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Abstract: In this work, we consider a dynamical unilateral contact problem with
Coulomb’s friction and thermo-electroelastic effects. We focus here on the dynamical
effects such as frictional heating and thermal softening at the contact interface. The
thermo-electro-elastic constitutive law is assumed to be linear and the foundation
is thermally and electrically conductive. We derive a variational formulation of the
problem and establish the existence of a weak solution. The proof is based on a suit-
able combination of the penalty method, standard arguments of variational equations
and fixed point theorem.

Keywords: thermo-electro-elastic materials; dynamic contact problem; frictional
heating; variational analysis.

Mathematics Subject Classification (2010): 47J20, 49Sxx, 70K20, 74F05,
7AF15, 74G30, TAM10, 74M15, 93Axx.

1 Introduction

A piezoelectric material is a substance that generates electrical charges when mechani-
cal pressure is applied and mechanically deforms when an electric field is applied. As a
result, the piezoelectric material performs the function of a transducer, converting elec-
trical energy into mechanical energy and vice versa. These so-called smart materials,
among other things, are used as switches in radio-logic, electric-acoustic, and measuring
devices. Piezoelectric materials have been extensively studied, and one natural extension
of these coupled electro-mechanical models is to include temperature as an additional
state variable to account for thermal effects as well as piezoelectric effects.
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General mathematical models on piezoelectricity were studied in [3}/9}/13]. Results on
static frictional contact problems for piezoelectric materials under the assumption that
the foundation is insulated can be found in [5,[11},16], and these results were extended
in [78,/12] in the case of an electrically conductive foundation. In the quasi-static case,
we refer to [6,/10] and references therein. Moreover, the theory of thermo-piezoelectricity
was first proposed by [14], the physical laws and the governing equations for thermo-
piezoelectric materials have been explored in [7[14)|15l{17] and for some recent results on
the thermo-piezoelectric contact problem, we refer to [1,4].

Here, we seek to apply the static/quasi-static instances of our previous studies to a
dynamical contact problem with temperature-dependent friction. Heat is produced as a
result of the body and foundation sliding against one another through friction. This fact
serves as the inspiration for our expansion of the dynamic thermo-electroelastic contact
issue, which takes into consideration the effects of thermal softening and frictional heating
at the contact surface.

The remainder of the paper is organized as follows. The model of the dynamical
frictional contact process between a thermo-electro-viscoelastic body and a conductive
deformable foundation is described in Section 2. Section 3 introduces some notations,
lists the data assumptions, and derives the variational formulation of the model. The
main existence and uniqueness result of the model’s weak solution is stated in Theorem
This theorem is proved in several steps in Section 4, the proof is based on the
arguments of compactness, time discretization, and the Banach fixed point theorem.

2 Preliminaries

In this section, we recall some useful definitions and lemmas which will be used in the
sequel. Let X be a reflexive Banach space and (-, -) denote the duality of X and X*, we
have the following interesting results (see e.g., [2]).

Definition 2.1 A single-valued operator A : X — X* is pseudomonotone if
1. A is a bounded, i.e., it maps the bounded sets in X into the bounded sets in X*,
2. for every sequence {z,} C X converging weakly to x of X such that

limsup(Ax,,, z, —x) <0, we have (Az,z —y) < liminf(Ax,,x, —y) for all y € X.

noo
Definition 2.2 A multi-valued operator T : X — 2% is pseudo-monotone if
1. for every v € V, the set Tv C X™* is nonempty, closed and convex,

2. the operator T is upper semi-continuous from each finite-dimensional subspace of
X to X* endowed with weak topology,

3. for any sequences {u,} C X and {u}} C X* such that u, — u weakly in X,
ul € Tuy, for all n, and limsup(u’,u, —u) < 0, we have that for every v € X,

noo
there exists u*(v) € Tw such that (u*(v),u — v) < liminf(u}, u, — v).
noo

Let (F,| - ||r) C (G, | - |lg) be the reflexive Banach spaces such that || - [|[r > || - [|¢
and F' = G, thus, we may write FF C G = G’ C F’. Suppose that B is a linear, bounded,
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positive and symmetric operator from G to G'. Let F = L?([a,b], F), G = L?([a,b],G)
and define X = {w € F: (Bw)’ € F'} which is a reflexive Banach space for the norm

lwlix = llwlle + [|(Bw)'|| .

Moreover, let A(t,-) be an operator from F' to F’, and denote by A : F — F’ its natural
extension, given by Aw(t) = A(t,w(t)). Assume that

A : X — X' is pseudo-monotone,

(1)

A:TF — F is a bounded operator,
and for some A € R, one has

iy AMBw,wierxg + (Aw, w)p
llw]|z+00 l|lwl|F

= 00. (2)

Then the following existence theorem holds, see |18, Theorem 3.1].

Theorem 2.1 Let A and B be defined above. Then, for each wg € G and £ € F’,
there exists a w € X such that

(Bw) + Aw =1 in T,
Bw(0) = Bwy in G'.

