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1 Introduction

Let Q be an open subset of RY (N > 2), and let T > 0, Q7 = Q x (0,T), I';and 'y are
such that I'y UT'y = 0Q and I'y NT'y = (). The Haussdorff measure of I'; and I'y does not
vanish. Here v denotes the outer normal to 0f2.

This paper is concerned with the existence of solutions for a nonlinear parabolic
singular reaction-diffusion system of the form (i=1,2)

(S) { 6({;;’ —div(a(z,t, Vur)) = Fy(t, x,u1, u2) ?n @, (2)
uz(ovx) = ui’o(x) o -

The following boundary conditions:

u;(t,z) =0 on I'; x (0,7),

U7 -
gy =0 on PQ X (O,T), (3)
a—; =0 on Iyx(0,T)
hold with
Fi(t,z,r,s) = fi(t,x)h,(s,7). (4)

The functions fi, fo :Q7 — R satisfy the following conditions:

fi.fo € LYQr), f1 >0, and fi+ fo<0. (5)

The singular sourcing h. : R* x R+ R is continuous and must verify 0 < h,(s,r) < %
with v being a real parameter such as 0 <y < 1.
We assume that the functions

U1,0 and U2 0 are such that U1,0, U2,0 >0 and U1,0,U2,0 € LOO(Q) (6)
Define the following spaces:
Vi={oeW'Ly(Q):p=00nT1} and Vo= {tp € W'Lp(Q) :¢p =00nT2},

where WLy (Q) is the Musielak-Orlicz-Sobolev space defined below.

The operator A(u;) = —div (a(a:,t, Vuz-)> is a generalized Leray-Lions operator de-
fined on the inhomogeneous Musielak-Orlicz spaces (see assumptions @7@)

The investigation of quenching phenomena traces back to 1975, when Kawarada pub-
lished a paper [10] delving into a dynamical model. This pivotal work catalyzed an
extensive exploration of the quenching systems by numerous researchers dedicating their
efforts to the aspects such as the existence and characterization of quenching points, and
the asymptotic behaviour of solutions, among other topics.

The solution maintains its boundedness in quenching systems, but the first-order time
derivative undergoes unbounded growth within a finite time frame. This concept is also
elaborated upon in Salin’s research [15] and Selguk’s work [16]. For the numerical ap-
proach, Beauregard M.A. et al. [3] proposed a fully adaptive approximation for quenching
systems over circular domains. Recently, Marion P.T. [13] studied quenching phenomena
due to a concentrated nonlinear source in an infinitely long cylinder.
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Hence, the aim here is to explore a concept referred to as ”quenching”, which extends
the notion of explosion. Our goal is to investigate systems exhibiting nonstandard growth
and inhomogeneous nonlinearities, which have notable relevance in the realm of physics.
Furthermore, we consider the inclusion of non-homogeneous Neumann boundary condi-
tions, where we introduce a generalization of systems previously studied in [5] for the
(p, ¢)—Laplacian with the Dirichlet boundaries (M (z,t) = |¢|? in Lebesgue spaces).

—div(hy (2)|VuP~>Vu)) = AFy, (z,u1, us) in Q,
—div(ho(z)|Vu|T?Vu)) = AF,, (z,u1, us) in Q,
up(x) = uz(x) in 09,

where F is a C!—function with VF = (F,,,F,,). And (p(z), q(x))—Laplacian systems
were considered in [9], where the authors explore the system with cross-diffusion in
Lebesgue spaces with variable exponents.

Ou — div(a(z,t, Vu)) = div(|[FPCY2F)  in Q,
O — div(a(z,t,Vu)) = 6Au in Q,

where 6 > 0, and a(x,t,.) is a Leray-Lions vector field, see also [1,/2] and references
therein.

To our knowledge, the results obtained in this paper have not been covered in the
existing literature. The organization of this contribution is given as follows. We start in
Section 2 by presenting some definitions and properties in the framework of Museilack
spaces. After that, in Section 3, we give our essential assumptions and set up the def-
inition of the weak solution of the system (S). Then we establish the main existence
Theorem 4.1.

