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Abstract: This paper discusses the prey-predator model with habitats in reserved
and unreserved areas. The prey population can migrate from the reserved area to the
unreserved area and vice versa. The prey lives in the reserved and unreserved areas.
The predator freely hunts for the prey in the unreserved area. The Holling type III is
considered on the basis of its predatory characteristics. Interspecific competition for
prey occurs in the migration process. The dynamics of prey-predator is expressed as
a system of nonlinear differential equations. The stability of the interior equilibrium
point is analyzed locally. The eigenvalues of the Jacobian matrix together with the
Routh-Hurwitz stability test are used to determine the stability of the equilibrium
point. Using appropriate parameter values, simulations were conducted by varying
the parameter values of migration and interspecific competition. It was found that
there are up to three interior equilibrium points and there are conditions in which
there is no interior equilibrium point. It was also found that there are three interior
equilibrium points, one of which is unstable while the other two are bistable. The
change in migration rates and competition levels allows the prey population in the
reserved and unreserved areas and their predator to live together.

Keywords: prey-predator; Holling type; reserved area; interspecific competition;
bistable equilibrium points.
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2 SYAMSUL AGUS, SYAMSUDDIN TOAHA, KASBAWATI AND KHAERUDDIN

1 Introduction

A mangrove forest is an ecosystem developed between estuaries and coastal areas. Man-
grove ecosystems are migration routes for many species of fish and other organisms.
Mangrove forests are the habitat of many species, including mangrove crabs, for feeding,
breeding, and protection from predators. In their life cycle, juvenile crabs migrate back
to the estuary, gradually enter the mangrove area, and develop into adults [1]. Mangrove
crabs are species that tend to attack and eat other mangrove crabs. Around mangrove
forests and coastal areas, the crab is preyed on by many fish, including Red Snapper
(Lutjanidae) and White Snapper (Lates calcarifer). In addition, various types of fish
dominated by carnivorous fish approach mangrove forests at high tide to find food [2].
The dynamics of population changes of migrating mangrove crabs and their predators
can be expressed in the form of a mathematical model.

The population dynamics dealing with the prey-predator model has been studied by
many researchers from different angles and with different purposes. Some researchers fo-
cus on the effect of predation functions such as the Holling function and the Beddington-
DeAngelis function, which consider the characteristics of predators in hunting to catch
their prey, see for example, [3–5]. Population dynamics in ecology also includes many
prey-predator interactions, harvesting and its consequences in the population dynamics
mechanism [6]. For certain reasons and conditions, the habitat of a population is divided
into a reserved area and an unreserved area for economic activities. Under such condi-
tions, the population is divided based on where it is located and the population can still
migrate from the reserved area to the unreserved area and vice versa [7, 8]. Migration
and harvesting in a prey-predator model can also be used as a control in bio-economic
models and an effort to prevent the population from extinction and to optimally utilize
the population as a valuable stock [9, 10].

Based on the previous research, a prey-predator model with prey migration in the
two areas and interspecific competition was developed. In this model, the influences
of migration and interspecific competition on the stability of the equilibrium point and
sustainability of the populations are analyzed. Mangrove crabs as the prey migrate from
mangrove area to the coastal area and vice versa, with mangroves as a reserved area and
the coastal zone as an unreserved area. Predator populations freely prey on mangrove
crabs in the unreserved area and follow the Holling type III predation function according
to the characteristics of populations. In the process of migration, interspecific competi-
tion between prey occurs naturally. The dynamics of prey and predator populations is
expressed as a system of nonlinear differential equations. The population dynamics is
analyzed by checking the conditions for the existence of interior equilibrium points and
analyzing the local stability. The nonlinear model is complex enough to be solved ana-
lytically. The Routh-Hurwitz stability test is used to investigate the local stability of the
interior equilibrium point of the model. The effects of migration rate and interspecific
competition on prey are analyzed using numerical simulations. The plots of trajectory
curves for prey and predator populations around the stable interior equilibrium point are
given to visualize the dynamics of prey and predator populations.

2 Methodology of Prey-Predator Model with Migration

This paper considers the dynamics of mangrove crabs or mud crabs (Scylla spp.) living
in the mangrove area and in marine waters. Mangrove crabs mate in the mangrove area
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and migrate to marine waters to spawn. After spawning and growing into juvenile crabs,
they migrate back to the upstream estuary or back to the mangrove area. When the
mangrove crabs are in the mangrove area, they are relatively safe from predators, but in
the marine waters, a certain fish as a predator will prey on the mangrove crabs. In this
case, the mangrove crab habitat is divided into two parts, namely the mangrove area
as the reserved area and the marine waters as the unreserved area. In the migration
process of mangrove crabs, interspecific competition occurs and reduces the number of
mangrove crabs [4, 11]. The mangrove crabs living in the mangrove area and marine
waters are assumed to grow according to the logistic model. Predation on the mangrove
crabs occurs only in the unreserved area and the predation function follows the Holling
type III, which is consistent with the characteristics of predation on crabs [4]. In the
predator populations, intraspecific competition occurs [12] and the prey and predator
populations are reduced by natural mortality.

The population dynamics of mangrove crabs in the reserved and unreserved areas and
of their predator are expressed in the following growth model:

dx

dt
= rx(1− x

K
)− σ1x+ σ2y −

cx2z

c1 + x2
− fx− uxy,

dy

dt
= sy(1− y

L
) + σ1x− σ2y − hy − vxy,

dz

dt
=

g1x
2z

c1 + x2
− ez − qz2.

(1)

In model (1), the variables x = x(t), and y = y(t) are the population densities of
mangrove crab as prey in the unreserved and reserved areas at time t, respectively. The
variable z = z(t) is the population density of fish as the predator at time t. The initial
conditions of all three populations are nonnegative, x (0) ≥ 0, y (0) ≥ 0, and z (0) ≥ 0.
Parameters r,K, σ1, σ2, c, c1, f, h, e, s, L, g1, q, u, and v successively express the intrinsic
growth rate of the prey population in the unreserved area, the carrying capacity of the
habitat for the prey population in the unreserved area, the weighting coefficient of prey
migration from the unreserved area to the reserved area, the weighting coefficient of
prey migration from the reserved area to the unreserved area, the maximum per capita
consumption rate of the predator, the Michaelis-Menten constant rate, prey mortality
rate in the unreserved area, prey mortality rate in the reserved area, predator mortality
rate, intrinsic growth rate of the prey population in the reserved area, carrying capacity
of the habitat for the prey population in the reserved area, conservation rate of predator,
intraspecific competition coefficient, prey competition in the reserved area, and prey
competition in the unreserved area. All parameters are assumed to be positive.

For simplicity, let R = r − σ1 − f , R1 = r
K , S = s − σ2 − h, S1 = s

L , γ = g1−e
q ,

γ1 = ec1
q . Furthermore, model (1) is expressed as

dx

dt
= x[(R−R1x)−

cx2z

c1 + x2
− uy] + σ2y, (2)

dy

dt
= y[(S − S1y)− vx] + σ1x, (3)

dz

dt
= z(

g1x
2

c1 + x2
− e− q3z). (4)
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3 Positivity and Boundedness of Solution

The positivity and boundedness of the solution of model (1) with the initial conditions
x(0) > 0, y(0) > 0, z(0) > 0 are stated in the form of theorems. The positivity and
boundedness of the solution of the model are ecologically relevant.

Theorem 3.1 The set Ψ =
{
(x, y, z) ∈ R3

+0 : 0 < ω = x+ y + z ≤ ρ
ρ1

}
is the area

for all solutions of the subsets in the positive octant, where ρ1 is a constant which satisfies

ρ1 < e, ρ = K(r−f+ρ1)
2

4r + L(s−h+ρ1)
2

4s , g1 ≤ c.

Proof. Let ω(t) = x(t) + y(t) + z(t) and ρ1 > 0 be a constant. Then dω
dt + ρ1ω =

(r − f + ρ1)x− rx2

K − (u+ v)xy + (s− h+ ρ1)y − sy2

L − (c− g1)
x2z

c1+x2 − (e− ρ1)z − qz2.
It is natural to assume that g1 ≤ c, so the equation can be written as

dω
dt + ρ1ω = − r

K (x− K
2r (r − f + ρ1))

2 − s
L (y − L

2s (s− h+ ρ1))
2 + K

4r (r − f + ρ1)
2 +

L
4s (s− h+ ρ1)

2 − (u+ v)xy − (c− g1)
x2z

c1+x2 − (e− ρ1)z − qz2.
dω
dt + ρ1ω ≤ K

4r (r − f + ρ1)
2 + L

4s (s− h+ ρ1)
2 = ρ.

By the theory of differential inequalities, we have 0 < ω(x(t), y(t), z(t)) ≤ ρ
ρ1
(1 −

1
eρ1 t ) +ω(x(t), y(t), z(t)) 1

eρ1 t . Taking limit when t → ∞, we get 0 < ω ≤ ρ
ρ1
. This proves

the theorem.

Theorem 3.2 All solutions (x(t), y(t), z(t)) of the system of equations (2), (3), and
(4) with the initial conditions x(0) > 0, y(0) > 0, z(0) > 0 are positive for all t ≥ 0.

Proof. From equation (2) together with the initial conditions x(0) > 0, y(0) >
0, z(0) > 0, we have dx

x = µ(x, y, z)dt + µ1(x, y)dt, where µ(x, y, z) = (R − R1x) −
cxz

c1+x2 −uy, and µ1(x, y) =
σ2y
x . Integrating the above equation on the interval ⌊0, τ⌋, we

have x(t) = x(0)e
∫ t
0
µ(x(τ),y(τ),z(τ))dτ+

∫ t
0
µ1(x(τ), y(τ))dτ > 0 for all τ ∈ [0, t] .

Next, from equation (3), we have dy
y = φ0 (x, y) dt+ φ1 (x, y) dt, where

φ0 (x, y) = (S − S1y) − vx, φ1 (x, y) = σ1x
y . Integrating the above equation on the in-

terval ⌊0, τ⌋, we have y(t) = y(0)e
∫ t
0
φ0(x(τ),y(τ))dτ+

∫ t
0
φ1(x(τ),y(τ))dτ > 0 for all τ ∈ [0, t] .

Next, from equation (4), we have dz
z = ρ0 (x, z) dt, where ρ0 (x, z) =

g1x
2

c1+x2 −e−qz. Inte-

grating the above equation on the interval ⌊0, τ⌋, we have z(t) = z(0)e
∫ t
0
ρ0(x(τ),z(τ))dτ > 0

for all τ ∈ [0, t]. The solutions of the equations (2), (3), and (4) are all positive.

Theorem 3.3 All solutions of the model (1) are bounded.

Proof. We construct a function ω (t) = x (t) + y (t) + c
g1
z (t). If this equation is

differentiated with respect to time (t), then we have dω
dt = rx

(
1− x

K

)
−fx−(u+ v)xy+

sy
(
1− y

L

)
− hy − ec

g1
z − q3c

g1
z2,

dω
dt = rx+ ex− rx2

K − fx− (u+ v)xy + sy + ey − sy2

L − hy − ec
g1
z − q3c

g1
z2 − ex− ey,

dω
dt ≤ rx+ ex+ sy + ey − ec

g1
z − ex− ey.

The consumption rate of the predator population to prey is assumed to follow
0 < g1 ≤ c. From the first two equations of model (1), we have K + L is the total
carrying capacity of the total prey population. We have x(t) + y(t) ≤ K + L + ϵ as
t → ∞. Suppose we take x(t) ≤ K + ϵ1 as t → ∞ and y(t) ≤ L + ϵ2 as t → ∞, where
ϵ, ϵ1, ϵ2 are three positive numbers. Let ω (t) = x (t) + y (t) + c

g1
z. The derivative of
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ω (t) with respect to t takes the form

dω

dt
≤ (r + e)x+ (s+ e) y − ec

g1
z − ex− ey

= −e

(
x+ y +

c

g1
z

)
+ (e+ r)x+ (e+ s) y

= −eω + (e+ r)x+ (e+ s) y,

dω

dt
+ eω ≤ (e+ r) (K + ϵ1) + (e+ s) (L+ ϵ2 ).

Let K1 = (e+ r) (K + ϵ1) + (e+ s) (L+ ϵ2) and integrate both sides, we obtain the
boundary ω (t) = K1

e + C1
1
eet . The inequality dω

dt ≤ K1 − eω has the solution ω (t) ≤
K1

e + C1
1
eet for t → ∞. Then we obtain lim supt→∞ ω(t) ≤ K1

e . Therefore, (x, y, z) is

bounded in R3 and (x, y, z) belongs to Ψ1 =
{
(x, y, z) ∈ R3

+0 : x+ y + ec
g1
z ≤ K1

e

}
.

