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Abstract: In 2023, the author [6] introduced a new integral transform called the
Khalouta transform which is a generalization of many well-known integral transforms.
In this paper, our aim is to generalize the formula of the Khalouta transform to the
conformable fractional order. Moreover, we present and prove some main properties
and theorems related to the conformable fractional Khalouta transform. In order to
illustrate the validity, efficiency, and applicability of the proposed technique, we apply
the conformable fractional Khalouta transform to solve some fractional differential
equations. Finally, the results show that our new technique is powerful, effective, and
applicable for the both conformable fractional problems.
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1 Introduction

Fractional differential equations are a very important mathematial tool for modeling
many applications in real life sciences and engineering such as fluid dynamics, mathe-
matical biology, electrical circuits, optics, quantum mechanics, biophysics, wave theory,
polymers, continuum mechanics, ete. [1,[4L[6L(7,11H13]. There are many definitions of
fractional derivatives and integrals used in many applications and natural phenomena
such as Riemann-Liouville [10], Liouville-Caputo [9], Caputo-Fabrizio [3], Atangana—
Baleanu [2] derivatives and so on. In 2014, Khalil et al. [8] introduced a new definition
of the fractional derivative which is called the conformable fractional derivative, and it
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is very easily computed compared with other previous definitions. In recent years, many
mathematics researchers have been interested in solving fractional differential equations
using different fractional integral transform. The main objective of this paper is to ex-
tend the definition of the Khalouta transform [6] to a fractional order in the sense of the
conformalble derivative and to give new interesting results for solving various types of
conformalble fractional differential equations.

2 Basic Notions and Preliminaries

Definition 2.1 [§] The conformable fractional derivative of order « is defined for a
function w : [0,400) — R by

_ 4 u(t) = lim Ll G ) Bl U)
dt'n()é e—0 £

CMu(t) t >0,

where n — 1 < na < n,n € N and [a] is the smallest integer greater than or equal to «,
provided C"y(0) = lim C™u(t) is n—differentiable and lim C("®)u(t) exists.
t—0+t t—0+
As a special case, if 0 < a <1, then we have

d® t4 et —u(t
= —u(t) = lim ut+e ) —ul®)
dte e—0 15

C@u(t) >0,

provided C(®u(0) = lim C(®u(t) is a—differentiable and lim C(®u(t) exists.

t—0+ t—0+

The most important and useful rule is that: If u(t) is an n—differentiable function at
t>0and n—1<na<n,n €N, then

Cy(t) = tlel=aylad(r),

Definition 2.2 [8] The conformable fractional integral of order « is defined for a
function w : [0, +00) — R by

¢ t
Ty(t) = / u(t)dat = / w(t)t*tdt,0 < a < 1,t > 0.
0 0
If w: [0,400) — is an a—differentiable function and 0 < a < 1, then

C@u(t) = t' = (1), (1)

and
COT@u(t) = u(t).

3 Conformable Fractional Khalouta Transform

Definition 3.1 The conformable fractional Khalouta transform of a piecewise con-
tinuous function u : [0, +00) — R of exponential order is defined on the set

S = {u(t) C3K, 91,92 > 0, Ju(t)] < K exp (o [t°]), if 1 € (=1) x [o,oo)}
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s [ st 1
Kal(s,y,m) =— exp [ ——— | u(t)t* "dt
M Jo o

s [° st*
lim —/ exp (—> u(t)tLdt,
g0 N Jo yno

where s > 0,7 > 0 and n > 0 are the Khalouta transform variables, ¢ is a real number
and the integral is taken along the line ¢t = o.

by the following integral:

KHo [u(t)]

Theorem 3.1 Let u : [0,4+00) — R be a real value function such that
KHo [u(t)] = Ka(s,7:1),
and 0 < a < 1, then
Kao(s,v,n) = KH [u ((at)i)} .
Proof. Using Definition [3.1] we get

Ka(s,v,m) = = exp (—St> u(t)t*tdt
M Jo yne
r = %:>d:v*t°‘ 1dtandt—(ozx)é
s [ s 1
= — exp | —— | u((ax)*)dx
M Jo ( 777) (o))
~ KH [u ((at)iﬂ.

