 Motor Thruster Include Propeller
Maneuver Propulsion = T200 Motor Thruster Include Propeller
Service Speed 1,6 knots

Operation Depth 5—10 m

Variable 1 represents the vector position and orientation w.r.t. EFF, whereas 7 rep-
resents the force vectors and moments that are working on the ROV w.r.t. BFF, namely
surge (u), sway (v), heave (w), roll (p), pitch (¢) and yaw (r). The total forces and
moments which are working on the ROV can be gained by combining hydrostatic, hydro-
dynamic and thrust forces. In this case, we assumed that the diagonal inertia tensor (1)
is zero, in order to obtain the total forces and moments of the whole model as follows.

Surge:
mlis — vr + wg — 26> + %)+ yo (1 — ) + 76(or + 8)] = Xres + Xjupuulul+

Xott + Xyqwq + Xgqqq + Xorvr + Xpprr + Xprop, (2)
Sway:
mlo — wp 4+ ur — yo(r® + p*) + za(qr — p) + va(pg + 7)) = Yres + Yiuov|v|+

Yopr|r| 4 Yo0 + Yer 4+ Yypur + Yypwp + Ypepq + Yyyuv + Yous, U260, (3)
Heave:

mw —ug +vp — 2¢(P* + ¢*) + xa(rp — §) + ya(rq + p)] = Zres + Zjwjww|w|+

Zaiq914] + Zu 4+ Z4G + Zuquq + Zypvp 4 Zpprp + Zywuw + Zyus, u?é,, (4)
Roll:
Lp+ (I, — L)gr + mlyg(w — uqg + vp) — 2g (0 — wp + ur)| Kyes+

Kpppplpl + Kb + Kprop, (5)
Pitch:

I+ (I — I)rp + m[zg (i — vr + wq) — v (W — uq + vp)] = Myes + Myjpjw|w|+
Mgiqiala| + My + MyG + Myquq + Mypvp + Myprp + Myuw + Muu5su26s. (6)

3 Linearization
In general, it is difficult to design a controller for nonlinear systems —@. Therefore,

the non-linear ROV model is linearized by using the Jacobi matrix. The general equations
of the non-linear ROV model can be written as
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(7)
y(t) = g(x(t)’ u(t)’ t)7
and the Jacobi matrix is defined as
rofi(z,u,t) of1(z,u,t) Of1(Z,u,t) ]
Oxq Oxo T oz,
Of2(Z,a,t)  Of2(3,4,t) Ofa(2,,t)
8f(f, a, t) oz Oxo t Oxp
sl 0
X
Ofn(Z,ast)  Ofn(Z,a,t) Ofn(Z,a,t)
L oz, Oxa te 0Ty _

When the Jacobi matrix shown in is used to linearize the ROV equation of motion
for 6-DOF, then we obtain the following equation:

[ofi(z,at)  Ofi(z,at) Ofi(z,at) Ofi(zat) 0Ofi(Za,t) Ofi(Z,a,t)T]

ou ov ow op dq or
of2(z,u,t) Of2(Z,4t) Of2(Z,ut) Of2(F,u,t) Of2(F,ut) Of2(F,ut)
ou v ow op dq or
afs(z,u,t)  Ofs(z,u,t) dfs(z,u,t) dfs(z,u,t) o fs(z,u,t) o fs(z,u,t)
8f(.’f, u, t) ou ov ow op dq or (9)
O |ofa@at) Ofa@at) Ofa(@ut) Ofa(Emat) Ofa(@at)  Ofa(@ut) |
ou ov ow op dq or
ofs(x,ut) Ofs(z,ut) Ofs(Z,ut) Ofs(Z,ut) Ofs(Z,ut) Ofs(T,u,t)
ou ov ow op dq or
Ofe(@,u,t)  Ofs(@ut) Ofc(@ut) Ofe(Tut) Ife(T,Ust)  Ofe(Z,Ut)
L ou ov ow op dq or i

where the functions f1, fo, f3, fa4, f5 and fg are

fl = {Xres + X|u\uu|u| + qu'LUq + quqq + Xyrvr + Xpprr + Xprop - m[*v"'+

wq — xa(q” + 1) + paye + praalt/{m — X}, (10)
f2 = {Yres + Yjopvlv| + Yo rlr] 4+ Yir + Yypur 4+ Yypwp + Yygpq + Yoo uv+

Yous, 4°6, — m[—wp + ur — ya(r® + p*) + qr z¢ + pq zc]}/{m — Y3}, (11)
f3 = {Zres + Z|w‘ww|w| + Zq‘q‘q|q| =+ Zq(j + Zuquq + va’l}p + ZTpr + Zywuw—+

Zuu55u265 - m[_uq +vp — ZG(p2 + q2) + P Ta + rq yG]}/{m - Zﬂ)}ﬂ (12)
fa= Kipes + Kp|p|p|p| + Kprop — ((Iz - Iy)Q'r + m[yG(_uq + Up) - ZG(_wp + ’U/I“)])

I, — K, ’
(13)

fs= {Mres =+ Mw\w|w|w| + Mq|q|‘]|Q| + Myw + Myquq + Mypvp + Myprp + My uw+

Muu5su25s = ((Iz = L)rp + mlzg(—vr + wq) — xg(—uq +vp)])} /{1, — Mq},( 2
1

Jo = {Nres + Nyjo|v[v| + Nyjp7|r| + Ny + Nypur + Nypwp + Npgpq + Nyyuv+

Nuws, u*d; = ((Iy = L)pq + mlze(—wp + ur) — ya(—vr +wq)])} /{1 — Nf-}-( :
15



524

T. HERLAMBANG, et al.

The linear model obtained from the above process is as follows:

where
A=J,
B=J,
1
0
0
= 0
0
0

aq
a2
ag
Gyq
as
ag

(1)

= Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t),
1 O 0 O TYTLZZ)%Q
0 1 0 s 0
m (ma +Z4)
0 0 1 m—ygu-, - mEZUJ
0 - IT—ZI?,-, IT—yI?ﬁ 1 0
(m + M)
R
puie  (mre-th) 0 0 0
by an di er ¢
by co do ez go
bs c3 d3 ez g3
by ca dy es ga|’
bs c5 ds es gs
bs cc ds es ge
1 0 0 0 mzg_
0 1 0 —mzg 0
o o 1 mp (e
0 - IT—??p IT_?:}?{: 1 O
PR 0 SEpape o 1
m (mr —Ny)
T I = ]C\;f Llici N 0 0 0
B, ¢y D1 E1 Gy
By Cy Dy Ey Go
By (O3 D3 E3 G3
By Cy Dy Ei G4’
Bs Cs Ds E; Gs
Bs Cs Ds Es Gg
0 0 0 O
0 0 0 O
1 0 0 O
01 0 0 D=0
0 0 1 0
0 0 0 1

(16)

- —1
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4 Sliding Mode Control
SMC is a controller that is robust w.r.t. internal and external disturbances. As such,

SMC has been widely used in many applications. In order to apply SMC to a system,
we need to proceed according to the algorithm presented in Figure

[ Construct the function of switching S(x,t) based on the tracking error }

[ Construct the sliding surface J
[ Calculate the estimation of controller value a j
[ Apply the following control law a = & — Ksgn(S) j
[ Use the obtained value of a in the control law J
[ Calculate the value of K }
[ Replace the signum function by a saturation function }

Figure 3: Algorithm of Sliding Mode Control.

5 Sliding PID

The design of the Sliding-PID control system is a combination of SMC and PID. In this
study, the system first passes through SMC, then the result is optimized by the PID
controller. The process works as follows. The notation e represents the error signal, i.e.,
the difference between the output and the reference. The error signal is substituted into
the sliding surface equation S = é + Ae for some A € R. Then the value of S is used by
the PID to determine the input signal w. This scheme is shown in the block diagram in

Figure

6 Control System Design

Designing the SMC control system for the 6-DOF linear model involves creating control
equations for surge, sway, heave, roll, pitch and yaw, obtained by the SMC Algorithm



526 T. HERLAMBANG, et al.

O_e_ S=é+le

Figure 4: Block Diagram of SPID.

W

PID —u—

described in the previous section. From , the status of surge can be written as follows:

U = aaru + bbyv + ccyw + ddip + ee1q + ggir + AA1 Xprop + BB16,, + CCH6s,+
DD Kprop + EE16s, + GG106y,. (17)

To find the control of the surge, the tracking error of surge is determined as follows:
U= u— Uug,

where ug is a constant function. Since the system has order 1, the switching function is
formed as follows:

The derivative of S is _
S(u,t) =0 — dg. (18)

Since ug is a constant function, one has 7y = 0. By subtituting the equation into

, we get
S"(u, t) = aa1u + bb1v + ccw + ddip + ee1q + gg1r + AA1 X prop + BB19,, + CC10s,+
DD Kprop + EE16s, + GG10r,. (19)
Next, the value of )A(pmp is determined from the equation , when the value of S = 0,
as follows:

aa1u + bbiv + ccyw + ddip + eerq + ggir + AA1 Xprop + BB16y, + CCros,+
DD Kyrop + EE10s, + GG10y, = 0. (20)

Then the obtained X,,,, is

. _ (aaiu+bbyv+cew+ddip+eerg+ggr
AA,
(BBltsTl + CC10s, + DD1Kprop + EE155, + GG16,, >
AA, '

Xprop -

(21)

Since we require that the control law has to satisfy the condition of sliding, we have

Xprop = Xprop - Klsgn(s)a (22)
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then from the equation and , it is obtained that
aai1u + bbyv + ccyw + ddyp + eerq + ggrr
Xprop = - —

AAy
BB, 0s, + DD1 K o + EE1 O
1 1+CCL1+ 1488 prop + 1 2+GG1 5 lesgn(S). (23)
AAy
By substituting the equation into 7 it is obtained that
S(u,t) = —AA; Kysgn(S). (24)

Next, the value of K; is set up by substituting the equation into the following
equation to meet the sliding condition, that is,

SS S _77|S|a (25)
—SAAKisgn(S) < —nlS|,
—AA; Kysgn(S) < _Ugs|
K> (26)
— AA;sgn(S)
From the equation 7 the value of K is obtained as follows:
K = ’max A4, | (27)

Next, in order to minimize chattering, a boundary layer is used by replacing the function
of signum (sgn) into the function of saturation (sat) as follows:

Xprop = Xprop — K1sat (g) : (28)

Thus, the design of the SMC control of surge, obtained by substituting the equations
and into the equation , is as follows:

¥ _ (aa1u + bbiv + cciw + ddip + eeiq + ggir+BB16,, +CCh s, —&—DDlemp—&—EEldsg)
prop = —

AA;
_ GGy, n S
1A, A4 sat 5) (29)

Furthermore, the state equations for sway, heave, roll, pitch and yaw are as follows:

- ‘max

U = aagu + bbov + ccow + ddap + eeaq + ggor + AAs X prop + BB2dy, + CCods, +

DDsK prop + EE28,, + GGo3,, (30)
W = aasu + bb3v + ccaw + ddsp + eesq + gg3r + AA3 X prop + BB36r, + CC36s,+
DDsK pyop + EE36,, + GGsd,, (31)
D = aaqt + bbyv + ccaw + ddap + eeaq + ggar + AA4X prop + BB46y, + CCLo,, +
DDyK prop + EE4,, + GG4d,, (32)
4 = aasu + bbsv + ccsw + ddsp + eesq + ggsr + AA3 X prop + BBs6y, + CCs0,,+
DD;sK prop + EE56,, + GGsd,, (33)

7 = aagu + bbev + ccsw + ddep + eesq + gger + AAs X prop + BBsdy, + CCsds, +
DDgK prop + EEgos, + GGg6y, . (34)
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In the same way as obtaining the surge input control with the switching function, control
law, sliding conditions and applying the boundary layer, the input controls for sway,
heave, roll, pitch and yaw are as follows:

5. — _ [ aa2u + bbov + ccow + ddap + eeaq + ggar '\
o BB

AAQXprop + 002551 + DDZKprop + EEZ(;SZ + GG257‘2 n S
( BB, max BB, sat % s
(35)
5 ([ aasu + bbsv + ccsw + ddsp + eesq + ggsr\
ST CCs
AASXpmp + BBS(SM + DDSKprop + EE3(532 + GG35r2 n S
— t —
( oo max o, sa 5)
(36)
% _ aaau + bbav 4 ccaw + ddap + eeaq + ggar
prop — DD4 -
AA4Xpmp + BB4(ST1 + 004551 =+ EE4552 + GG457~2 n S
( DDs max AA, sat ) s
(37)
5 _ [aasu + bbsv + ccsw + ddsp + eesq + ggsT
s2 EFE;5
AAgXpmp + BB5($T1 + 005531 -+ DDstmp + GG5(5T2 n S
( PE max 0y sat %)
(38)
5. — _ (aasu+ bbgv + ccew + ddsp + eesq + ggeT |
2 GGs
AAGXprop + BB(;(ST1 + 006531 + DDermp + EE(;(SSQ n S
( reTeh max BB, sat P .
(39)

The design of the SPID control system for the 6-DOF linear model first passes the
SMC control system equation, then the result is optimized by the PID controller whose
proportional, integral and derivative values are shown in Table Once the control
system equations are obtained, they are connected to the 6-DOF linear model on the
block diagram shown in Figure [f] (right).

Table 2: Proportional, Integral and Derivative Values of SPID.

Ky K, Ky
Surge 2.1 0 0
Sway 201 O 0
Heave 201 O 0
Roll 2.01 0 0
Pitch 2.1 0 0
Yaw 2.1 0 0
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Figure 5: The Left Panel Displays the ROV Block Diagram Using the SMC Control System.
The Right Panel Displays the ROV Block Diagram Using the SPID Control System.

7 Computational Results

In the simulation, the response ratio of SMC and SPID control systems for surge, sway,
heave, roll, pitch and yaw motion was obtained. The setpoint of surge is 1 m/s, those
of sway and heave are 1 m/s, while the setpoint for roll rotation motion is 1 rad/s, and
those of pitch and yaw are -1 rad/s. From the simulation results, the comparison of time
delay, rise time, peak time and settling time was obtained. The simulation results by
SMC and SPID control systems are shown in Figure [6]

The comparison of the surge responses in Figure |§| (top left) is the result of AUV
simulation by SMC and SPID control systems. The results of both methods show simi-
larity of the delay time of 0.03 s, the rise time of 0.05 s, the peak time of 0.08 s, and the
settling time of 1 s. SMC and SPID are stable at the setpoint of 1 m/s at time of 1 s.
When viewed from the resulted error, SPID is 3.4%, while SMC is 4.15%. Figure[6] (top
right) shows the similarities for the delay time, rise time, peak time and settling time.
That is, the delay time is 0.037 s, the rise time is 0.065 s, the peak time is 0.07 s, and
the settling time is 0.1 s. SMC and SPID are stable at the setpoint -1 m/s at 0.1 s. In
terms of the resulted error, that of SPID is 0.09% and that of SMC is 0.11%. In Figure
|§| (middle left), it is shown that the results of both methods have similarity for a delay
time, that is, a delay time of 0.037 s. SMC has a rise time of 0.15 s and a settling time of
0.2 s, while SPID has a rise time of 0.25 s and a settling time of 0.25 s. SMC and SPID
are stable at the setpoint 1 m/s at 0.2 s. SMC and SPID on the heave response do not
have a peak time and maximum overshoot. As regards the error generated, that of SMC
is 0.19% and that of SPID is 0.8%.

The comparison of the roll response in Figure |§| (middle right) is the result of the
simulation of the AUV with SMC and SPID control systems. The results of both methods
show similarity of a delay time of 0.04 s, rise time of 0.12 s, and settling time of 0.12 s.
The response generated by the SMC and SPID methods is stable at the setpoint 1 rad/s
at 0.12 s. SMC and SPID on the roll response do not have a peak time and maximum
overshoot. In terms of the error generated, that of SMC is 0.42%, while that of SPID is
0.6%, so SMC is better than SPID for the roll response. Figure[6](bottom left) shows that
the response results by SMC and SPID methods are stable at the setpoint -1 rad/s, the
SMC settling time at 1.5 s, while that of SPID at 1.25 s. As regards the error generated,
that of SPID is 4.3% while that of SMC is 4.58%, so SPID is better than SMC but it
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has a higher overshoot. Figure |§| (bottom right) shows that the results of both methods
show similarity in a delay time of 0.002 s, rise time of 0.082 s, peak time of 0.07 s, and
settling time of 0.2 s. The results of SMC and SPID methods are stable at the setpoint
-1 rad/s at 0.2 s. As regards the error generated, that of SMC is 3.66%, while that of
SPID is 4.77%, so the the SMC method is better than the SPID one. And, the SMC
method has a lower overshoot than the SPID one.

The comparison of delay time, rise time, peak time, maximum overshoot, settling
time, and error in responses, respectively, by the default PID control system, identical
PID, SMC and SPID is shown in Table [3| for surge, sway, heave response. Meanwhile,
the comparison for responses in roll, pitch, and yaw is shown in Table 4l From this
comparison of responses, it can be concluded that the best control system for the AUV is
seen from the error and the settling time. The SPID method is more stable for the surge,
sway and pitch motion, while the SMC method is more stable for the heave, roll and
yaw motion. Next, it can be checked by making stability analysis using the Lyapunov
method.
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Figure 6: Response of the Surge, Sway, Heave, Roll, Pitch and Yaw Motions by Using SMC
and SPID Control Systems.
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Table 3: Specifications of the Transient Responses in the Surge, Sway, and Heave Motions.

Surge Sway Heave

SMC SPID SMC SPID SMC SPID
Delay Time 0.03 s 0.029 s 0.037 s 0.037 s 0.045s 0.045s
Rise Time 0.05 s 0.046 s 0.065 s 0.065 s 0.15 s 0.25 s
Peak Time 0.08 s 0.08 s 0.07 s 0.07 s 0s 0s
Maximum Peak 1.7m/s 185 m/s -1.1m/s -12m/s Om/s 0m/s
Settling Time 1s ls 0.1s 0.1s 0.2s 0.25s
Error 4.15% 3.4% 0.11% 0.9% 0.19% 0.8%

Table 4: Specification of the Transient Responses in the Roll, Pitch, and Yaw Motions.

Roll Pitch Yaw

SMC SPID SMC SPID SMC SPID
Delay Time 0.04s 0.04s 0.01s 0.01s 0.002 s  0.002 s
Rise Time 0.12s 0.12s 0.2s 0.2s 0.082s 0.082s
Peak Time 0s 0s 0.075 s 0.074 s 0.07 s 0.07 s
Maximum Peak Om/s Om/s -52m/s -58m/s 18 m/s 21 m/s
Settling Time 0.12s 0.12s 1.5s 1.25s 0.2s 0.2s
Error 0.42% 0.6%  4.58% 4.3% 3.66%  4.77%

8 Stability Analysis

A candidate of the Lyapunov function for the ROV linear system with 6-DOF is

1 1 1 1 1 1
V(u,v,w,p,q,7) = §u2 + 5112 + §w2 + §p2 + §q2 + 57“2. (40)

We will show that V' (u,v,w,p,q,r) is a Lyapunov function that satisfies the stability
criteria.

For the Lyapunov candidate function in equation , it will be proven that the
candidate function with the SMC and SPID control system in the linear model is the
Lyapunov function and the equilibrium point is asymptotically stable.

1. For (u,v,w,p,q,7) = (0,0,0,0,0,0), we obtain V(u,v,w,p,q,r) = 0, whereas
for (u,v,w,p,q,7) # (0,0,0,0,0,0), we obtain V(u,v,w,p,q,7) > 0. Then
V (u,v,w,p,q,r) has been proven to be positive definite for SMC and SPID.

2. The function V is continuous and it has a continuous first partial derivative at
S. The function V in is a quadratic function, then it is easy to see that the
quadratic function is continuous. As a consequence, the partial derivative is also
continuous.
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3. The third requirement of the SMC method is as follows:

V(u7 v,w,p,q,T ) -

ov. oV ov ov ov ov .