4 Equilibrium Points and Local Stability Analysis

In order to investigate the behavior and changes of the populations x, y, and z, it is nec-
essary to find the interior equilibrium point and determine its stability. The equilibrium
points of model (1) are obtained by solving dx

dt = dy
dt = dz

dt = 0. Further, the non-negative
equilibrium points are obtained, namely T1 = (0, 0, 0) and T2 = (x2, y2, 0). The values of

components of the equilibrium point T2 are x2 = y2(−y2S1+S)
vy2−σ1

and y2, where y2 is the pos-

itive root of the polynomial AX3+BX2+CX+D = 0, where A = R1S1
2−uvS1, B =

RvS1 − 2SS1R1 + Suv + uS1σ1 − σ2v
2, C = S2R1 − RSv − RS1σ1 − Suσ1 + 2σ1σ2v,

and D = RSσ1−σ2σ1
2. The possible interior equilibrium point for model (1) is

T3 = (x̄, ȳ, z̄). The values of components of the equilibrium point T3 are x̄ = ȳ(−ȳS1+S)
vȳ−σ1

,

z̄ = γx̄2−γ1

x̄2+c1
, and ȳ, where ȳ is the positive root of the polynomial A1Y

11+A2Y
10+A3Y

9+

A4Y
8 + A5Y

7 + A6Y
6 + A7Y

5 + A8Y
4 + A9Y

3 + A10Y
2 + A11Y + A12 = 0, where A1,

A2, ..., A12 are real numbers that depend on the values of the model parameters.
The equilibrium point T3 = (x̄, ȳ, z̄) may not exist in the sense that not all of its

components are positive. The equilibrium point T3 = (x̄, ȳ, z̄) may consist of only
one, two, three or more components in the first octant. This condition depends on the
parameter values of the model. The only equilibrium point to be analyzed is the interior
equilibrium point, i.e., T3 = (x̄, ȳ, z̄). Due to the complexity of model (1), only the
local stability of the interior equilibrium point is considered. For this purpose, the model
is linearized around the equilibrium point and the Jacobian matrix evaluated at the
equilibrium point T3 = (x̄, ȳ, z̄) is obtained as follows:

J (T3) =

d1 d2 d3
d4 d5 0
d6 0 d7

,

where d1 = R − 2R1x̄ − 2cx̄z̄
x̄2+c1

− uȳ + 2cx̄3z̄
(x̄2+c1)

2 , d2 = σ2 − ux̄, d3 = − cx̄2

x̄2+c1
,

d4 = σ1 − v ȳ, d5 = S − vx̄− 2ȳS1, d6 = 2g1c1x̄z̄
(x̄2+c1)

2 , and d7 = g1x̄
2

x̄2+c1
− e− 2qz̄.

The next step is obtaining the characteristic equation that corresponds to the equi-
librium point T3 = (x̄, ȳ, z̄). Then we have f (λ) = λ

3
+ a1λ

2 + a2λ + a3, where a1 =
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− (d1 + d5 + d7) , a2 = d1d5+d5d7+d1d7−d2d4−d3d6, and a3 = d2d4d7−d1d5d7+d3d5d6.
In accordance with the Routh-Hurwitz stability test [13], the interior equilibrium point
T3 = (x̄, ȳ, z̄) is locally asymptotically stable if the conditions a1 > 0, a3 > 0, and
a1a2 − a3 > 0 are satisfied.

5 Numerical Simulation

The simulation is based on the analysis results obtained in the previous section. Simu-
lations are performed to investigate the effect of migration and interspecific competition
in the prey population on the existence of interior equilibrium points in the first octant
and their stability. The parameter values used in the simulation of model (1) are based
on the parameter values used by the previous researchers [6, 14, 15]. Some parameter
values have been adjusted to get interesting results. The values of migration rates and
interspecific competition are given in various combinations. The simulation is given in
four cases, which are presented in the table and plot of prey and predator population
curves in the reserved and unreserved areas.

Case 1. The value of σ1 is fixed and the value of σ2 varies.

For simulation, we use the parameter values r = 0.9,K = 100, L = 100, c = 2.5, g1 =
0.8, c1 = 1, f = 0.02, h = 0.01, e = 0.3, q = 0.3, u = 0.02, and v = 0.02 in the appropriate
units. By using these parameter values, the equilibrium points, eigenvalues, and stability
are obtained, as shown in Table 1.

σ2 = 0.1 σ2 = 0.2 σ2 = 0.4 σ2 = 0.5
T3a(7.66, 1.02, 1.62) T3a(7.18, 0.95, 1.62) T3a(6.39, 0.80, 1.60) T3a(6.08, 0.73, 1.60)
(0.52,-0.87,-0.48) (0.51,-0.85,-0.47) (0.49,-0.84,-0.46) (0.49,-0.86,-0.45)
not stable not stable not stable not stable

T3b(1.02, 54.01, 0.37) T3b(1.80, 15.63, 1.04) T3b(1.88, 5.40, 1.08)
(-10.48,-0.13,-0.48) (-2.72,-0.45,-0.18) (-0.55±0.58i,-0.14)
stable node stable node stable node

T3c(68.18, 0.53, 1.67) T3c(68.37, 0.53, 1.67) T3c(68.75, 0.52, 1.67) T3c(68.9, 0.51, 1.67)
(-0.55,-12.86,-0.50) (-0.55,-12.99,-0.50) (-0.56,-13.27,-0.50) (-0.56,-13.41,-0.50)
stable node stable node stable node stable node

Table 1: The equilibrium point T3, eigenvalues, and stability for the case σ1 = 0.1.

Table 1 shows that there are initially two equilibrium points in the first octant, one
equilibrium point is unstable and the other is locally asymptotically stable. By increasing
the value of the migration coefficient (σ2) from the reserved to the unreserved area, three
equilibrium points are obtained in the first octant, where one equilibrium point remains
unstable while the other two are locally asymptotically stable. In this case, there is
a bistable equilibrium point, i.e., the coexistence of two equilibrium points that are
jointly stable, and the type of stability is the same, i.e., they are locally asymptotically
stable with node type. By increasing the value of the migration coefficient (σ2), three
equilibrium points are still obtained in the first octant and their stability does not change.
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Increasing the value of σ2 only changes the value of the equilibrium point T3a, i.e.,
the values of the equilibrium points of the populations x, y, and z are all decreasing.
The equilibrium point T3b does not appear at first. By increasing the value of σ2, the
equilibrium point T3b appears, and the increase in the value of σ2 changes the values of
the equilibrium points T3b and T3c; that is, the values of the equilibrium points of the
populations x and z increase while the value of the equilibrium point of the population
y decreases.

Figure 1: Populations behaviour around the bistable equilibrium points for σ1 = 0.1, σ2 = 0.2.

Figure 1 shows the behaviour of the populations x, y and z around the two stable
equilibrium points. Both equilibrium points T3b and T3c are asymptotically stable, i.e.,
they are bistable equilibrium points. This means that none of the three populations
will become extinct. The initial value of the population plays an important role in
determining where the population converges. In Figure 1(a), there is a line dividing the
stability domain for the equilibrium points T3b and T3c, but in Figures 1(b) and 1(c),
the line which divides the stability domain for the equilibrium points T3b and T3c is not
clearly visible.

Case 2. The value of σ2 is fixed and the value of σ1 varies.

For simulation, we use the parameter values r = 0.9,K = 100, L = 100, c = 2.5, g1 =
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0.8, c1 = 1, f = 0.02, h = 0.01, e = 0.3, q = 0.3, u = 0.02, and v = 0.02 in the appropriate
units. By using these parameter values, the equilibrium points, eigenvalues, and stability
are obtained, as shown in Table 2.

σ1 = 0.05 σ1 = 0.1 σ1 = 0.2 σ1 = 0.25
T3a(6.02, 0.72, 1.60) T3a(7.66, 1.02, 1.62) T3a(14.39, 1.37, 1.66) T3a does not
(-0.45±0.03i,0.62) (0.52,-0.87,-0.48) (0.23,-2.20,-0.49) appear
not stable, spiral not stable not stable
T3b(80.68, 0.26, 1.67) T3b(68.18, 0.53, 1.67) T3b(39.52, 1.11, 1.67) T3b does not
(-0.67,-15.35,-0.50) (-0.55,-12.86,-0.50) (-0.23,-7.16,-0.50) appear
stable node stable node stable node

Table 2: The equilibrium point T3, eigenvalues, and stability for the case σ2 = 0.1.

There are two equilibrium points in the first octant, as Table 2 demonstrates.
At first, one equilibrium point exhibits spiral stability, while the other displays local
asymptotic stability. By increasing the value of the migration coefficient (σ1) from
the unreserved to the reserved area, two equilibrium points are still obtained in the
first octant, but the spiral unstable equilibrium point becomes an unstable node and
the other equilibrium point remains locally asymptotically stable. When increasing
the value of σ1 again, there are still two equilibrium points with the type of stability
unchanged. However, when σ1 = 0.25, the equilibrium point in the first octant
is no longer obtained. The increase of the migration value from the unreserved to
the reserved area can lead to the non-existence of the equilibrium point in the first octant.

Case 3. The value of u is fixed and the value of v varies.

For simulation, we use the parameter values r = 0.9,K = 100, L = 100, c = 2.5, g1 =
0.8, c1 = 1, f = 0.02, h = 0.01, e = 0.3, q = 0.3, σ1 = 0.3, and σ2 = 0.3 in the appropriate
units. By using these parameter values, the equilibrium points, eigenvalues, and stability
are obtained, as shown in Table 3.

v = 0.1 v = 0.2 v = 0.4 v = 0.5
T3a(13.04, 1.92, 1.65) T3a(9.26, 0.89, 1.63) T3a(8.87, 0.69, 1.63)
(0.18,-2.09,-0.49) (0.31,-3.14,-0.48) (0.33,-3.86,-0.48)
not stable not stable not stable

T3b(2.63, 38.6, 1.33) T3b(2.29, 18.79, 1.24) T3b(1.58, 5.17, 0.91) T3b(1.41, 3.02, 0.77)
(-3.51,-0.49,-0.38) (-1.00±0.02i,-0.27) (-0.38±0.74i,-0.38) (-0.28±0.71i,-0.19)
stable node stable spiral stable spiral stable spiral

T3c(34.42, 1.64, 1.66) T3c(46.44, 0.77, 1.66) T3c(48.5, 0.61, 1.66)
(-0.19,-6.34,-0.49) (-0.33,-18.00,-0.49) (-0.35,-23.67,-0.50)
stable node stable node stable node

Table 3: The equilibrium point T3, eigenvalues, and stability for the case u = 0.1.
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Table 3 shows that initially there is only one equilibrium point in the first octant,
which is locally asymptotically stable. When increasing the value of the competition
coefficient in the population y, three equilibrium points appear in the first octant, one
equilibrium point is unstable, while the other two are spiral stable and nodal stable. If
we increase the value of the competition coefficient in the population y again, we find
that there are still three equilibrium points in the first octant, and their stability does not
change. Increasing the competition coefficient only affects the value of the equilibrium
points. For the equilibrium points T3a and T3b, increasing the competition coefficient
decreases the values of the equilibrium points for the populations x, y, and z. While
for the equilibrium point T3c, the values of the equilibrium point for the population y
decreases, but the values of the equilibrium points for the populations x and z increase.

Figure 2: Populations behaviour around the bistable equilibrium points for u = 0.1, v = 0.2.

Figure 2 shows the behaviour of the populations x, y, and z around two stable
equilibrium points. Both equilibrium points T3b and T3c are asymptotically stable,
bistable equilibrium points. This means that none of the three populations will become
extinct. The initial value of the population determines to what interior equilibrium point
the population converges. In Figure 2(a), there is no clear curve that divides the domain
of stability for the equilibrium points T3b and T3c, but in Figures 2(b) and 2(c), there
is a clear curve that divides the domain of stability for the equilibrium points T3b and T3c.
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Case 4. The value of v is fixed and the value of u varies.

For simulation, we use the parameter values r = 0.9,K = 100, L = 100, c = 2.5, g1 =
0.8, c1 = 1, f = 0.02, h = 0.01, e = 0.3, q = 0.3, σ1 = 0.3, and σ2 = 0.3 in the appropriate
units. By using these parameter values, the equilibrium points, eigenvalues, and stability
are obtained as shown in Table 4.

u = 0.1 u = 0.2 u = 0.3 u = 0.4
T3a(13.04, 1.92, 1.65)
(0.18,-2.09,-0.49)
not stable
T3b(2.29, 18.79, 1.24)
(-1.00±0.02i,-0.27)
stable spiral

T3b(1.43, 35.19, 0.79)
(-7.03,-0.35,-0.27)
stable node

T3b(1.01, 43.87, 0.35)
(-13.02,-0.12,-0.40)
stable node

T3b does not ap-
pear, z becomes
negative

T3c(34.42, 1.64, 1.66)
(-0.19,-6.34,-0.49)
stable node

Table 4: The equilibrium point T3, eigenvalues, and stability for the case v = 0.2.

