Nonlinear Dynamics and Systems Theory, 24 (5) (2024) 459

ror T
2

Publishing
Group

A Priori Predictions for a Weak Solution to
Time-Fractional Nonlinear Reaction-Diffusion
Equations Incorporating an Integral Condition

Abdelouahab Benbrahim !, Igbal M. Batiha ?3*, Igbal H Jebril2, Ahmed
Bourobta !, Taki-Eddine Oussaeif ' and Shawkat Alkhazaleh*

L Department of Mathematics and Informatics, Larbi Ben M’hidi University, Oum El Bouaghs,
Algeria.
2 Department of Mathematics, Al Zaytoonah University of Jordan, Amman 11738, Jordan.
3 Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman 346, UAE.
4 Department of Mathematics, Faculty of Science and Information Technology,
Jadara University, Irbid, Jordan.

Received: February 3, 2024; Revised: September 21, 2024

Abstract: Within this paper, we lay out the necessary criteria that ensure a solu-
tion’s presence and distinctiveness within a functionally weighted Sobolev space. This
pertains to a specific group of initial-boundary value problems accompanied by an
integral condition, all related to nonlinear partial fractional reaction-diffusion (RD)
equations. Our findings are derived through the utilization of a priori estimates in
Bouziani fractional spaces. By employing an iterative approach built upon outcomes
from the linear counterpart, we successfully validate the existence and uniqueness of
a weak generalized solution for the nonlinear conundrum.

Keywords: fractional partial differential equation; existence; uniqueness; energy in-
equality.

Mathematics Subject Classification (2010): 35R11, 35A01, 35A02, 7T0K75.

* Corresponding author: mailto:i.batiha@zuj.edu. jo

(© 2024 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online) /http://e-ndst.kiev.uat42


mailto: i.batiha@zuj.edu.jo
http://e-ndst.kiev.ua

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (5) (2024) 443

1 Introduction

The nonlinear diffusion equation is a partial differential equation that describes the be-
havior of a diffusing quantity in a medium where the diffusion rate depends on the
concentration or magnitude of the quantity itself, these are suggested as mathematical
models of physical problems in many fields such as image processing, heat conduction
in composite materials, reaction-diffusion systems, nonlinear diffusion in fluid mechanics
and population dynamics [143].

Fractional differential equations (FDEs) generalize ordinary and partial differential
equations by incorporating fractional derivatives instead of integer-order derivatives.
FDEs have attracted considerable attention because they can describe complex phenom-
ena characterized by long-range memory, anomalous diffusion, and fractal-like behavior,
fractional differential equations (FDEs) are used to model a wide range of phenomena in
various fields such as visco-elasticity, biological, electrical circuits, control systems, and
geological systems [4-8]. These are just a few examples of the diverse range of applications
where FDEs are treated. Fractional calculus and FDEs provide a powerful mathematical
framework to capture complex dynamics, memory effects, and non-local interactions in
various systems, as well as a variety of other physical phenomena. Recently, there has
been a lot of progress in the study of fractional differential equations [9-13]. This is due
to several recent studies in this field, see the monographs of Kilbas et al. [14], Miller
and Ross [15], Samko et al. |16], and the papers of Agarwal et al. |[17], Anguraj A. and
Karthikeyan P. [18], Belmekki et al. [19], Daftardar-Gejji and Jafari [20,21], Kaufmann
and Mboumi [22], Kilbas and Marzan. [23], Yu and Gao [24], Oussaeif [25], and also the
general references in Baleanu et al. [26], and the references therein.

However, many phenomena can better be described by integral boundary conditions,
which are often used in problems where the system’s physical or mathematical character-
istics require considering the solution’s cumulative behavior over a specific region. They
can arise in various fields, including heat transfer, fluid mechanics, quantum mechan-
ics, and population dynamics. Bouziani [24]127] has extensively studied the topic and
generated significant interest in various works. The recent surge in interest in nonlinear
fractional reaction-diffusion (RD) equations [28}29] can be attributed to their ability to
exhibit self-organization phenomena and introduce the fractional index as a new param-
eter in the equation. Moreover, the analysis of these equations from both analytical and
numerical perspectives has generated considerable attention. These equations provide
a fertile, promising research area, offering rich mathematical insights. Despite efforts
to investigate fractional RD equations under specific boundaries and initial conditions,
explicit solutions are often elusive. This study delves into a more comprehensive exami-
nation of a generalized model for nonlinear time-fractional RD equations.