U+ =0+ o+ P+ G+ 7

u ov ow op dq or
= ut +vv + ww + pp + qq + rv
= u(aai1u + bb1v + ccrw + ddip + ee1q + ggir + AA1 Xprop + BB16r, +

CC10s, + DD1Kprop + EE1 s, + GG16r,) + v(aa2u + bbav + ccow+
ddap + ee2q + ggor + AA2 X prop + BB20r, + CC2ds, + DD2Kprop+
EFE36s, + GG26ry) + w(aasu + bbsv + ccaw + ddsp + eesq + ggsr+
AA3 X prop + BB36ry + CC30sy + DD3Kprop + EE30s, + GG30ry )+
p(aasu + bbav + ccaw + ddap + eeaq + ggar + AAs Xprop + BBadr, +
CC40s;, + DD4Kprop + EE4ds, + GG46r,) + q(aasu + bbsv + cesw+
ddsp + eesq + ggsr + AA3 X prop + BBs50r, + CC50s, + DDsKprop+
EFE56s, + GG56ry) 4 r(aasu + bbev + ccsw + ddep + eesq + gger—+

AAGXpmp + BB(367-1 + 006551 + DDSKp'mp + EE6632 + GG65r2)~

(41)
We take
aa1u + bbiv + ccyw + ddip + ee1q + ggir
Xprop = AAl
(B 10r, + CC10s, + DD1Kprop + EE1 s, + GGl(S”) — Kisgn(S)
AA, ’
(42)
5 — aagu + bbyv + ccow + ddap + eeaq + ggar |
LE BB,
( AAs X prop + CCobs, + Dgéf(pmp + EE56,, + GG26 ) ~ Kasen(S),
2
(43)
5 — aazu + bbsv + ccaw + ddsp + eesq + ggsr
s1 7 CCs
( AA3X pyop + BBsb,, + DgéKpmp + EE36,, + G035r2> ~ Kysen(S),
3
(44)
aaqu + bbyv + ccqw + ddap + eesq + ggar
Kprop = DD,
AAsXyrop + BBibr, + OCsbuy + EEibey + GO\ _ g oy
DD4 458 )

(45)
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aasu + bbsv + ccsw + ddsp + eesq + ggsr
552 = - EE5 B

AA3Xprop + BBsdy, + CCs05, + DD5Kprop + GG36r, \ Kssan(S),
EFE;5
(46)
aacu + bbgv + ccgw + ddgp + eesq + gger
GGg
AA prop + BBﬁém + 006681 + DDGKPTOP + EE6632 _ KGSgn(S)'
GGg
(47)

Substitute equations — into equation , then we obtain

V(u,v,w,p,q,7) = u(—AA1 K1sgn(S)) + v(— BB2Kasgn(S)) + w(—CC3 K3sgn(S))+
p(—DD4Kysgn(S)) + ¢(—EEsKssgn(S)) + r(—GGs Kesgn(S)) <
(—AA1K1)u+ (—BB2K2)v + (—CC3Ks)w + (—DD4Ka)p+
(—=EE5Ks)q + (—GGsKe)r.

;s K4: ’ﬁ’na K5: ‘ELE5 7,

et £ 5 .

Kg = ’%%‘ 7. Then we obtain

(=l + (=n)lv| + (=n)|w| + (=n)lp| + (=n)lg| + (=n)||
=n(lul + o] + [w] + |p| + [g] + Ir])-

V(u,v,w,p,q,7)

[VANVAN

From the above requirements, the function V is the function of Lyapunov and the
system is asymptotically stable.

The third characteristics of the SPID method is as follows:

aa1u + bbiv + ccyw + ddyp + ee1q + ggrr
Xprop = — B

AA,

BBy6,, + CC164, + DDy K prop + EE10,, + GG16,,
AA, M

1u—|—K217u +Kd1u> 5 (48)

BB,
AA prop + 002631 + DDQKp,mp + EE2632 + GG26T2
BB, +

(aagu + bbov + ccow + ddap + eeaq + 9927‘>
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p2U + KZQ ’U + Kdz’l)) (49)

aazu + bbgv + ccsw + ddsp + eesq + ggsr\
CCs

AA prop + BBg(STl + DDngmp + EE3(552 + GGg(Srz
CCs *

p3W + Kzs w? + Kddw> (50)

aaqu + bbyv + ccqw + ddap + eeqq + 9947“>
Kprop =

DDy

AA Pmp + BB457’1 + 004591 + EE4592 + GG4(5M
+
DDy

aasu + bbsv + ccsw + ddsp + eesq + ggsr\
EE5
AASXpropBBB(Srl + 005551 + DD5Kpmp + GG56 ro
EE; *

p5quKz5 q JrdeQ) (52)

aagu + bbgv + ccgw + ddgp + eesq + gger
GGs
AA prop + BBG(ST1 + 006651 + DDGKprop + EEG(SSz
GGs -

(x
(
(*
(x
3}
(*
( Kpap + Kia P +Kd4p> (51)
(
(
(
“
(=

(K;DGT + Ki6§7'2 + Kd(s?'”) : (53)

Then equations 1' will be substituted to Xprop, 0ry, 015 Kprop, 0s, and 6y,
in equation . The following equation is obtained:

. aaiu + bbiv + ccrw + ddip + eerq + ggir + AAL (Kpiu + Ki 2u?)
V(u,v,w,p,q,7)=u *

1—-AAKan
BBl(Srl + 001631 + DDlernp + EE1632 + GG15r2 +
1 - AAlel

o [ 202t ~+ bbav + ccow + ddap + eeaq + ggor + AA2 Xprop
1 — BB2Ka2

BB (Kp2v + Kingv?) + CC20s; + DDaKyrop + EE0s, + GGadr, ) n

+

1 — BB2Kg2

w [(2asu + bb3v + ccaw + ddsp + eezq + ggsr + AA3 X prop +
1—-CC3Kg4s
BBs36,, + CC3(Kpzw + KiS%U/Q) + DDsKprop + EE30s, + GG3p,
+
1—-CC3Ky3
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» (aa4u + bbav + ccaw + ddap + eeaq + ggar + AAs X prop

1—DDsKgy
+BB457‘1 + CCuds, + DDs(Kpap + Kia5p*) + EEsSs, + GGady, .
1—DDysKgy
aasu + bbsv + ccsw + ddsp + eesq + ggsr + AA3 Xprop +
4 1 EEsKas
BB567‘1 + 005651 + DD5Kprop + EE5(Kp5q + K7,5%q2) + GG56T2 +
1—- FEE5Kgs
, aasu + bbgv + ccsw + ddep + eesq + ggsr + AA6 Xprop + BBe0r, n
1 - GGeKas
CCé8s, + DDsKprop + EEs0s, + GGo(Kper + Kic3r?) (54)
1-— GGeKdG

Next, we take

1
K7 = |aaiu + bbiv + ccrw + ddip + ee1q + ggrr + AAx ( p1U + K”E 2) + BB16r, +
001651 + DDle'rop + EE1652 + GG15T2 | m,
1
Ks = |aazu + bbav + ccow + ddap + ee2q + ggor + AA2 X prop + BB2 (Kpgv + Ko 51)2) +

002631 + DD2Kprop + EE2632 + GGQCer | 7]27
Ko = |aazu + bbsv + ccsw + ddsp + eesq + ggsr + AAs X prop + BBsdr, +

1
CCs (Kpgw + K3 §w2) =+ DDngmp + EE3552 + GG35T2 n3,

Kio = |aaau + bbav + ccaw + ddap + eeaq + ggar + AAy Xprop + BB4dy, + CCuds, +

1
DDy <Kp4p + Ki4§p2) + EE4632 + GG467“2 T4,

K11 = |aasu + bbsv + ccsw + ddsp + eesq + ggsr| ns,
K12 = |aasu + bbv + ccsw + ddep + eesq + gger + AAs Xprop + BBsdr, + CCsds, +

1
DDﬁKpmp =+ EE6552 + GG (Kp(;?" + Kis 57‘2) 76,

1 _ 1 _ 1 _
where m = 41_AA1Kd1 , 12 - T—BB2Kas’ 3 = m un =
i-D 1%4 Ka: B = ﬁ and ng = % Furthermore,
AAl, Kdl, AAQ, Kdg, AA3, Kdg, AA4, Kd4, AA5, Kd5, AAﬁ, Kd6 > 1. It follows that
1 - AA 1Kg1 < 0, 1— BByK o < 0, 1— CCngg < 0, 1 - DDsKy < 0,

1-FE;K4 5 <0and 1 —GGgKg6 < 0. Then we obtain that V(u,v,w,p, q,7) <0.

According to the above requirements, the function V (u, v, w,p, q,r) = %uQ + %’UQ +
%wZ + %pQ + %qQ + %7’2 is the Lyapunov fuction and the system is asymptotically
stable.

If V(z) = oo when & — oo, then the Lyapunov function is globally asymptotically
stable. The above Lyapunov function is V (u,v,w,p,q,r) = éuz + %vz + %wz +
ip? + 1¢% + Ir?. It will be proven that V(u,v,w,p,q,7) — oo when u — oo,

v — 00, W % 00, p — 00, ¢ — oo and r — oo. Since V(u,v,w,p,q,r) = %u2+
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%1)2 + %wQ + %pQ + %qQ + %7"2 is a quadratic function, if u — oo, v — 0o, W — o0,
p — 00, ¢ — oo and r — oo, then V(u,v,w,p,q,r) — oo. Thus, the Lyapunov
function V (u, v, w,p,q,r) = %uz + %vz + %w2 + %pQ + %q2 + %7"2 is asymptotically
stable. In conclusion, the stability analysis of the SMC and SPID control systems
has the stability property of being globally asymptotically stable.

9 Conclusions

Based on the simulation analysis of the SMC and SPID methods, it can be concluded that
both methods have good stability for the ROV linear model with an error of about 0.09%
- 4.5%. In terms of the delay time, rise time, peak time, maximum peak, and settling
time, both methods have similarities. As regards the stability ratio for each motion
performed, the SPID method is more stable for the surge, sway, and pitch motion, while
the SMC method is more stable for the heave, roll and yaw motion.
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Abstract: This paper presents a sufficient condition for two vector fields X and Y
to have the squares noncommutative, i.e., [XQ, Y2] # 0, in the case when X and Y
span a 3-nilpotent distribution. And when the nilpotent disributions of class 2 or 3
are spanned from more than two vector fields, it gives the same result.
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1 Introduction

The theory of subelliptic operators plays an important role in many applications in
nonlinear dynamics and system theory, robotics and mechanical systems, optimal control
of nonlinear systems, see [1,/9].

The subelliptic operator is a particular of case hypoelliptic differential equations.
Hypoelliptic equations involve operators that are neither purely elliptic (like Laplace’s
equation) nor hyperbolic (like the wave equation), but rather fall in between. These
equations often arise in the context of modeling systems with varying degrees of regularity
and smoothness.