Table 4 shows that there are initially three equilibrium points in the first octant, i.e.,
the equilibrium point T3a is unstable, while the equilibrium points T3b and T3c are spiral
stable and node stable, respectively. By increasing the value of the competition coefficient
(u), only one unstable node equilibrium point is obtained. However, for the competition
coefficient u = 0.4, there is no equilibrium point in the first octant. Increasing the value of
the competition coefficient can lead from three equilibrium points to only one node-stable
equilibrium point, and then no more equilibrium points exist in the first octant.

6 Conclusion

The population dynamics of prey living in the reserved and unreserved areas and of
their predators living in the unreserved areas are expressed by a system of nonlinear
differential equations. This model can describe the population dynamics of mangrove
crabs living in mangrove forests and the coastal area. Mangrove crabs in the coastal area
are preyed upon by predatory fish that follow the Holling type III predation function.
The solution of the model is positive and bounded in the first octant. Simulations with
the relevant values of the model parameters have found one, two, three, and even no
interior equilibrium points. Some of these interior equilibrium points are stable, and
some are unstable.

Simulations were carried out by changing the value of the migration rates in the
prey population living in the reserved and unreserved areas. In case 1, initially, only
two interior equilibrium points were found, one stable and the other unstable. Once the
value of the migration rate σ2 is increased and three equilibrium points are obtained, one
equilibrium point is unstable and the other two equilibrium points are stable; bistable
equilibrium points occur. In case 2, two interior equilibrium points are initially obtained,



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (1) (2025) 1–12 11

one equilibrium point is stable and the other is unstable. By increasing the migration
rate (σ1), two interior equilibrium points are still obtained, but there is a change in the
type of stability, from unstable spiral to unstable saddle. By increasing the migration
rate (σ1) again, the interior equilibrium point is no longer found.

Simulations were also conducted by changing the level of competition in the prey
population. In case 3, initially, there is only one stable interior equilibrium point. Once
the competition level (v) is increased, three equilibrium points are obtained: one equi-
librium point is unstable, and the other two equilibrium points are stable, stable node
and stable spiral. In this case, there are bistable equilibrium points. In case 4, initially,
three interior equilibrium points are obtained, two equilibrium points are stable, stable
node and stable spiral, and the other one is unstable. By increasing the competition
level (u), only one stable node interior equilibrium point is obtained. By increasing the
competition level (u) again, the interior equilibrium point is no longer found.
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1 Introduction

Fractional calculus stands as a cornerstone in applied mathematics owing to its pro-
found implications across various scientific and technological domains. The prevalence
of fractional differential equations (FDEs) in modeling diverse natural and engineered
phenomena underscores its significance [1, 9, 13, 16, 18, 22, 28]. Notably, the exploration
of coupled systems featuring fractional derivatives, in their assorted manifestations, has
been the subject of extensive inquiry by numerous researchers [7, 15,29,30].

This pervasive utility instigates a scholarly endeavor towards the exploration of novel
fractional operators, to enrich our understanding and refine the accuracy in modeling
real-world phenomena [3, 12,23–25].

A recent milestone in this realm is the introduction by Jarad et al. [10]. of a new
definition of generalized fractional derivatives, as elucidated within the frameworks of
Caputo and Riemann-Liouville calculus. This innovation, utilizing a specialized instan-
tiation of proportional derivatives, offers a nuanced perspective [10]. Furthermore, by
leveraging the notion of proportional derivatives within the context of functional analysis,
the research presented in [11] extends and generalizes prior investigations [10]. Notably,
Ahmed et al. [2] present the Hilfer proportional fractional derivative (PFD) by amalga-
mating operators delineated in prior works [2]. Subsequently, in [17], the authors offer
a further refinement, denoted as the Φ-Hilfer PFD, accompanied by a comprehensive
examination of its properties.

Concurrently, the exploration of the Ulam-Hyers (UH) stability for fractional dif-
ferential systems has emerged as a focal point of research interest [14]. This pursuit,
characterized by its aim to approximate solutions with minimal error vis-à-vis exact
counterparts, has engendered a manifold of investigations [1].

This work, in alignment with this scholarly discourse, embarks on a rigorous examina-
tion of a coupled system involving the Φ-Hilfer PFD, seeking to illuminate its dynamics
and ramifications.

Dα,β,σ,Φ
a+

u1(z) = ξ1u1(z) + g1(z, u1(z), u2(z)), z ∈ J′ := (a, b],

Dα,β,σ,Φ
a+

u2(z) = ξ2u2(z) + g2(z, u1(z), u2(z)), z ∈ J′ := (a, b],((
I1−δ,σ,Φ
a+

u1

)
(a+),

(
I1−δ,σ,Φ
a+

u2

)
(a+)

)
= (ζ1, ζ2),

(1)

where Dα,β,σ,Φ
a+

are the Φ-Hilfer PFDs of order 0 < α < 1, type β ∈ [0, 1] and index

σ ∈ (0, 1], I1−δ,σ,Φ
a+

is the fractional proportional integral (FPI) of order 1 − δ, where
0 < δ = α + β(1 − α) < 1 and index σ, gi : J × Rn × Rn −→ Rn are given appropriate
functions specified later, ζi ∈ Rn and ξi ∈ Rn×n.

System (1) applies to a vast range of models, necessitating further investigation. For
instance, the authors in [6] employed it to study the dynamics of a measles epidemic
model. Zaitri et al. [31] use it to understand the relationship between pharmacological
effects and drugs in anesthesia modeling. Therefore, exploring coupled systems within
the Φ-Hilfer PFD with specific configurations becomes essential. We base our study on
the fixed-point argument with the vector-valued norm theory in the weighted space of
continuous functions. Finally, it is important to highlight that the findings obtained in
this study build upon and directly extend the results presented in the related literature,
see [2, 4, 5, 17].
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The work is divided into three sections. Some necessary background materials are
provided in Section 2. The main result of the work is given in Section 3 by using Perov’s
fixed point principle associated with the Bielecki vector-valued norm. The UH stability
of solutions to problem (1) is established in Section 4. An example is given in the last
section to illustrate the applicability of our result.

2 Preliminaries

This section presents some background material that will be used throughout this work.
C(J,Rn) is the space of Rn–valued continuous functions on J equipped with

∥u∥J = sup
z∈J

∥u(z)∥.

Cn(J,Rn) denotes the space of n-times continuously differentiable functions from J into
Rn.

L∞(J,Rn) is the set of all equivalence classes of measurable functions which are
essentially bounded on J equipped with

∥u∥∞ = sup
z∈J

∥u(z)∥ = inf{M > 0; ∥u(z)∥ ≤ M for almost every u ∈ J

For our convenience, define the set

S1+(J,R) = {Φ : Φ ∈ C(J,R) and Φ′(z) > 0 for all z ∈ J.}

For Φ ∈ S1+(J,R) and z, s ∈ J, (z > s), we set

Ψ(z, s) = Φ(z)− Φ(s) and Ψ(z, s)α = (Φ(z)− Φ(s))
α
.

We endow the weighted space Cδ,Φ(J,Rn) defined by

Cδ,Φ(J,Rn) =
{
u : J → Rn : Ψ(·, a)1−δu(·) ∈ C(J,Rn)

}
,

with the norm
∥u∥δ = sup

z∈J
Ψ(z, a)1−δ∥u(z)∥. (2)

Definition 2.1 [8] The Mittag-Leffler function Eµ,δ(·) is given by

Eµ,κ(u) =

∞∑
j=0

uj

Γ(jµ+ κ)
, u ∈ R, and µ, κ > 0,

where Γ(·) is the Gamma function.

Definition 2.2 [11, 12] Let σ ∈ (0, 1], α > 0 and Φ ∈ S1+(J,R). The left-sided FPI
of order α and index σ of the function u w.r.t Φ is given by

Iα,σ,Φ
a+

u(z) =
1

σαΓ(α)

∫ z

a

Lα−1
σ,Ψ (z, s)Φ′(s)u(s)ds,

where Lα−1
σ,Ψ (z, s) = e

σ−1
σ Ψ(z,s)Ψ(z, s)α−1.
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Definition 2.3 [11, 12] Let σ ∈ (0, 1], 0 < α < 1 and Φ ∈ S1+(J,R), the FPD of
order α and index σ of the function u w.r.t Φ is given by

Dα,σ,Φ
a+

u(z) = D1,σ,Φ
z

(
I1−α,σ,Φ
a+

u(z)
)
,

where D1,σ,Φ
z u(z) = Dσ,Φ

z u(z) = σ u′(z)
Φ′(z) + (1− σ)u(z).

Definition 2.4 [17] Let u ∈ C1(J,Rn) and Φ ∈ S1+(J,R). The Φ-Hilfer FPD (right-
sided/left-sided) of order 0 < α < 1, type 0 ≤ β ≤ 1 and index σ ∈ (0, 1] of u w.r.t Φ is
given by

Dα,β,σ,Φ
a±

u(z) =
(
Iβ(1−α),σ,Φ
a±

(D1,σ,Φ
z )I(1−β)(1−α),σ,Φ

a±
u
)
(z).

Lemma 2.1 [12, 17] If α ≥ 0 and β > 0, then for any σ > 0, we have

Iα,σ,Φ
a+

Lβ−1
σ,Ψ (z, a) =

Γ(β)

σαΓ(α+ β)
Lα+β−1
σ,Ψ (z, a). (3)

Remark 2.1 If α ≥ 0, β > 0 and σ ∈ (0, 1], then by the fact that e
σ−1
σ Ψ(z,s) ≤ 1, for

all a ≤ s < z ≤ b, we get

Iα,σ,Φ
a+

Ψ(z, a)β−1 ≤ σ−αJ α;Φ
a+

Ψ(z, a)β−1,

where J α;Φ
a+

(·) is the integral defined in [25]. On the order hand, by Lemma 2 from [25],
we conclude that

Iα,σ,Φ
a+

Ψ(z, a)β−1 ≤ Γ(β)

σαΓ(α+ β)
Ψ(z, a)α+β−1. (4)

Remark 2.2 Let α ≥ 0 and σ > 0, then, by Definition 2.4 and Lemma 2.1, we get

Dα,σ,Φ
a+

Lα−1
σ,Ψ (z, a) = 0.

Suppose the parameters α, β, δ fulfill the relations

δ = α+ β(1− α), 0 < α ≤ δ ≤ 1, 1 ⩾ β ⩾ 0, β < δ, 1− δ < 1− β(1− α).

Therefore, we consider the following spaces:

Cδ
δ,Φ(J,Rn) =

{
u ∈ Cδ,Φ(J,Rn) : Dδ,σ,Φ

a+
u ∈ Cδ,Φ(J,Rn)

}
,

Cα,β
δ,Φ (J,Rn) =

{
u ∈ Cδ,Φ(J,Rn) : Dα,β,σ,Φ

a+
u ∈ Cδ,Φ(J,Rn)

}
.

Since Dα,β,σ,Φ
a+

u = Iβ(1−α),σ,Φ
a+

Dδ,σ,Φ
a+

u, it follows that

Cδ
δ,Φ(J,Rn) ⊂ Cα,β

δ,Φ (J,Rn).

Lemma 2.2 [17] Let δ = β(1 − α) + α with 0 < α < 1, 0 < σ ⩽ 1 and 0 ⩽ β ⩽ 1.
If f ∈ Cδ

δ,Φ(J,Rn), then

1. Dδ,σ,Φ
a+

Iα,σ,Φ
a+

u = Dβ(1−α),σ,Φ
a+

u,
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2. Iδ,σ,Φ
a+

Dδ,σ,Φ
a+

u = Iα,σ,Φ
a+

Dα,β,σ,Φ
a+

u.

Let u, v ∈ Rn, u = (u1, . . . , un), v = (v1, . . . , vn), by u ≤ v we mean ul ≤ vl for all
l = 1, . . . , n. Also |u| = (|u1|, . . . , |un|), max(u, v) = (max(u1, v1), . . . ,
max(un, vn)) and Rn

+ = {u ∈ Rn : ul > 0}. If c ∈ R, then u ≤ c means ul ≤ c for each
l = 1, . . . , n.

Definition 2.5 [20] Let for a nonempty set X, a map d : X×X → Rn
+ be called the

vector-valued metric on X if for all x, y, z ∈ X, the following properties hold:

(a) d(x, y) = 0, then x = y,

(b) d(x, y) = d(y, x),

(c) d(x, y) ≤ d(x, z) + d(z, y).