The aim of this paper is to expand the utilization of the energy inequality method to
establish the existence and uniqueness of weak solutions in functionally weighted Sobolev
spaces. Specifically, we focus on a class of initial-boundary value problems with a non-
local condition referred to as the ”integral condition” for a broader range of nonlinear
partial fractional differential equations. To the best of our knowledge, this particular
class of equations has not been previously investigated. Additionally, this work serves as
an explanation and complement to our previous paper [24]. Furthermore, this research
introduces novel theoretical concepts involving Bouziani fractional spaces.
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2 Preliminaries

Let © = [0;T] be a finite interval of the real numbers R and I'(-) denote the gamma
function. For any 0 < o < 1 being a positive integer, the Caputo and Riemann-Liouville
derivatives are, respectively, defined as follows:

e The left Caputo fractional derivative of order « is defined respectively by

¢

o ou(

DXz, t) = 1—a/ us t—s) ds. (1)
0

e The right Caputo fractional derivatives of order « is defined respectively by

T
oo =1 [ou(es) 1
D% (1) = F(l—a)/ 95 (s—1o @

t

e The left Riemann-Liouville fractional derivative of order « is defined respectively
by

"D} p(x,t) = B 3)

e The right Riemann-Liouville fractional derivative of order « is defined respectively
by

T

-1 0 w(z

R o —_

FD ) = s | (W
t

Many authors think that Caputo’s version is more natural because it makes the
handling of homogeneous initial conditions easier. Then the two definitions (1)) and
are linked by the following relationship, which can be verified by a direct calculation:
p(z,0)

R o C’ e

()

Definition 2.1 [30,31] For any real § > 0 and finite interval [a, b] of the real axis
R, we define the semi-norm
2 0
v]igro ) = ||RDt”||L2(Q)
and the norm , , ,
[0l g ) = 10l 220y + [0lige (o) - (6)

Next, we define H?(Q) as the closure of C§°(Q2) with respect to the norm ||~||1H9(Q).

Definition 2.2 [30,[31] For any real § > 0 and finite interval [a,b] of the real axis
R, we define the semi-norm

|v

2
’Q‘H"(Q) = ||5D0UHL2(Q)

and the norm
2 2 2
[VlI= e 0y = 10l z2(0) + [Vl o) - (7)
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In what follows, we define ! H?(Q) as the closure of C§°(€2) with respect to the norm
11: 270 (62)-

Definition 2.3 For any real § > 0 and finite interval [a,b] of the real axis R, we
define the semi-norm

|v|2 _ (Rva,ﬁ DeU)L?(Q)
CHO(Q) cos (O7)
and the norm
2 2 2
||UHCH9(Q) = ||UHL2(Q) + |U|6H9(Q) : (8)

Lemma 2.1 [30,31] For any real 6 € R, if u € 'H?(Q) and v € C$*(R), then we
have

(EDJu (), v (1) r2() = (u(t),; DPv(t))r2(q).
o
Lemma 2.2 /30, 81] For 0 < 0 <2, 0 # 1 and u € H (), then
o o
ED%wu (t) = DZuD7u(t).

Lemma 2.3 [30,/31] For any real € Ryand 6 # n+ 5, the semi norms i 702y
'lr o) and || oy are equivalent, then we pose

o) = [lrmroay = Flerrog -

Lemma 2.4 [30,/31] For any real 8 > 0, the space THE () with respect to the norm
(@ is complete.

Definition 2.4 We denote by Lo(0,T,L2(0,1)) = L2 (Q) the space of functions
which are square integrable in the Bochner sense with the scalar product

T
(uvw)LQ(O,T,Lg(O,l)) :/0 ((u, ), (w, '))LZ((),l) dt. 9)

Since the space L2(0,1) is a Hilbert space, it can be shown that Lo(0,T, L2(0,1)) is
a Hilbert space as well. Now, let C°°(0,T) denote the space of infinitely differentiable
functions on (0,7") and C§°(0,T) denote the space of infinitely differentiable functions
with compact support in (0,7).