An example is the study of heat conduction in materials with varying degrees of
conductivity, with a heat diffusion being non-uniform in all directions. The equation
9 _ Lu =0 gives a more efficient description in that direction, where u(z,t) is the heat

ot
kernel and the subelliptic operator L is defined in the differential manifold. And the
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heat kernel characterizes the evolution of heat distribution over time in the context of
the operator’s structure.

A heat kernel of the subelliptic operator L = X? 4 --- + X,f, where X1, -+, X are
vector fields of R™, with & < n, is an important problem. A sufficient condition for the
hypo-ellipticity of the operator L is the bracket condition, see [2}[3/6,/8]. If the squares
of the aforementioned vector fields commute, i.e., [XZ-Q,X;] = 0 for all X;, X;, then the
heat kernel of L is the product of heat kernels

tL tX: .

2
e =e€ X

e
If they do not commute, the previous formula does not hold any more, and the heat
kernel should be found using a different method, see [4,[7,[12].

Ovidiu Calin and Der-Chen Chang in [5] give a sufficient condition for two vector
fields X and Y to have the squares noncommutative, i.e., [X?2,Y2] # 0, in the following
result.

Theorem 1.1 [5]. Any distribution D = span{X,Y} of nilpotency class 2 is a
No-Distribution, i.e., [X2,Y?] # 0.

In the present work, as the first result, in Theorem we shall prove that in the case
of nilpotent distribution with the nilpotency class equal to 3, the squares of the vector
fields do not commute. In the second and third results of this work, Proposition and
Proposition [3.2] we shall generalize the results of Theorem [I.I]and Theorem [3.1] for more
than two vector fields.

2 Preliminaries

In an n-dimensional smooth manifold M, we recall that a smooth distribution D of rank
m is a rank m subbundle of the tangent bundle TM [11]. We call the 91;-Distribution
a distribution spanned by two vector fields X and Y, which satisfies the condition
[XF Yk #£0 [5].

Let T'(D) be a basis of the distribution D. We recall that the iterated commutator
sets C* of vector fields obtained by k iterated Lie brackets of horizontal vector fields are

Ct={[X,Y]; X,Y e (D)},

c" ={[C,Z]); C e C",Z eT(D)}.

A distribution D is called nilpotent if there is an integer & > 1 such that C*) = 0,
i.e., all the k iterated Lie brackets vanish. The smallest integer k is called the nilpotency
class of D which is called k-nilpotent, see page 47 in [6].

Example 2.1 (ezample of 3-nilpotent distribution [11]) The Martinet distribution in
R3 (with coordinates (x,, z)) is the distribution generated by X and Y with

1
X=0zx, Y=0y+ 595282,

the iterated commutators are
[X,Y] = z0z,
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[Xv [Xv Y]] = 0z, [Y, [X> Y]] =0,
and
[X7 [Xv [X’ Ym =0, [Xv [Y’ [X7 Y]]] =0,
Y, [X, [X,Y]]] =0, [Y,[Y,[X,Y]]]=0.

)

It follows that this distribution is nilpotent of class 3.

3 Main Results

Theorem 3.1 Any distribution D = span{X,Y} of nilpotency class equal to 3 is a
No-distribution, i.e., [X2,Y?] # 0.

To prove this theorem, we use several lemmas, and we recall the following.
The distribution D = span{X,Y} is nilpotent of class 3 meaning that

X,Y] £0, 1)
Y, [X,Y]]#0 or [X,[X, Y]] #0,

and

XX X Y] =0, [V [Y,[X,Y]]]=0, (2)
[X, [Y7 [Xv Y]]] =0, [Y, [X> [Xv Y]]] =0. (3)

Lemma 3.1 In a distribution D = span{X,Y} of nilpotency class 8, we have
(X2 Y?=0= (XY)? = (YX)2 (4)
Proof. By developing the first equation of , we get
(X, [V, [X,Y]]| =0 <= X?Y? - V2X? - 2(XY)?+2(YX)* =0
= X?Y? - Y2X? =2((XY)* - (YX)?)

or
[X27 Yz] =0,

then (XY)? = (YX)2.
Lemma 3.2 In a distribution D = span{X,Y} of nilpotency class 3, we have
(X%, V%] =0 = XYX?YV?= X?*Y2XY. (5)
Proof. The expansion of the equations (2 gives
X3Y —3X?YX +3XYX?-YX3=0, (6)
Y3X - 3Y?XY +3YXY? - XY3 =0. (7)

Multiplying the right-hand side, then the left-hand side of the relation (6) by Y2 and the
relation (7) by X2, we obtain

X33 - 3X?YXYV? +3XYX?Y? - YX3YV? =0, (8)
Y3X? - 3Y?XYX? +3YXY?X? - XY?*X? =0, (9)
V3X3 - V2X3Y +3Y?X?Y X - 3Y2XY X? =0, (10)
X33 — X?2Y3X +3X%YV2XY - 3X?YXY? =0. (11)
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By the subtractions of these equations, —@, —, —, we have found,

respectively,

X372 —v3X3 =3X2YXY2 - 3XYX?Y?24+YX3Y2 -3Y2XY X2

+3YXY?2X? - XY3X2, (12)
X3y3 —v3X3 = 3X2YXY? - 3XYX2Y?2 + Y X3Y? - V2X3Y

+3Y2X?Y X - 3V2XY X2, (13)
X33 —v3X3 = X?Y3X - 3X?Y2XY +3X?YXY? - Y2X3Y

+3Y?X?*Y X - 3Y2XY X2 (14)

Subtracting the equations — gives
—3XYX?Y?4+YXPY? + VXY - 3VPXPY X
— XY3X? +3YXY2X? - X?Y3X + 3X°Y2XY = 0.
In view of the fact that X2Y? = Y2X?2, the last equation becomes
—XYXY?24+YXX?Y? 4+ X?Y2XY - X?Y?2Y X =0,
then
XY2[X,Y] = [X,YV]X?Y?. (15)
On the other hand, subtracting the equations — gives
“3XYX2Y? Y X3Y? — X2V3X 4+ 3X%Y2XY =0,
then
—[X,V]X?Y? + X?Y2[X, V] + 2(X?YV2XY - XY X?Y?) =0.
Using the relation , we obtain
XYX?*Y? = X?Y?XY.
Lemma 3.3 In a distribution D = span{X,Y } with the nilpotency class 3, we have
(X%, Y% =0 = X?Y?=3(XY)> (16)

Proof. Multiplying the equation @ in the proof of Lemma by Y on two sides,
we obtain
YX3Y?2 -3V XY XY +3Y XY X?Y - V2X3Y = 0. (17)

Lemma [3.2] proves that
XY X?%Y? = X%2y?XyY,

and interchanging X and Y, we get
YXX?%Y? = X?Y?Y X,

then becames
XPYV2[X, Y] = 3((XY)® — (YX)*) =0,
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this implies that
(X?Y? - 3(XY)?)[X,Y] =0
but [X,Y] # 0, then
X?y? = 3(XY)2.

Proof. (Proof of Theorem We shall prove this theorem by contradiction, i.e.,
we assume that
[X2,Y?] =0. (18)

By developing [X,Y]? and using Lemma we get

[X,Y]? = (XY)? — (XY))(YX) — (XY)(YX)(XY) + (XY)(YX)?
—(YX) (XY 4+ (YX)XY)(YX)+ (YX)}(XY) - (YX)?
=3(XY)? —3(YX)} — (XY)(YX)(XY)+ (YX)(XY)(YX). (19)
Using Lemma [3.3] we get
(XY)(YX)(XY) = XY?X?Y
=3X(YX)?Y
=3XYXYXY =3(XY)?,
(YX)(XY)(YX)=YX?YY
=3Y(XY)’X
=3YXYXYX
=3(YX)3.

The equation becomes
[(X,Y]? =3(XY)? - 3(YX)® - 3(XY)? +3(YX)? =0,

then [X,Y] = 0 is a contradiction. It turns out that cannot hold. It follows that
the vector fields X and Y span a 91y-distribution.

Example 3.1 [11] It is clear that the distribution D = Span{X,Y} is nilpotent of
class 3 so that

1
X=0x, Y=0y+ 59528,2,

and
[X2,Y?] = 42020ydz + 20ydz + 823020 + 12220% # 0.

For the second part of this paper, we need a new definition of 91;-distribution in the
case when the distribution is spanned by more than two vector fields.

Definition 3.1 Let D = span{X1, Xo,--+ , X;n} with m < n. We say that D is a
Ny.-distribution if there exist X;, X; € D such that [X}, XF] # 0.

In this proposition, we generalize Theorem for more than two vector fields.
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Proposition 3.1 Let D = span{ Xy, -, X} be a distribution spanned by m-vector
fields of R™ (m < mn). Then if D is a nilpotent distribution of nilpotency class 2, then D
is a Na-distribution, i.e., 3 X;, X; € D such that [XE,XJZ] # 0.

Proof. D is a nilpotent distribution of nilpotency class 2, then there exist X;, X; € D
such that
(X3, X5] #0

and
[X“[XZ,X]] ZO and [Xj,[Xi,Xj]] ZO

Let us tackle a sub-distribution D" = span{X;, X;}, from Theorem [1.1] we obtain that
in D/,

[X?, X711 #0,
or D' C D, then we have in D,

X2, X2 £0.

Example 3.2 [10] The distribution D = span{X,Y, Z} such that
X=0x, Y=0y, Z=uz0z

is nilpotent of class 2,

[X,Y]=0, [V,Z]=0, [X, Z]=0=

and
[Y, [X7Y]]:Oa [Xv [X7Y]]:O7
[X7 [X’Z]]:()? [Ya [KZ]]:O7
[Z,[X,Y]]=0.

On the other hand, we have
(X%, 7% = 42020%2 + 20%2 # 0.
In the next proposition, we generalize Theorem for more than two vector fields.

Proposition 3.2 Let D = span{Xy, -, X} be a distribution spanned by m-vector
fields of R™ (m < mn). Then if D is a nilpotent distribution of nilpotency class 3, then D
is a My-distribution, i.e., 3 X;, X; € D such that [X?, X7] # 0.