(X, d) is called a generalized metric space with
d(x, y) := (d1(x, y), · · · , dn(x, y)).

Definition 2.6 [27] We said that a matrix M ∈ Mn×n(R) converges to zero if the
spectral radius ρ(M) < 1.

Theorem 2.1 [27] For any positive matrix M ∈ Mn×n(R), the following assertions
are equivalent:

1. ρ(M) < 1;

2. M is convergent to zero;

3. I −M is nonsingular and (I −M)−1 is a nonnegative matrix.

Lemma 2.3 Let α, δ,ϖ > 0 and σ ∈ (0, 1], then

Iα,σ,Φ
a+

Lδ−1
σ,Ψ (z, a)Eα,δ(ϖΨ(z, a)α) =

Lδ−1
σ,Ψ (z,a)

ϖσα

(
Eα,δ(ϖΨ(z, a))α)− 1

Γ(δ)

)
.

Proof. First, we can write

O = Iα,σ,Φ
a+

Lδ−1
σ,Ψ (z, a)Eα,δ(ϖΨ(z, a)α) = Iα,σ,Φ

a+

Lδ−1
σ,Ψ (z, a)

∞∑
j=0

(ϖΨ(z, a)α)
j

Γ(jα+ δ)


=

∞∑
j=0

ϖj

Γ(jα+ δ)
Iα,σ,Φ
a+

Ljα+δ−1
σ,Ψ (z, a).

From Lemma 2.1, one gets

O =
∑∞

j=0

ϖj+1L
α(j+1)+δ−1
σ,Ψ (z,a)

σαϖΓ(α(j+1)+δ) =
Lδ−1

σ,Ψ (z,a)

σαϖ

∑∞
j=0

(ϖΨ(z,a)α)j+1

Γ(α(j+1)+δ) .

Replace j + 1 by j′, we obtain

O =
Lδ−1

σ,Ψ (z,a)

σαϖ

∑∞
j=1

(ϖΨ(z,a)α)j
′

Γ(αj′+δ) =
Lδ−1

σ,Ψ (z,a)

σαϖ

[∑∞
j′=0

(ϖΨ(z,a)α)j
′

Γ(αj′+δ) − 1
Γ(δ)

]
,

and this completes the proof.
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Lemma 2.4 We define a Bielecki-type norm, denoted by ∥ · ∥σ,B, on the Banach
space Cδ,Φ(J,Rn) as follows:

∥u∥σ,B = sup
z∈J

∥u(z)∥
Lδ−1
σ,Ψ (z, a)Eα,δ(ϖΨ(z, a)α)

. (5)

Then the norms ∥ · ∥σ,B and ∥ · ∥δ defined by (2) are equivalent.

Proof. Since Eα,δ(ϖΨ(z, a)α) > 0 and e
σ−1
σ Ψ(b,a) ≤ e

σ−1
σ Ψ(z,a) ≤ 1, for z ∈ J, one

obtains
1

Eα,δ(ϖΨ(z,a)α) ≤ e
1−σ
σ

Ψ(z,a)

Eα,δ(ϖΨ(z,a)α) ≤
e
1−σ
σ

Ψ(b,a)

Eα,δ(ϖΨ(z,a)α) .

Moreover, the function Eα,δ(ϖΨ(z, a)α) is continuous on J, then there exists c∗, c∗ > 0
so that c∗ = supz∈J Eα,δ(ϖΨ(z, a)α) and c∗ = infz∈J Eα,δ(ϖΨ(z, a)α). Accordingly,

1

c∗
∥u∥Cδ,Φ

≤ ∥u∥σ,B ≤
∥u∥Cδ,Φ

c∗e
σ−1
σ Ψ(b,a)

,

which means that ∥ · ∥σ,B and ∥ · ∥δ are equivalent.

3 Uniqueness of the Solution

This section introduces sufficient conditions to prove the uniqueness of solutions of the
system (1). Firstly, consider the Banach space E := Cδ,Φ(J,Rn)× Cδ,Φ(J,Rn) equipped
with the Bielecki vector-valued norm

∥(u1, u2)∥E,B =

(
∥u1∥σ,B
∥u2∥σ,B

)
.

Next, we need the following hypotheses:

(H1) gi : J× Rn × Rn −→ Rn (i = 1, 2) are functions and

gi(z, u1(·), u2(·)) ∈ C
β(1−α)
δ,Φ (J,Rn) for any u1, u2 ∈ C

β(1−α)
δ,Φ (J,Rn),

(H2) There exist functions χi, χ̂i ∈ L∞(J,R+) such that

∥gi(z, u1, u2)− gi(z, v1, v2)∥ ≤ χi(z)∥u1 − v1∥+ χ̂i(z)∥u2 − v2∥

for all z ∈ J and each u1, u2, v1, v2 ∈ Rn.

For the sake of brevity, we will use the notation

Nσ,Φ(α, z) =
Ψ(z, a)α

σαΓ(α+ 1)
and Nσ,Φ(α, b, c∗) =

Ψ(b, a)1−β(1−α)

σαΓ(α+ 1)e
σ−1
σ Ψ(b,a)c∗

.

Theorem 3.1 Assume that the conditions (H1)− (H2) hold. Then system (1) has a
unique global solution in F := Cδ

δ,Φ(J,Rn)× Cδ
δ,Φ(J,Rn).
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Proof. By Lemma 3.9 from [17], the solutions of the system (1) are the solutions of
the following coupled integral equations:

u1(z) = ζ1
σδ−1Γ(δ)

Lδ−1
σ,Ψ (z, a) + Iα,σ,Φ

a+
(ξ1u1(z) + g1(z, u1(z), u2(z))) ,

u2(z) = ζ2
σδ−1Γ(δ)

Lδ−1
σ,Ψ (z, a) + Iα,σ,Φ

a+
(ξ2u2(z) + g2(z, u1(z), u2(z))) .

(6)

We define the operator L = (L1,L2) : E −→ E by

L(u1, u2) = (L1(u1, u2),L2(u1, u2)), (7)

where for i = 1, 2,

Li(u1, u2)(z) =
ζi

σδ−1Γ(δ)
Lδ−1
σ,Ψ (z, a) + Iα,σ,Φ

a+
(ξiui(z) + gi(z, u1(z), u2(z))) . (8)

Now, let (u1, u2), (v1, v2) ∈ E and z ∈ J, using (H2), one gets

∥L1(u1, u2)(z)− L1(v1, v2)(z)∥

≤ ∥ξ1∥Iα,σ,Φ
a+

(∥u1(z)− v1(z)∥) + Iα,σ,Φ
a+

(∥g1(z, u1(z), u2(z))− g1(z, v1(z), v2(z))∥) ,

≤ ∥ξ1∥Iα,σ,Φ
a+

(∥u1(z)− v1(z)∥) + Iα,σ,Φ
a+

(χ1(z)∥u1(z)− v1(z)∥+ χ̂1(z)∥u2(z)− v2(z)∥) ,

≤ ∥ξ1∥∥u1 − v1∥σ,BIα,σ,Φ
a+

(
Lδ−1
σ,Ψ (z, a)Eα,δ(ϖΨ(z, a)α)

)
,

+(∥χ1∥∞∥u1 − v1∥σ,B + ∥χ̂1∥∞∥u2 − v2∥σ,B) Iα,σ,Φ
a+

(
Lδ−1
σ,Ψ (z, a)Eα,δ(ϖΨ(z, a)α)

)
.

By Lemma 2.3, we have

∥L1(u1, u2)(z)− L1(v1, v2)(z)∥

≤
(
(∥ξ1∥+ ∥χ1∥∞) ∥u1 − v1∥σ,B + ∥χ̂1∥∞∥u2 − v2∥σ,B

)
×

Lδ−1
σ,Ψ (z,a)

ϖσα

(
Eα,δ(ϖΨ(z, a)α)− 1

Γ(δ)

)
.

Hence

∥L1(u1, u2)− L1(v1, v2)∥σ,B ≤
(
(∥ξ1∥+ ∥χ1∥∞) ∥u1 − v1∥σ,B + ∥χ̂1∥∞∥u2 − v2∥σ,B

)
×

1
ϖσα

(
1− 1

Γ(δ)Eα,δ(ϖΨ(z,a)α)

)
≤ ∥ξ1∥+∥χ1∥∞

ϖσα ∥u1 − v1∥σ,B + ∥χ̂1∥∞
ϖσα ∥u2 − v2∥σ,B .

By the same technique, one obtains

∥L2(u1, u2)− L2(v1, v2)∥σ,B ≤ ∥χ2∥∞
ϖσα ∥u1 − v1∥σ,B + ∥ξ2∥+∥χ̂2∥∞

ϖσα ∥u2 − v2∥σ,B .

This implies that

∥L(u1, u2)− L(v1, v2)∥E,B ≤ Aϖ∥(u1, u2)− (v1, v2)∥E,B ,
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where

Aϖ =
1

ϖσα

∥ξ1∥+ ∥χ1∥∞ ∥χ̂1∥∞

∥χ2∥∞ ∥ξ2∥+ ∥χ̂2∥∞

 . (9)

When taking ϖ large enough, the matrix Aϖ converges to zero. Therefore, by
applying Perov’s theorem [19], we show that L has a unique fixed point (u1, u2) ∈ E.
Therefore, the system (1) has a unique global solution.

Next, we show that such a fixed point (u1, u2) ∈ E is actually in F. Since y1 and y2
are the unique fixed points of L1 and L2 in E, respectively, for z ∈ (a, b], we have

y1(z) = ζ1
σδ−1Γ(δ)

Lδ−1
σ,Ψ (z, a) + Iα,σ,Φ

a+
(ξ1y1(z) + g1(z, y1(z), y2(z))) ,

y2(z) = ζ2
σδ−1Γ(δ)

Lδ−1
σ,Ψ (z, a) + Iα,σ,Φ

a+
(ξ2y2(z) + g2(z, y1(z), y2(z))) .

After multiplying both sides of the last system by Dδ,σ,Φ
a+

, it follows from Remark 2.2 and
Lemma 2.2 that Dδ,σ,Φ

a+
y1(z) = Dβ(1−α),σ,Φ

a+
(ξ1y1(z) + g1(z, y1(z), y2(z))) ,

Dδ,σ,Φ
a+

y2(z) = Dβ(1−α),σ,Φ
a+

(ξ2y2(z) + g2(z, y1(z), y2(z))) .

Since δ ≥ α and by (H1), we get Dβ(1−α),σ,Φ
a+

(ξ1y1(z) + g1(z, y1(z), y2(z))) ∈ Cδ,Φ(J,Rn),

Dβ(1−α),σ,Φ
a+

(ξ2y2(z) + g2(z, y1(z), y2(z))) ∈ Cδ,Φ(J,Rn).

Hence Dδ,σ,Φ
a+

yi ∈ Cδ,Φ(J,Rn), i = 1, 2, it follows from the definition of the space

C
β(1−α)
δ,Φ (J,Rn) that yi ∈ Cδ

δ,Φ(J,Rn), i = 1, 2. As a sequel to the steps outlined above,
we infer that the coupled system (1) has a unique solution in F.

4 Stability Results

This section discusses the stability in the UH and GUH sense of the coupled system (1).
Let η1, η2 > 0. We consider the inequalities ∥Dα,β,σ,Φ

a+
u1(z)− ξ1u1(z)− g1(z, u1(z), u2(z))∥ ≤ η1,

∥Dα,β,σ,Φ
a+

u2(z)− ξ2u2(z)− g2(z, u1(z), u2(z))∥ ≤ η2,
z ∈ J. (10)

Definition 4.1 [14, 26] The system (1) is stable in the UH sense if we can find
Ωi ⩾ 0, i = 1, 4, such that for any η1, η1 > 0 and any solution (v1, v2) ∈ E of inequalities

(10), there exists a solution (u1, u2) ∈ E of the problem (1) with ζi =
(
I1−δ,σ,Φ
a+

vi

)
(a+),

i = 1, 2, such that { ∥v1 − u1∥σ,B ≤ Ω1η1 +Ω2η2,

∥v2 − u2∥σ,B ≤ Ω3η1 +Ω4η2.
(11)
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Definition 4.2 The system (1) is stable in the GUH sence if we can find N =
(N1,N2) ∈ C(R+,R+) × C(R+,R+) with N (0) = (N1(0),N2(0)) = (0, 0) such that for
any η = (η1, η2) > 0 and any solution (v1, v2) ∈ E of inequalities (10), there exists a

solution (u1, u2) ∈ E of the problem (1) with ζi =
(
I1−δ,σ,Φ
a+

vi

)
(a+), i = 1, 2, complying

with

∥(v1, v2)− (u1, u2)∥E,B ≤ N (η).

