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Abstract: In this paper, we study the linear and the nonlinear forms of two—
dimensional Lane-Emden type equations by proving and applying new product and
quotient properties for different differential transform methods (RDTM and MDTM),
in order to minimize computation to the maximum. We will obtain exact analytic
solutions without linearization, discretization or perturbation, even with less compu-
tation.
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1 Introduction

The linear and nonlinear two-dimensional Lane-Emden type equations are first intro-
duced by Wazwaz, Rach and Duan in [8], as follows:

o+ S+ + Sy 4 9l ) (1) =0 1)

x>0, y>0, a>0, >0,
u(z,0) = h(z), uy(z,0) =0, (2)

where g¢(z,y)f(u) is a linear or nonlinear term.
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In this paper, we apply reduced and modified differential transform methods for
solving this kind of elliptic problems, with singularities in both x and y, for obtaining
exact solutions, not by multiplying singular equation by xyu™, né& N, as we have done
in other paper, but by proving new product and quotient properties for the RDTM and
MDTM, which implies a minimum of computation.

L. Maia, G. Nornberg and F. Pacella in [7], introduce a dynamical system approach
for second-order Lane-Emden type problems by defining some new variables that allow us
to transform the radial fully nonlinear Lane-Emden equations into a quadratic dynamical
system. For the one-dimension Lane-Emden equation, the original formal conservation
of specific entropy along streamlines was given by a PDE in the function of t (time) and
r (radius).

2 Definition and Properties of Reduced Differential Transform Method
(RDTM)

We introduce the basic definitions of the reduced differential transform method as follows.

Definition 2.1 If the function u(z, y) is analytic and differentiated continuously with
respect to x and y, in the domain of interest, then let

k
Up(z) = % <aayku(x,y)) y:O’ ke N, (3)

where the y-dimensional spectrum function Ug(z) is the reduced transformed function.
In this paper, the lowercase u(z,y) represents the original function, while the uppercase
Ui (x) stands for the transformed function.

Definition 2.2 The reduced differential inverse transform Uy (x) of u(x,y) is defined
as follows:

u(z,y) =Y Ur(z)y". (4)
k=0

Then, combining equation and , we write

1 (0"
U(Z‘,y) = Z H (aka(I7y))y_0 yk-

k=0

Some important properties of RDTM used in this paper, can be readily obtained and are
listed in Table 1.

3 Definition and Properties of Modified Differential Transform Method
(MDTM)

‘We introduce the basic definitions of the modified differential transform method as follows

Definition 3.1 The modified differential transform of w(z,y) with respect to the
variable y at yg is defined as

Ul h) = (8h (@) ke N (5)
z, =7 u\r,y ) )
h! \ Ozh I

where u(z,y) is the original function and U(z, k) is the transformed function.
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Original functions Transformed functions
w(z,y) = au(z,y) + Bu(z,y) Wi(z) = aUk(z) + BV (z)
w(z,y) = zmy" Wi(z) = 2™6(k — n)
w(z,y) = z™y"u(z,y) Wi (x) - 2" Up—n(2)
w(z,y) = u(z,y)v(z,y) Wi(z) = > Up(2)Up—r(x)
r=0
k r
wiz,y) = fulz.)] W) = 33 Vs (0)U() Uy o ()
r=0 s=0
w(a,y) = 2400 Wi(e) = 2 Un(z)
w(r,y) = Z4EY) Wile) = o Ui(e)
wie,y) = T wie) = S O )
A Ta) ' k=0
au(x,y 1) = k-1 r
w(z,y) = ey Wi (x) az JkrlUr-s-l(I)Wk—r—l(I) k1
r=0

Table 1: Fundamental properties of the RDTM.

Definition 3.2 The modified inverse differential transform U(z, h) of u(z,y) is de-
fined as

u(@,y) =Y U@, h)(y —yo)". (6)
h=0
Then, combining equations and , we write
wr) =3 1 (o) - ™
9 = 9\ a5 ) —Yy0) -
— h! \ Ozh v=v0

When (z,y) is taken as (x,0), then (6) can be expressed as
u(z,y) = Z Uz, h)y".
h=0
Some important properties of MDTM used in this paper, are listed in Table 2.