3 Problem Statement and Variational Formulation

We consider an elastic body in the reference configuration Q C R? with the dimension
d = 2,3. We are interested in the displacement field u(x;¢), the electrical potential
©(x,t) and the temperature 6(x;t) for (z;t) € Q x (0;T), where (0;T) is the given time
interval. For the sake of simplicity, we will omit the dependence of various functions on
the spatial variable z € Q. Hence, the local momentum of balance for stress, electric
displacement and heat conduction are given as follows:

i — Dive = f in Qx(0,7),
div D = ¢, in Qx(0,7),
0+ divg = —Me(u) — P E(p) + qo in Qx(0,7).

Here, the quantities fg, ¢¢ and qo describe the given body forces, volume electric charge
and heat source term, acting on 2. In the case of linear thermo-visco-piezoelectricity,
the stress tensor is given by

oc=Ae(t)+Fe(u) —E*E(p) — MO in Qx(0,T),

where A is the linear viscosity operator, § = (f;jxi) is the linear elasticity operator, e(u)
is the linearized strain tensor, E(yp) = —V is the electric field, £ = (e;;x) is the third-
order piezoelectric tensor and £* = (ey;;) is its transpose, M = (m;;) is the thermal
expansion tensor. Moreover, the electric displacement and the heat flux are defined by

D=Ee(u)+BE(p)+P*0 in Qx(0,7),
q=-KVb in Qx(0,7),
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where § = (f,;) is the electric permittivity tensor, P = (p;) and K = (k;;) are the
thermal expansion and thermal conductivity tensors.

Recall that S is the space of second order symmetric tensors on R?. The canonical
inner products and associated norms on R% and S are given by

Vu,v€RY w-v=uu; ; Vo,Tes? 0T = 0ij Tij,
Yu, v €RY, | =(@w-v)? ; Vo, reSt |7l =(r 1)k

If v is the outward unit normal vector on the boundary I' = 02, then the normal and
tangential components of the displacement vector v and the stress field o on I' are

v, =0V, v =v—v,v and o,=0V-V, 0 =0V — 0y, .

In order to formulate the boundary conditions and the initial boundary values, we divide
the boundary I into three disjoint open subsets I'p, I'y and I'¢ such that T pUT yUT ¢ =
T. We also assume that I'p UT'y is partitioned into two disjoint open parts I', and I'y, of
nonzero measure such that p UT y =T, UT,. We assume that the body is clamped on
I'p x (0,T), the surface traction of density fx acts on I'y x (0,T), the electrical potential
vanishes on T';, x (0,7, the surface electric charge of density ¢ acts on I'y, x (0,7) and
the temperature is assumed to be zero on I'p UT'y x (0,T). Therefore, we have

u=0 on I'p x (0,7),
ov=fn on T'y x (0,7),
=0 on I'y, x (0,7),
D-v=qg on I'y x (0,7),
=0 on I'pUTN x (0,T).

On the contact surface I'¢, the body is supposed to be in unilateral contact with a rigid
foundation by Coulomb’s friction law

Uu(uaSan) <0, (ul/ 79) <0, 01/(“75079) (ul/ 79) =0 on I'cx (OvT)a
o[l < p(0) |[Roy |
ol < p(0)|Roy| = i) =0 on T'c x (0,T),
ool = u(6) |Roy| — 3AER, 0, = Ned,

where for the temperature dependent coefficient of friction u(6) > 0, we use

where i is the static coefficient of friction at the given reference temperature 0y and 04

is a damage temperature on the interface. Temperature 6, is related to the temperature

at which frictional stress is no longer due to the solid shearing effects, but is generated by

the viscous shear of a molten film on the contact interface. It can be taken as the lowest

melting temperature of the body and the foundation in contact. Since 6 < 64, we have

' (04) <0 and lgm 1(0) = 0. Therefore this equation shows a thermal softening effect.
d

Moreover, the thermal and electrical flow conditions on the contact zone are given by

D-v|<k, |D-v|=k2 if 9£0 on T¢ x (0,T).

]
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This condition represents the electric condition on the contact surface and we assume
them by analogy with Tresca’s friction law, where k is a given positive function, the
electric conductivity coefficient

q-vV= kc(uu

—9)¢L(0 —0F)

on T x (0,T),

describes the heat balance on the contact interface, where ¢y, is the truncation function,
k. represents the thermal conductance function that is supposed such that

where L > 0 is a sufficiently large constant.

or(s) =

—L ifs<—-L k.(r)=0 1ifr <0,
s if —~L<s<L, kJ(r)=
L ifs>1L ke(r) >0 ifr >0,

Finally, we denote by wug, vy, o and

0y the initial displacement, initial velocity, initial potential and initial temperature,
respectively. We collect the above relations to obtain the following mathematical model.