3 Bouziani Functional Spaces

We introduce the function spaces needed in our investigation. Let L2(0,1) and
L2(0,T,L?(0,1)) be the standard function spaces. Also, we denote by C(0, 1) the vector
space of continuous functions with compact support in (0.1). Since such functions are
Lebesgue integrable with respect to dz, we can define it on Cy(0,1). The bilinear form
is given by

1
(u.w):/o Spu.Spwdx, (10)

where Syu = [ w(¢,)d¢ and Shu = fml u(¢,)d¢. The previous bilinear form is
considered as a scalar product on Cy(0, 1) for which Cy(0, 1) is not complete.
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Definition 3.1 We denote by B2(0, 1) a completion of Cy(0, 1) for the scalar product
, which is denoted by (-,-)p2(0,1)- It is also called the Bouziani space or the space
of square-integrable primitive function on (0,1). By the norm of the function u from
B2(0,1), we can understand the non negative number

||U||B2(o,1) =/ (u,u)B2(0,1) = Hsfl’u”LZ(O,l)'

For u € L?(0,1), we have the elementary inequality

2 1 2
lull2(0,1) < 5 llullz2(0,1) - (11)

We denote by L2(0,T, B%(0,1)) = B?(Q) the space of functions, which are called the
square integrable in the Bochner sense with the scalar product

1
() gy = [ () w0 (12)
for which B%(Q) is a Hilbert space.

4 Solvability of Solution of Diffusion Fractional Dirichlet Problems

4.1 Formulation of the problem

In this part, we assume ©Q = (0;1) and [ = (0;7") with 0 < T" < +00. Also, we consider
the following nonlinear fractional problem:

Dgu(a,t) — 2 (a(x, ) 2950) 4 bu(z,t) = f(a,t,u, ),  V(a,t) €Q,
u(z,0) =0 Ve € (0,1), (P)
Jo #Fu(z, t)dz =0 Vt € (0,T) and k = {0,1},

where @ = €2 x I is an open bounded interval of R and a, b, f are known functions. Also,
we suppose the following conditions:
e (A;) We assume that 0 < ag < a(z,t) < a; and ag < % < ag for all (z,t) € Q.

o (A2) We assume that the compatibility conditions

/xku(x,t)dx =0 vVt € (0,T7) and k= {0,1}
Q
are verified.

4.2 The associated linear problem

In this part, we show the existence and uniqueness of the strong solution of the linear
problem. The proof is based on an a priori estimate and the density of the set of values
of the image of the operator generated by the problem

*Du(x,t) — 2 (a(, ) )+ bu(z, t) = f(z,),Y(z,t) € Q,
u(zx,0) = vz € (0,1), (Py)
Jo #Fu(z, t)dz =0 vt € (0,T) and k = {0, 1},
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whose diffusion problem is given as follows:

0 ou(z,t)
_c [e4 - ? =
£u =° Dfu(z,t) . (a(z,t) 5 )+ bu(z,t) = f(x,t) (13)
with the initial condition
lu=u(z,0)=0 Va e [-1,1] (14)
and the integral conditions
/ aFu(z, t)dedt =0 YVt e (0,T) and k = {0,1}, (15)
Q

where f(_x7t) is a given function and « satisfies the assumption 0 < «a < 1, for which
(x,t) € Q.
4.3 A priori estimation

In this part, we aim to establish an a priori bound and prove the existence of a solution
to the problems — with Lu = F, where L = (£,]) and F = f is the operator
equation corresponding to problems —. To obtain a full overview about such an
estimation, the reader may refer to [32]. The operator L acts from E to F, which is
defined as follows. The Banach space F consists of all functions u(z,t) with the finite
norm

2 2 2
lulle = [1Szullze ) + lullz(q) - (16)

The Hilbert space F' consists of the vector-valued functions F' = f with the norm
2 2 r 2 2
o _ a o
151 = 1A, + [ 12000, de+ 19, - (1)

4.4 A priori bound

Theorem 4.1 If the assumption (A1) is satisfied, then for any function v € D(L),
there exists a positive constant ¢ independent of u such that

T
2 2 2 a2 2
”SZUHL?(Q) + ||UHL2(Q) <k <f||L(2Q) +/0 I ||fHL§OV1) dt + ||%I<P|L?011)> (18)

for which D(L) is the domain of definition of the operator L defined by
D(L) = {ue L*(Q) / Swu e L*(Q)},
satisfying conditions @

Proof. By taking the scalar product in L?(Q) on and the operator

Mu=/: (/Ogu(n,t)dn) dc,
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(£u, Mu)2(gr) = (CDt “’/: (/
( 1

where Q7 = Q x (0,7T), we obtain

a Ogu( )dn) d() o)
- (gt [ ([ wonan)ac) (19)

+ (bu(x,t),[ (/Ogu(n,t) dn> CK)Lz(Q) - (f,u)LQ(Q).