4 Theorems and Corollaries

Theorem 4.1 (z.5)
u(z,y
w(z,y) =
() v(z,y)
and V(x,0) # 0, then the modified differential transform version is
e
W= vh) - S W)
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Original functions

Transformed functions

w(z,y) = au(z,y) + fo(z,y)

Wz, h) = aU(z, h) + BV (z, h)

w(z,y) = z"y"

W(x,h) =2x™5(h —n)

w(z,y) ="y u(r,y)

W(x,h) =2™U(x,h —n)

w(z,y) = u(z,y)v(z,y)

k
W(x,h) = Z U(z,s)V(x,h—s)
s=0

w(z,y) = [u(z,y)]’

T

R
Wz, h) :Z U(z,h—r)U(x,s)U(x,r —s)

r=0 s=0
_ Ou(z,y) ~0U(z,h)
w($7y)—82 8(:1; : Wxah>—820a(xh)
_ gur.y) _ gYWA)
w(z,y) = N D12 W (x, h) 5.7
w(z,y) = “(;y’ v) W(z,h) = (h+ 1)U (x,h + 1)
0%u(z,
w(z,y) = 15(52 y) Wz, h) = (h+1)(h+2)U(z, h+2)
6aU(:Jc,O) h=0
—eau(z,y) = e
wiw,y)=e Wiz, h) az ot U(z,s+1)W(z,h—s—1), h > 1
s=0 h
Table 2: Fundamental properties of the MDTM.
Proof.

v(z, y)w(z,y) = ulz,y).
So, by applying the modified differential transform, we get

h

k
Z ZV(J:, YW (x,h—s)=U(z,h).

r=0 s=0

For h =0, V(z,0)W(x,0) =U(x,0) gives W (x,0) = v

For h =1, V(z, )W (x,0) + V(z,0)W(z,1) = U(a, 1) .

U(z,1) = V(z,1)W(x,0)
V(z,0)

Then
W(x,1) =
For h =2,
W(z,2) U(x,2
Finally,
W(xz,h) =
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Corollary 4.1 (MDTM) If

anyn
v(z,y)
and V(x,0) # 0, then the modified differential transform version is

w($7y) =

x™d(n) B
W(z,h) = Vi(z,0)’ h—1 e
’ x™6(h —n) = >y W(x,i)V(x,h —1i) b1
V(z,0) ’ =

Corollary 4.2 (MDTM) If

w(z,y) = @)

and V(x,0) # 0, then the modified differential transform version is

1
—_— h=0
) V(z,0)’ ’
W=y s weveh—o
V(z,0) T
Theorem 4.2 (MDTM) If
u(z, y)

w(z,y) = gmyn (z,y) # (0,0),

then the modified differential transform version of w(x,y) is

U(x,h+n)

W(z,h) =

xm

Proof. We have

a"y"w(z,y) =u(z,y), (z,y) # (0,0).
From Table [2] we get a™W (x,h —n) =U(x,h). Then

Wz, h) = W
Corollary 4.3 (MDTM) If
u(z,
w(z,y) = (xy), x#0,

then the modified differential transform version is

W e, n) = L2:h)

X
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Corollary 4.4 (MDTM) If

e =20y

then the modified differential transform version is

W(x,h) =U(x,h+1).

Theorem 4.3 (z.5)
u(z,y
w(x,y) = .
9= )
Then the reduced differential transform version is
U
VO((:vx)))’ F=0
Wi(z) =3 2 -
M= ) - S WV @)
Vo()) L

Proof. The proof is similar to the previous one (Theorem 4.2).

Corollary 4.5 (MDTM) If

m, n

Ty

v(w,y)

w(l‘vy) =

and Vo(x) # 0, then the reduced differential transform version is

x™d(n)

k=0
_ Vo(z) ' 7
Wi(z) = ™Sk —n) — K Wi(2)Vii(x) L1
Vo(z)) ’
Corollary 4.6 (MDTM) If
1
w(z,y) = o)

and Vo (z) # 0, then the reduced differential transform version is

1
— k=0
Vo(z)’ ’
Wele) =y TR weve@
Vo(a) =t
Theorem 4.4 If
wiey) =0 () £ 0,0,

then the reduced differential transform version of w(z,y) is

_ Ugyn(z) .

xm

Wi (x)
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Proof. We have
"y w(z,y) = u(z,y), (z,y) #(0,0).
From Table 3, we get 2™ Wy _,(z) = Ug(x).