2 Mathematical Preliminaries

2.1 Musielak-Orlicz function

In addressing the issue presented in system —, we employ the framework of Orlicz-
Sobolev spaces. This choice arises from the presence of a nonhomogeneous function
M (z,t) within the differential operator of system (2)-(3). Consequently, our approach
commences by introducing fundamental concepts on Museilack-Orlicz-Sobolev spaces (see
[14]). Let M : Q x Ry — R satisfy

(My): M(z,.)is an N-function for all € Q (i.e., it is convex, non-decreasing, continuous,

M(x,t M(z,t
M(x,0) =0, M(x,t) >0 for t > 0, limsup(ix’) =0 and lim inf Mz,t) =

t—0 z€Q t—o00 xEN
00).

(My): M(.,t) is a measurable function for all £ > 0. A function M which satisfies the
conditions (M;) and (My) is called a Musielak-Orlicz function.

We say that v grows essentially less rapidly than M at 0 (resp. near infinity), and we
write v < M. For every positive constant ¢, we have

. V(s ct) V(z, ct)

1 =0).

150 (328 Mz, t) M(x,t)) )

)=0 (resp.tliglo (228



40 A. ELOUARDANI, A. ABERQI AND M. ELMASSOUDI

2.2 Musielak-Orlicz space

For a Musielak-Orlicz function M and a measurable function u : Q — R, we define the

functional, op o(u) = / M (z, |u(x)])dz.
Q

Ly(2) ={u:Q— R mesurable: Q]VLQ(%) < o0, forsome A>0}.

For any Musielak-Orlicz function M, we put M(x,s) = sup,sq(st — M(z,s)), the
conjugate of M. We say that a sequence of function u,, € Ly;(Q) is modularly convergent
to u € Ly () if there exists a constant A > 0 such that lim, . on,0(*5) = 0.

This implies convergence for o(IIL s, IIL ;) (see [4]).

In the space Ly (), we define the following norm:

|u(2)]
A

which is called the Luxemburg norm. The closure in Ly (£2) of the set of bounded

measurable functions with compact support in Q is denoted Ej/(Q2). It is a separable
space and (Ep(2))* = L (). We define

WILM(Q):{’LLELM(Q) :DQUGLM(Q), Va < ].}
WlEM(Q):{UEEM(Q) ZDaUEEM(Q), Vagl},

Hu||M:inf{/\>0:/M(:c, ydx < 1},
Q

where D%u denotes the distributional derivatives. The space WL/ (Q) is called the
Musielak-Orlicz-Sobolev space.  Let 0y q(u) = >, <1 om0(D%u) and lulirg =
inf{A > 0 : 9y, (%) < 1} for u € WLy (Q). The pair (WL (), ||u||}MQ) is a Ba-
nach space if M satisfies the following condition (see [14]). There exists a constant ¢ >
0 such that infycq M(z,1) > c.

2.3 Inhomogeneous Musielak-Orlicz-Sobolev spaces

For each a € NV denote by D the distributional derivative on Q of order a with respect
to the variable x € RY. The inhomogeneous Musielak-Orlicz-Sobolev spaces of order 1
are defined as follows:

WH Ly (Q) = {u€ Ly (Q) :V|e| <1, D2u€ Ly(Q)}

WY EM(Q) ={u€ Ex(Q):V|a| <1, DSue Ex(Q)}.

The last is a subspace of the first one, and both are Banach spaces under the norm

lull = IDgullme.

la|<m

D(Q) is dense in Ly () with respect to the modular topology, D(€2) is dense in W L (€2)
for the modular convergence and D(Q) is dense in WLy (Q) for the modular conver-
gence.

Lemma 2.1 (see [§]) Suppose that Q satisfies the segment property and let u €
W3 Ly (). Then there exists a sequence u, € D(Q) such that u, — u for modular
convergence in W3 Ly (Q). Furthermore, if u € WLy (Q) N L2(Q), then ||unlleo <
(N + Dlulloo-
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Lemma 2.2 (see [§]) If a sequence u, € Lp(€2) converges a.e. to u and if uy
remains bounded in Ly (Q), then v € Ly (Q) and u, — u for o(Lp (), Ey ().

