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1 Introduction

Contact mechanics is the study of the deformation of solids that are in contact with
each other at one or more points. Antiplane shear deformations are one of the simplest
classes of deformations that solids can undergo. The antiplane shear deformation is the
deformation that we expect to appear after loading a long cylinder in the direction of its
generators so that the displacement field is parallel to the generators of the cylinder and
independent of the axial coordinate.

The piezoelectric effect results from the coupling between electrical and mechanical
properties, in which the body has the ability to produce an electrical field when a me-
chanical stress is present and, conversely, under the action of an electric field the body
undergoes a mechanical stress. The models for piezoelectric materials can be found
in 1], [2] and [3].

In this paper, we study an antiplane contact problem for electro-viscoelastic materials
with the slip rate—dependent friction law, in the framework of the Mathematical Theory
of Contact Mechanics, when the foundation is electrically conductive. We consider the
case of antiplane shear deformation, i.e., the displacement is parallel to the generators
of the cylinder and independent of the axial coordinate (see [5], [6] and the references
therein). Such kind of problems was studied in a number of papers in the context of
various constitutive laws and contact conditions (see, e.g. [12], [13] and [14]).

Our paper is structured as follows. In Section 2, we present the mechanical model
for the quasistatic antiplane contact problem. In Section 3, we introduce the notation,
list the assumption on problem’s data, derive the variational formulation of the problem.
Finally, in Section 4, we state our main existence and uniqueness result, i.e., Theorems
MI}42] The proof of this result is carried out in several steps and is based on the
arguments of evolutionary inequalities.

2 The Mathematical Model

We consider a piezoelectric body B identified with a region in R? it occupies in a fixed and
undistorted reference configuration. We assume that B = Q x (—o0, +00) is a cylinder
with generators parallel to the zz-axis with a cross-section which is a regular region ()
in the x1, zo-plane, Oxizox3 being a Cartesian coordinate system. The cylinder is acted
upon by body forces of density fo and has volume free electric charges of density go.
It is also constrained mechanically and electrically on the boundary. To describe the
boundary conditions, we denote by 9Q2=I" the boundary of 2 and we assume a partition
of I' into three open disjoint parts I'y, I'y and I's, on the one hand, and a partition of
I'y UTs into two open parts ', and I'y. On the other hand, we assume that the one-
dimensional measures of I'y and I'y, denoted meas I'; and meas I',, are positive. Let
T > 0 and let [0, 7] be the time interval of interest.

The cylinder is clamped on T'y X (—o00,+00) and therefore the displacement field
vanishes there, surface tractions of density fa act on I's x (—o0, +00). We also assume
that the electrical potential vanishes on T', X (—oo,+00) and a surface electrical
charge of density ¢o is prescribed on I'y x (—o0,+00). The cylinder is in contact over
I's x (—o00,400) with a conductive obstacle, the so-called foundation. The contact is
frictional and is modeled by Tresca’s law.

We denote by S? the space of the second-order symmetric tensors on R?, and we
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define the inner products and the corresponding norms on R3 and S? by
wv = w;, vl = (v.v)% for all u = (u;),v = (v;) € R3,1 < i,j < 3,

0.1 =0,,;Tij |7l = (7.7)% forall o = (0; ), 7 =7i; €S* 1<i,j <3.
We assume that
f() = (0,0,f()) with fo = f0($1,$2,t) : Q) x [O,T} — R, (1)
and
f2 = (0,0, f2) with fo = fo(z1,22,t) : T2 x [0,T] — R. (2)
The body forces and the surface tractions would be expected to give rise to a
deformation of the elastic cylinder whose displacement, denoted by wu, is of the form
u=(0,0,u), with go:Q x[0,7] — R. (3)

Such kind of deformation, associated to a displacement field of the form , is called
an antiplane shear. We assume also that

go = qo(x1, z2,t) with u = u(x1,x2,t) : Q@ x [0,T] — R, (4)
q2 = q2(21,2,t) with g2 : Ty x [0, 7] — R. (5)
The electric charges , would be expected to give rise to deformations and to

the electric charges of the piezoelectric cylinder corresponding to an electric potential
field ¢ which is independent of x3 and has the form

© =@(x1,T2,t) : A x [0,T] — R. (6)

The infinitesimal strain tensor, denoted by £(u) = (g;;(w)), is defined by

1 .
gij(u) = 5 (uij +uzi), 1 <4,5 <3, (7)
where the index that follows the comma indicates a partial derivative with respect to the
corresponding component of the spatial variable. Moreover, in the sequel, the convention
of summation upon a repeated index is used. From and @, it follows that, in the
case of the antiplane problem, the infinitesimal strain tensor becomes