Then
_ Ug4n(z)

VV].c (.23) e

Corollary 4.7 (MDTM) If

then the reduced differential transform version is

T

Corollary 4.8 (MDTM) If

then the reduced differential transform version is

_ Uppa(2)
e

Wi(z)
5 Applications

5.1 Modified differential transform method

Example 5.1 First, we consider the nonlinear Lane-Emden equation
Upr + §ugﬁ + Uy, + éuy —14e7 =0 (8)
T Y
subject to the initial conditions
uw(z,0) = 2lnz, uy(x,0)=0. (9)
From Table [2| and Corollaries the modified differential transform version of

1S

-1 0*U(xz,h) 30U(x,h)
U(x,h+2) = : — ~— — 14W (z, h
@+ = e |t 2 (e, 1)
where W (z, h) is the modified differential transform version of e=* (Table [2]) such that
U@ = L h=0,
h—1
h) = 1
Wiz, h) -5 SZ Ulr,s + D)W(z,h—s—1), h>1.

s=0
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Also, the modified differential transform version of initial conditions @D is

U(z,0) =2lnx , U(z,1) =0,
then, for h = 0,
-1 [0?U(z,0) 3 0U(x,0) 1
For h=1 (W(z,1) =0),
-1 [0*U(z,1)  30U(x,1)
For h = 2,
-1 [0%*U(x,2) 30U(w,2) -1
4)=_- 2 —U4W(z,2)| = —
Ut = 35 | o2+ 220D ey =
-1
where W(z,2) = pre
For h = 3,
-1 [0?U(x,3)  30U(x,3)
U(z,5) = 0 { e + P 14W(3:,3)} =0.
For h =4,
—1 [0?U(x,4) 30U (x,4)

Then, by substituting the quantities U(z, h) in Eq., we get the series solution

oo =t (2’3 () +5(2)+

€T €T

and the exact solution is
u(z,y) =In(2° +y?).

The solution is also obtained by the Adomian decomposition method in [8].

Example 5.2 Second, we consider the nonlinear Lane-Emden equation
3 3 _
um—i-;um—i-uyy—&—;uy—?u =0

subject to the initial conditions

w(z,0) =2 , wuy(z,0)=0.

(12)

(13)

From Table [2| and Corollaries the modified differential transform version of

1S

0*U(x.h) | 30U(x,h)

ox? r Ox + (h+4)(h+2)U(x,h +2) — TW(x,h) = 0.
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where W (x,h) is the modified differential transform version of u~! (Corollary 4.2)

such that 1
-, h =0,
Wz, h)=< Ena . .
Yoico Wz, ))U(x, h z)’ b1,
x
From (13)), we get U(z,0) =z, U(z,1) =0, then W(z,1) =0.
-1 0?U(z,h)  30U(x,h)

h+2)= - —TW(z,h
Ulw,h+2) (h+4)(h+2) { oz x Oz Wiz, h)

For h=0, we get

U(x,2) = —
(@,2) 8 ox? x Oz x

For h = 1, because U(z,1) = 0, we have W(x,1) =0, so

-1 [0?U(x,1)  30U(x,1)
_-1 2 - )| =o0.
U(x,3) 15 [ 522 + = o% TW (x, )} 0
For h = 2, we have W(z,2) = %, SO
-1 [0%U(x,2) 30U(x,2) -3

Ul,4) = 24 { oz x Or 7W(x72)} T 243

And 1

U(z,5) =0, U(z,6) = Toas"

-1 [82U(33,0) L 30U@,0) 7] _4_ 1

Then, by substituting the quantities U(z, h) in (7)), we get the following series solution:

_ 1 y2 1 y4 1 y6

And the exact solution is
u(z,y) = Va? +y>.

Example 5.3 We consider now the nonlinear Lane-Emden equation
4 4
Uge + —Us + Uyy + S (5+42%y) (2 +y*)u > =0
subject to the initial conditions
u(z,0) =1 ,u,(z,0) =0.