Theorem 4.1 (Stability results) Suppose that

1. All hypotheses of Theorem 3.1 are verified,

2. For any η1, η2 > 0, the inequalities (10) have at least one solution.

Then the problem (1) is UH and GUH stable w.r.t to the Bielecki vector-valued norm.

Proof. Let η1, η2 > 0 be arbitrary numbers and let (v1, v2) ∈ E be a solution of the
inequalities (10). According to Theorem 3.1, there exists a solution (u1, u2) of the system
(1) on J with

ζi =
(
I1−δ,σ,Φ
a+

vi

)
(a+), i = 1, 2,

and it is a fixed point of the operator L defined by (7).

On the other hand, applying operator Iα,σ,Φ
a+

on both sides of (10), we get

∥Iα,σ,Φ
a+

Dα,β,σ,Φ
a+

vi(z)− Iα,σ,Φ
a+

(ξivi(z) + gi(z, v1(z), v2(z))) ∥ ≤ Iα,σ,Φ
a+

ηi, i = 1, 2.

Using Lemma 3.8 from [17] yields

∥vi(z)− Li(v1, v2)(z)∥ ≤ ηi

(
Iα,σ,Φ
a+

1
)
(z), i = 1, 2.

Hence, we have by Remark 2.1,

∥vi(z)− Li(v1, v2)(z)∥ ≤ ηiΨ(z,a)α

σαΓ(α+1) := ηiNσ,Φ(α, z), i = 1, 2. (12)

Now, by (H2) and using (12) and Lemma 2.3, we have

∥v1(z)− u1(z)∥

= ∥v1(z)− L1(v1, v2)(z) + L1(v1, v2)(z)− u1(z)∥,

≤ ∥v1(z)− L1(v1, v2)(z)∥+ ∥L1(v1, v2)(z)− L1(u1, u2)(z)∥,

≤ η1Nσ,Φ(α, z) + ((∥ξ1∥+ ∥χ1∥∞) ∥v1 − u1∥σ,B + ∥χ̂1∥∞∥v2 − u2∥σ,B)

×Lδ−1
σ,Ψ (z,a)

ϖσα

(
Eα,δ(ϖΨ(z, a)α)− 1

Γ(δ)

)
.

Hence, we get

∥v1−u1∥σ,B ≤ Nσ,Φ(α, b, c∗)η1+
∥ξ1∥+ ∥χ1∥∞

ϖσα
∥v1−u1∥σ,B+

∥χ̂1∥∞
ϖσα

∥v2−u2∥σ,B . (13)
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Similarly, we have

∥v2−u2∥σ,B ≤ Nσ,Φ(α, b, c∗)η2+
∥χ2∥∞
ϖσα

∥v1−u1∥σ,B+
∥ξ2∥+ ∥χ̂2∥∞

ϖσα
∥v2−u2∥σ,B . (14)

Inequalities (13) and (14) yield

(I− Aϖ)

(∥v1 − u1∥σ,B

∥v2 − u2∥σ,B

)
≤

(
Nσ,Φ(α, b, c∗)η1

Nσ,Φ(α, b, c∗)η2

)
, (15)

where Aϖ is defined in (9). Hence, Aϖ converges to zero when taking ϖ large enough,

by Theorem 2.1, (I− Aϖ)
−1

has nonnegative elements since the matrix (I− Aϖ) is non-
singular. Accordingly, (15) is equivalent to(∥v1 − u1∥σ,B

∥v2 − u2∥σ,B

)
≤ (I− Aϖ)

−1

(
Nσ,Φ(α, b, c∗)η1

Nσ,Φ(α, b, c∗)η2

)
, (16)

which means that { ∥v1 − u1∥σ,B ≤ Ω1η1 +Ω2η2,

∥v2 − u2∥σ,B ≤ Ω3η1 +Ω4η2,
(17)

where Ωi = θiNσ,Φ(α, b, c∗) and (θi)i=1,4 are the elements of (I− Aϖ)
−1

. This proves
that system (1) is UH stable.

Moreover, let
θ = (θ1, θ2) = (Ω1 +Ω3,Ω2 +Ω4),

we can write inequalities (17) as

∥(v1, v2)− (u1, u2)∥E,B ≤ N (η),

where N (η) = θη with N (0) = (0). This shows that the coupled system (1) is GUH
stable.

5 Examples

Here, we provide some illustrative examples to validate the obtained results.

Example 1. We consider a particular case of our systems (1) with J = [0, b] and

ξ1 =

(
1/2 1
3/2 2

)
, ξ2 =

(
5 6
7 8

)
,

and g1, g2 : J× R2 × R2 → R2 such that u1 = (t1, t2), u2 = (r1, r2) with

g1(z, u1(z), u2(z)) =

( |t1(z)|+|t2(z)|
z+5

e−2z−1 loge (1 + |r1(z)|+ |r2(z)|)

)
,

g2(z, u1(z), u2(z)) =
1

ez + 5

(
sin(|r1(z)|+ |r2(z)|)

tan−1 (t1(z) + t2(z))

)
.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (1) (2025) 13–26 23

Clearly, the functions ui, i = 1, 2, are continuous. Furthermore, for all x1, x2, x̄1, x̄2 ∈ R2

and z ∈ J, one has

∥g1(z, x1, x2)− g1(z, x̄1, x̄2)∥1 ≤ 1

z + 5
∥x1 − x̄1∥1 +

1

e2z+1
∥x2 − x̄2∥1

and

∥g2(z, x1, x2)− g2(z, x̄1, x̄2)∥1 ≤ 1

ez + 5
∥x1 − x̄1∥1 +

1

ez + 5
∥x2 − x̄2∥1,

where ∥ · ∥1 is a norm in R2 defined as follows:

∥(x1, x2)∥1 = |x1|+ |x2| .

Hence the hypothesis (H2) is satisfied with

χ1(z) =
1

z + 5
, χ̂1(z) =

1

e2z+1
, χ2(z) = χ̂2(z) =

1

ez + 5
.

Obviously,

∥χ1∥L∞ =
1

5
, ∥χ̂1∥L∞ =

1

e
, ∥χ2∥L∞ = ∥χ̂2∥L∞ =

1

6
,

and
∥ξ1∥max = 2, ∥ξ2∥max = 8,

where ∥ · ∥max is a norm of the matrix A = (ak,j) defined as follows:

∥A∥max = max
k,j

|ak,j |.

Moreover, the matrix Aϖ defined by (9) has the following form:

Aϖ =

 11
5ϖσα

1
eϖσα

1
6ϖσα

49
6ϖσα

 .

It converges to zero for ϖ large enough. By Theorem 3.1, system (1) with the above
conditions, has a unique solution. System (1) is not only UH stable but also GUH
stable, according to Theorem 4.1.

Example 2. Consider the following systems: D
1
2 ,

1
2 ,

1
4 ,Φ

0+
u1(z) =

2
3u1(z) + g1(z, u1(z), u2(z)),

D
1
2 ,

1
2 ,

1
4 ,Φ

0+
u2(z) =

1
5u2(z) + g2(z, u1(z), u2(z)),

z ∈ (0, 1] (18)

with the initial conditions 
(
I1− 3

4 ,
1
4 ,Φ

0+
u1

)
(0+) =

√
2,(

I1− 3
4 ,

1
4 ,Φ

0+
u2

)
(0+) =

√
3.

(19)

In this case, we take

α = β =
1

2
, δ =

3

4
, σ =

1

4
, ξ1 =

2

3
, ξ2 =

1

5
, ζ1 =

√
2, ζ2 =

√
3, a = 0, b = 1, n = 1,
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and

g1(z, u1(z), u2(z)) = sin(u1(z))
e−z+8 + (z +

√
2) ln(|u2(z)|+ 1),

g2(z, u1(z), u2(z)) = 1
ez+8

(
1 + |u1(z)|

1+|u1(z)|

)
+ (ez + 1)(arctan(u2(z)) + 1).

Then

Cδ,Φ(J,Rn) = C3/4,Φ([0, 1],R) =
{
u : [0, 1] → R : Ψ(z, 0)1/4u ∈ C([0, 1],R)

}
,

C
β(1−α)
δ,Φ (J,Rn)=C

1/4
3/4,Φ([0, 1],R)=

{
u ∈ C3/4,Φ([0, 1],R) : D

1/4,1/4,Φ
0+ u ∈ C3/4,Φ([0, 1],R)

}
.

It is clear that the continuous functions gi ∈ C
1/4
3/4,Φ([0, 1],R), i = 1, 2. So, hypothesis

(H1) is satisfied. And, for any u1, v1, u2, v2 ∈ R and z ∈ J, we have

|g1(z, u1(z), u2(z))− g1(z, v1(z), v2(z))| ≤ χ1(z)|u1(z)− v1(z)|+ χ̂1(z)|u2(z)− v2(z)|,
|g2(z, u1(z), u2(z))− g2(z, v1(z), v2(z))| ≤ χ2(z)|u1(z)− v1(z)|+ χ̂2(z)|u2(z)− v2(z)|,

where

χ1(z) =
1

e−z + 8
, χ̂1(z) = z +

√
2, χ2(z) =

1

ez + 8
, χ̂2(z) = ez + 1.

Obviously,

∥χ1∥∞ =
1

e−1 + 8
, ∥χ̂1∥∞ = 1 +

√
2, ∥χ2∥∞ =

1

9
, ∥χ̂2∥∞ = e+ 1.

Then the matrix Aϖ has the following representation:

Aϖ =
2

ϖ

 2+19e
3+24e 1 +

√
2

1
9 e+ 6

5

 .

For ϖ > 0 suitably chosen, by virtue of Theorem 3.1, the system (18)-(19) has a
unique solution in C3/4,Φ([0, 1],R) × C3/4,Φ([0, 1],R). Therefore, from Theorem 4.1,
coupled system (18)-(19) is UH and GUH stable.

Example 3. In a particular case, for α = 1
2 , β = 1, Φ(z) = z, the coupled system for

Φ-Hilfer proportional FDE (1) reduces to the coupled system for the Caputo proportional
FDE given by

D
1
2 ,

1
4

0+
u1(z) = 2u1(z)

3 + sin(u1(z))
e−z+8 + (z +

√
2) ln(|u2(z)|+ 1), z ∈ (0, 1],

D
1
2 ,

1
4

0+
u2(z) = u2(z)

5 + 1
ez+8

(
1 + |u1(z)|

1+|u1(z)|

)
+ arctan(u2(z))+1

(ez+1)−1 , z ∈ (0, 1],
(20)

and
(I0, 12 ,z

0+
u1(0

+), I0, 12 ,z

0+
u2(0

+)) = (0, 0). (21)

We have
Cδ,Φ(J,Rn) = C1,z([0, 1],R)

and

C
β(1−α)
δ,Φ (J,Rn) = C

1/2
1,z ([0, 1],R).

As all the hypotheses of Theorem 3.1 and Theorem 4.1 are satisfied, then system (18)-(19)
has a unique solution in C1,z([0, 1],R)× C1,z([0, 1],R) and is UH and GUH stable.
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6 Conclusion

In this paper, we successfully employed the fixed-point approach in a vector-valued Ba-
nach space to establish qualitative results for a coupled system driven by the Φ-Hilfer
PFD. Our analysis relies on the convergence to zero of the matrices and introduces a new
Bielecki-type vector-valued norm, allowing us to avoid any extra assumptions. We also
investigate Ulam’s types stability. Consequently, numerous findings in the literature can
be recovered through our results. By varying the functions Φ, β, and σ, one can explore
several cases of our system (1). More precisely:

1. Proportional Φ-Riemann–Liouville FD : By taking β = 0.

2. Proportional Φ-Caputo FD : By taking β = 1.

3. Φ-Hilfer FD : By taking σ = 1.