Theorem 3.2 Let u: [0,4+00) — R be an a—differentiable function and 0 < o < 1,
then s s
KH,, |Cu(t)| = —KH, [u(t)] — —u(0).
()] = KL u(t)] ~ —u(0)

Proof. Using Definition and equation , we have

KH,, [C(a)u(t)} = % exp (— ::fya) C )ttt
0

(oo} ta
= 2 exp (—8) to! (1)t Lt
0

m o

o0 ta
= 2 exp <— > ) o' (t)dt.
0

m o

With integration by parts, we get
> 7
KH,, [C(a)u(t)] = < lim {exp <_s ) u(t)}
YN \o—ee e 0

(o)

= %( u(0) + KHy [u(t)])
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Theorem 3.3 Let u: [0,400) — R be an n—differentiable function and 0 < o < 1,

then .
KH,, [C("O‘)u(t)] - K o i u(0).

Proof. The proof follows using the induction process on n and Theorem

4 Conformable Fractional Khalouta Transform for Some Functions
Theorem 4.1 Let a,b,c e R and 0 < o < 1, then
1) KH, [b] = b.

2) KH, [t] = (@)E r (2 + 1) .

3) KH., {tm} — (?)nf‘(n—i-l).

an

4) KH,, [exp <at>} -
! s—aym
. te asyn
KH, — | =
5) KH, |:Sln (a ” )] E
6) KH, {mh( ﬂ S -
— a2

KH.,, -
" {COS< aﬂ 52+a27n

8) KH,, [cosh< )] — a27 =
Proof. Using Theorem [3.1] we get
1)
KH,, [b] = KH [5] = b.

2)

KH, [t] = KH[(at)a] = a=KH [ta]

ayn\ « c
= (57 r(E+Y)

3) If we put ¢ = na, then
KH, [t"*] = KH [(at)= | = o"KH [t"].

So
KH., [tm] KH [t"] = <?)nr(n+ 1).

a’ﬂ
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4)
«
0 ((at)%)
KH,, {exp (a)] = KH |exp | a——
« «
s
= KH t)] = .
exp (at)) = —"—
5)
«a (at)é “
KH,, {sin (at>] = KH |sin au
« «
. asyn
= KH [sin (at)] = T atE
6)
o ((at)?)
KH,, {sinh (a)] = KH |sinh | a———
« «
. asyn
= KH [smh (at)] = m
7)
0 ((at)i)
KH,, [cos <a)] = KH |cos | a————
« «
52
= KH [COS (at)] = m
8)

it fomn (2] = 8 e (tan®)”

« (0%
82

s2 — a2’y2n2 :

= KHcosh (at)] =

5 Properties of Conformable Fractional Khalouta Transform

Theorem 5.1 Let u,v : [0,4+00) — R be given functions such that
KHa [U(t)] = K:(x(sv Ys 77)7

and
KH,, [v(t)] = Hals,7,7),

and let \,p € R and 0 < o < 1, then we have
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1) Linear property
KH,, [Mu(t) £ po(t)] = A\KH,, [u(t)] £ pKH,, [v(t)] .

2) Shifting property

te S S
KH, |exp | —a— |u(t)| = Kals, ,n).
{ p( 0‘) U} s+aym ( s+ aymn "

3) Integral property

KH,, [I(a)u(t)} = VIR, [u(t)] .
s
4) Conwolution property

KH, [(uv) ()] = ?/ca(s, Y Ha(s,7,m),

where u * v is a convolution of two functions defined by

(uxv)(t) = /0 u(r)v(t —7)dr = /0 u(t — 7)v(r)dr.

Proof. 1) Using Definition we get

oo

KH, Mu(t) + po(t)] = % e (-jf?) (u(t) £ po(t))t*tdt

o t
- 2 exp (—8) u(t)t>tdt
M Jo v

t
+ 2 exp <—S> po(t))t*tdt
M Jo m

= A (;7 /OOO exp <—‘;7t7> u(t)to‘_ldt>
+4 <78n /OOO exp <‘;f7> v(t))t“ldt)

= AKH, [u(t)] + uKH, [v(t)].