From (17, we get
U@,0)=1  Ulz,1) =0.

(14)

From Table 2| and Corollaries the modified differential transform version of

gives

1 02U (z, h) n 40U (z,h)

U h+2) = Go5ms9| 02 2 02

+4x* W (x, h — 2) + 42*°W (z,h — 4) |,

— (522W (z, h) + 5W (2, h — 2)
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where W (z, h) is the modified differential transform version of u~3 (Table[2]) such that

1
=1 h =
03(z.0) 0,
W(x,h)= h—1
=Y Wz, i)Uy(z,h—1i), h=>1
i=0
h r
= Z Z U(z,h —r)U(z,s)U(z,r —s).
r=0 s=0
Then
1
=1 h =
Tw0) " 0,
W(if,h): h—i r
—ZW&C@Z U(z,h —i—r)U(z,s)U(x,r —s), h>1.
r=0 s=0
For h = 0, we get
0?U(x,0) 4 0U(x,0) 5
— 1 2) — w =0.
92 +x Ep +10U(z,2) — 52“W (z,0) =0
Then )
595 T
For h=1,
02U (z,1)  40U(z,1)
a2 o= T 18U (z,3) — 5x®W(x,1) =0,
where
0 1—i r
W(x,1)=— Z szZle—z—r)U( $)U(x,r —s)
1= r=0 s=0

= —-W(z,0)[U(x, )U(z,0)U(x,0) + U(z,0)U(x,0)U(x,1) + U(z,0)U(z,1)U(x,0)] =0

Then 18U (x,3) = 0. So, U(x,3) = 0.
For h = 2,

2 2 4 2
0°U(x,2) n U (x,2) + 28U (2,4) — 52°W (x,2) — 5W (x,0) — 4z*W (2,0) = 0. (18)

(
oz x Ox
We first calculate

1 2—i r

W(x,2) =Y W(z,i)

=0 r=0 s=0

U(x,2 —i—nr)U(z,s)U(xz,r —s)

N

=—W(x,0) [U(z,2)U(z,0)U(z,0) + U(z,1)U(x,0)U(x,1) + U(x,0)U(x,0)U(z, 2)

U005 DU ) + U 00 200 = — (5 + 5+ 5 ) = 22
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Then Eq. becomes

2
1+ 4+ 28U (x,4) + 5a? (3;”) —5—4z* = 0.

So,

281 J\T 4 -
( I ) 2
And

x8 —528

U(z,5)= 0, U(z,6) = 16’ U(x,7)= 0, U(z,8) =

Then, by substituting the quantities U(z, h) in Eq.7 we get the following series solution:

$2y2 x4y4 $6y6 5378:(]8
—1 - -
ul@y) =1+ — s 16 128 T

And the exact solution is
u(z,y) =1+ x2y2.

The exact solution is not obtained by the Adomian method in [8], only the approximate
solution is mentioned.

Remark 5.1 The application of the reduced differential transform method gives the
same coeflicients of power series and same steps of computation.

Remark 5.2 The nonlinear two-dimensional Lane-Emden system of equations can
be introduced and solved by the RDTM and MDTM using the same computation steps.

«
Ugy + ;uz +uyy + guy + f(1'7y,'l)) = Oa
¥ 0
Vgx + ;U:c + Vyy + Zvy +9($7yau) =0,
x>0, y>0, a>0, >0 >0, 6>0,

u(z,0) = h(z), uy(z,0)=0, v(z,0)=~k(z), wvy(z,0)=0.

6 Conclusion

In this paper, the Reduced Differential Transform Method (RDTM) and Modified Dif-
ferential Transformation Method (MDTM) have been successfully applied for obtaining
exact solutions to the nonlinear forms of two—dimensional Lane-Emden type equations,
by proving and applying new product and quotient properties for different differential
transform methods (RDTM and MDTM). This paper is the first to provide an exact
solution by the DTM (Differential transform method) in the case, where the Adomian
method gives an approximative solution. We also introduce the two—dimensional Lane—
Emden system of equations and obtain exact analytic solutions.
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