Lemma 2.3 (see [8]) Let up,u € Lp (). If w,, — u with respect to the modular
convergence, then u, — u for o(Lay (), Ly ().

3 Essential Assumptions

Suppose ) satisfies the segment property, and let M and v be two Musielak-Orlicz
functions such that M and its complementary M satisfy conditions of Lemma 2.2 from [1],
v < M and t? < M(z,t).

A D(A) € WhLy(Q) — WL ;(Q) defined by A(w;) = —div(a(z,t, Vu,)),
where a : Qr x R x RV — R¥ is a Carathéodory function such that for a.e. € Q and
for all s € R, £,&* € RN with & # £*.

la(z,t,€)| < Ble(z) + My (M(z,12[€]))), B> 0, c(z) € Exy(), (7)
(a(x,t@) —(l(.%‘,t,f*)(g—f*) >0, (8)
a(z,t,§)§ = aM (z, [¢]). (9)

fi: Q2 xR xR — R is a Carathéodory function.

Lemma 3.1 The following continuous inclusions are valid: Lp(Q) — L*(Q) —
Ly (Q). In particular, WaLpy () <  H}(Q), H Q) < WLy (Q),
L2(0,T,H () = Wb Ls(Q) and — WL ().

Example 3.1 The N-function M (t) = m(z)t?*log(e + t), where m € (L>°(Q))F, ver-
ifies the assumptions above.

In all the rest of this paper and for all measurable subset E of Qr, we designate
by meas(E) the Lebesgue measure of E. First, we will define the weak solution of the
problem — used here.

Definition 3.1 A weak solution to problem — is a nonnegative couple
(u1,uz) € {LQ(O,T; Vi) N L>(0,T; L%Q))} x {L2(O,T; Va) N L0, T; LZ(Q))}
with
(w1, u2,t) € [L2(O,T; Vi) +L1(0,T;L}OC(Q))] x {LQ(O,T; V5) + L>(0,T; L}OC(Q))],

u1(0,2) = u1 0(x),u2(0,2) = uzo(z), a.e x€q

/f1 /fg SN < 00,
—/Qulyo(m)go(O,x)—/ m%—i—/ (t,%VUl)V@:/TFl‘Pa

*AUQ,O(m)¢(07x)7/ u2+/T a(t,x,Vus)Vip = Fyp

for all ¢, 1, 7,6 € C°(0,T) x ).

and
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4 Existence Result

We shall establish the following existence theorem.

Theorem 4.1 Suppose that 7@ hold, then system (@— admits at least a couple
of weak solutions in the sense of Definition[3.1}

The proof is divided into 5 steps.

4.1 Step 1: Regularized system.

Forn>0andi=1, 2,

fl,n(tv‘r) = min {nafl(tax)}a (10)

fon(t,z) = -min {n, —fg(t,x)}. (11)

The functions f; ,, and fa ,, verify the same properties as f; and f2, moreover, 0 < f; , <
i, lim fi,=fi,and fo < fo,, <0 , limy—4o0 fo,n = fo. Let us now consider

n—+o0o
the regularized problem

8?)# — div(a(:c, t, Vuzn)) = F;n(t, z,u1 m, u2.p) in Or,
tin(0,2) = U3 (z) n o Q
(5) %ﬁﬁ(m) ! on  Tix(0,7), (19
. on Ty x(0,T),
oy,
8V7 =0 on Iy x (0,T).

1 .
Fin(t, 2,01 0, u2m) = Fin(t, )R (0 + n’ uzn) i 20 and w20,
0 otherwise.