0 0 %U’l
efwy=1| 0 0  sual. (8)
1

1
§’UJ,1 5'&72 0

We also denote by E(p) = (E;(¢)) the electric field and by D=(D;) the electric
displacement field, where

1
€ig(u) = 5 (uij +uja), (9)
Ei(p) = =, (10)
Let 0 = (oy;) denote the stress field. We suppose that the material’s behavior is
modelled by an electro-viscoelastic constitutive law of the form

o = 20c(4) + Ctre(u)I + 2pe(u) + Mre(u)l — EXE(yp), (11)
D = £"c(u) + SE(g), (12)
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where ¢ and 6 are viscosity coefficients, A and p are the Lame coefficients, tr e(u) = €;;(u),
I is the unit tensor in R?, « is the electric permittivity constant, £ represents the third-
order piezoelectric tensor and £* is its transpose. We assume that

6(513 + 531)
Ee=|e(eas +e32) |, Ve = (e:) € S, (13)
6(533)

where e is a piezoelectric coefficient. We also assume that the coefficients 6, u, 8 and e
depend of the spatial variables x1, x5, but are independent on the spatial variable xs.
Since Ee.v =e.£*v for all ¢ € S, v € R?, it follows from (13) that

0 0 ey
Ev=| 0 0 evy|,Vv=(v;) €R3 (14)
€V1 €V2 €v3

Here and below the dot above represents the derivative with respect to the time
variable. The stress field is given by the matrix

0 0 013
g = 0 0 023 | . (15)
o31 o3 O

In the antiplane context 7 @, when using the constitutive equations — and
equalities -, it follows that the stress field and the electric displacement field are
given by

0 0 Oiy + pug +epn
o= 0 0 Qo+ pug +eps |, (16)
Ouy+pus+epr Ous+ pus+eps 0
eu1 — By
D= |eus—fps2]. (17)
0

We assume that the process is mechanically quasistatic and electrically static and
therefore is governed by the equilibrium equations

Dive + fy =0, (18)
Dii—qo=0 1inBx(0,T), (19)
where DIVJ = (05,5 represents the divergence of the tensor field o. Thus, keeping in

mind ( . @ and ( . the equilibrium equations above are reduced to the
followmg scalar equatlons

div(0Va + pVu) + div(eVe) + fo =0, in Qx (0,T), (20)
div(eVu) — div(B8Ve) = qo, in Q x (0,7). (21)

Here and below we use the notation

divr =19 + 7112 for 7 = (11(z1, 22,t), T(21, T2, 1)),
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Vo= (v1,v2), O,v=v111 +vare for v=uv(zy,z2,1).

Recall that since the cylinder is clamped on I'y x (—o0, +00), the displacement field
vanishes there. Thus implies

u=0 onTI; x (0,7), (22)
the electrical potential vanishes too on 'y X (—00, +00), thus implies that
=0 onT, x (0,7). (23)
Let v denote the unit normal on I'" X (—oc0, +00). We have
v = (v1,14,0) (24)

with v; = v;(z1,22) : I' — R, i = 1,2. For a vector v we denote by v, and v, its normal
and tangential components on the boundary which are given by

Uy =V.U, Vp=V —U,l, (25)
respectively. In , and everywhere in this paper, ”.” represents the inner product on
the space R3(d = 2,3). Moreover, for a given stress field o, we denote by o, and o, the
normal and tangential components on the boundary, respectively, i.e.,

oy = (ov)w, o;=0v—o0,u. (26)

From 7 and , we deduce that the Cauchy stress vector and the normal
component of the electric displacement field are given by

ov = (0,0,00,1 4+ pd,u+ d,¢), D.v=ed,u— B0,p. (27)

Here and subsequently we use the notations d,u = u 1v1 + usv2 and 0y, = @ 111 +
©,2v2. When keeping in mind the traction boundary condition ov = fa on I'y X (—00, +00)
and the electric condition D.v = g3 on T’y x (—00, +00), it follows from , and
that

00,1 + pd,u+ 0y = fo on 'y x (0,7, (28)

edyu — Bd,p=qy on Ty x (0,7T). (29)

We now describe the frictional contact condition on I's x (—oo, +00). First, we note
that from , and , we find u,, = 0, which shows that the contact is bilateral,

that is, the contact is kept during all the process. Using now , -, we conclude
that

u, = (0,0,u), (30)
oy =(0,0,07), (31)

where
or = 00,4+ po,u+ 0,p. (32)

We assume that the friction is invariant with respect to the xs-axis and for all ¢ €
[0, 7], it is modelled by the following conditions on I's:

{|of| < g(Ji,|) on T3 x [0, 7],

. 33
or = —g(lil) 77, on I's x [0,T]. (33)
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Here g : T'; x R — R3 is a given function, the friction bound, and 1, represents the
tangential velocity on the contact boundary. In , the strict inequality holds in the
stick zone and the equality is true in the slip zone.