The successive integration by parts of integrals on the right-hand side of yields

(A Dgu, Mu) 5 o) :/Q(CDf‘u(x,t)./: (/Ogu(n,t) dn> dg‘) da

T 1
:/ <0D3/ u(g,t)dg./ u((,t)d() dadt
@ ° (20)
:/ <CD3 w(C,t)d¢C.cDf / (1) dg) dadt
QT 0
o 2
=||°D2 Syu L2 (o)

and

Q( g ) Mu)L(Q) _ —/T— (i(a(x,t)a“g;t))[ (/Ogu(n,t)dn> dC) ddt
(™) ([ )
= /Ta(:v,t) (u(z,t))? dedt — %/ (82‘(;(;2’”) (/OIu(g,t) dC) dxdt

2 as 2
2 ao [|[ull72pry — > 1Sz ull2(gr -

o
\

Consequently, we have

(bu, Mu) ) = /QT (b (2, ) u (z, 1) /: </0<u(77,t) dn> dg) drdt
b/QT <u(x,t)/: (/Ogu(n,t)dn> dg) dudt
N /Olu(g,t) dC) (/Olu(gt)dg) dudt

x,t)? dadt

v

v
.

Y,

(=
\

©

8

=

2 ||\facUIIL2 (22)

Substituting (20| , and ( into gives

a 2
‘D¢ Sau +ao|\ulliz Qr —i\l‘%UIIiz oy +0llul7aign < (F, Mu) . (23)
L2(Q7) ( ) 2 ( ) (
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Now, we estimate the last term on the right-hand side of by applying the Cauchy
2 2

b
inequality (ab| < (21— + €2> with €. In other words, we have
5

CD2
(E

2 as 2 2
L207) +ao l|ull 2oy — 5} 1Szullz2(gry + bo llullz2or)

o flz.) (/Tl </OCU(777t)dn) d(j) dzdt
ifQT(AzwcﬂﬂJQwﬂp+;/T<Azﬂg@a)amﬁ. (24)

By using the Cauchy-Schwartz inequality, we obtain

1 @ 2 . i ,
2 Jor </0 u(c,t)dg> dmdt+§/T (/0 f(Cﬂf)dC> dwdt

IN

< 2% o (Szu (x7t))2 dxdt + %/T (C\}If(x7t))2 dxdt
< % W@ﬁf@m+i/rg@ﬂYMﬁ

= ||U||L2(Q )+ ||f||L2(Q Ty (25)

This, consequently, yields

o3
2

%
‘D2 u

2 1 €
h— — -
Q") + (ao + 45> [|u HL(QT 4 ||fHL2(Q ™)

and
€

L2(Q7) [l HL(Q" 4min {1, (a0 +b— 1)} Hf”L(Q"' '

o
2

o
‘D2 u

Now, we present
€

" dmin {1, (ag+b— %)}

17 (°Dfu (2,1)) = u (2,t) + ¢ (2).

This leads to
ISwullzegry + lullzz, < CI* AL, |+ ISwell;
Ul 12 (Qr) L2, = L2, zPllr2(0,1) -
Consequently, we have
2 2 2
[SeulZaigry < OT 1712 + 1920 l2(r) -
So, finally, we get

2
<C
lull?s,. < CIfI3,.,

where
Cy =max{1,C}
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and
2 2 2 2 2
||%wu||L2(Q7’) + ||UHL§O,1) <G (Ia HfHL?O,l) + ||fHL§071) + ||%w90||L2(0,1)) :

With the use of successive integration (0,7"), we get

T
2 2 2 2 2
ISeuls,, Hlullzs,, < (Crmax {1,7)) ( |1, de i, + |%m|LgQT))

which implies
1
k= (Cimax{1,T})2

for which
lull g < k[ Lul[p. (26)

Let R(L) be the range of the operator L. However, since we do not have any infor-
mation about R(L), except that R(L) C F, we must extend L so that holds for the
extension, and its range is the whole space F'. For this purpose, we state the following
proposition.

Proposition 4.1 The operator L : E — F has a closure.
Proof. Let (un),cny C D (L) be a sequence where
Uy — 0 in KB

and
Lu, — (f; 0) inF . (27)

Herein, we must prove that

f=o.