Without obviating that uf}l, ugo,)L € Loo () NWL L () is a couple of regularized se-
quences of the initial data obtained since Wi Ly (Q) < HL(2)), by a standard technique
(see [6]), we have

. 1 0 . 1 0
Jim ﬁ”ug,’BLHWolLM(Q) =0 and dim ﬁ”ug,?)lHWOlLM(Q) =0. (13)
Lemma 4.1 The problem (@ admits a nonnegative couple of solutions

(U1, u2n) € [L2(0,T; Vi) N L®(Qr)] x [L2(0,T;V2) N L>(Qr)]

such that

0
- /Q ug?%(x)¢(07x) - / ul,naif + / a(tama VU,LH)V@ = / Fl,n(ta x7u1,7uu2,n)§03
T T (14)
(0) %
- Q u2,n(¢>w(07 JJ) - u2,na + a(t? l‘, VU?,n)vw = F2777/(t7 J}, ul,na U’2,n)’l/)

! (15)
for every g, v, € C([0,T) x Q).
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Proof. Without losing generality, we assume ugo% =0 and uéOT)L = 0. Then, by using

the Stampacchia method [18], we show the positivity of the solution. Take ¢ = —Uj ,, as
a test function in the first equation of the problem , where uy , = ufn —Uy ui, =
max {ulm,O},uin = max { — ulyn,()}.

Since ufn = 0 on suppuq ,,, the right-hand side of is zero because

1 .
Fo(t 1., ) = Jin(t, x)hy(u1,n + Evuln) if w1, >0 and g, >0,
0 otherwise.

So we have

/ (u1n)e(—uy,) +/ a(t,z, Vuy )V (-uy ) =0,
Qr Qr

which gives
/ (ufn —up,)(—ur,) + / a(t,z, Vuy n)V(-ug,,) = 0.
T T

We observe that on the support of u; ,, we have ui’nufn = 0 on suppuq y, it comes

|t —uid-an)+ [ alt, 2, Vur ) V(=ui,)
T QrN{ui,n>0}
—I—/ a(t,, Vuy n)V(-uy,,) =0
QrM{u1,»,<0}

/Q%( 1) +/T a(t,z,V(-ui,))V(-ui,) =0

[ 3t s [ el V)V 2 [ 0n)t v [ M(960,),

uy,, =0 aeinQr, (16)
ie., ur, > 0ae. in Q and for all ¢t € [0,T). Analogously, we prove that us, > 0 by

the testing function ¢ = —u;,,. Let us denote by T} the truncation function T (s) =

max{ —k, min{k, s}}, k> O7é € R, where (.,.) denotes the duality product between V;*
and V; for i = 1,2.

4.2 Step 2: L™ and energy estimates for (uq,,u2,)

Proposition 4.1 There exist positive constants Cy1 and Cs, independent of n, such
that

HU17TL||LOO(QT) S Ch and HUQ)TLHLOO(QT) S CQ. (17)

Proof. The estimate for {uq,,} follows directly by Proposition 2.13 [7] with
some abbreviations that go along with our problem, it remains to prove the uniform
boundedness of ug y,.
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For simplicity, we suppose UéOT)L(I) = 0, to handle the equation solved by us_,, we choose

as a test function ¥ = (ug,, — Ca)™, with Cy > 1 fixed, we obtain with Q; = Q x [0, 1),

/(Uz,n)t(uz,n —Cy) " +/ a(t,x, Vug ,)V (ug,, — Co)*
Q

T

1
— [t 4 )2~ C)* <0 (18)
Q
/ a(t,z,Vus ,)V(uz, — Ca)t = / a(t,z, Vus )V (v, — Ca) T
Qr {(t,x)EQT/Uz,n(t,ﬁ)SCQ}

+ / a(t,z,Vus )V (uz, — C2)t
{(t,2)€QT /uz n(t,x)>Ca}

= / a(t,x, ,VUQ,n)VUQ,n'
{(t,2)eQr /uz n(t,x)>Ca}
(19)

When neglecting the nonnegative term on the left-hand side of , it comes
(ugpn —C2)t =0, ae. inQr,

which completes the proof. Choosing as a test function ¢ = uy, € L*(0,T;V) in the
first equation of problem , by integrating over 2 x [0,t), we obtain

1d 1
§d7 / (u17n)2—|—/ a(bm,VuLn)Vul’n = fl,n(t,x)hv(ul’n + *,U2$n)U1’n,
tJor Qr Qr n

in other words,

1 1 1
*/ Uin(t)Jr/ a(t, z, Vui ) Vu p, = *|\U0,n||%2(9)+/ S (@) ey (w1 0+ —, w20 )t 0
2 Q T 2 Qr n

Due to the fact that h. (uq,,+ %,Ugm) < (ululiﬁl)w < u}_n” and 0 < 1—+ < 1, we deduce

1 1— 1—
fl,n(tax)hv(ul,n+ﬁau2,n)u2,n S fl,n(ta x)ul,n’yuln S sup ul’n’yu&n fl,n S Ca

Qr Qr Qr

again, we have

l|u1,nl|Loe 0,502 (0)) < C.