Using now , , it is straightforward to see that the conditions imply

100,10 + pdyu + edyp| < g(|a), (34)
00,1 + poy,u + ed,p = —g(|u|)|“7‘, on T's x [0,T].
Finally, we prescribe the initial displacement
u(0) = up, in Q, (35)

where ug is a given function on €.

Problem 2.1 Find a displacement field u : Q x [0, 7] — R and the electric potential
field ¢ : Q x [0, T] — R such that

div(0Vi + pVu) + div(eVe) + fo =0, in Qx (0,7), (36)
div(eVu) — div(fVe) = qo, in 2 x (0,T), (37)
u=0, onl;x(0,7T), (38)
00,0 + pdy,u + edyp = fa, on I'y x (0,T), (39)
00,0 + po,u + edy,p = —g(\u|)‘%l, on I's x (0,7),
p=0, on Ty x (0,7), (41)
edyu — B, = g2, on Ty x (0,T), (42)
u(0) =wug, in Qx (0,T). (43)

3 Assumptions and Varitional Formulation

To obtain a variational formulation for the mechanical problem —, we introduce
the function spaces V = {v € H}(Q) : v = 0 onI';} and W = {4 € H'(Q) : ¢ =
0 onT4}, and here and below, we write w for the trace yw of a function w € H* on TI';.

Since measT'; > 0 and measI’, > 0, it is well known that V and W are the real
Hilbert spaces with the inner products

(u,v)y = / Vu.Vudz,Vu,v € V,
Q

and
(o, V)w = / V. Vipdr, Y, € W.
Q

Moreover, the associated norms

ol = IVoll2(@)2, Vo € V, (44)
[Pllw = IVl L2 @2, Ve € W, (45)
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are equivalent on V' and W, respectively, with the usual norm |.||z1(q). By Sobolev’s
trace theorem, we deduce that there exist two positive constants ¢y > 0 and cyy > 0
such that

vll2(ryy < evlvllv,Yv eV, (46)
[vllL2(ry) < ewllPllw, Ve € W. (47)
For a real Banach space (X, ||.||x), we use the usual notation for the spaces L?(0,T, X)

and WkP(0,T, X), where 1 < p < 00,k = 1,2...; we also denote by C(0,7,X) and
C1(0,T, X) the spaces of continuous and continuously differentiable functions on [0, T’
with values in X, with the respective norms

Izllcorx) = max flz]x,

X
€[0,T]

and
X = ma X + max T
|| ||cl(o,T,X) te[o,}Z(“]H ||X €[0.T] || ||X7

)

and we use the standard notations for the Lebesgue space L2(0,T,X) as well as the
Sobolev space W12(0, T, X). In particular, recall that the norm on the space L?(0, T, X)
is given by the formula

T
T / () %dt,
0

and the norm on the space W12(0,T, X) is defined by the formula

T T
lalZns 0.2x) = / () [3cdt + / () | .

In the study of Problem 2.1, we assume that the viscosity coefficient and the electric
permittivity coeflicient satisfy

0 € L>=(Q) and there 6* > 0 such that 6(x) > 6* a.e x € Q, (48)
B8 € L>°(2) and there 8 > 0 such thatg(z) > * a.e z € Q. (49)

We also assume that the Lame coefficient and the piezoelectric coefficient satisfy

w € L™ and p(z) > 0,a.e x € Q, (50)
ee L™, (51)

The forces, tractions, volume and surface free charge densities have the regularity

fO S Wl’z(oaTa L2(Q))7 f2 S W1’2(07T7 LQ(FZ))a (52)
q € W2(0,T, L*(9)), (53)
g2 € WH2(0,T,L*(Ty)), g2 =0 a.e € Ty, (54)

The friction bound satisfies

a) g: T3 xR — RT
b) 3 L, > 0 such that |g(x, ) — g(x,r2)| < Lg|ri — 7o
)

¢) © — g(x,r) is Lebesgue mesurable on I's Vr € R
d) the mapping z — g(z,0) belongs to L?(I's),
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the functional j : v x v — R is given by
o) = [ gllil)lolda, vo e V. (56)
s