The convergence of u,, to 0 in E leads to

Up — 0 in D' (Q) . (28)
According to the continuity of the derivation of D’ (Q) in D’ (Q), the relation involves

Lu, — 0 in D' (Q) . (29)
Moreover, the convergence of Lu,, to f in L? (Q) gives

Lu, — f in D' (Q) . (30)

As we have the uniqueness of the limit in D’ (Q), we conclude from and that
f =0. Then, L is closable of this operator with the domain of definition D(L).

Definition 4.1 A solution of the operator equation
Lu=F

is called a strong solution to problems —. The a priori estimate (18 can be
extended to strong solutions, i.e., we have the estimate

T
2 2 2 2 2
1wulaqg) + lullFag) < (nfu% + [, s ||szso||L§0,U> .
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We deduce from the estimate the subsequent result.

Corollary 4.1 The range R([:/) of the operator L is closed in F and is equal to the
closure R(L) of R(L), that is, R(L) = R(L).

Proof. Let z € R(L). Then, there is a Cauchy sequence (zy),cy in F' constituting
of the elements of the set R(L) such that

lim z, = z.
n—-+oo

There is then a corresponding sequence u,, € D(L) such that
Zn = Ly,
With the use of estimate 7 we get
[up = ugllp < C'l|Lup — Lug|lp = 0,

where p, ¢ tend towards infinity. We can deduce that (u,),cy is a Cauchy sequence in
E. So, as F is a Banach space, there exists u € E such that

lim u, =wuin E.

n—-—+oo
By virtue of the definition of L ( lim w, =win E, if lim Lu, = lim 2z, = z,
B B n—>+<zo n—>-+o00 n—-> 00
then lim Lu, =z as L is closed, so Lu = z), the function u satisfies

n——+oo

UED(E), Lv = z.

Then z € R(L), and so we have

R(L) C R(L).
Also, we conclude here that R(L) is closed because it is Banach (any complete subspace
of a metric space (not necessarily complete) is closed). Thus, it remains to show the
reverse inclusion. To this aim, it should be noted that either z € R(L) and then there
exists a Cauchy sequence (z,),,cy in F' constituting of the elements of the set R(L) such
that

lim 2z, =z,
n——4oo

or z € R(L) because R(L) is a closed subset of a completed F' and so R(L) is complete.

There is then a corresponding sequence u,, € D(L) such that
Luy, = z,.
As a result, we get from that
|up —ugllz < C Hf/up — f/uqHF — 0,

where p and ¢ tend towards infinity. We can then deduce that (u,),cy is a Cauchy
sequence in F, and so as F is a Banach space, there exists u € F such that

lim u, =u in E.
n—>—+oo
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Once again, there is a corresponding sequel (Lu,), oy C R(L) such that
Lu,, = Lu, on R(L), ¥n € N.

So, we obtain

lim Lu, = z.
n—-4oo

Consequently, we obtain z € R (L), and then we conclude that

R(L) c R(D).
4.5 Existence of solution

Theorem 4.2 Let the assumptions (A1) be satisfied. Then for all F = (f,0) € F,
there exists a unique strong solution v = L™ F = L=1 % of the problem (2)-

Proof. We have

(Lu, W) :/ Lu.wdzdt, (31)
Q
where
W = (w,0).
So, for w € L?(Q) and for all u € Do(L) = {u, u € D (L) : fu = 0}, we have
/ w.wdzdt = 0.
Q
By putting w = v and using the same estimate as previously, we obtain
e 2 2
DSl o0t lullzz =0,

which implies
lul| <0=u=0.

So, we get u =w = 0.
Corollary 4.2 If for any function u € D(L), we have the following estimate:
lull g < € 1Ll
then the solution of problem (Py), if it exists, is unique.
Proof. Let u; and us be two solutions to problem (P), i.e.,

{ Lulz]:

Luy = F :>L’LL1—LU2:O,

where L is a linear operator. As a result, we obtain
L (U1 — UQ) =0. (32)
Now, according to , we obtain
2 2
s — uall% < clj0]l% =0,

which, consequently, gives
Uy = ug.
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5 Solvability of the Weak Solution of the Nonlinear Problem

This section is devoted to the proof of the existence and uniqueness of the solution of
the nonlinear problem (Pr):