For the second equation of problem , we choose as a test function ¢ = us, €
L?(0,T; V). We obtain

1 1 1
3 [Ba®+ [ altis, Vunn) Vs, = Sy + [ fonlt )by (wnnt 5wz
Q T Q n

IN

1. (©
) \ |ug,2l| |2L2(Q)v
(20)
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which gives ||uz,n||Loo (07T;L2(Q)) < C, hence the inequality .
Ul,n
(ulm + %)’Y
estimate of u; ,, and @, by plugging ¢ = uy ., € L*(0,T;V1) as a test function in ,

we easily get

< < u%jﬂ and 0 < 1 —~ < 1, using the L*°-

1
Note that Ay (w1, + =, uzn) <
n

w10l Lo (0, 1522 () < Cs,

where C'3 is a positive constant independent of n. Similarly, by plugging ¢ = w2, €
L?(0,T;Vs) in , we get ||ugn, < (4, hence, there exists a positive

constant Cy, independent of n,

|L°° (0.7:22(9))

[w1nllz20,m5v1) + [lu2ml|L20,7v2) < Cs. (21)

Proposition 4.2 There exists a positive constant C > 0, independent of n, such that

1
fin(t, x)hy(urn + ﬁ,uZn)g@Q(x) < C forallneN (22)
QT

for every ¢ € C3*(Qr). For § > 0, we have

1
/ Frn(t,2)hy (w10 + = uz.0)¢? (2) < C9, (23)
QTO{OSUI,HS(;} n
L Co'7 ifo<y<1
n(ts @)hy (0 + —uz0)¢% (@) < ‘ (24
Loy Bttt Lt < { o FS T e

for every ¢ € C§°(Qr) with ¢ > 0.

Proof. The proof follows the same lines as Proposition 2.20 in [7], see also [12], with
slight modifications since the growth of a(t,z, Vu) with embedding in Lemma 3.1, we
examine only the estimate for the convenience. Multiplying the first equation of
problem by the test function ¢?(z), we get

T
1
~/O <(u1,n)ta 902(x)> + 2/Q a’(tv z, VU1,n)~<PV<P = 0 fl,n(ta x)h'y(ul,n + ;a u2,n)§02(x)»

which gives

1
Frn(ts )+ % 0 ) (@) <2 [t VurlIol| V] + €,

Qr Qr

this gives, by applying Holder’s inequality and the previous proposition,

Pty (it @) < Co2( [t Va2 ) ([ R

Qr T
é 027

which proves the inequality .
A similar estimate is in the following Proposition by multiplying problem
by the test function 1% (z).
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Proposition 4.3 For 6 > 0, we have

1
| bl (w10 + % 02,0)0%() < . for alln € N, (25)
Qr
1
/ | foun (s 2) iy (1.0 + = 12,0) () < C6, (26)
Qrn{0<us , <8} n

1 Cot7  ifo<y<1
n(t, ) Py (U1 + =, w2 )% (2) < ) To27
/Qm{ogul,ngé}’h’ (62 (i 5 vam) () _{ CVo  ify=1 @)

4.3 Step 3: Convergence and compactness results

To pass to the limit as n — oo in and , we need strongly convergent subsequences,
which is ensured by the following proposition.