KH lexp (—a((at;)) u((at)i)]

- KH [exp (—at) u((at)é)}

2) Using Theorem we get

KH,, |:eXp (—at:) u(t)}

s o0

= S e <—jf]> exp (—at) u((at) ) dt

M Jo

_ 757] Ooo exp ( <jn + a) t> u((at)®)dt

_ 7317 OOO exp (— (W) t) w((at)®)dt.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 24 (5) (2024) 501

— then we have dt =

If (5-}-@777)15 = sx and t = Stavn’ s+a'y

becomes

e >
KH,, [eXp <a) u(t)] - 2 exp <sx> u ( ast ) * dx
« Y1 Jo m s+ aym s+ayn
s s /oo ( sx) ( osx >‘1*
= — exp| —— | u dzr
s+ ayn (777 0 n s+ ayn

S S
,1)-

= ICa(Sv
s+ ayn s + ayn

dx, so equation

Q=

3) Using Theorem we get

_ i_'[(a)u(g)_

KH, [C7Cu()] = ~ K, [Tu()] -

But CZ(®y(t) = u(t) and Z(®u(0) = 0, so we have

KH,, [I<a>u(t)] - ?KHQ [u(t)].
4) Using Theorem and the convolution definition, we get
KH [(u * V) ((at)é)}

_ 7/ ( )(u*v) ((at)®) at (3)
-2 eXp(—jf]) (/Otu(a(t—ﬂi)v((m)é)dr)dt.

From the region R = {(7,t) € R? : 0 <7 <t and 0 <t < 400}, we can change the
order of integration, i.e., equation becomes

KHQ[(uw)(t)]:;7/000/Tooexp(—j;)u(a(t—ﬂi)v(( n)E)drdt. (4)
Substituting « = ¢ — 7 and dz = df in equation (), we get
KH, [(u1 * us) ()] = // Xp( )>u((ax)i)u(( r)¥) drda
([
x (/OOO exp (-Z) v ((an)®) d7>
- l"<w/ (55 (@) )
x( ( >v( i)dT)

= (svn) a(8,7:m)-

KH,, [(u *v) (t)]
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6 Applications
Application 1 Consider the linear conformable fractional differential equation
Cu(t) —u(t) =1,0 < a < 1, (5)

subject to the initial condition
u(0) = 0. (6)
Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem we get
KH, [c<a>u(t)} — KH, [u(t)] = KH, [1]. (7)

When using Theorems and equation becomes
s s
—KH,, [u(t)] — —u(0) — KH, [u(t)] = 1. 8
o o [u(t)] W() o [u(t)] (8)

Substituting the initial condition @ and simplifying equation , we have

KH, [u()) =
= =t 9)

Taking the inverse conformable fractional Khalouta transform of both sides of equa-
tion (9)), we get

u(t) = exp (i) ~1. (10)

For a = 1, the result in equation reduces to the exact solution for the standard
form of equations and @ as follows:

u(t) = exp(t) — 1.

Application 2 Consider the linear conformable fractional differential equation

(0%

CPMy(t) — u(t) = sin (Z) 0<a<l, (11)

subject to the initial conditions
u(0) = 2,C™u(0) = 0. (12)

Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem 5.1} we get

KH, {C(Mu(t)} ~ KH, [u(t)] = KH, [sin (%aﬂ . (13)

(0%

When using Theorems and equation becomes

52 52 2s7vn

—_ — KH =53
,\/2772 U(O) « [u(t)] 82 + 472172
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Substituting the initial conditions and simplifying equation , we have

2573 2s”
KHa [u(t)] = (52 + 4922) (52 — 7212) + 52 — 21?2
1 2syn 2 sy 252

_ 1 2 . 15
5 52 + 4,72772 + 5 S2 _ 72172 + 52 _ 72772 ( )

Taking the inverse conformable fractional Khalouta transform of both sides of equa-

tion ((15)), we get
1 2t 2 te t
u(t) = ~E sin (oz) + 5 sinh (a> + 2cosh <a) . (16)

For a = 1, the result in equation reduces to the exact solution for the standard
form of equations and as follows:

u(t) = —é sin (2t) + %Sinh (t) + 2cosh (t) .