Proof. D is a nilpotent distribution of nilpotency class 3, then there exist X;, X; € D
such that

[Xi7Xj] 7& 0
and
(X, (X, [Xa X511 =0, [XG, [XG, [XG, X)) =0,
(X, [ X5, [Xi, X5 =0, [X;, [X5, [Xi, X;]]] = 0.

We remark that in the proof of Theorem we do not use the iterated brackets of
degree two (C?). Let us tackle a sub-distribution D’ = span{X;, X;}, from Theorem 1.1
we obtain that in D/,

(X7, X3 # 0,
or D' C D, then we have in D,

X2,X2) £0.
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4 Conclusion

In summary, the heat kernel of a subelliptic operator captures the essential dynamic
behavior of heat diffusion within a system defined by that operator. It describes how the
initial heat distribution changes over time due to the conduction process governed by the
operator’s structure. The heat kernel provides insights into the temporal evolution of heat
within the context of the subelliptic operator, connecting the mathematical description
of heat conduction with the dynamic behavior of the system.

Unfortunately, the only method to find the solution of this kernel, is that the square
of the vector fields commutes (sufficient condition).

Ovidiu Calin and Der-Chen Chang in [5] give a sufficient condition for two vector
fields X and Y to have the squares noncommutative (distribution spanned with two
vectors fields).

In this work, we have given an extension for more than two vector fields, and we have
proposed a new sufficient condition for the noncommutative squares of the vectors fields
in the case of distribution of nilpotency class 3. This result offers less computation and
excellent description for the methods of finding the heat kernel of the sum of squares
operator.
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Abstract: In this study, we explore the application of the Moore-Spiegel chaotic
system in both image and voice encryption, considering the increasing importance of
data security in the digital age. The analysis of the chaotic system involves examining
phase diagrams, time series, bifurcation diagrams, Lyapunov exponent analysis, and
Poincaré maps to understand its dynamics. For image encryption, we evaluate the
system’s effectiveness through various analyses, including histogram analysis, correla-
tion analysis, entropy analysis, NPCR and UACI analysis, and noise attack analysis.
Similarly, for voice encryption, we assess it through various analyses, including wave-
form plots, FFT, spectrograms, correlation coefficients, entropy analysis, and RMSE.
The findings demonstrate the suitability of the Moore-Spiegel chaotic system for both
image and voice encryption, suggesting its potential as a data transmission masking
technique. The research includes numerical simulations conducted using Python to
support the proposed approach.
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1 Introduction

In recent times, ensuring the security and integrity of data transmitted through commu-
nication systems has become a significant focus for scientists. Research on chaos over
the past four decades has revealed its complex and unpredictable behavior in various
domains such as physics, climatology, chemistry, and biology. [1]

The Moore-Spiegel system, discovered in 1966, is a chaotic system that describes
aperiodic dynamics and has applications in understanding thermal dissipation and con-
vectively unstable fluids [2]. In 2017, the Moore-Spiegel synchronization circuit was
applied to a communication security system [3].

Numerous studies have explored the application of chaotic systems in encryption,
including image encryption using 1D, 2D, and 3D chaotic systems [4-6], as well as voice
encryption using the Jerk, Chua, and Bhalekar-Gejji chaotic systems [7H9]. While the
previous research demonstrates the potential of chaotic systems in encryption, further
optimization and security analysis are required.

This paper is structured as follows. Section 2 discusses the analysis of the Moore-
Spiegel Chaotic System, including phase diagrams, time series, bifurcation analysis, Lya-
punov exponent analysis, and Poincaré analysis. Section 3 explains the encryption and
decryption algorithms for digital images and voice using the Moore-Spiegel system. Sec-
tion 4 presents experimental results and analysis. For image encryption, we perform
histogram analysis, correlation analysis, entropy analysis, NPCR and UACI analysis,
and noise attack analysis. For voice encryption, we conduct voice signal plot analysis,
correlation coefficient analysis, voice entropy analysis, and Root Mean Squared Error
(RMSE) analysis. Finally, Section 5 concludes and provides a final assessment.

2 Moore-Spiegel Chaotic System and Basic Analysis

The Moore-Spiegel system is described by the following system of differential equations:

=Y
=z, (1)

—z 4 ay — 2%y — b

z

The parameters and the initial conditions of Moore-Spiegel chaotic system are chosen as:
a=9,b=25, and (xo, Yo, 20) = (2, 7, 4) so that the system shows the expected chaotic
behavior [2}3}[10].

2.1 Phase diagram and time series

The signal plots of the Moore-Spiegel chaotic system with the constant parameters a = 9
and b = 5, and the initial condition of (2, 7, 4) were simulated using Python 3, as depicted
in Figure [I] The corresponding phase diagrams are illustrated in Figure [I} The graphs
obtained from the Moore-Spiegel system equations exhibit chaotic behavior, indicating
their suitability for digital image and voice encryption.

The utilization of phase diagrams and time series diagrams provides a solution for
analyzing the Moore-Spiegel system’s differential equation. These diagrams allow the
observation of the system’s movement characteristics. By examining the time series plot
of variables z, y, and z in Figure [2] it becomes evident that the Moore-Spiegel system
exhibits chaotic behavior.
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(a)

547

Figure 1: The 2D phase diagram of the Moore-Spiegel chaotic system; (a) y vs z, (b) z vs z,
(¢) z vs y, with the parameter values a = 9, and b = 5.
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Figure 2: The time series for the Moore-Spiegel chaotic system with the parameter values a = 9
and b = 5.

2.2 Bifurcation analysis

The bifurcation diagram represents the transition of a discrete dynamical system from
regular behavior to chaos . Bifurcation analysis was carried out for the Moore-Spiegel
chaotic system using a fixed set of parameter values, starting from the initial condition of
(2, 7, 4). We perform 10,000 iterations with a time step of 0.01. The findings depicted in
Figure[3]illustrate the bifurcation diagram of the Moore-Spiegel system for the parameter
values within the range of 5.0 < a < 10.0, revealing the presence of chaotic dynamics
with periodic patterns. Similarly, Figure [ illustrates the occurrence of chaotic behavior
with periodic patterns in the system when the parameter value falls within the range of
3.0 < b <10.0.

-1t

-
-
el
=

Figure 3: Bifurcation diagram with the parameters b = 5 and a = varied; (a) = vs a, (b) y vs
a, (¢) z vs a.
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Figure 4: Bifurcation diagram with the parameters a = 9, and b = varied; (a) = vs b, (b) y vs
b, (c) z vs b.

2.3 Lyapunov exponent

The Lyapunov exponent (Ay) is a metric employed in the realm of dynamical systems
theory to gauge how susceptible a system is to alterations in its initial conditions. We
employed a predefined set of parameter values and initialized the simulation with an
initial state of (2, 7, 4). Following that, we conducted 10,000 iterations with a time
increment of 0.01. Within the framework of the Moore-Spiegel chaotic system equations,
the variable v;(a, b) signifies the value of the x, y, or z component at time step ¢ within
a simulation carried out with specific parameter values a, and b . The equation
for the Lyapunov Exponent is stated as follows:

1 1=
Av(a, b) = %ln ~ Z [vi(a, )| | . (2)
1=0

The Lyapunov exponent formula allows us to understand the extent to which the
Moore-Spiegel chaotic system is sensitive to changes in its initial conditions and whether
the system tends toward chaotic or stable behavior over time. The strange attractor
shows three Lyapunov exponents with positive, zero, and negative values [3].

Figure 5: The Lyapunov exponents when the parameters are varied as follows: (a) b =5 and
a = varied, (b) a =9 and b = varied.

Figure E] illustrates chaotic behavior in the range of 5.0 < a < 10.0, with other
parameters held constant. The diagram displays periodic patterns amidst the chaos.
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Furthermore, within the range of 3.0 < b < 10.0, while keeping the other parameters
constant, the system exhibits diverse chaotic behaviors for different parameter values,
specifically @ = 9 and b = 5. The system demonstrates limit point behavior due to the
presence of two negative Lyapunov exponents.

2.4 Poincare analysis

The Poincaré map provides insights into periodic and non-periodic systems. Periodic
systems exhibit a limited number of points with a repetitive structure, while non-periodic
systems have a larger number of points with an unpredictable structure, with some points
repeating.
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Figure 6: Poincare map with the parameters a = 9, and b = 5; (a) z(n+1) vs z(n), (b) y(n+1)
vs y(n), (c) z(n+ 1) vs z(n).

Figure [6] shows the Poincaré map for the Moore-Spiegel system, where a = 9 and
b = 5. The map demonstrates chaotic behavior in the Moore-Spiegel chaotic system. It
is characterized by scattered points with an irregular structure, and some points show
repetition. The Poincaré map helps understand qualitative features of strange attractors
during chaotic states by revealing dense intersections and different trajectories in each
period. Analyzing the Poincaré map is crucial to comprehend the attractors’ qualitative
characteristics.

3 The Moore-Spiegel System Algorithm

3.1 Encryption algorithm

Input (Image) : Original Image (Bird, Landscape, Cat)
Input (Voice) : Original Voice

Output (Image) : Encrypted Image

Output (Voice) : Encrypted Voice

e Step 1: Import the required libraries.

e Step 2: To generate the pseudo-random key, you can create a function named
"secret-key” that utilizes the Moore-Spiegel chaotic system. For instance, you can
select a solution from differential equation (1) that demonstrates chaotic behavior,
such as x, y, or z, and use it as the basis for generating the pseudo-random key.
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Step 3: Specify the initial conditions and the "num” parameter responsible for
inducing chaos in accordance with differential equations (1). As an illustration,
you can set the initial condition to (z, y, z) = (2, 7, 4) and use parameters a =9
and b =5.

Step 4 (Image): Load the decrypted image and extract its height and width to be
used in the "secret key” function.

Step 4 (Voice): Read the voice file and convert the voice data into NumPy array
format.

Step 5: Iterate through each pixel (Image) or frame (Voice) in a loop.

Step 6: Apply the XOR operation to encrypt the pixel (Image) or frame (Voice)
using the pseudo-random numbers generated from the ”secret key”.

Step 7: Obtain the encrypted image or encrypted voice.

3.1.1 Decryption algorithm

Input (Image) : Encrypted Image
Input (Voice)  : Encrypted Voice
Output (Image) : Decrypted Image (Bird, Landscape, Cat)
Output (Voice) : Decrypted Voice

Step 1: Import the required libraries.

Step 2: Read the encrypted image or encrypted voice file and extract its dimensions
or transform the voice data into a NumPy array.