Let m1,m2,v1,v2 € V, by using —, we find that
J(msv2) = (i, v1) +3(n2,v1) — j(n2,v2)| < Lgllm — m2ll2ry) [lvr — o2l 2 (1),
and, keeping in mind , we obtain
3(m,v2) = § (i, 01) + G0z, 01) = (2, v2) < & Lgllm — mallv [[or — vallv, (57)
the initial displacement is such that
ug € V. (58)

We will use the functions f : [0,7] — V and ¢ : [0,T] — W by

(fyv)v = | fovdx + fovda, Yv € V, (59)
Q I's
(¢ 9)v = /F s + /Q qotbda, W € . (60)

The defnition of f and g are based on Riesz’s representation theorem, moreover, it
follows from assumptions — that the integrals above are well defined and

fewh0,1,V), (61)
q € W0, T,W). (62)

Next, we define the bilinear forms ag : VXV — R, a, : VXV — R, a. : VW —
R,ac.: W xV —R,ag: W xW — R by the equalities

a0, v) = /Q OV Vods, (63)

a(u,0) = /Q V. Vods, (64)

0 (1, ) = /Q V. Vudz = ay(p,v), (65)
as(0,9) = /Q BV Vipde. (66)

(67)

Assumptions — imply that the integrals above are well defned and, when using
—, it follows that the forms ag,a,, a. and ag are continuous, moreover, the forms
ag,a, and ag are symmetric and, in addition, the form ag is V-elliptic since

ag(u,v) < ||| Lo (o llullv[lvllv Vu,v €V, (68)
ap(v,v) > 0*||v||3 Yo e V. (69)

The variational formulation of our problem is based on the following result.
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Lemma 3.1 If (u, ) is a smooth solution to Problem 2.1, then (u(t), p(t)) € X and

ag(u(t), v —u(t)) + au(u(t),v —u(t) + ac(p(t), v — a(t)) + j(u(t), v)—
](u(t)vu(t)) > (f,l}*ﬂ)v,VUEVr,tG [OaT}v (70)
aﬁ(@a 1][)) - ae(“ﬂ/)) = (‘Lw)Wqu/} S VVa (71)
u(0) = uo. (72)
Proof. Let (u, ) denote a smooth solution to Problem 2.1, we have u(t) e V, 4 € V
and o € W ae. t € [0,T) and let v € V, ¢ € W, we multiply equations (36))-(37) by

(v—1(t)), 1, integrate the result on €, and use Green’s formula (36), and from (38)-(40),
we get

/Q Vi)V (v — i(t))da + /Q V(). (0 — i(t))dz + /Q V.V (6 — i(t))dat

| stapiaeda— [ gawhilde = | oo ie)des

s

fao(v —a(t))daVv € Vit € (0,T). (73)
T2

Now, using , and —, we obtain and , and from -, we
get

/Q BV o(t).Vipda — /Q eVu(t). Vipda = /Q go(£)voda—

/ g (t)ida, Vb € Wt € [0,T). (74)
Ty

Using and —, we find . ]
Finally, the variational formulation of Problem f is given as follows.

Problem 3.1 Find a displacement field u : [0,7] — V and an electric potential
field ¢ : [0,T] — W such that

ag(u(t),v —a(t)) + au(u(t),v —u(t)) + ac(e(t),v —u(t)) + ju(t), v) — j(a(t),w(t)) =
(f,U—’L.I/)V7V’UEVv,t€[O,T}, (75)

aﬁ(@a 1/}) - ae(u7 ¢) = (Q7 w)W;V’@[] S VV7 (76)

We notice that the varitional problem 7 is formulated in terms of a displace-

ment field and electrical potential field. The existence of the unique solution to (75)—(77)
is stated and proved in the next section.
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4 Existence and Uniqueness of a Weak Solution

Theorem 4.1 Assume 7, then there exists Lo, which depends on
O, I',T2,T's, and if Ly < Lo, there exists a unique solution u to Problem 3.1 satisfy-
mg

u€ W>2(0,T,V). (78)

Proof of Theorem 4.1. The proof of Theorem 4.1 will be carried out in several steps.

First Step: We consider the following problem.
Problem 4.1 Find a displacement field w : [0,7] — V such that
a(u(t), v —a(t)) + b(a(t), v — a(t)) + j(u(t), v) — j(a(t), a(t)) = (F(t), v —a(t))v,
Yo e V,te[0,T], (79)
u(0) = up. (80)
In the study of the Cauchy problem —, we assume that

a:V xV — R is a bilinear form and there exists M > 0 such that
la(u,v)| < M||ullv|v|v, Yu,v € V.

b:V xV — is a bilinear symmetric form and
(a) there exists M’ > 0 such that |b(u,v)| < M'||u|lv|v|v, Yu,v € X, (82)
(b) there exists m’ > 0 such that b(v,v) > m/||v||} Vv €V,

Jj:VxV —Rand
a) for all n € V, j(n,.) is convex and I1.S.C. on V,

b) there exists a > 0 such that (83)
J (1, v2) = G, v1) + 3 (2, v1) = G2, v2)| < allm — n2lvllor = vellv,
VN1, M2,v1,v2 €V,
ug €V, (84)
FeWh0,T,V). (85)

Under assumptions 7, we have the following result.