"D, t) = (o, ) 25 + bu(w, t) = f(a,t,u, 32),Y(,1) € Q,
(sc 0) 0 Vo e (—1,1), (Py)
Jo zFu(z, t)dz =0 vt € (0,7) and k = {0,1},

for which the function f is Lipchitzian. As a consequence, there is a positive constant k

such that
Hf (1' t , U1, aalld) _f (x,t7u27681;1)
L2(Q) 33
ou ou
§k<||u1—u2||Lz(Q)+‘ 71 71 ) .
L2(Q)

ox  Ox
Now, we shall prove that (P>) has a unique weak solution. To this end, we let u € E’E(Q)
and u € C(Q). Also, we shall compute the integral fQ(f%;v)dxdt. For this purpose,
we assume u,v € C1(Q), Jo &*u(z, t)dz = 0, and [, z"u(z,t)dr = 0 for all k = {0,1}.
By using the condition on u and v, we have

/ (°Dffu - Shv)dadt = —/ (v-° DFu)dadt,
Q Q

0 ou, . B ou
_/Q(&E(a(x,t)az).\ymv)dscdt—/Q(v a(z, t)a Ydxdt,

b/ v)dxdt = / (v - Sru)dzdt.
Q

It then follows, from [24], that

and

Alu,v) = — / (v DES*u)dadt + / (- alw, ) 2 dwdt — / (v - S u)dadt.
Q Q Oz Q

Definition 5.1 A function u is called a weak solution of problem (P;) and u €
L2(0,T, H'(0,1)).

By building a recurring sequence starting with u(°) = 0, we can define the sequence
(u("))neN as follows: given the element w1 for n = 1,2,3,..., we will solve the
following problem:

(a(er, ) 2200 b, yu™ (2, 1) = fla, b u), 20570,

9
?
2Fu™ (2, t)de =0  Vte€ (0,T) and k = {0,1}.

{ D™ (z,t) —

Jo

(Ps)

Theorem 5.1 According to the study of the previous linear problem and by fixing n,
problem (Ps) admits a unique solution u™ (z,t).



454 A. BENBRAHIM et al.

Now, by supposing
2 (2, t) = uY (2, 8) — u™ (2,1,
we might get a new problem, which has the form

cDgzm) — (a (z,t) zg(gn)) + b(x, )2 = p(=D(x, 1),

2(") (2.0) = 0, (Py)
Jo zF2M) (2, t)dz = 0, vt € (0,T), k={0,1},

(n) (n—1)
p(n_l)(m7t) = f <£L’,t, u(n)7 agl‘ ) - f <x,t,u(”_1), 8”@33)

where

with the condition

2 (£.0) = 0 and / a*2M(z,t)de =0 vt e (0,T), k=1{0,1}. (34)
Q

Lemma 5.1 Assume that condition holds, then for the linearized problem (Py),
we have the following a priori estimate:

H ()

<\ HZ(’H)’
L2(0,1,H'(0,1))

L2(0,1,H(0,1))

where A\ 1s a positive constant given by
5¢2
A=
Proof. Multiplying equation (P;) by le (fs 2™ (n,t) dn) d¢ and integrating the result
over (Q yield
1 S
/ ((RDf‘z(") (z,t) - / (/ 2" (n,t) dn) dC) dzdt
T 0
0 92" (x,t) ! S
Fy (a (z,t) 8$> /I (/0 2™ (n,t) dn) d¢)dxdt
1 S
bz (2,1) - / (/ 2™ (n,t) dn) d¢dxdt
T 0
1 N
x,t) - / (/ 2" (n,t) dn) d<> dxdt. (35)
T 0

By using the standard integration by parts for each term in (Py) coupled with condition
7 we obtain
c T 2
/ (CD,?“ / 2" (¢, 1) dC) dxdt + a4 / (2" (x,t))° dadt
T O T

ag € b n 2 1 n—-1)\?
< AT R + — )
/ ( : 5 2) (2" (x,t))” dadt o / (p ) dxdt (36)

Q7 QT

for which € << 1.