Application 3 Consider the linear conformable fractional differential equation

(0%

t
CODy(t) + Cu(t) = E’O <a<l, (17)
subject to the initial conditions
u(0) = 0,Cu(0) = 0,CYu(0) = 0. (18)

Applying the conformable fractional Khalouta transform on both sides of equation
and using Theorem [5.1} we get

tO(
KH, {c<3a>u(t)} +KH, [C(“)u(t)} = KH, {] . (19)
@
When using Theorems [3.3| and equation becomes
3 3 S S N
——KH,, [u(t)] — w=u(0) + —KH, |u(t)] — —u(0) = —I'(2). 20
v o [u(t)] 73773() po o [u(t)] 777() S 1 (2) (20)
Substituting the initial conditions and simplifying the equation , we have
4,4
yn
KH, [u(t)] = ————=
wOF = S
_ A2 s2 L
52 $2 + 4272
1722 §2
= = r —— 1 21
5T 3+ s @)

Taking the inverse conformable fractional Khalouta transform of both sides of equa-

tion , we get

tQOz

u(t) = —5 + cos <t:) -1 (22)

~ 2a2
For a = 1, the result in equation reduces to the exact solution for the standard
form of equations and as follows:
t2

u(t) = ) + cos (t) — 1.
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7 Conclusion

In this paper, we carefully proposed a new conformable fractional integral transform
known as the conformable fractional Khalouta transform which presents a promising
tool for solving fractional differential equations. The conformable fractional Khalouta
transform was successfully applied to find solutions of conformable fractional differen-
tial equations. It can be concluded that the proposed methodology is very powerful
and effective in finding analytical solutions for wide categories of fractional differential
equations.

Acknowledgment

The author sincerely thanks the reviewers for their careful reading of the paper and for
their important comments and suggestions that led to improving the paper.

References

[1] M. Abu Hammad, Sh. Alshorm, S. Rasem and L. Abed. Conformable Fractional Inverse
Gamma Distribution. Nonlinear Dynamics and Systems Theory 24 (2) (2024) 159-167.

[2] Atangana and D. Baleanu. New fractional derivatives with nonlocal and non-singular kernel:
theory and application to heat transfer model. Thermal Science 20 (2016) 763-769.

[3] M. Caputo and M. Fabrizio. A new definition of fractional derivative without singular
kernel. Progressin Fractional Differentiation and Applications 1 (2) (2015) 73-85.

[4] L. Frunzo, R. Garra, A. Giusti and V. Luongo. Modeling biological systems with an im-
proved fractional Gompertz law. Communications in Nonlinear Science and Numerical
Simulation 74 (2019) 260-267.

[5] R. Herrmann. Fractional Calculus: An Introduction for Physicists. World Scientific, River
Edge, New Jerzey, 2 edition, 2014.

[6] A.Khalouta. A New Exponential Type Kernel Integral Transform: Khalouta Transform and
its Applications. Mathematica Montisnigri 57 (2023) 5-23, DOI: 10.20948/mathmontis-
2023-57-1.

[7] A. Khalouta. A new identification of Lagrange multipliers to study solutions of nonlinear
Caputo—Fabrizio fractional problems. Partial Differential Equations in Applied Mathemat-
ics 10 (2024) 100711.

[8] R. Khalil, M. Al Horani, A. Yousef and M. Sababheh. A new definition of fractional deriva-
tive. Journal of Computational and Applied Mathematics 264 (2014) 65-70.

[9] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo. Theory and Application of Fractional Dif-
ferential equations. Elsevier, North-Holland, 2006.

[10] I. Podlubny. Fractional Differential Equations. Academic Press, New York, 1999.
[11] S. Qin, F. Liu, I. Turner, Q. Yang and Q. Yu. Modelling anomalous diffusion using fractional

Bloch-Torrey equations on approximate irregular domains. Computers € Mathematics with
Applications 75 (1) (2018) 7-21.

[12] F. Song and H. Yang. Modeling and analysis of fractional neutral disturbance waves in
arterial vessels. Mathematical Modelling of Natural Phenomena 14 (3) (2019) 1-15.

[13] N.H. Tuan, H. Mohammadi and Sh. Rezapour. A mathematical model for COVID-19 trans-
mission by using the Caputo fractional derivative. Chaos, Solitons and Fractals 140 (2020)
110107.



	Introduction
	Basic Notions and Preliminaries
	Conformable Fractional Khalouta Transform
	Conformable Fractional Khalouta Transform for Some Functions
	Properties of Conformable Fractional Khalouta Transform
	Applications
	Conclusion