Step 3: Define the initial values and the "num” parameter that result in chaotic
characteristics, similar to those in the encryption system. For instance, establish
the initial condition as (z, y, z) = (2, 7, 4), with parameters a = 9 and b = 5.

Step 4: Produce a pseudo-random key through the development of a function named
the "secret-key” that leverages the Moore-Spiegel chaotic system. For instance, opt
for a solution within differential equation (1), be it z, y, or z, that demonstrates
chaotic behavior to serve as the basis for the pseudo-random key.

Step 5: Iterate through each pixel in the encrypted image or frame in the encrypted
voice file.

Step 6: Decrypt the pixel (Image) or frame (Voice) by performing XOR opera-
tion between the encrypted pixel (Image) or frame (Voice) and the corresponding
pseudo-random number from the secret key.

Step 7: Obtain the decrypted image or decrypted voice.
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4 Experiment Results

In this section, we divide the experimental results into two parts: image encryption and
voice encryption.

4.1 Image encryption

In this part, we conducted an evaluation of the Moore-Spiegel chaotic system’s masking
approach, utilizing three unique images: Bird, Landscape, and Cat. Our analysis was
primarily focused on appraising the system’s effectiveness in encrypting and ensuring the
security of image files, as shown in Figure[7]

() (h) (i)

Figure 7: Application of the Moore-Spiegel chaotic system in Digital Image Encryption and
Decryption. (a, d, g) Original. (b, e, h) Encrypted. (c, f, i) Decrypted.

4.1.1 Histogram image encryption analysis

Histogram analysis portrays the distribution of pixel intensities graphically in an image.
It provides insights into the prevalence of different ranges of pixel intensities . Pixels
in an original image have distinct and information rich diagonal bars. These diagonal
bars are vulnerable to attacks. To counter such attacks, the encryption algorithm should
ensure that the encrypted image has evenly distributed bars . Figure EI, show
histogram analysis results for the original image, encrypted image, and decrypted image.
The original image’s histogram displays non-flat distribution with clustering tendencies
on the left and right sides. The histogram of the encrypted image indicates a successful
encryption with a flat distribution. The histogram of the decrypted image demonstrates
a successful decryption, restoring a similar distribution as in the original image.
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Figure 10: Histogram analysis of Cat image: (a) original, (b) encrypted, (c) decrypted.

4.1.2 Correlation image encryption analysis

Correlation analysis measures the degree of correlation between multiple images using
a correlation coefficient ranging from -1 to 1. A correlation coefficient of 1 represents
a perfect positive relationship, 0 indicates no relationship, and -1 represents a perfect
negative relationship . The correlation coefficient is calculated based on the relative
ranking of pixel intensities in the images, rather than their actual values. It can be
expressed mathematically as follows:

Fay = M’ (3)
(D(z)D(y))
where
1
Cov(z,y) = + Z(IJ E(z))(y; — E(y)), (4)
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The correlation coefficient equation involves the expected values of variables x and y
denoted by E(z) and E(y), respectively. The term Cov represents the covariance between
the variables, while D(z) and D(y) indicate the standard deviations of z and y. The
variables x; and y; refer to the individual pixels in the first and second images, and N
represents the total number of pixels involved in the calculation [1].

’ Image \ Channel \ Original-Encrypted \ Original-Decrypted ‘

Bird R -0.0056 1.0000
G 0.0288 0.9999

B -0.0078 1.0000

Average 0.0052 1.0000
Landscape R -0.0230 0.9999
G -0.0308 0.9999

B 0.0279 1.0000

Average -0.0087 0.9999

Cat R 0.0036 1.0000
G 0.0217 1.0000

B 0.0236 0.9999

Average 0.0163 1.0000

Table 1: Image correlation analysis.

Table [1| presents the results of correlation analysis conducted for the encrypted image
and decrypted image of the three images using RGB analysis. The correlation coef-
ficients between the pixels of the original images and the encrypted images are close
to zero, indicating a lack of correlation and successful image masking. On the other
hand, the correlation coefficients between the pixels of the original images and those of
the decrypted images show a perfect correlation, confirming the algorithm’s successful
execution.

4.1.3 Entropy image encryption analysis

Image entropy within the RGB channels serves as a statistical metric employed to eval-
uate the degree of uncertainty or randomness present in the distribution of pixel values
within each individual color channel (namely, Red, Green, and Blue) in the color im-
age. Entropy offers insights into the uniformity or concentration of information within
each channel. A heightened entropy value implies a more haphazard distribution of pixel
values, whereas a lower entropy value signifies a more structured or concentrated arrange-
ment of color distribution [16]. The calculation for determining the information entropy
value is defined by the following equation:

N

H(X) ==Y p(z:)logy(p(x:)), (7)

i=1

in this context, H(X) stands for the entropy measure of the probability distribution
X, p(xz;) signifies the likelihood of pixel value x; occurring within the distribution, N
corresponds to the total count of unique pixel values in the distribution, and log, (p(z;))
denotes the logarithm base-2 of the probability associated with pixel value x;.
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Based on Table [2] the entropy value for the encrypted image is higher than those
for the original and decrypted images. The higher the entropy value (closer to 8), the
higher the level of disorder in the information content of the image. This means that
the information contained in the encrypted image is irregular, random, and difficult to
comprehend.

’ Image \ Channel \ Original \ Encrypted \ Decrypted ‘

R 7.35329 7.99193 7.35329

Bird G 7.07455 7.99194 7.07455

B 7.83513 7.99198 7.83513

R 7.84448 7.99202 7.84448

Landscape G 7.80162 7.99197 7.80162
B 7.04028 7.99200 7.04028

R 7.55674 7.99196 7.55674

Cat G 7.55905 7.99203 7.55905

B 6.94755 7.99195 6.94755

Table 2: Image entropy values.

4.1.4 NPCR and UACI Analysis

1. NPCR (Normalized Pixel Change Rate): The NPCR (Normalized Pixel
Change Rate) calculates the proportion of the pixel alterations between two images
that have undergone encryption or decryption procedures. This parameter offers
insight into the extent of pixel modifications that occur as a result of applying
encryption or decryption algorithms [17] calculated by

Number of Changed Pixels
N x M

NPCR =

x 100%, (8)

where N and M represent the dimensions of the image in pixels, and the ” Number
of Changed Pixels” is the count of pixel positions where the pixel values differ
between the two images.

2. UACI (Unified Average Changing Intensity): UACI quantifies the mean
intensity variation between two images that are being compared. Intensity change
is assessed by calculating the absolute difference between pixel values in the first and
second images, and this value is then averaged across all pixels. UACI offers insights
into the degree of intensity alterations that take place following an encryption or
decryption process [17]. The UACIT is computed using the following formula:

Sum of Intensity Differences

UACT = N x M x L

x 100%, (9)

where N and M stand for the pixel dimensions of the image, L signifies the total
number of potential intensity levels for each pixel, which is typically 256 for an
8-bit image. The ”Sum of Intensity Differences” corresponds to the summation of
absolute disparities between corresponding pixel values in the two images.

In Table (3| the NPCR (%) column depicts the percentage of pixel changes between
the original image and the encrypted image, as well as between the original image and the
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decrypted image. The research results indicate significant pixel changes in the encrypted
image, with percentages of approximately 98.50 %, 97.32 %, and 97.99 %, highlighting a
noticeable transformation in the encrypted image compared to the original one.

Image NPCR (%) UACI (%)
Original - | Original - | Original - | Original -
Encrypted | Decrypted | Encrypted | Decrypted
Bird 98.50 % 0.00 % 30.81 % 0.00 %
Landscape 97.32 % 0.00 % 29.65 % 0.00 %
Cat 97.99 % 0.00 % 23.32 % 0.00 %

Table 3: NPCR and UACI percentages.

Meanwhile, the UACT (%) column of Table [3| illustrates the percentage of the pixel
intensity changes between the original image and the encrypted image, as well as between
the original image and the decrypted image. The research findings also reveal significant
fluctuations in pixel intensity within the encrypted image. However, the decryption
process successfully restores the image to its original pixel intensity levels, as evidenced
by a UACI value of 0.00 % for all images. These findings provide an understanding of
the impact of encryption and decryption algorithms on pixel changes and pixel intensity
changes in the evaluated images.

4.1.5 Noise of attack image encryption analysis

The transmission of images may introduce distortions that can impact the final results.
Therefore, it is crucial to evaluate the algorithm’s performance against distortion attacks.
The Mean Square Error (MSE) and Peak Signal-to-Noise Ratio (PSNR) are utilized to
measure the impact of noise on the decrypted image [18]. The equations for calculating
the MSE and PSNR are as follows:

Maz?
PSNR = 101log 10 < \ISE > , (10)
1 M N

In the given statement, P;, represents the pixel value at the position 4, of the image
without noise. C;; represents the pixel value at the position i, j of the image with noise.
Mazx; denotes the maximum pixel value in the image.

We used density variations to modify the impact of noise. The MSE values were
calculated by comparing the decrypted image after incorporating Salt and Pepper noise.
A higher PSNR value indicates less information loss, while a higher MSE value indicates
more information loss. In Table[d] it can be observed that at a density of 0.10, the MSE
value is higher and the PSNR value is lower. Conversely, at a density of 0.05, the MSE

value is lower and the PSNR value is higher.
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| Image | Variation of Density | MSE | PSNR |

Bird 0.05 1148.51 | 17.53 dB
0.10 2300.34 | 14.51 dB

Landscape 0.05 1131.49 | 17.59 dB
0.10 2256.74 | 14.60 dB

Cat 0.05 1031.23 | 18.00 dB
0.10 2062.23 | 14.99 dB

Table 4: The MSE and PSNR values were calculated for the decrypted image with salt and
pepper noise.

4.2 Voice encryption

In this section, we tested the Moore-Spiegel chaotic masking system on three original
voice files to ensure robust encryption, preserving confidentiality and integrity against
unauthorized access and tampering.