+

I
O
&N
7
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On the other hand, by applying the operator 37 to equation , we get

BARIEN
D (I127) + a(x,t)% =91 (0. (37)

Consequently, by taking into account condition , multiplying the obtained equality
by %’ and then integrating the result over Q7 = (0,1) x (0,7), where 0 < 7 < T, we

obtain )
7(n)
/ (DOZ™) - Z"dwdt + / alz,t) (5)6(5””5)) dwdt
. . x

oz
= [ S (p" V() S daat
/T\sw(p (%) or "
Now, by using Lemmas and [5.1] coupled with the Cauchy inequality with e,

we obtain
o N2 (n) 2
/ (CD?Z") dwdt + / alz,t) (W) dzdt
T T T

1 2 € 0z \>
— g* (pn—=1) i
% o R (p (m,t)) dxdt + 5 /T ( 5 ) dxdt. (39)

(38)

Combining the last two inequalities and gives

/ ’ (CD? / T dg)zdde / (CD? Z")2dxdt
. o .
al/T (2" (2,1))? d:rdt+/7a(:c,t) <8Z(na)§”at)>2dxdt

1 2 1 2
— (p(”_l)) dzdt + — R (p(”_l)(x,t)) dzdt
2e 2e QT

QT

+ / 8 4 C D) G (a)td dt+f/ 02"\ i (40)
9 Tty Ty |\ )
QT

By eliminating two first integrals on the left-hand-side of inequality and using the
Cauchy inequality with e, we get

<a(x,t) ~B_f g) {/ ((z” (2, ) + (W;) dxdt}
< 2% (Q/ (p<"—1>)2dxdt+ / - (p(”_l)(x7t))2dxdt . (41)

Therefore, we have the estimate

+

IN

2 2

1 2
o)
L2(0,1) 4( )" |p

1
: (n—l)‘
4 Hp

Sip("_”‘

L2(0,1)
2

IA

L2(0,1)
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and

/ (p("fl)) ’ dxdt

(n—1)
< qb/(\ (n— Dxt‘ ‘82 a(“)D dadt

2 n—1)(. 2
< ¢>2/ Hz(”_l) (~,t)] Haz(t) dtdz. (43)
0 L2(0,1) Oz £2(0,1)
Now, substituting and into yields
b 0z (1)
a(a:,t)—%—i—f / H ™), )‘ + 92,1 dtdx
2 2 2 L2(0,1) or £2(0,1)

2 7 (n=1(. p|*
%/ H (n=1) (., )‘ +H82(,t) dtda. (44)
2e Jo L2(0,1) Ox £2(0,1)

Since a(z,t) — % — £ — £ > 0, we find

[ el
2 . HaZ(n_l)(.’t) 2

2 T
%/ Hz(”_l) (-,t)‘ dtdzx.
2e Jo L2(0,1) Ox £2(0,1)

The right-hand side here is independent of 7, and hence we shall replace the left-hand
side by the upper bound with respect to 7 to obtain the desired inequality, i.e.,

2 Hag(n)(.,t)
+ - ' 7
£2(0,1) or

2
dt
L2(0,1)

|2 [z !
L2(0,1,H1(0,1)) L2(0,1,H(0,1))
This forms the criteria of convergence of the series Z , which converges 1f <1,
n=1

that is, if ¢ = /2. Since Z(") (z,t) = u"*V(z,t) —u"(z,), it follows that the sequence
(u"),,cy Will be defined by

n—1

u™ ( Z 20 4 (2,1),

n=1

which converges to an element u € L? (0, 1, H* (0, 1))
Therefore, we have established the following result.

Theorem 5.2 Under the condition , the solution for problem (Ps) is unique.

Proof. Suppose that uy and up in L? (0,1, H' (0,1)) are two solutions of (P;), then
Z = uy — uy satisfies Z € L? (0,1, H' (0,1)). As a result, we have
0 Ou(x,t)

‘Difu(z,t) — %(a(x,t) o

)+ bu(z, t) = Iz, t)
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/ 2z, t)de =0 Vte (0,T), k=1{0,1},
Q

where

0 0
ﬂ(xat) :f (I7t7u176u;> 7f <x7t7u27auwl> .

Following the same procedure as in establishing the proof of Lemma [5.1] we get

Hz(n)

<A HZ(”‘U‘
L2(0,1,H1(0,1))

L2(0,1,H'(0,1))

where A is the same constant as in Lemma [5.1] Since A < 1, then we obtain

(1-A) HZ“H)’

L2(0,1,H(0,1))

form which we conclude that u; = us in L? (O, 1, H (0, 1))

6 Conclusion

This paper has explained the important factors needed to ensure a solution stands out
and fits well within a certain type of mathematical space. This is particularly relevant
to a set of problems involving equations with fractions and reactions that change over
time. We have figured out these factors by using certain mathematical estimates and
techniques. By building upon previous work and using a step-by-step method, we have
confirmed that there is indeed a unique solution to these tricky equations. There will be
future research and applications on fractional partial differential equations.
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