Proposition 4.4 There exists a couple
(u1,uz) € |L2(0,T; V1) N LOO(QT)} X {LQ(O, T; Vo) N L™(Qr)

such that, as n — oo, we have, up to a subsequence,
Uni — u;  weakly in L*(0,T;V;) for i=1,2,

Uni = u; weakly in L>®(Qr) for i=1,2,

Uni — u;  strongly in  LY(Qr) for i=1,2, 30
Upi — U a.ein Qr for i=1,2, 31
. 2 .
nll}r_{loo . |V(tni —ui)|" =0 for i=1,2. (32)
T
Therefore,
Vun,; = Vu; a.e. in Qpr for i=1,2. (33)

Proof. Convergences are direct consequences of . The same thing applies
to convergences ([29). To prove , we observe that the estimate leads to

1
Frn(t, 2)ho (urm + —, uz.)¢?(x) € LHQr) , Vo € C5(Q). (34)
In addition, we have

8(u1,7l()02)

50 is bounded in  L*(0,T;V{") + LY(Qr). (35)

By , choosing s such that s > % + 1 and using the same argument as in Lemma

2.3 from [17], we deduce that W is bounded in L?(0,T; H~*), consequently, since
s > & we find that V; C LP(€2) C H~*(Q) and the embedding V; — LP(f) is compact.
Applying now Corollary 4 from [17], by and the compactness results, we deduce that
u1 np is relatively compact in L*(Qr). Hence, up to a subsequence, convergences (30)
and (31)) are satisfied.

(32) and can be obtained as a particular case of Proposition 3.14 from [7].
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4.4 Step 4: Uniform estimate near the singularity

We consider the set {(t,2) € Qr : ui(t,x) = 0}. As a consequence of the uniform
estimate near the singularity , we have the following proposition.

Proposition 4.5 The couple (u1,uz2) as a solution to (@ and (@, in the sense of
Definition 2.1, satisfies

/ Fults 2)hs (a1, un)p = 0 (36)
QrN{u1=0}
/ fa(t, ®)hy (ur, ug)h =0 (37)
QrN{ur=0}
for all o, € Cg° (Q X [O,T)) with ¢, > 0. Moreover,
Ji(t, 2)hy (ur, ug)p =/ f1(t, @)y (ur, ug)p (38)
QT QrN{u>0}
fa(t,2)hy (ur, ug)y = fa(t, )y (U1, ug)th. (39)
Qr Qrn{u>0}

Proof.

1. Let ¢ € Cg°(2x[0,T)),% > 0, with suppyy =Y x [0, T3], Ty <T, Y CC ECCQ
and ¢ € C} (Q) with ¢(z) = 1 over Y , ¢ > 0 with supp ¢ = FE, by the uniform
estimate (23)), we obtain

1
/ fl,n(ta x)h’y (ul,n + 7u2,n) w(tvx)
QrM{u1,n<d} n

1
snwm/ Frnt @) (urm + 2 Xgus o <)
[0,T|xY n

1
ﬂMm/fm@@M@m+7w0ﬁWMmmw
Qr n

On the other hand,

1
Jin(t,z)hy <U1,n + 7U2,n) X{u, . <8} ¥(t, 7)
Qr n

1
= fl,n(t7 x)h'y (ul,n + Ea u2,n> X{ulm<5}X{u1:5}¢(tv 33)

Qr (40)

1
+ fl,n(ta m)h’y (ul,n + 7u2,’n) X{u1,n<5}x{u1#§}w(ta m)
Qr n

< C6.

We observe that there exists at most a countable set D such that
meas{(t,z) : u1(t,z) = 8} > 0. We choose 4 outside of this set Dy so that, in ([40)),

1
fl,n(ta x)h"/ (ul,n + 7u27") X{u1,n<5}X{u1:5}¢(ta Z‘) =0.
Qr n
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So, we have

1
fl,n(t7x)h’v (ul,n + nau2,n> X{ul,n<6}¢(t’m)

Qr 1 (41)
= /Q fl,n(t»x)h'y <u1,n + n7u2,n) X{u11n<6}X{u1¢6}¢(tax) < cs.
T
By , we have X(u, , <8} X{ui#£6} = X{ui<s} @€ in Q.
Fix 0, in , by Fatou’s lemma, we get
Ji(t, z)hy (ur, u2) X fu<sy o (t, @) < C6.
Qr
Let 6 to 0, Fatou’s lemma leads to
fl (ta x)h’y(ula u2)X{u=0}¢(t7 IE) = / fl (t, w)h'y(ul, u?),l/}(t? ‘:U) = 07
Qr QrN{u1=0}
(42)
this leads to
Filt ) a2 ) = [ St )t o). (43)
Qr QrN{u1>0}

These are the identities we are aiming to establish.