4.2.1 Voice signal plot

Waveform plots visually represent the signal’s amplitude changes over time, aiding in-
terpretation. Each frame of the voice signal is then transformed from time to frequency
domain using FFT, enabling the analysis of voice characteristics such as high and low
frequencies and amplitude strength at each frequency. Spectrogram plots display the
signal’s frequency against time and are shown sequentially in Figures and
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Figure 11: Waveform graph; (a) voice 1 (” Terima Kasih” in Bahasa), (b) voice 2 (”Thank
You” in English), (c) voice 3 (" Arigatou” in Japanese).
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Figure 12: FFT graph; (a) voice 1 (” Terima Kasih” in Bahasa), (b) voice 2 (" Thank You” in
English), (c) voice 3 (” Arigatou” in Japanese).
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Figure 13: Spectrogram graph ; (a) voice 1 (” Terima Kasih” in Bahasa), (b) voice 2 (” Thank
You” in English), (c) voice 3 (" Arigatou” in Japanese).

The three images show Waveform, FFT, and Spectrogram graphs for the original
voice, encrypted voice, and decrypted voice, respectively, for three different voices: voice
1 (Bahasa: ” Terima Kasih”), voice 2 (English: ”Thank You”), and voice 3 (Japanese:
” Arigatou”). The analysis reveals that the encrypted voice signal has a distinct pattern,
while the decrypted voice signal closely resembles the original voice signal. This demon-
strates the algorithm’s effectiveness in preserving the high quality of the recovered voice
signal.

4.2.2 Correlation voice encryption analysis

The correlation analysis in voice encryption is governed by equations , , , @ For
voice encryption, the correlation analysis is performed with a similar methodology which
differs in terms of the parameters used. Cov(z,y) represents the covariance between the
original signal = and the encrypted signal y. D(x) and D(y) denote the variances of
signals x and y, respectively. N represents the number of voice samples. A low value of
the correlation coefficient r,y indicates a high-quality encryption [19).

’ Voice File \ Original-Encrypted \ Original-Decrypted ‘
recordingl.wav (Terima Kasih) -0.00389 1.0
recording2.wav (Thank You) -0.00055 1.0
recording3.wav (Arigatou) -0.00079 1.0

Table 5: Voice correlation analysis.

The correlation coefficients between the original and encrypted voice signals are close
to 0, indicating a lack of correlation, while the correlation coeflicients between the original
and decrypted voice signals are close to 1, indicating a strong correlation. Please refer
to Table [5| for the specific values.

4.2.3 Entropy voice encryption analysis

In the realm of audio, entropy serves as a statistical metric employed to gauge the de-
gree of uncertainty or randomness present in the arrangement of audio sample values.
A heightened audio entropy signifies an increased diversity in audio sample values, po-
tentially indicating the presence of more intricate or unpredictable sounds. Conversely,
reduced entropy implies that the sound typically exhibits patterns or repetitions, with
limited fluctuations in sample values .
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The computation of audio entropy can be accomplished through Shannon’s entropy
formula, which is articulated as follows:

N

H(X) == p(x:)logy(p(x:)). (12)

i=1

In this formula, H(X) denotes the entropy of the probability distribution X representing
audio sample values, p(x;) stands for the likelihood of occurrence of audio sample value
x; within the distribution, and N signifies the count of distinct audio sample values in
the distribution. The provided algorithm calculates entropy for three different audio files:
the original voice recording, the encrypted voice, and the decrypted voice. This program
proves to be invaluable in the analysis of how audio information undergoes transforma-
tion during encryption and decryption procedures, shedding light on the complexity or
randomness level of the audio files. A higher entropy value indicates a greater degree of
variation in sample values within the audio.

’ Voice File \ Original \ Encrypted \ Decrypted ‘
recordingl.wav (Terima Kasih) | 11.33927 15.76719 11.33927
recording2.wav (Thank You) 11.45686 15.76808 11.45686
recording3.wav (Arigatou) 11.69892 15.76718 11.69892

Table 6: Voice entropy value.

The findings derived from the Shannon Entropy table, as presented in Table[6] eluci-
date that the encryption procedure exerts a substantial influence on the degree of unpre-
dictability or randomness inherent in the audio data. This is evidenced by the notable
escalation in Shannon Entropy values following the encryption process. However, subse-
quent to the decryption phase, the audio data regains a level of unpredictability akin to
its original state, signifying the successful preservation of the fundamental information
within the audio data. This inference suggests that, within this specific context, the
encryption-decryption process can furnish additional security measures against unautho-
rized access to audio data while upholding the integrity of the data encapsulated within
the audio files.

4.2.4 Root mean squared error (RMSE)

The RMSE (Root Mean Squared Error) measures the deviation between the predicted
and actual values. A lower RMSE value is desirable as it indicates higher accuracy in the
model’s predictions. The ideal RMSE value depends on the specific problem and data
range. While there is no universally defined ideal value, a decreasing RMSE signifies
improved accuracy in the prediction model.

—_ 2
RMSE = \/ S Lpred — Facd)® Nxa“) , (13)

where Zpeq is a predicted value, z,. is an actual value and N is the total data. Ta-
ble [7] shows the comparison of RMSE values for voice decryption using low-level noise,
indicating that the algorithm performs well.
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’ Voice File \ Variaty Density \ RMSE ‘
recordingl.wav (Terima Kasih) 0.10 0.1002
0.01 0.0100
recording2.wav (Thank You) 0.01 0.1002
0.01 0.0100
recording3.wav (Arigatou) 0.10 0.1001
0.01 0.0100

Table 7: The RMSE values for decrypted voice with Gaussian noise.

5 Conclusion

The previous research on the Moore-Spiegel system in communication security was lim-
ited to synchronization circuits, without applying it to image and voice encryption. Anal-
ysis shows that the Moore-Spiegel chaotic system is ideal for data encryption due to its
unpredictability, randomness, and sensitivity to initial conditions, making it suitable
for generating random encryption keys. The proposed algorithm’s effectiveness has been
substantiated through various analyses, including histogram, correlation, entropy, NPCR
and UACI, and noise attack analyses for image and voice encryption. Further research
potential lies in developing encryption methods for videos or other complex subjects.
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Abstract: The aim of this paper is to present a logarithmic penalty method for
solving nonlinear optimization. The line search is carried out by means of an ap-
proximate function if the descent direction is determined using a classical Newton
technique. Contrary to the line search method, which is costly in terms of computing
volume and demands a lot of time, the proposed approximate function enables easy
and quick computation of the displacement step. Numerous intriguing numerical ex-
periments, which are presented in the last section of this work, show that our new
approximate function is accurate and efficient.
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1 Introduction

Nonlinear optimization problems deal with the problem of optimizing an objective func-
tion in the presence of equality and inequality constraints. Furthermore, if all the func-
tions are linear, we obviously have a linear optimization problem. Otherwise, the problem
is called a nonlinear optimization problem.

This research field is motivated by the fact that several problems are collected from
practice such as engineering, medicine, business administration, economics, physical sci-
ences, and nonlinear dynamics and systems (see, e.g., [8,/9]).
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Quadratic optimization is a type of nonlinear optimization, where the objective func-
tion is quadratic. In order to solve this type, we propose a penalty approach without line
search based on approximate functions, which is the efficient method for determining the
displacement step. This study is supported by an important numerical simulation.

For this purpose, we consider the solution of the following quadratic programming
problem:

min g¢(z) = 32'Qz+c'x
(P)
€D,
with
D ={zeR": Ax > b}.
The following assumptions are made.
1. c € R", @ is an R™*"™ symmetric semidefinite matrix.
2. We know a point zg € R™ such that Axzy > b.
3. beRP, Aisa (pxmn) full rank matrix.

4. The set of optimal solutions of (P) is nonempty and bounded.
In this paper, the problem (P) is approximated by the problem (P,), (n > 0),

(P,) {min qn(z)

r € R™,

where the barrier function ¢, : R* — (—o00, +00] is defined by

(2) = glz)—nY it In<e,Ar—b> if Az —b>0
') = 400 otherwise,

where (e, e9,...,e,,) is the canonical base in R™ and 7 is a strictly positive barrier
parameter. Recall that the scalar product of x,y € R™ is given by

n
(z.y) =a'y = Z%‘yi,
i=1

the Euclidean norm of y is

Iyl = V{z,m) = | > v2.
i=1

A classical Newton descent approach is used to solve this problem.

In our new approach, instead of minimizing g,,, along the descent direction at a current
point xz, we propose an approximate function G for which the optimal solution of the
displacement step « is obtained explicitly.

Let us minimize the function G so that

G (a) = %mn(a:n +ad) - gy(x,)) > G(a), Ya > 0,

with G(0) = G(0) = 0, G'(0) = G'(0) < 0. The best quality of the approximations
G of G is ensured by the condition G”(0) = G”(0). The idea of this new approach
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consists in introducing one original process to calculate the displacement step o based on
minorant functions. Then we obtain an explicit approximation which leads to reducing
the objective, adding to this, it is economical and robust, contrary to the traditional
methods of line search.

The paper is organized as follows. In Section 1, we prove the perturbed problem
convergence to the initial one. We are interested in resolving the perturbed problem.
We describe our algorithm briefly and we present our main result by introducing a new
approximate function to compute efficiently the displacement step of the obtained penalty
algorithm. This approach is employed to evade line search methods and expedite the
algorithm’s convergence.

In Section 2, we present numerical tests on some different examples to illustrate the
effectiveness of the proposed approach and we compare it with the standard line search
method. A conclusion and future research are given in the last Section 3.

By assumption 7 its solutions set is nonempty and bounded, and as we know, (P)
is convex, consequently, in accordance with Bachir Cherif et al. [5], the strictly convex
problem (P;) has unique optimal solution zj, for each n > 0.

Since solving the problem (P) is similar to solving the problem (P,) when 7 tends to
0, our goal is to resolve the problem (P,).

Firstly, we need to study the convergence of (7;) to (P).

Convergence of the Perturbed Problem (P,) to (P)

Let the function v be defined on R x R™ by

q(x)+ > &M x;) if x>0, Az > b,
=1

+00 if not,

'(/)(77’ 'r) =

where ¢ : R? — (—o0, +00] is a convex, lower semicontinuous and proper function given
by

nln(n) —nln(«) if a>0andn >0,
Em,t)y=4¢ 0 if a>0and n =0,
+00 otherwise.

So, the function 1 is a convex, lower semicontinuous and proper function.

From [5], the strictly convex problem (P,) admits a unique optimal solution z;, for
each 7. The solution of the problem (P) reduces to the solution of the series of problems
(P,). The sequence of the solutions z, of (P,) should converge to the solution of (P)
when 7 tends to 0.

Now we are in a position to state the convergence result of (P,)) to (P) which is proved
in Lemma 1 from [4].