To derive the weak formulation of Problem P, we introduce the following spaces:

H={r= (1), 7ij = 7js € L*(V)},

Problem (P) :

Find a displacement u : Q x [0,T] — R?, an electric potential ¢ :
Q% [0,T] = R and a temperature 0 : Q x [0,T] — R such that

o=Ae(i)+Fe(u) —E'E(p) — MO in Qx(0,7),
D=Ec(u)+BLE(p)+PHO in Qx(0,7),
g=-KVo in Qx(0,7),
it — Dive = fy in Qx(0,7),
div D = g in Qx(0,7),
0+ divg = —M"e(1) — N E(p) + qo in Qx(0,7),
u=0 on T'p x (0,7),
ov = f on T'y x (0,7),
oy (u,0,0) <0, (uy —g) <0, ou(u,,0) (uy, —g) =0 on I'c x(0,T),
lloz]l < p(0) |Row |
o]l < u(0) |Ro,| = [4], =0 on T'c x (0,7T)
ozl = u(0) |Roy| = INER, or = —\?[i];
p=0 on T, x (0,7),
D-v=q on T, x (0,7),
D-v| <k, |D-1/|:kﬁ if 0 on Te x (0,T),
0=0 on FDUFNX(O,jj)7
q-v="Fk(u,—g) o0 —0F) on T'e x (0,7),
u(-,0) =uo , u(-,0)=1v9, 0(-,0) =06 in Q.

H=L*Q),
Hy = H ()¢,

Hi={oc€eH, Divece H},

Ut

A~ N N~~~
~N O
NI N N NED N N N N

—~
—
o



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (1) (2024) [80H98] 85

which are the real Hilbert spaces for the associated Euclidean norms to the inner products
(o) = [ wivedz . (), = (o) + (<), 20
Q
(o,7)n = / oiTijdr ,  (0,7)y, = (0,7)y + (Divo,Divr)y.
Q

Keeping in mind @D, and , we define the following variational subspaces:

V={veH;,v=0 on I'p},
W={peH(Q),y)=0 on T,},
Q={neH(Q),n=0 on TpUTy}.

Over spaces V, @ and W, we use the following inner products and norms given by

(w,v)v = (e(u), e, [ulv = (wu)y/?, Yu,veV, (19)
(9’77)@ =(V0,Vn)u, ||0HQ = (979)22/2’ Vo, neq. (21)

Since V is a closed subspace of the Hilbert space Hy, and meas(I'1) > 0, Korn’s inequality
holds, then there exists a constant ¢, > 0 depending only on 2 and I'; such that

le(lln = exlvlla,, YoeV. (22)

Then the norms || - ||, and || - || are equivalent on V' and therefore (V, || - ||v/) is a real
Hilbert space. Moreover, by the Sobolev trace theorem, there exists a constant ¢y > 0
depending only on 2, I'c and I'p such that

H'U”LZ(F)d <co|vlly, YvevV. (23)
Since meas(T',) > 0, the Friedrichs-Poincaré inequality holds and thus

IVYlla = crllvlla @), Y eWw, (24)

where cp > 0 is a constant which depends only on Q and I',. It follows from and
that || - [lw and || - || g1(q) are equivalent norms on W and then (W, || - [|w) is a real
Hilbert space. The Sobolev trace theorem implies that there exists ¢; > 0 depending on
Q, T', and I'¢ such that

I€llL2re) < e lléllw, VEeW. (25)

In an analogous way, we can get that || -[|q and || - || z1(q) are equivalent norms on @ and
then (@, || - [|@) is a real Hilbert space. Using the Sobolev trace theorem, we obtain that
there exists a constant ¢y > 0 depending only on €2, I'p, I'y and I'¢ such that

Inllz2ry < ez lnllg, V1 e Q. (26)

For a real Banach space (X, | - ||x), we denote by X  the dual space of X and by
(-,) x’ «x the duality pairing between X and X. We consider the following standard
Bochner-Lebesgue function spaces:

H= Lz([O,T},H), V= LQ([O,T],V), W= Lz([OvT]vW)v Q= LQ([OvT]aQ) (27)
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The notations ||.||m, ||.|lv, ||.|lw and ||.||q stand for the norms of H, V, Q and W, respec-
tively. We also denote by (.,.) the duality pairing between V' and V or W’ and W or @’
and @ , as the meaning is evident from the context.

To solve the mechanical problem —, we need the following assumptions.

Ai: (a) The elasticity and the viscosity tensors §, A : € x S? — S%, the electric
permittivity and the thermal conductivity tensors 3, K : Q x R? — R? satisfy

Sijkl = Skiij = Sjirt € LZ(Q) , Bij = Bji € L=(Q),
Aijit = Ajirr = Akij € L(Q) , Kij = Kji € L=(Q),

ere exist positive constants mr, m, mg and myg suc a
b) There exist positi tant 5 and h that

T (@) &6 > mr €17, Auji(2) &&= mall€]]®, VE = (&;) €87,
Bij() G¢ = mg [ICI17, Kij(2) GG > m |IC]12, V¢ =(() € RE

Under the previous assumptions, the following constants are well-defined:

Mg = sup [|Sijrill o) » Mp = sup||Bijll =),
ijkl ij

My = sup |AgrillLe=) , Mx = sup||[Kijll Lo (q)-
ijkl ij

Aj : The piezoelectric tensor £ : Q x S — R?, the pyroelectric tensor P : Q x R — R?,
the thermal expansion tensor M : Q x R — R? and the tensors A/ : Q x R? — R
satisfy the following properties:

Eijr = Einj € L(Q), My; = Mji € L2(Q), Pi € L¥(Q), N; € L*(9).
Under the previous assumptions, the following constants are well-defined:
Me = sup [[Eiji =) » M = sup [ M|l (),
) 1]

Mp = sup||Pil|L=() » Mn = sup [|Nil|L= ().
3 7

As : The friction coefficient p: T'c x R — RT satisfies

(a) Fu* > 0 such that |u(x,u)] < p*, Vu e R, ae. z €T,
(b) 3L, > 0 such that, for all u,v € R, one has

lp(z,u) — p(z,v)] < Lyjlu—v|, ae xzeTl¢,
(¢) x> p(z,u) is measurable on I'¢ for all u € R.

Ay : The function k. : T'c x R — R, satisfies

(a) I My, > 0 such that |k.(z,u)] < Mg, Vu e R, ae. x €T¢,
(b) 3L, > 0 such that, for all u, v € R, one has

|ke(x,u) — ke(x,v)| < Lg, |u —vl], ae. z€Te,
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(¢) = ke(x,u) is measurable on T'¢ for all u € R.

As : The truncation function ¢y, : I'c x R — R satisfies

(a) (pr(s1) —@r(s2))(s1 —s2) >0 forall s1,50 € R ae. z €l¢,
(b) 3L, > 0 such that, for all s1,s, € R, one has

lor(z,s1) —@r(x,s2)| < Ly |s1 — s2| ae. z€T¢,

(c) IM, > 0 such that |pr(x,s)| < My, Vs €R ae. ze€T¢

(d) x> @r(z,s) is measurable on I'¢ for all s € R.

Ag: The function R : H—3% (T¢) = L (T¢) is bounded and Lipschitz continuous, i.e.,

(a) 3Lg > 0 such that for all s1, s, € H~2(T'¢), we have

|[Rs1 — RsallL(re) < Lrlls1 — 82||H%(FC)7

(b) 3 Mp > 0 such that for all s € H~2(I'¢), we have | Rs||Lo(re) < M.
Ay: The given forces, charge densities and heat sources satisfy the below regularity

(a) fo e L*([0,T],L*()) , f2 € L*([0,T|; L*(Tn)Y) , g€ L*(Tc),

(b) éo € L*([0,T]; L*(Q)) , g2 € L*([0, T]; L*(Ty)) , @f € L*([0,T], L*(Tc)).
Ag: The initial data satisfy ug € V, vg € V', o9 € W and 6y € Q.

We move now to deriving the weak formulation of the problem —. To this end, we
assume that (u, o, ¢, ) are smooth functions which solve (3)-(18]), by invoking standard
Green’s formula, we obtain the following weak formulation of Problem (P).

Problem (PV) : Find a displacement u € V, an electric potential ¢ € W, and a
temperature 0 € Q such that

(i, v = i) g + (Ae(i),e(v — @)y, + (Fe(u),e(v — i)y

—(E"E(p),e(v =) g — (MO, e(v =)y + /rc pO)|Roy| - (jvr| —[ir]) da (28)
> (fo,v =) g + (fn,0 =W papyy, YvEV,

BV, Vo = Vih) g — (Ee(u), Vo = Vb)) p — (PO, Vo = Vi)

+/F k- (lol = [¥]) da = (o, 0 — ¢) iy + (g2, — w>L2(rN)a Vip e W,
(0,0 —n)yg + (KVO,V0 — V)i + (N, VO — V) g — (M*e(i), V0 — Vi)

+/F k(s — 9)pn (0 — 67) - (n— 0) da = {go,n — B, ¥ € Q.
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4 Existence and Uniqueness Result

In this section, we will prove the existence and uniqueness of the solution of the previous
contact problem, by using the penalty method and intermediate problem. We first rewrite
the variational formulation in abstract form. For this purpose, we consider the operators
A F € L(V,V*), B e LWW*), K € L(Q,Q*), E, € LW, V*), My € L(Q,V*),
My € L(V,Q*), N € L(W,Q*), E5 € L(V,W*) and P € L(Q, W*) defined as follows:

(Au,v) = (Ae(u),e(v))n, (Fu,v) = (Fe(u),e(v))n, (Erp,v) = (E"Ve,e(v))n,
<M19,U> = (M9,€<U))H, <BSD7£> = (Bv%é%vé-)Ha <E2U/,€> = (Sg(u)?v€>Ha
(P0,&) = (PO.NVEu, (Kb,m) = (KVO,Vn)u, (Mau,n) = (M"e(u),n)u,
(Neo,n

Ny NV, 5.