4. Hilfer-Hadmard FD : By taking Φ(z) = ln(z).

5. Hilfer-Katugampola FD : By taking Φ(z) = zµ, where µ > 0.
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Abstract: Indonesia is a country that is the meeting point of three active tectonic
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to disasters. One of the disasters that may occur is a tsunami that appears due
to an earthquake or an active volcano that erupts in the sea. Tsunami waves are
one of the fluid problems, tsunami waves modelling can be solved using the Finite
Difference Method. This research aims to model the propagation of tsunami waves.
This modelling is important for early detection of a tsunami formed and can calcu-
late its impact. This research uses the finite difference as a method for constructing
discretization equations to find a numerical solution for tsunami propagation mod-
elling. From the modelling results, the highest tsunami wave was 0.005 km at the 0th
km, then the wave height decreased at the 30th and 60th seconds by 0.0034552 km
and 0.0031604 km at the 3rd and 9th km, and at the 90th second, the waves rose to
0.0036794 km at the 14th km.
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1 Introduction

As a maritime country, Indonesia has an ocean area larger than the land area, it
is located in Southeast Asia and is flanked by two Asian countries and the Australian
continent. Indonesia holds the title of a country that has the second longest coastline
in the world, consisting mostly of islands, with a length of 99,093 km [1]. Indonesia is a
country that is the meeting place of three active tectonic plates of the world, these three
active tectonic plates make Indonesia a country that has many active mountains and is
the epicenter of earthquakes. The factors above make Indonesia an earthquake-prone
area [2–4]. The Indo-Australian Ocean Plate in the south, the Pacific Ocean Plate in the
east, the Eurasian Plate in the north, the Philippine Sea Plate added, are the world’s
active tectonic plates with dynamic movements and mutual urges between the plates
that make the territory of Indonesia prone to tsunami disasters [5].

A very long water wave commonly called a tsunami is a large displacement of sea water
from the sea to the mainland. The cause of a tsunami is due to an external force such
as an underwater earthquake, volcanic eruption, or a meteor so that the waves radiate
outward in all directions [6]. More than 10% of tsunamis are caused by underwater and
aerial landslides with the resulting water waves reaching a maximum run-up of possibly
10-15 km from the tsunami source along the coastline and 5% are caused by volcanic
eruptions [7]. One of the biggest tsunamis in Indonesia was in Aceh in 2004, which was
caused by an earthquake measuring 9.1 on the Richter Scale. As a result of the tsunami,
approximately 130,013 people lost their lives and 37,066 were reported missing [8]. In
addition, the aftermath of the Aceh tsunami had an impact on people’s livelihoods. A lot
of damage was experienced, in particular in the construction sector, the fishing sector,
the agricultural sector because the people living around the coast depend on livelihood
strategies such as fishing, gardening, which utilize the surrounding nature [9].

A tsunami is a collection of tidal water waves that move quickly towards the mainland,
it usually occurs on the coast, especially in Indonesia. Tsunamis are caused by active
volcanic eruptions at sea or by earthquakes [10]. Indonesia often experiences tsunamis,
the largest tsunamis that have ever occurred in Indonesia were in Aceh, 2004 [11, 12],
in Pangandaran, 2006, and in Mentawai, 2010. A tsunami in Indonesia in the last five
years occurres in Palu and the Sunda Strait in 2018. Many sectors of life are affected
if a tsunami occurres, including the Construction Sector, Fisheries Sector, Agriculture
Sector, it has impacts on the coastline and non-structural impacts.

Research on computational fluid dynamics has been carried our intensively, including
the Airway Pressure Valve [13], Solitary Wave [14]. To reduce the impact of losses due to
the tsunami disaster, a prediction can be made by simulating the propagation of tsunami
waves using the finite difference method equation. The finite difference method is a
method that is often used to solve partial differential equations [15, 16]. This method
has the advantage that it is easy to understand and simple [17]. The finite difference
method is also easy to use to solve physical problems that have regular geometric shapes,
for example square domains in two dimensions, cubic in three dimensions and intervals
in one dimension [18].

The finite difference method is widely used for research, including the analysis of
the convergence of the finite difference method in approaching the diffusion equation,
it is found that the numerical solution in the finite difference method converges to the
analytical solution of the diffusion equation. Research on simulations of tsunami waves
includes the application of the implicit Crank-Nicolson finite difference method to deter-
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mine the case of 2D advection-diffusion in the distribution of pollutants in the water by
simulating the concentration distribution pattern in the Kapuas River, showing a more
distant distribution and a very small RMSE value from several time variations so that
the results obtained are close to the expected ones [19]. Then, in the simulation study
of the impact of the barrier on the tsunami wave using the finite difference method, it
was found that the shallow water equation used can identify tsunami waves with the
construction of the barrier [20].

Extensive research has been conducted on simulating tsunami wave propagation. A
study by Nisa [2] highlighted the significance of modeling tsunami wave propagation, par-
ticularly in light of the substantial losses incurred following a tsunami. Another study
by Chasanah [10] aimed to model the propagation of tsunami waves caused by the erup-
tion of Mount Anak Krakatau and explored multiple scenarios to mitigate tsunami wave
height in Jakarta Bay.

Based on the explanations and previous studies that have been described, research will
be conducted on the simulation of tsunami wave propagation using the finite difference
method. From the simulation, one can determine the wave height and the distance of the
wave propagation from the initial point of the wave formation and the effect of seabed
material on the wave propagation. The purpose of this study is to create a model for
tsunami wave propagation so that it can be used to predict the impacts that occur due
to the tsunami disaster. In addition, the height and propagation distance of the tsunami
waves obtained in this study can be used as information for disaster mitigation, so that
people, especially those living in coastal areas, can evacuate earlier to higher ground.

2 Literature Review

2.1 Tsunami

A tsunami is a movement of sea water caused by a seaquake, an underwater volcanic
eruption, or a meteor strike. The speed of tsunami waves can reach 500-1000 km/hour [1].
Tsunamis often occur after an earthquake, but not always. A tsunami occurs when an
earthquake has a strength of more than 6.5 on the Richter Scale and occurs out at sea
at a depth of 30 km. The height of the tsunami waves will increase as they get closer to
the shore due to the reduction in sea depth [21].

Tsunami waves can have a dangerous impact on humans, from material losses to loss
of life. This disaster can occur at any time so it is almost unavoidable [22]. The tsunami
disaster in the Sunda Strait in 2018, provides a clear picture because it occurred suddenly,
caused by an underwater landslide due to the eruption of Mount Anak Krakatau. The
resulting impact was very large, 437 fatalities were recorded [23]. Therefore, it is very
necessary to understand the implementation of disaster mitigation so that it does not
cause a very large impact.

2.2 Tsunami wave propagation modeling

A tsunami results from the movement of tectonic plates with the strength of an earth-
quake, causing vibrations. Even though they occur in very deep waters, tsunamis have a
wavelength between 2 peaks of more than 100 km on the high seas and the time difference
between peaks is estimated to be 10 minutes to 1 hour [24]. It is necessary to model the
propagation of tsunami waves to be able to predict disasters that occur. Modeling can
be done using shallow water theory or the so-called shallow water equation (SWE) which
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is a simple differential equation for water waves and is close to the actual behavior of
ocean waves [2].

The shallow water equations used are based on the derivation of the law of conserva-
tion of mass and conservation of momentum in the fluid. The following are the equations
for shallow water waves expressed through the three-dimensional equations [2]:

1. Mass Conservation Equation

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0. (1)

2. Momentum Equations

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
+

1

ρ

∂ρ

∂y
+

1

∂ρ

(
∂τxy
∂x

+
∂τyy
∂y

+
∂τyz
∂z

)
= 0, (2)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+

1

ρ

∂ρ

∂y
+

1

∂ρ

(
∂τxy
∂x

+
∂τyy
∂y

+
∂τyz
∂z

)
= 0, (3)

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
+

1

ρ

∂ρ

∂y
+

1

∂ρ

(
∂τxy
∂x

+
∂τyy
∂y

+
∂τyz
∂z

)
= 0. (4)

x and y are the horizontal axes, while z is the vertical axes. It shows the height of the
water surface from a balanced state at a position (x, y), τij is a shear or tangential stress.
In the direction of the axis, the momentum equation has a surface ρ = 0 under dynamic
conditions, which results in hydrostatic pressure. In tsunami wave propagation, the mass
and momentum conservation equations are used with dynamic and kinematic boundary
conditions. The kinematic boundary conditions are divided into two kinds, namely the
kinematics on the free surface and at the bottom of the channel. The kinematic boundary
conditions of the free surface are stated as follows:

∂η

∂t
= −u

∂η

∂x
− v

∂η

∂y
+ w. (5)

The kinematic boundary conditions at the bottom of the channel are stated as follows.

u
∂h

∂x
+ v

∂h

∂y
+ w = 0. (6)

In uniform flow, in general, the friction on the seabed can be expressed as follows [2]:

τx
ρ

=
1

2g

f

D2
M

√
M2 +N2, (7)

τy
ρ

=
1

2g

f

D2
N
√
M2 +N2. (8)

The equations (7) and (8) represent the coefficient of friction. The relationship between
the Manning roughness value and the coefficient can be expressed in the following equa-
tions:

n =

√
fD

1
3

2g
, (9)

f =
2gn2

D
1
3

. (10)
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Material type n value
Pure cement, fine metal 0.010

Rubble 0.017
Fine soil 0.018

Natural channel in good condition 0.025
Natural channel with seabed rocks and plants 0.035

Natural channel with bad condition 0.060

Table 1: Sea Level Condition.

By substituting equation (9) and equation (10) into equation (7) and equation (8), we
get equation (11) and (12) as follows:

τx
ρ

=
n2

D
7
3

M
√
M2 +N2, (11)

τy
ρ

=
n2

D
7
3

N
√
M2 +N2. (12)

3 Research Methods

This study aims to determine the height and distance of the tsunami wave propa-
gation from the center of the vibration by using the finite difference method with an
explicit scheme.

The finite difference method is a numerical method for solving problems of phys-
ical phenomena or technical problems. This method can be used in converting partial
differential equations into linear equations [23]. The equation for the finite difference
method is obtained using the Taylor series from equations (13) and (14) of one variable
function around x as follows [24]:

f(x+∆x) = f(x) + f ′(x)∆x+
f ′′(x)

2!
∆x2 + · · · , (13)

f(x−∆x) = f(x)− f ′(x)∆x+
f ′′(x)

2!
∆x2 + · · · . (14)

The finite difference method is divided into two types, namely explicit and implicit.
The explicit finite difference method uses an approximation of the forward difference
u(x, t+∆t) around the point t and the center difference u(x+∆x, t) and around the point
x. Meanwhile, the implicit finite difference method uses backward difference an approxi-
mation u(x, t) of the approx t+∆t and the center u(x+∆x, t+∆t) and u(x−∆x, t+∆t)
approx x [25].

In modeling the propagation of tsunami waves using an explicit finite difference
method with a forward difference approach of more than one independent variable, the
equation [26]

∂f

∂x
≈ f(xi+1, tj)− f(xi, tj)

∆x
(15)

can be simplified to
∂f

∂x
≈ fi+1,j − fi,j

∆x
.
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4 Result and Discussion

By deriving the shallow water formula from the mass and momentum conservation equa-
tions, and by spatial discretization using the finite difference method using equations (1)
to (6), we obtain

ηn+1
i,j = rMn

i,j − rMn
i+1,j + rNn

i,j − rNn
i,j+1 + ηni,j , (16)

Mn+1
i,j = rρηni,j − rρηni+1,j +Mn

i,j , (17)

Nn+1
i,j = rρηni,j − rρηni+1,j +Nn

i,j . (18)

Equations (16)-(18) are the result of discretization using the finite difference method
and the equations (16)-(18) are a numerical solution that will be used in the tsunami
wave propagation simulation. The simulation was carried out by several trials using the
approximate values of ∆x,∆y and ∆t which varied.

4.1 Trial 1

The value of ∆x and ∆y is 1 and ∆t is equal to 0.009. The amplitude value used is 0.004
km, the wavelength is 4 km, and the distance from the center of the wave formation is 25
km with the seabed material used being fine cement or fine metal. The following is the
result of the simulation in Trial 1 of the propagation of tsunami waves with the Manning
roughness value.

(a) Tsunami Propaga-
tion in 0 second

(b) Tsunami Propaga-
tion in 30 seconds

(c) Tsunami Propaga-
tion in 60 seconds

(d) Tsunami Propaga-
tion in 90 seconds

Figure 1: Simulation in the first trial of 3D Tsunami Propagation.

The tsunami wave is formed as high as 4 m at 0 second and is located at 0 km and
moves in the positive x-axis direction on the coast which is as high as 1.3175× 10−8 m.
At the 30th second, the initial wave height decreased to 2.6214 m with the highest wave
crest located at 4 km from the initial point of the wave formation and the wave condition
on the shore as high as 2.696× 10−7 m. Then, at the 60th second, the highest wave crest
is located at 9 km from the initial point of wave formation with a wave height of 30008
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m and a wave condition on the shore as high as 1.0302 × 10−5 m. At the 90th second,
the highest wave crest is located at 13 km from the initial point of wave formation with
a wave height of 4.2654 m and a wave condition on the shore as high as 3, 6287×10−4m.

4.2 Trial 2

The value of ∆x and ∆y is 1 and ∆t is 0.01. The amplitude value used is 0.005 km,
the wavelength is 5 km, and the distance from the center of the wave formation is 25
km with the seabed material used being fine cement or fine metal. The following is the
result of the simulation in Trial 2 of the propagation of tsunami waves with the Manning
roughness value.