Lemma 4.1 Assume that - 85) hold, then if m’ > «, there exists a unique solu-
tion u € W42(0,T,V) to problem (79)-(80).

Proof. For any t1,ts € [0,T], we use (79) and get
a(u(tr),v —i(t1)) + b(a(tr), v — i(t)) + j(i(ts),v) — 3 (a(tr), (t1)) >
(F(t1),v —u(t1))v,Yv e V, (86)

alu(tz),v —u(t2)) + b(iltz), v — u(tz)) + j(ultz),v) — j(u(tz), u(t2)) =
(F(t2),v —u(t2))v,Vv € V. (87)
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We take v = 4(tz) in the first inequality, and v = 4(¢1) in the second one, and add
the results to obtain

b(u(th) — a(tz), u(tr) —u(t2)) + j(a(ts), a(te)) — 7(u(te), wltz)) + j(a(t), w(t1))—
jlu(t2), u(t2)) < alu(ts) — u(te), u(tz) — w(tr)) + (F(t1) — F(t2), u(t2) — u(t1)). (88)

‘We use now assumptions - to find

[a(ty) —alte)llv < C([lulty) —u(t)llv + [[F(t) = F(t2)llv), (89)

where C' = max{ 2 1

C1(0,t,V) shows that w : [0,T] — V is an absolutely contunuous function and, more-
over,

}. This inequality combined with the reguarlarity u €

[a@llv < C([la®lv + [F(@)llv) a.e t €[0,T].

Finally, we conclude that u € W22(0,T,V).

Second Step: Now, we prove the first inequality of Theorem 4.1.
Proof. From we have

(/6<)07w)w - (6u5 QD)W = (qa ¢)Wﬁ (90)

the use of gives that
Be(t) = eu(t) +q,
hence

o(t) = %u(t) T %. (91)

Now, we take and substitute in , we get

ag(u(t), v —a(t)) + au(u(t),v —u(t)) + ae(EU(t)v v —a(t)) +j(a(t),v) — j(a(t), u(t))

> (f(t) = B v —a)v, Y e Vit e [0,T], (92)

u(0) = ug. (93)
Next, we define the bilinear forms a: V xV — R, b: V x V — R by
a(u(t),v —a(t)) = au(u(t),v —a(t)) + ae(%U(t), v —uf(t)), (94)
b(u(t), v — a(t)) = ag(u(t), v — u(t)), (95)
and define the function F : [0,7] — V by
(F(t),v —a)y = (f(t) = B q,v — d)v. (96)

The bilinear form a(.,.) and the initial data ug satisfy conditions and (84). The
regularity f € W12(0,7,V) and ¢ € W2(0, T, W) combined with the definition of F\(.)
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in , satisfy .

Now, for all € V, the functional j(n,.) : V. — R is a continuous seminorm on V'
and therefore it satisfies condition (a). Recall also that j satisfies inequality ,
which shows that condition (83))(b) holds with @ = ¢y L.

From (68), the bilinear form b satisfies condition with m/ = 6*.

*

0
Choose Ly = —-, which depends on §2,T'1,I'2,I'3, and 6. Then, if Ly, < Lg, we have
c

v
m’ > «, and therefore the first inequality in Theorem 4.1 is a direct consequence of
Lemma 3.1.

Theorem 4.2 Asume @)—@) and if Ly < Ly, there exists a unique solution (u, p)
to Problem 3.1 satisfying

o€ Wh2(0,T,W). (97)

In this step, we prove the second inequality cited in Theorem 4.2.
Proof. Let u € W22(0,T,V) be the solution of problem — and let ¢ :
[0,T] — W be the electrical potential field defined by . Notice that the regularity
u € W22(0,T,V) and ¢ € WH2(0,T, W) imply that o € W12(0, T, W).

Conclusion

We presented a model for an antiplane contact problem for electro-viscoelastic materials
with two variables, i.e., a time-dependent variational equation for the potential field,
where the time ¢ is in [0,7]. The problem was set as a variational inequality for the
displacements and a variational equality for the electric potential. The existence of
a unique weak solution for the problem was established by using arguments from the
theory of evolutionary variational inequalities and a fixed-point theorem.
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