. (31)

)

We next introduce the friction functional j; : Q x H~/2 x V' — R, the thermal and
electrical transfer functional jo : W — R and h. : V x Q — @Q’, respectively defined by

T
6.0 = [ [ u@)1Rs]forldadt, e V. (32)
0 T'e
T
jali) = / / klgldadt, ¥new, (33)
0 T'e
(he(u,0),1) = / e(uy — 9) o1 (0 — 87) - da, Vi€ Q. (34)
I'c

By Riesz’s representation theorem, there exist f € V', ¢ € W and © € Q' such that
T T
<f7U>V’><V:/ /fo(t)-vdxdt+/ f2(t) -vdadt, YveV, (35)
o Ja 0 Jry
T T
@epw = [ [ onlt)-gdwat— [ [ ait)-cdadt, veew, o
0o Ja o Jry

T

O, arxo = / /qu(t) pdedt, ¥n e Q. (37)
0

Then, Problem (PV) can be formulated in the following abstract form.

Problem (PV!): Find u €V, ¢ € W, and 6 € Q such that

eV, ueV, §eQ, (38)
fei+Au+ Fu+ Eyp— M0+ 0351(0,0,,1) in V*, (39)
ge € By — Esu — PO+ 0ja(p) in W*, (40)
0+ K6+ No — Moti + he(u,0) = © in Q*, (41)
u(+,0) =wug, 4(-,0)=vp, 0(-,0) =6y in Q, (42)

where 9331 (0, s,v) denotes the partial sub-differential with respect to v of j1 (6, s,v), and
072(p) for the partial sub-differential with respect to ¢ of ja(p).
We are now able to state the following existence and uniqueness result.
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Theorem 4.1 Suppose assumptions (A1)-(Ag) hold. Then Problem (PV') has at
least one solution (u,p,0) € Vx W x Q.

Proof. The proof is based on the arguments from the theory of multi-valued pseudo-
monotone operators and the fixed point theorem. It consists of two steps. First, let
¢ = (¢1,¢) € L?(0,T; L?(T'3) x V) be a given function, we consider the mappings

T
o) = [ [ Gl ldede, wev, (13)
0o Jre
(he(0c),m) = | Ca(s)pr(0c —0f) -nda, VneQ. (44)
T'c
Then, for any given ¢ € L?(0,T; L?(I'¢) x V), we consider the intermediate problem.

Problem (PV%): Find u¢c € V, ¢ € W and 0 € Q such that

eV, u eV, . €qQ, (45)
[ €iic + Atic + Fug + Evpe — MyOc + 95t (ie) in V', (46)
ge € Boe — Esue — PO + 0j2(p¢) in W, (47)
Oc + K0 + Npe — Myise + he(0:) = © in Q, (48)
ue(+,0) = ug, uc(+,0) =vo, 6c(-,0) =9 in Q. (49)

Lemma 4.1 Assume (A1)-(Az), (A4)-(45) and (A7)-(Ag) hold. Then, for any given
¢ =((1,¢) € L?(0,T; L?(T¢) x V), Problem (PV%) admits a unique solution (uc, ¢, 0¢).

Proof. The proof of Lemma will be carried out by considering a sequence of
regularized approximations to problem (PV;), and the solution of this problem is the
limit of the regularized problem. To this end, let {¥"},~0 be a sequence of positive
convex functions of C''(R?) which approximate the inner product | - |ga, and satisfy for
any h > 0, the following conditions:

[Ve"(s)| <2, 0 <(V"(s),s) , [V9"(s) = |s|| <5, Vs eR™ (50)

We next consider the operator J? : V = V defined as follows:
(Hpvw)v == | GOV (vr) - wrda, YveV. (51)
Te

We then approximate the functional jo by a family of regularized functions J§ : V — R,
depending on h > 0, given for all v € V', by

Jh(p) = / VIPE + hda. (52)

The functional JJ is Gateaux-differentiable and its derivative JJ is defined as follows:

(TR, &) = da, YveV. (53)

13
s v/ |<)0|2 +h
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Let Re : V — V' be a Riesz isomorphism, i.e., u + £,, where £, (v) = (u,z). Next, for
each h > 0, we consider the following regularized problem.

Problem (PVéh): Find w? ev, ué‘ ev, ga’g € W and 9? € Q such that

wh eV, fteq, (54)
w? + Aw? + Fug + Eup? - Mleg + J?w? =f inV, (55)
ng’g — Egu? — PG? + JS@? =q. in W, (56)
0F + K0! + Nl — Maw! + he(02) =© in Q, (57)
Re} — Rew! =0 in V, (58)
ul(,0) =ug, wl(-,0)=vy, 02(-,0)=0 in Q. (59)

Lemma 4.2 For every h > 0 and ¢ € L*(0,T; L*('c) x V), Problem (PV%h) has a
unique solution (w?,ug,gogﬂ?). Moreover, under the assumptions of Theorem the
solution (w?,ué‘, <p2‘, 0?) of Problem (PVéh) has the following estimation:

h h T h
2 2 2 2
lwe N 720ya + llue O JF/O [wé () Iv-ds + 116 (D) 720
t
+ [ 182 s + ko) fds < Ve 0.7),
0
for a positive constant ¢ which is independent of h.