2. Similarly, with some simplifications, we establish the validity of and . By
plugging a test function ¢ € C§°([0,T) x Q),¢ > 0 with supp ¢ =Y x [0,T3], 15 <
T,Y cC Ecc Qand p € C3(Q) with p(x) =1 over Y, ¢ > 0 with supp ¢ = E.
By the uniform estimate , we obtain

1
/ ot 2)hs (ul,n + Uz) o(t, )
Qrn{ur,, <8} n

1
< \|¢||oo/ Y!fz,n(taf)\hw (Ul,n + anzn) X{u1,n<6}
X

(0,77

1
<l [ |fantn)lhe (u n u) ()X s <511
[0,T]xY n

< Cot=7 ifo<y<1
=l oVe o ify=1.

On the other hand,
1
|f2,n(t7 :L')|h'y Ul p + —,U2,n X{ul,n<5}¢(t7 ‘73)
Qr n

1
= / |f2,n(t7 x)|h’y (ul,n + -, u2,n) X{u1,n<5}X{u1:5}¢(ta x)

1
+/ }f2,n<t7 m)|h'y <U1,n + au27n> X{ul,n<5}X{u1;é6}¢(ta Q’J)7
Qr n

< Cs' T ifo<y<1
“ 1oV ify=1.
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Note that there exists at most a countable set Dy: meas {(t,z) : uy (t,z) = 6} > 0.
Select 6 ¢ Do, so, in , the integral

1
/ |f2,n(t7x)’h'y (ul,n + 7u2,n> X{U17n<5}x{u1:5}¢(tax) = 0.
Qr n

So, we have

1
/ |f2,n(ta x)|h'y (Ul,n + =, u2,n> X{u1,n<6}¢(t> )
Qr n

1
= /Q |f2,n(tax)‘hfy (ul,n + n7u2,n) X{ul,n<5}X{u17é6}¢(tvx)v (45)
Cot— ifo<y<1
S| CVe  ify=1.

By , we have X(u, , <5} X{u#6) = Xfui<s} a-e. in Qr.
For ¢ fixed, Fatou’s lemma in leads to

Cs' ifo<y<1
Ja(t, ) ey (ur, u2) X, <53 B(t, ) < { Vs i

or if v=1.
Again, by Fatou’s lemma, we get for § — 0,
/ |f2(t,iC)’h,y(uhUQ)X{u1:0}¢(t,$) = / |f2(t,l')}h,y(ul,’U,2)¢(t,(E) :07
T Qrn{u1=0}
(46)
this leads to
/ ‘fz(taff)’hy(uhUQ)X{ulzo}Qb(t»x) = / ‘fz(tm’f)’hw(uhU2)¢’(t»$)7
T QrN{u>0}
(47)
which also means
fg(t, -T)h’y(ula UQ)X{u1:O}¢(t7 J?) = / f2(t7 m)h’y(ulv u2)¢(t7 J)),
Qr QrN{u1>0}

this is the desired result.

4.5 Step 5: Proof of main theorem

Now, we present the proof of the primary result in this paper. Since u; ,,u2, > 0 a.e.
in Q7 , thanks to , we obtain u1,us > 0. Thanks to (30]), we can proceed to take the
limit in the sections related to the time derivatives of and (15). By (14), (Vui,n)
and (Vug,y,) are equi-integrable. By and , Vitali’s theorem (see Theorem 1.0.16
in [11]) leads to

Vui, = Vu; in L*(Qr), (48)

Vug,, = Vus in L2(QT). (49)

We deal now with the singular lower-order terms. Let D = K x [0,T1],T1 < T such
that K CC F CC Q and ¢ € C5°(Q) with suppyy = D. Let ¢ be a function such that



50 A. ELOUARDANI, A. ABERQI AND M. ELMASSOUDI
¢(x) =1 on the set K, 0 < ¢ <1 and supp ¢= E.

Let 6 > 0, we have

1 1
fin(t )by (Ui n + = u2n)Y = Jrn (@t @)y (uin + =, u2.0)t
QT n QrN{0<u1 <8} n

1
+ Jin(t, x)hy (U1 + =, u2n)b = Ay + As.
Qrn{ui,n>6} n

Concerning the term A, we proceed as
1 2
Ay < Y]]oo fl,n(tax)hv UL+ =, Uz | 97 (2)
Dn{0<uy,, <5} n

<1l | Frntslty (104 0 ) (o).