(a) Tsunami Propaga-
tion in 0 second (b) Tsunami Propaga-

tion in 30 seconds

(c) Tsunami Propaga-
tion in 60 seconds

(d) Tsunami Propaga-
tion in 90 seconds

Figure 2: Simulation in the second trial of 3D Tsunami Propagation.

The wave is formed as high as 5 m at the 0th second and is located at 0 km from
the starting point of the wave formation and the state of the wave on the beach is as
high as 1.8633× 10−5m. Then the wave decreased to 3.4552 m at the 30th second with
the highest wave crest located at 3 km from the initial point of the wave formation and
the wave condition on the shore only as high as 1.7682 × 10−4 m. At the 60th second,
the wave height decreased to 3.1604 m with the highest wave crest located at 9 km from
the starting point of the wave formation and the condition of the waves on the shore as
high as 2.9034× 10−3m. At the 90th second, the highest wave crest is located at 14 km
from the starting point of the wave formation with a wave height of 3.6794 m and the
condition of the waves on the shore only as high as 3.9867× 10−2 km.

According to the simulation results obtained through several trials, the height of the
tsunami waves moving to the coast has increased from the center of the wave formation.
The highest wave that moves to the shore, according to the tests carried out in the third
trial, in 90 seconds is 0.28291 meter, with the initial wave height of 6 meters. However,
from the simulations carried out, the material that makes up the seabed does not affect
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the formation of tsunami waves because the waves produced have the same shape and
height.

From the simulation results, three values are obtained, namely the highest wave
height, the distance the wave travels, and the wave height when it reaches the beach.
The results of this study are different from those of the research that also uses the theory
of shallow water equations in shallow seas but with a case study in Manado Bay [25].
The results obtained in this study were the height of the tsunami waves that occurred
after the earthquake on the coast of Manado Bay , it was about 1.5-3 m with a period
of 20-24 minutes. The wave height can reach 3 m due to the conditions of the Manado
beach which is in the form of a bay so that tsunami wave amplification can occur [26].

Then the results of the tsunami simulation in another study using the continuity and
momentum equations with a case study in the city of Palu obtained the initial height
of the tsunami wave reaching 1.5 m and spreading to the mouth of the Palu bay with a
height of 1.6 m. The maximum wave height obtained is close to the actual height of 3.65
m. The time taken by the tsunami waves to reach the mouth of the bay, which is 62 km
away, is 10 minutes. While the tsunami waves from the mouth of the bay to the city of
Palu, which is 32 km away, run for 12 minutes [27].

In contrast, the research on tsunamis used for disaster mitigation at Manakarra Beach,
stated that the waves started hitting the beach 39 minutes after the earthquake. The
maximum wave height occurred at the 50th minute was a height of 8,306 m. At the
highest tide, the height of the Manakarra Beach pier is 2 m. So, the waves that came at
the 50th minute were 6,306 m high. Therefore, there are about 30 minutes to evacuate to
higher ground [28]. Therefore, for further research, it is expected to use data in areas that
have been affected by the tsunami so that the accuracy of the simulation in this study can
be known. The modeling of tsunami wave propagation uses the shallow water equation
where the equation is based on the derivation of the law of conservation of mass and
conservation of momentum [29]. The shallow water equation can be used in the presence
of dynamic and kinematic boundary conditions. The equation used is derived from the
formula with known initial conditions. The method used in the modelling propagation
of tsunami waves is an explicit finite difference method, where the equations used will be
discretized without any friction on the seabed. The discretization results using the finite
difference method provide a numerical solution or simulating the propagation of tsunami
waves.

5 Conclusion

The shallow water equation can be used in the presence of dynamic and kinematic bound-
ary conditions. The method used for modelling the propagation of tsunami waves is an
explicit finite difference method, where the equations used are discretized without any
friction on the seabed. The discretization results using the finite difference method pro-
vide a numerical solution for simulating the propagation of tsunami waves. According to
the simulation results obtained through several trials, the height of the tsunami waves
moving to the coast increases from the center of the wave formation. The highest wave
that moves to the shore, according to the tests carried out in the third trial, in 90 seconds,
is 0.28291 meters with the initial wave being 6 meters. However, from the simulations
carried out, the material that makes up the seabed does not affect the formation of
tsunami waves because the waves produced have the same shape and height. Three val-
ues are obtained, namely the highest wave height, the distance the wave travels, and the
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wave height when it reaches the beach.
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Abstract: In this study, by the uniform control of the singularity and energy esti-
mates, we establish the existence of solutions for the reaction-diffusion model with
singularity due to Quenching phenomena in the boundary.

∂u1

∂t
− div

(
a(x, t,∇u1)

)
= f1(t, x)hγ(u1, u2) in QT ,

∂u2

∂t
− div

(
a(x, t,∇u2)

)
= f2(t, x)hγ(u1, u2) in QT ,

(1)

where the operator A(u) = div
(
a(x, t,∇ui)

)
is a generalized Leray-Lions operator

defined on the inhomogeneous Musielak-Orlicz spaces (the vector field a(x, t,∇ui)
has a growth prescribed by a generalized N-function).
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1 Introduction

Let Ω be an open subset of RN (N ≥ 2), and let T > 0, QT = Ω× (0, T ), Γ1and Γ2 are
such that Γ1 ∪Γ2 = ∂Ω and Γ1 ∩Γ2 = ∅. The Haussdorff measure of Γ1 and Γ2 does not
vanish. Here ν denotes the outer normal to ∂Ω.

This paper is concerned with the existence of solutions for a nonlinear parabolic
singular reaction-diffusion system of the form (i=1,2)

(S)

{
∂ui
∂t

− div
(
a(x, t,∇u1)

)
= Fi(t, x, u1, u2) in QT ,

ui(0, x) = ui,0(x) in Ω.
(2)

The following boundary conditions:
ui(t, x) = 0 on Γi × (0, T ),
∂u1
∂ν

= 0 on Γ2 × (0, T ),

∂u2
∂ν

= 0 on Γ1 × (0, T )

(3)

hold with

Fi(t, x, r, s) = fi(t, x)hγ(s, r). (4)

The functions f1, f2 :QT 7→ R satisfy the following conditions:

f1, f2 ∈ L1(QT ), f1 ≥ 0, and f1 + f2 ≤ 0. (5)

The singular sourcing hγ : R∗ × R 7→ R is continuous and must verify 0 ≤ hγ(s, r) ≤ s
rγ

with γ being a real parameter such as 0 < γ ≤ 1.
We assume that the functions

u1,0 and u2,0 are such that u1,0, u2,0 ≥ 0 and u1,0, u2,0 ∈ L∞(Ω). (6)

Define the following spaces:

V1 =
{
φ ∈W 1LM (Ω) : φ = 0 on Γ1

}
and V2 =

{
ψ ∈W 1LM (Ω) : ψ = 0 on Γ2

}
,

where W 1LM (Ω) is the Musielak-Orlicz-Sobolev space defined below.

The operator A(ui) = −div
(
a(x, t,∇ui)

)
is a generalized Leray-Lions operator de-

fined on the inhomogeneous Musielak-Orlicz spaces (see assumptions (7)–(9)).
The investigation of quenching phenomena traces back to 1975, when Kawarada pub-

lished a paper [10] delving into a dynamical model. This pivotal work catalyzed an
extensive exploration of the quenching systems by numerous researchers dedicating their
efforts to the aspects such as the existence and characterization of quenching points, and
the asymptotic behaviour of solutions, among other topics.

The solution maintains its boundedness in quenching systems, but the first-order time
derivative undergoes unbounded growth within a finite time frame. This concept is also
elaborated upon in Salin’s research [15] and Selçuk’s work [16]. For the numerical ap-
proach, Beauregard M.A. et al. [3] proposed a fully adaptive approximation for quenching
systems over circular domains. Recently, Marion P.T. [13] studied quenching phenomena
due to a concentrated nonlinear source in an infinitely long cylinder.
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Hence, the aim here is to explore a concept referred to as ”quenching”, which extends
the notion of explosion. Our goal is to investigate systems exhibiting nonstandard growth
and inhomogeneous nonlinearities, which have notable relevance in the realm of physics.
Furthermore, we consider the inclusion of non-homogeneous Neumann boundary condi-
tions, where we introduce a generalization of systems previously studied in [5] for the
(p, q)−Laplacian with the Dirichlet boundaries (M(x, t) = |t|p in Lebesgue spaces). −div

(
h1(x)|∇u|p−2∇u)

)
= λFu1

(x, u1, u2) in Ω,
−div

(
h2(x)|∇u|q−2∇u)

)
= λFu2(x, u1, u2) in Ω,

u1(x) = u2(x) in ∂Ω,

where F is a C1−function with ∇F = (Fu1 , Fu2). And (p(x), q(x))−Laplacian systems
were considered in [9], where the authors explore the system with cross-diffusion in
Lebesgue spaces with variable exponents.{

∂tu− div
(
a(x, t,∇u)

)
= div(|F |p(x,t)−2F ) in Ω,

∂tv − div
(
a(x, t,∇u)

)
= δ∆u in Ω,

where δ ≥ 0, and a(x, t, .) is a Leray-Lions vector field, see also [1, 2] and references
therein.

To our knowledge, the results obtained in this paper have not been covered in the
existing literature. The organization of this contribution is given as follows. We start in
Section 2 by presenting some definitions and properties in the framework of Museilack
spaces. After that, in Section 3, we give our essential assumptions and set up the def-
inition of the weak solution of the system (S). Then we establish the main existence
Theorem 4.1.

2 Mathematical Preliminaries

2.1 Musielak-Orlicz function

In addressing the issue presented in system (2)-(3), we employ the framework of Orlicz-
Sobolev spaces. This choice arises from the presence of a nonhomogeneous function
M(x, t) within the differential operator of system (2)-(3). Consequently, our approach
commences by introducing fundamental concepts on Museilack-Orlicz-Sobolev spaces (see
[14]). Let M : Ω× R+ → R satisfy

(M1): M(x, .) is an N-function for all x ∈ Ω (i.e., it is convex, non-decreasing, continuous,

M(x, 0) = 0, M(x, t) > 0 for t > 0, lim
t→0

sup
x∈Ω

M(x, t)

t
= 0 and lim

t→∞
inf
x∈Ω

M(x, t)

t
=

∞).

(M2): M(., t) is a measurable function for all t ≥ 0. A function M which satisfies the
conditions (M1) and (M2) is called a Musielak-Orlicz function.

We say that γ grows essentially less rapidly than M at 0 (resp. near infinity), and we
write γ ≪M . For every positive constant c, we have

lim
t→0

(
sup
x∈Ω

γ(x, ct)

M(x, t)

)
= 0 (resp. lim

t→∞

(
sup
x∈Ω

γ(x, ct)

M(x, t)

)
= 0

)
.
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2.2 Musielak-Orlicz space

For a Musielak-Orlicz function M and a measurable function u : Ω → R, we define the

functional, ϱM,Ω(u) =

∫
Ω

M(x, |u(x)|)dx.

LM (Ω) = {u : Ω → R mesurable : ϱM,Ω(
u

λ
) <∞, for some λ > 0}.

For any Musielak-Orlicz function M , we put M̄(x, s) = supt≥0(st − M(x, s)), the
conjugate ofM . We say that a sequence of function un ∈ LM (Ω) is modularly convergent
to u ∈ LM (Ω) if there exists a constant λ > 0 such that limn→∞ ϱM,Ω(

un−u
λ ) = 0.

This implies convergence for σ(ΠLM ,ΠLM̄ ) (see [4]).
In the space LM (Ω), we define the following norm:

∥u∥M = inf
{
λ > 0 :

∫
Ω

M(x,
|u(x)|
λ

)dx ≤ 1
}
,

which is called the Luxemburg norm. The closure in LM (Ω) of the set of bounded
measurable functions with compact support in Ω is denoted EM (Ω). It is a separable
space and (EM (Ω))∗ = LM (Ω). We define

W 1LM (Ω) = {u ∈ LM (Ω) : Dαu ∈ LM (Ω), ∀α ≤ 1}
W 1EM (Ω) = {u ∈ EM (Ω) : Dαu ∈ EM (Ω), ∀α ≤ 1},

where Dαu denotes the distributional derivatives. The space W 1LM (Ω) is called the
Musielak-Orlicz-Sobolev space. Let ϱM,Ω(u) =

∑
|α|≤1 ϱM,Ω(D

αu) and ∥u∥1M,Ω =

inf{λ > 0 : ϱM,Ω(
u
λ ) ≤ 1} for u ∈ W 1LM (Ω). The pair (W 1LM (Ω), ∥u∥1M,Ω) is a Ba-

nach space if M satisfies the following condition (see [14]). There exists a constant c >
0 such that infx∈ΩM(x, 1) > c.