Proof. To prove Lemma we use Theorem with F:=V x W x V x Q and
G=L*(Q)x W xV x L?(R2). We also define the following two operators defined by

w w
B:o-c, Bx=8|7|=| ) | (61)
0 R.u
Aw+Fu+E1g0—M19+Jhw
Bo+ JVp —Eyu—P6
t,): F—F, At X)= 2 62
Ally ) s B = Bl At X) K0+ he(8) — Mw + N (62)
—R.w
We also choose the two elements Xy € G and L € F given by
Vo f
q
Xo = ‘53 and L=| & |. (63)

0o 0
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By using and , we get that Problem (PV%h) is equivalent to the problem below.
Find Xch = (wé‘, (p?,@é‘, u’g)/ such that
BX[(t) + AXt(t)=L in F, (64
BX!(0) = BXy in G

We will show that the operators A and B satisfy conditions of Theorem [2.I] Indeed,
from the assumptions stated in Theorem [4.1] we can easily prove that the operator
B:G — G is linear, bounded, positive and symmetric and the operator A(t,-) verifies
the conditions and . Thus, due to Theorem [2.1} we get that problem has a
unique solution XéL = (wg,gog,ug,eé‘). Consequently, Problem (PV%h) admits a unique
solution (wé‘, goéf, u’g, 0?) € VxWxV xQ. Next, in order to verify the estimate , we
multiply by w? to obtain

(W, wl) + (Awf + Full + Jfwl, wl) — (M102,wl) = (f,wf). (65)
Recalling (A1), (A2) and (6F)), by employing several times Cauchy’s inequality
ab < ea® + %Ebz, Va,b e R, e >0, (66)
we find
¢
lwg (01172 (0ye + llu¢ @) +/O lwe (s)II5-ds

t
<c (IluoHQV + [lvo? +/0 (IG1(3)F2rey + I ($)I72(c)) ds (67)

t t
+ [ ks + [ k) lds). vee ©.7).
Next, we let the potential equation act on go’g to get
(Bol,wl) — (Bault, o) — (Mawl, o) + (Tl o) = (0, 1),
Then, from assumptions (A4;), (A2) and (53)), we deduce after some manipulations that
let @) < e (lud O + 162 O)I72(0) + @), Vit € (0,T). (68)
Next, let the energy equation act on 92‘. Then we have
(0F,00) + (K0P + Nt — Mowl,0) + (he(02),02) = (©,02).
It follows from hypotheses (A1), (42), (A4), (A5) and the monotonicity of ¢y, that
¢
162 ooy + [ 1625 s

t t
<c (il + [ et @lRvds+ [t (o)l ds (69)

T / 6s) 2 ds + / t|\<2<s>||%/ds).
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Inserting the estimation and into , we find
t
102 oy + [ 1025 s
< 0 2 2 2 K ) 2 d K 2 d
< e {[16ollz2(q) + luollir + [lvollz2(qye + ; 10(s)[I5rds + ; lge(s) [l ds

t t t
[ 1O e as+ [ a6 rods+ [ IaEIds).

Thus,

t
162 ()12 (<) +/0 162 (s) 13 ds < c. (70)

Integrate over (0,t), where t € [0,T], and combine the result with to obtain
t t
Ik O s + 2O + [ T Eds+ [ ks s
t t
< (lualls + woliZaiays + [ aclo)lds+ [ 16 Eareyds
0 0

¢ t
# [ W+ [ Il ds).
Then, Gronwall’s inequality and the inequality lead to
lug¢ (@)l < e. (71)
Hence,
et (®)llw < c. (72)

Moreover, the estimations , and complete the proof of Lemma O
Now, we have the ingredient which allows us to prove the existence and uniqueness

of the solution of Problem (PV;). Indeed, due to Lemma we have for a given set
of initial conditions {wf,ul, 68},~0 that the family of solutions {w?,w?,u?,ﬂ?}hw is
bounded in V x W x V x Q. Then, from the latter result and Problem (PVCh), we get
that {w?, Reu’g, 02} is also bounded in V' x V' x Q/. Then there exists a subsequence of
parameters {hy} such that hy — 0 as k — oo so that

h

ut = ug weakly in V, (73)
wg"‘ — wf weakly in 'V, (74)
(pg’“ — ¢ weakly in W, (75)
9?" — 07 weakly in Q, (76)
oL — 0 weakly in Q' (77)
wg’“ — Wy weakly in V', (78)
Reil™ — Rt weakly in V', (79)
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We are going now to prove that the triplet (wc, @&, ug, 9*) verifies . Indeed, by

passing to the limit as £ — oo in the relations Jh’“, J;’C and h, (9 ), we obtain

hi *
klgrolou wC U — = klggo . G () V" (Wcr) (vr —w¢, ) dadt
T
< jim [ j/ G0 (07 — iy + ) — 91 (w7,)) dadt (30)
k—oco 0 T'e

SMA/MWMH%WW

(€ -
lim <J2h"<p *,&— i) = lim / CPC #0) da
k—o0 k—oo Jp

o \Jle 2+ h -
. et €] o . o
<im [P R < al) - da(e),
©Ire gt +h o\ flet 4k
and
lim (he(02), n) = (e, 07),m)- (s2)

k—o0

Next, due to assumptions (A;)-(Ag), and condltlons and (80)-(82), the weak
limit (u<7 @z, 07 ) of the subsequence (uC ,<p< ,9 *)is a solutlon to Problem (’PV ). Fur-
thermore, to prove the uniqueness of the solutlon of Problem (PV¢), let (u1,¢1,01) €
VxWxQ and (ug,p2,02) € Vx W x Q be two solutions corresponding to the same
data (. We substitute u¢ in by u; and wug, respectively, we obtain

feir+Au + Fuy + Eypr — Mi61 + 3]2(111) in V',

f € Uig + Aug + Fug + FEips — Mi05 + 8]2(112) in V.