QrN{0<u,, <5}

By , we get to

Ay < €3, (50)
where C is a constant independent of n. For Ay, we have
1
Ay = o fl,n(t,l')h'y Ul,;n + ﬁvuzn ili(t, x)X{ulﬁnZ&}X{ul;éé}
T

1
+ o fl,n(tax)h'y (Ul,n + E’ u2,n> w(t7$)X{u1,n26}X{u1:5}
T

= Az + Ay
Note that there is at most a countable set ©1 such that meas{(¢,z) : uy(¢t,z) = 6} > 0.
Choose § ¢ 01, so Ay = 0. Since holds, for Az, we have that X(u, ,>6}X{u, 5} —
X{u;>6) a.e. in Q. fin(t,x)h,y <u17n + ;,uz,n> Xfur. 263X {ui 2630 (t, ) <
fi(t, 2)hey (8, u2.0)0(t, 2) € LY (Q1). By and the Lebesgue theorem, we have
lim fin(t, z)h, (ul’n + %, uz,n> X{ur. >} X {ui 28} (t, )

n—-+oo Qr

= ; Ji(t, 2)hy (w1, u2) X quy >53 0 (t, ).

Then
lim Ay = Ji(t,2)hy (8, u1) X fuy >3 (L, ). (51)

n—+oo Qr

By (3. @), E1) and @), we et

1
lim / fl,n(t,f)h'y Ul,n+ﬁau2n ¢(t,$)

n—-+oo Q ’

= lim AT fl,n(tax)hfy <u1,n + ,rllvu2,n) 7//(15’17)X{u1,,25} = /QT fl(tv$)h7(6a U2)¢(t7$)~

n—-+o0o

Similarly, for any ¢ > 0,
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Fan(t, ) 10+ % 0 )0 2) =

1
f2,n(t7 $)h’Y (U17n—|— ) U27n)’(/J(t, .13)
QrN{0<uy ,<d8} n

Qr
1
+ / Jon (1 €Yo (g )0 (8, 2)
Qrn{u1 n>8} L
=1+ I.
(52)
Concerning the term I, we have
1
1] < 1lle [ Fonlts ) (= 12,0)62(2):
QrN{0<uy <8} n

By , we get to
Colr ifo<y <,
<

Hence, ;in% |I1| = 0. Concerning I, we see that
—

. 1
L= lim / fan(t,x)h, <u1,n + nvuzm) X{ui,n>8} X {ur 63 (L, )
Qr

n—-+o0o

1
+ Jon(t,x)h, (m,n + n,u2,n> X{ur 28} X{ur=s} ¥ (t, ) = J1 + Ja.
Qr

We note that there exists, at most, a countable set O such that meas{(¢, ) : u1(t,z) =
0} > 0. Choose § ¢ O, so J; =0, since holds, for By, we have

X{utn>8} X fur#£6} — X{u;>s} a.€. in Qr

1
|f2,n(t>x)|h'y (Ul,n + naul,n) X{ulynzé}X{uﬁéé}w(tvx)

< [ falt, 2) B (8, w209 (t ) € LN(Qr).-
The Lebesgue theorem combined with leads to

lim I = fa(t, )by (ur, u2) X fu, > 539 (E, ). (54)

n—roo QT

By , , and , we can get

1
lim f2,n(t7 x)h'y (ul,n + E; U2,n) "/’(t> 37)

n—+oo Qr

. 1
= lim f2,n(ta x)h'y (ul,n + na“?,n) X{ul‘HZ(S}w(tvw)

n—+oo Qr

=, fa(t, 2)hy (ur, u2)p(t, ).

Applying a similar argument to u , to address the case of u; ,,, but this time utilizing
(24) and , we conclude the proof of our main result, Theorem 2.2.
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