Let n > 0, for all z € D, we define

Y(x,m) = qn().

Lemma 1.1 [4] Let n > 0. If a,, is an optimal solution of the problem (P,) such
that lim, o x,, = x*, then x* is an optimal solution of the problem (P).

Let n > 0, for all x € D, we define ¥(x,n) = g,(x).
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Resolution of the Perturbed Problem

In this section, we are interested in finding the solution of the perturbed problem xj,1 =
i + agdg. For this purpose, we first use the Newton method to calculate the descent
direction di. Then we obtain the displacement step «j by our new minorant function.
Finally, we describe a standard prototype algorithm.

1.1 Newton descent direction

The interior point methods of the logarithmic barrier type are developed for resolving
this type of problems based on the optimality conditions that are necessary and sufficient
since the problem (P,)) can be considered as the one without constraints.

As a result, ((z,)r = z%) is an optimal solution of (P,) such that the following
condition is met:

Vay(z,) = 0. (1)

Thus, 1 = = + di is the iteration of Newton, where dy is the descent direction
solution of the linear system

V2qn($n)dk = —Vgy(ay). (2)
Note 1. We insert a displacement step «y, and we write
Thy1 = T + ody,

to ensure the strictly feasible iterate xy1 = xp + dy.

1.2 Model algorithm

In this part, we present a brief algorithm of our approach to obtain an optimal solution
Z of the problem (P).

Begin algorithm

Initialization

Start with xo being a strictly feasible solution of (P), n > 0, ¢ is a given precision
and k£ = 0.

While || Vg, (zx)| > € do

— Resolve the system : V2q, (z))dr, = —Vay ().

— Compute the displacement step ay.

— Take 11 = + agdy, and k =k + 1.

—Putn=o0on 0<o<1.

End While
We have obtained a good approximate solution of the problem (P).

End algorithm.

1.3 Computation of the displacement step

There are two main techniques used for computing the displacement step ay.
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(1) Line search methods: The method of Goldstein-Armijo, Fibonacci, Wolfe, etc.
They are based on the unidimensional function’s minimization:

P(a) = gl>1% @y (zn + ad).

They are time-consuming and unfortunately very sensitive.

(2) Minorant function: The technique of the minorant function was first proposed
by Leulmi [10] for the positive semidefinite programming. This technique relies on
approximating the function

G(a) = %<qn<xn + ad) - gy(2,))

by another function whose minimum can be easily computed, which permits the
computation of the displacement step at each iteration in a relatively short time
and with a smaller number of instructions in contrast to the line search technique.

We start with the following lemma, and in the rest of the paper, we consider x instead
of zy,.

Lemma 1.2 [14] The function G can be written as follows:

m

a?d'Qd — ad'Qd) + a(Y_yi — [lylI*) = > (1 + ay;) (3)

i=1 i=1

1.1

Gla) = —(=
() =23
for all a € [0, @] such that a = miniejf{;—}} and I = {i:y; <0}, where

< ei, Ad >

= =0 ie{l,.,m}
<ei,A:vfb>Z { m}

Yi
Now, we give the main result of the paper.

1.4 New approximate function

To introduce our new majorant function, we use the following well known inequality:

<|y|| Z%) a*hl(l+Oz||y||)+21n(1+ayi) <0. (4)

i=1 i=1

Replacing by the precedent inequality in , we obtain é(a) < G(a), then
o 1
G(a) =da —In(1 + Ba) + ?&thQd, a € [0,al,
n

with & = —[[y[[(llyll = 1) and 8 = [ly].

Lemma 1.3 Fora € I, =[0,a], we have

o

G(a) < G(a).
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Proof. From inequality and for a € I, we have
@ yi— Y In(l+ay) —alyl® > —allyl - allyl* — n(1 + afly|).
i=1 i=1

We have (—ad'Qd) > 0 and

1 1
—a?d'Qd < —a%d'Qd, Ya € I,.
2n 2n

This produces

Gla)=ad yi—oalyl> =) In(l+ay)+ 5(ia%md — ad'Qd)
=1 i=1
1 N
> —a(llyll? = lyl) = In (1 + allyl)) + o %d'Qd = G(a).

Then

Remark 1.1 We note that

2
9 y ~
G"(a) = T Iyloe J ”!/2)2 > 0,Va € [0,a],

hence G is convex, and if it admits a minimum, this minimum is global.

Minimization of the minorant function G is defined and convex on [0, @], then its global
minimum is reached when é’(a) = 0, therefore finding the minimum of the function G
is equivalent to solving the equation é’(oz) = 0. The solution of the later is the root of
the equation

a(llyll® = llyl*) = [ly]I* = 0. (5)
The root of the equation is

o == (lyl =17 € L,

which is the global minimum of the function G.
The following lemma indicates that the interior point x;41 generated in each iteration
k of the algorithm ensures the decreases of the function g;,.

Lemma 1.4 The function q, significantly decrease from the iteration k to the itera-
tion k + 1, that is, if v and xpy1 are two feasible solutions obtained at the iteration k
and k + 1, respectively, then

@n(Tr1) < qn(or)- (6)

Proof. Let x) and xp11 be two feasible solutions obtained at the iteration k and
k + 1, respectively, we have

@y (Try1) = qn(or) + (Vay(zr), 2pp1 — o)
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and
Tpq1 = T + apdy, (7)
then
@n(Tr41) — o (@k) = (Vay (1), ardy)
~ —Qy <V2qn($k)dk7dk> < 0.
Hence,

@ (Try1) < qn(or),

which implies the claimed result.

2 Numerical Tests

We evaluate our algorithm’s efficiency based on our approximate function. We conducted
comparative numerical tests between our new two approximate functions (minorant func-
tion) and Armijo-Goldstein’s line search method.

For this, in this part, we present a comparative numerical tests on different examples
taken from the literature [143].

In the below tables, we reported the results obtained by implementing the algorithm
in MATLAB R2013a on 15, 8350 (3.6 GHz) with 8 Go RAM.

We have taken € = 1.0e — 005.

We use the following designations:

- (itrat) represents the number of iterations necessary to obtain an optimal solution.

- (time) represents the time of computation in seconds (s).

- (stmin) represents the strategy of approximate functions introduced in this paper.

- (LS) represents the classical Armijo-Goldstein line search.

We consider the following quadratic problem:

a=min[g(z) :x >0, Az > 1],

where ¢ (z) = 12'Qz + c'z.

2.1 Examples
Example 01: The matrix @ is defined by

2j — 1 ifi > j,
Qli,jl=14 2i—1 ifi<j,
i(i+1)—1 ifi=4j, ij=1,.,n,

.. |1 ifi=jorj=i+m,i=1,..mandj=1,.,n
Ali. ) = 0 otherwise.
cli] = =1, cli+m] =0and b[i] =2, Vi =1,..,m,

with n = 2m. We test this example for different values of n. The following table resumes
the obtained results:
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ex(m,n) stmin LS
itrat time itrat time
200 x 400 10 5.99012 26 22.52401
300 x 600 15 50.03129 35 97.10345
600 x 1200 25 71.66481 48 224.32120
1000 x 2000 30 122.27613 51 497.01165
1500 x 3000 39 320.79313 78 1321.03278

Example 02: We defined the matrix @ by
Qli.jl={ 77 for i,j=1.n,

.. |1 ifi=jorj=i4+m,i=1,..,mand j=1,..,n,
Ali, J] = 0 otherwise,
c[j] = 2j and b[i] = 4%, Vi=1,..,m,

with n = 2m. We test this example for different values of n.
The following table resumes the obtained results:

ex(m,n) stmin LS
itrat time itrat time
200 x 400 9 9.01214 16 29.12331
300 x 600 11 25.03119 27 84.15001
600 x 1200 33 74.06481 95 153.92210
1000 x 2000 39 198.07613 68 2213.11431
1500 x 3000 58 401.09313 124 3121.11303

Example 03: Let us define the matrix @ by

QL1 =1,

Qli,i] =% + 1,

Q[lalil] :Q[Z7177’]:Z7 1:2,771,,

1 ifi=jorj=i4+m,i=1,..mandj=1,..,n

0 otherwise,
clj] =j and bi] = &L, Vi=1,..,m,

with n = 2m. We test this example for different values of n.
The following table resumes the obtained results:

ex(m,n) stmin LS
itrat time itrat time
200 x 400 23 10.22544 38 22.52401
300 x 600 32 41.02385 45 88.11235
600 x 1200 39 91.10519 66 148.62103
1000 x 2000 50 148.47512 70 2004.11257
1500 x 3000 75 322.10134 101 2453.92312

Example 04: Let ) be the matrix define by

Q[L,1] =1,
Qli,ij=4, i=2,..n—1,
Qli,i—1]=Qli—1,i]=1, i=2,..,n,
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Afi, j] = 1 ifi=jorj=i+m,i=1,...,mandj=1,.,n,
TV 0 i#jor (i4+1)# 4,
clj] =5t and bfi] =4, Vi=1,.,mand j =1,..,n,
with n = 2m. We test this example for different values of n.
The following table resumes the obtained results:

ex(m,n) stmin LS
itrat time itrat time
200 x 400 12 6.22544 21 34.32215
300 x 600 25 81.02385 31 172.32550
600 x 1200 36 122.10519 53 503.44316
1000 x 2000 39 148.47512 67 2033.50062
1500 x 3000 55 352.10134 132 3121.11303

Commentary. These experiments demonstrate clearly the impact of our approach on
the numerical behavior of the algorithm, expressed by the reduction of the number of
iterations and computation time. The number of iterations and the computing time
are considerably reduced in the approximate approaches in comparison with the line
search method. Always, in the problems of linear dynamics, we arrive to the problem of
optimization. Then we solve this problem by our approach. This is what we look forward
to in future.

3 Conclusion

In order to solve a quadratic optimization problem, this study provides a logarithmic
penalty method based on new approximate functions (minorant). As anticipated, the
minorant function strategy for computing the displacement step demonstrates its effec-
tiveness by lowering the computational cost when compared to the line search method.
This effectiveness is a result of the nature of the mentioned functions. The numerical
results demonstrate that our strategy reduces the cost of iteration for the quadratic op-
timization compared to the line search method. Proposing some other new majorant [5]
and minorant functions seems to be an interesting topic in the future in the different
class of optimization and we will apply our important results in different problems of
nonlinear dynamics problems.
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