Let the resulting expressions act on us — %1 and wu; — s, respectively, we find

(fyig — ) = (iin, g — ) + (Aty, U — Uy) + (Fug, g — 1)
+ (Brp1, 02 — 1) — (M101, 7 — 1) (83)
+(Z(t1), 1y — 1) with Z(iy) € 8j¢(41) in V',

(fy iy — tg) = (ilg, Uy — t2) + (Adig, iy — U2) + (Fug, iy — Uz)
+ (B1p2, U1 — 1) — (M10s, 11 — U2) (84)
+ (Z(t2), 1y — tg) with Z(i2) € 0} (t1z) in V.

On the other hand, it comes from the convexity of the functional jé that
(Z(in), g — i) < Gl (ig) — 5 (0n) and (Z(ig), i1 — i) < jé () — 5t (itg).
Therefore, the sum of two previous relations leads to

(Z(t2) — Z(i), 1 — ) < 0. (85)



94 A. OULTOU et al.

Keeping in mind , by adding two inequalities and , we find

+ (Fug — Fuy, iy — ta) + (F19a — E1p1, U1 — Us)
— <M192 — Mq01,1u1 — d2> = —<Z(’112) — Z(’dl),’dl — ’llg) > 0.

Now, by integrating the previous inequality over (0,t), we deduce
¢ t t
/ <’i],1 — 'U,27'L.Ll — U2>d8 —|—/ <A’LL1 — A’llg,’lll — U2>d8 + / <FU1 — F’Ltg,ﬂl — iL2>d8
0 0 0

t t
< / <E1(p1 —E2(p2,it1 —U2>d8+/ <M191 —M102,111 —iL2>dS.
0 0

Then, using the same assumptions as in Lemma we can obtain

i1 (£) = 2 ()1 22 )0 + / i (s) = aa(s)|[} ds + [lur (2) = ua (D)3,
(86)

/Hsol ~ pals >||st+/ 161(5) = 0a(5) [2c d).

Following the same tricks as above, we can also find

/ lo1(s) — o) s < c / lun (5) — ua(s) |2 ds + / 101(5) = 02(5) |2 ds) . (87)

Next, we replace #; and 65 in the relation , respectively, we get

01+ K6, + Ny — Matiy + he(61) =© in Q,
Oy + K0y + Ny — Mty + he(f2) =© in Q.

Then, by acting the obtained results on 6; — 65 and by subtracting them, we find

(61 — 02,0, — 02) + (K (61 — 02),0, — 62)
+ (N(p1 = 2), 01 — 02) — (Ma (i — 2), 61 — 02) = he(62) — he(6h).

We next integrate over (0,t), then the first integrals are estimated by

t ) 1t d]01(s) = 02(3)l|7 20
[ 10166) = 02051, 0166) — 0a(sppas = 5 | - ds

1 1
= 51101(s) — 02(3)lI72(0) — 5 1181(0) — 02(0)172 ()

For more details on the relation above, see |18, Theorem 1(2)]. The other integrals are
estimated by using Cauchy’s inequality, the properties of the operators K, N and M,
and of the functional h.. Combining all estimates of these integrals, we obtain

100 = 0203+ [ 16105) — 02 By
/Hsol — als >||st+/ i (5) — tia(s) |2 ds).
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Then, we deduce that
[161(2) — O2(t )Il%zm + lua (t) — w2 (1)l

(89)
<e / 162(5) — 0 >||L2(mds+/ s (s) — ua(s)[3 ds).

Now Gronwall’s inequality implies that #; = 03 and u; = ug, and consequently, v1 = @a,
which completes the proof of Lemma ]
Now, we introduce £ : L?(0, T} LQ(FC) x V) — L?(0,T; L*>(T¢) x V) defined by

L(C) = (u(0¢) |Ro (uc, o¢, 0 )5 keluc,, — 9)) (90)

for all ¢ = (¢1,¢2) € L*(0,T; L*(T¢) x V) and where (u¢, ¢, 0¢) is the unique solution
of Problem (PV;) corresponding to ¢. We also consider the space Y defined as follows:

Y ={¢e L*([0,T), L*Tc)x V) |I<llp2o.m,r2re)xvy < Tv/meas(De) (M, Mp+My,)}-
Then, we provide the following result that states that £ has a fixed point on Y.

Lemma 4.3 The operator L has a unique fixed point (* € Y.

Proof. Let ¢ = (¢1,¢2), A = (A1, \2) € L*(0,T; L*(T'¢) x V), and let us denote by
(uc,@c,8c) and (ux, @, 0x) the solution of Problem (PV%) corresponding to ¢ and A,
respectively. By using the definition of the operator £, we obtain

I£(C) () = LV B2 (r ey v
= [l(6c) [Row (uc, ¢, 0c)| — 1(0x) [Roy (ux, ox, 03172 (r e (91)
+ llke(ucy = g) = ke(urw = 9|3
First, it comes from hypothesis (A4)(b) that
ke (u¢y — 9) = ke(un — 9% < Li, cilluc — unll (92)
Also, by using the hypotheses (A3) and (Ag), we deduce

2
||M(9C) ‘RUV(UO (POGC” — p1(0x) |RUV(U/\7 2% QA)‘HLz(pS)

< M2L%ow(ue, o, 0c) — JV(“)\&SDA’QA)HiIfé(FC) + MRLZ|10¢c — 0xll72(r,)-

Moreover, we know that there exists a constant ¢y > 0 such that

llow(uc, ¢c,be) — UV(UAAP,\,@A)HH%(FC)
~ s (ou(uc, ¢, 0c) — au(ux, ©x,05),v0) 2(0,1590) x H-1/2(T o)
veH/2(Ie) lvu |l g-1/2(re)

< cr ([lig = iallv + lluc —uallv + lloe = eallw + I8¢ — Oallq) -
Thus, by combining two previous inequalities, we get
2
|(0c) |Roy (uc, o, 0c)| — 1(0x) | R (un, <PA»9A)|HL2(F3)
< (MpLE + MRLL) (|lig — aally + 116 = 0x[13) (93)
+e(loe = ealliy + 10 = Oall72(0) + llug — ually).
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Using relations (89), (51, and assumptions (A;), (A7), we get
g () = ax ()2 (ya + [luc(t) —ur(®)I[3 + /t liag (s) — wx(s)|3 ds
<o [ 166) = MO s + [ ucls) —ua(s)lv ds (94)
# [ locts) = onl ds), i< 0.7

From relation and assumptions (Ap)-(Asz), we find
llec(t) = ox®Iify < ¢ (llug — uall} + 116¢(t) = Ox(1)I[3), vVt € [0, 7). (95)
Moreover, keeping in mind , assumptions (A1), (Az2), (A4) and (A4s), we obtain
10¢(t) = Ox(B)II + /lt 16¢(s) — Ox(s)II5) ds
<o [ lhects) = ex@l ds+ [ 16a(5) =t s (96)
+/0 [i¢(s) — ax(s)|l3 ds), Vte (0,7).
We combine now the inequalities (94 . ) to get that for all ¢ € [0,T], we have
16 (&) = Ox(0)1E) + Il (t) — ax(O)II + Nuc(t) — ua@®IF + llec(t) — o)l

/ lic(s) — n(s)|1% ds + / 18¢(s) — A(s) 3 ds

<o [ 160) = 2o+ [ 166) = Ml s
# [ licts) —inGs ||Vds+/||0< )= s+ [ llocts) = on(oli ds).

Moreover, by employing Gronwall’s inequality, we deduce

16 (1) = OIS + Il (8) — ax(®IF + luc () = ux (I + llec(t) — ex(®)lliy

[ iae) = ia @+ [ et~ 0a(6) 17 s o)
<c / 1626~ 2a(s) 1% ds + [ 1605) = 2O Er ). i € (0.7)
We integrate (91]) over [0, ¢] for a given ¢ € (0,7, then use (92), and to get
L)) = L2077, £2(r0y xvy < €N6(8) = A6 172 (0.7, 120y v - (98)
Thus, the operator £ is Lipschitz continuous on L?([0,7], L?>(T¢) x V). In addition, we

can easily show that the operator A is continuous from Y into itself. We have also Y
is a nonempty, convex closed subset of the reflexive space L?([0,T], L?>(T'¢) x V), then
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Y is weakly compact. Finally, it follows from Schauder’s fixed point theorem that the
operator £ admits a unique fixed point ¢* € Y, and finally, Lemma [£.3 holds. O

To finish the proof of Theorem let (* € Y be a fixed point £ defined by , it is
straightforward to show that the solution (uc«, ¢+, 0¢+) of Problem (PV;) corresponding
to ¢*, is also a solution of Problem (PV) (called the weak solution of Problem (P)).
Moreover, the uniqueness of the solution to Problem (PV) can be provided from the
uniqueness of the solution to Problem (PV;), which ends the proof of Theorem O

5 Conclusion

The main contribution here is the proof of the unique solvability of a new dynamic
thermo-electro-elastic contact model, i.e., Problem (P), which takes into account the
effects of thermal softening and frictional heating at the contact surface. So, an existence
and uniqueness result has been obtained when M, Lgr + MgrL,, is sufficiently small. We
note here that estimating the allowed size of coefficient M, Lg + MprL, remains an open
and very interesting question.
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