2.3 Inhomogeneous Musielak-Orlicz-Sobolev spaces

For each α ∈ NN , denote by Dα
x the distributional derivative on Q of order α with respect

to the variable x ∈ RN . The inhomogeneous Musielak-Orlicz-Sobolev spaces of order 1
are defined as follows:

W 1,xLM (Q) =
{
u ∈ LM (Q) : ∀|α| ≤ 1, Dα

xu ∈ LM (Q)
}

W 1,xEM (Q) =
{
u ∈ EM (Q) : ∀|α| ≤ 1, Dα

xu ∈ EM (Q)
}
.

The last is a subspace of the first one, and both are Banach spaces under the norm

∥u∥ =
∑

|α|≤m

∥Dα
xu∥M,Q.

D(Ω) is dense in LM (Ω) with respect to the modular topology, D(Ω) is dense inW 1
0LM (Ω)

for the modular convergence and D(Ω) is dense in W 1
0LM (Ω) for the modular conver-

gence.

Lemma 2.1 (see [8]) Suppose that Ω satisfies the segment property and let u ∈
W 1

0LM (Ω). Then there exists a sequence un ∈ D(Ω) such that un → u for modular
convergence in W 1

0LM (Ω). Furthermore, if u ∈ W 1
0LM (Ω) ∩ L∞(Ω), then ∥un∥∞ ≤

(N + 1)∥u∥∞.
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Lemma 2.2 (see [8]) If a sequence un ∈ LM (Ω) converges a.e. to u and if un
remains bounded in LM (Ω), then u ∈ LM (Ω) and un ⇀ u for σ(LM (Ω), EM̄ (Ω)).

Lemma 2.3 (see [8]) Let un, u ∈ LM (Ω). If un → u with respect to the modular
convergence, then un ⇀ u for σ(LM (Ω), LM̄ (Ω)).

3 Essential Assumptions

Suppose Ω satisfies the segment property, and let M and γ be two Musielak-Orlicz
functions such thatM and its complementary M̄ satisfy conditions of Lemma 2.2 from [1],
γ ≪M and t2 ≤M(x, t).

A : D(A) ⊂ W 1,xLM (Ω) → W−1,xLM̄ (Ω) defined by A(ui) = −div(a(x, t,∇ui)),
where a : QT × R× RN → RN is a Carathéodory function such that for a.e. x ∈ Ω and
for all s ∈ R, ξ, ξ∗ ∈ RN with ξ ̸= ξ∗.

|a(x, t, ξ)| ≤ β(c(x) + M̄−1
x (M(x, ν2|ξ|))), β > 0, c(x) ∈ EM̄ (Ω), (7)

(a(x, t, ξ)− a(x, t, ξ∗)(ξ − ξ∗) > 0, (8)

a(x, t, ξ)ξ ≥ αM(x, |ξ|). (9)

fi : Ω× R× R → R is a Carathéodory function.

Lemma 3.1 The following continuous inclusions are valid: LM (Ω) ↪→ L2(Ω) ↪→
LM̄ (Ω). In particular, W 1

0LM (Ω) ↪→ H1
0 (Ω), H−1(Ω) ↪→ W−1LM̄ (Ω),

L2(0, T,H−1(Ω)) ↪→W−1,xLP̄ (Ω) and ↪→W−1,xLM̄ (Ω).

Example 3.1 The N-function M(t) = m(x)t2log(e+ t), where m ∈ (L∞(Ω))+, ver-
ifies the assumptions above.

In all the rest of this paper and for all measurable subset E of QT , we designate
by meas(E) the Lebesgue measure of E. First, we will define the weak solution of the
problem (2)-(4) used here.

Definition 3.1 A weak solution to problem (3)-(4) is a nonnegative couple

(u1, u2) ∈
[
L2(0, T ;V1) ∩ L∞(0, T ;L2(Ω))

]
×

[
L2(0, T ;V2) ∩ L∞(0, T ;L2(Ω))

]
with

(u1,t, u2,t) ∈
[
L2(0, T ;V ∗

1 ) + L1
(
0, T ;L1

loc(Ω)
)]

×
[
L2(0, T ;V ∗

2 ) + L∞(
0, T ;L1

loc(Ω)
)]
,

u1(0, x) = u1,0(x), u2(0, x) = u2,0(x), a.e. x ∈ Ω.∫
Ω

f1
u2

(u1)γ
ϕ <∞ ,

∫
Ω

f2
u2

(u1)γ
η <∞,

and

−
∫
Ω

u1,0(x)φ(0, x)−
∫
QT

u1
∂φ

∂t
+

∫
QT

a(t, x,∇u1)∇φ =

∫
QT

F1φ,

−
∫
Ω

u2,0(x)ψ(0, x)−
∫
QT

u2
∂ψ

∂t
+

∫
QT

a(t, x,∇u2)∇ψ =

∫
QT

F2ψ

for all φ,ψ, η, ϕ ∈ C∞
0 ([0, T )× Ω).
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4 Existence Result

We shall establish the following existence theorem.

Theorem 4.1 Suppose that (5)–(6) hold, then system (3)-(4) admits at least a couple
of weak solutions in the sense of Definition 3.1.

The proof is divided into 5 steps.

4.1 Step 1: Regularized system.

For n > 0 and i = 1, 2,
f1,n(t, x) = min

{
n, f1(t, x)

}
, (10)

f2,n(t, x) = -min
{
n,−f2(t, x)

}
. (11)

The functions f1,n and f2,n verify the same properties as f1 and f2, moreover, 0 ≤ f1,n ≤
f1 , lim

n→+∞
f1,n = f1, and f2 ≤ f2,n ≤ 0 , limn→+∞ f2,n = f2. Let us now consider

the regularized problem

(Sn)



∂ui,n
∂t

− div
(
a(x, t,∇ui,n)

)
= Fi,n(t, x, u1,n, u2,n) in QT ,

ui,n(0, x) = u
(0)
i,n(x) in Ω,

ui,n(t, x) = 0 on Γi × (0, T ),
∂u1,n
∂ν

= 0 on Γ2 × (0, T ),

∂u2,n
∂ν

= 0 on Γ1 × (0, T ).

(12)

Fi,n(t, x, u1,n, u2,n) =

{
fi,n(t, x)hγ(u1,n +

1

n
, u2,n) if u1,n ≥ 0 and u2,n ≥ 0,

0 otherwise.

Without obviating that u
(0)
1,n, u

(0)
2,n ∈ L∞(Ω)∩W 1

0LM (Ω) is a couple of regularized se-

quences of the initial data obtained sinceW 1
0LM (Ω) ↪→ H1

0 (Ω)), by a standard technique
(see [6]), we have

lim
n→+∞

1

n
||u(0)1,n||W 1

0 LM (Ω) = 0 and lim
n→+∞

1

n
||u(0)2,n||W 1

0 LM (Ω) = 0. (13)

Lemma 4.1 The problem (12) admits a nonnegative couple of solutions

(u1,n, u2,n) ∈ [L2(0, T ;V1) ∩ L∞(QT )]× [L2(0, T ;V2) ∩ L∞(QT )]

such that

−
∫
Ω

u
(0)
1,n(x)φ(0, x)−

∫
QT

u1,n
∂φ

∂t
+

∫
QT

a(t, x,∇u1,n)∇φ =

∫
QT

F1,n(t, x, u1,n, u2,n)φ,

(14)

−
∫
Ω

u
(0)
2,n(x)ψ(0, x)−

∫
QT

u2,n
∂ψ

∂t
+

∫
QT

a(t, x,∇u2,n)∇ψ =

∫
QT

F2,n(t, x, u1,n, u2,n)ψ

(15)
for every φ,ψ,∈ C∞

0 ([0, T )× Ω).
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Proof. Without losing generality, we assume u
(0)
1,n = 0 and u

(0)
2,n = 0. Then, by using

the Stampacchia method [18], we show the positivity of the solution. Take φ = −u−1,n as

a test function in the first equation of the problem (12), where u1,n = u+1,n−u
−
1,n , u

+
1,n =

max
{
u1,n, 0

}
, u−1,n = max

{
− u1,n, 0

}
.

Since u+1,n = 0 on suppu−1,n, the right-hand side of (14) is zero because

Fn(t, x, u1,n, u2,n) =

{
f1,n(t, x)hγ(u1,n +

1

n
, u2,n) if u1,n ≥ 0 and u2,n ≥ 0,

0 otherwise.

So we have ∫
QT

(u1,n)t(−u−1,n) +
∫
QT

a(t, x,∇u1,n)∇(−u−1,n) = 0,

which gives ∫
QT

(u+1,n − u−1,n)t(−u
−
1,n) +

∫
QT

a(t, x,∇u1,n)∇(−u−1,n) = 0.

We observe that on the support of u1,n, we have u+1,nu
−
1,n = 0 on suppu1,n, it comes∫

QT

(u+1,n − u−1,n)t(−u
−
1,n) +

∫
QT∩{u1,n≥0}

a(t, x,∇u1,n)∇(−u−1,n)

+

∫
QT∩{u1,n≤0}

a(t, x,∇u1,n)∇(−u−1,n) = 0

∫
Ω

1

2
(u1,n)

2 +

∫
QT

a(t, x,∇(−u−1,n))∇(−u−1,n) = 0

∫
Ω

1

2
(u1,n)

2 +

∫
QT

a
(
t, x, ,∇(−u−1,n)

)
∇(−u−1,n) ≥

∫
Ω

1

2
(u−1,n)

2 + α

∫
QT

M
(
|∇(u−1,n)|

)
,

u−1,n = 0 a.e inQT , (16)

i.e., u1,n ≥ 0 a.e. in Ω and for all t ∈ [0, T ). Analogously, we prove that u2,n ≥ 0 by
the testing function ψ = −u−2,n. Let us denote by Tk the truncation function Tk(s) =

max
{
− k,min

{
k, s

}}
, k ≥ 0, s ∈ R, where ⟨., .⟩ denotes the duality product between V ∗

i

and Vi for i = 1, 2.

4.2 Step 2: L∞ and energy estimates for (u1,n, u2,n)

Proposition 4.1 There exist positive constants C1 and C2, independent of n, such
that

||u1,n||L∞(QT ) ≤ C1, and ||u2,n||L∞(QT ) ≤ C2. (17)

Proof. The estimate (17) for {u1,n} follows directly by Proposition 2.13 [7] with
some abbreviations that go along with our problem, it remains to prove the uniform
boundedness of u2,n.
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For simplicity, we suppose u
(0)
2,n(x) = 0, to handle the equation solved by u2,n, we choose

as a test function ψ = (u2,n − C2)
+, with C2 > 1 fixed, we obtain with Qt = Ω× [0, t),∫

Ω

(u2,n)t(u2,n − C2)
+ +

∫
QT

a(t, x,∇u2,n)∇(u2,n − C2)
+

=

∫
Ω

f2,n(t, x)hγ(u1,n +
1

n
, u2,n)(u2,n − C2)

+ ≤ 0. (18)∫
QT

a(t, x,∇u2,n)∇(u2,n − C2)
+ =

∫
{(t,x)∈QT /u2,n(t,x)≤C2}

a(t, x,∇u2,n)∇(vn − C2)
+

+

∫
{(t,x)∈QT /u2,n(t,x)≥C2}

a(t, x,∇u2,n)∇(u2,n − C2)
+

=

∫
{(t,x)∈QT /u2,n(t,x)≥C2}

a(t, x, ,∇u2,n)∇u2,n.

(19)

When neglecting the nonnegative term on the left-hand side of (18), it comes

(u2,n − C2)
+ = 0, a.e. in QT ,

which completes the proof. Choosing as a test function φ = u1,n ∈ L2(0, T ;V ) in the
first equation of problem (12), by integrating over Ω× [0, t), we obtain

1

2

d

dt

∫
QT

(u1,n)
2+

∫
QT

a(t, x,∇u1,n)∇u1,n =

∫
QT

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)u1,n,

in other words,

1

2

∫
Ω

u21,n(t)+

∫
QT

a(t, x,∇u1,n)∇u1,n =
1

2
||u0,n||2L2(Ω)+

∫
QT

f1,n(t, x)hγ(u1,n+
1

n
, u2,n)u1,n.

Due to the fact that hγ(u1,n+
1
n , u2,n) ≤

u1,n

(u1,n+
1
n )γ

≤ u1−γ
1,n and 0 < 1−γ < 1, we deduce∫

QT

f1,n(t, x)hγ(u1,n+
1

n
, u2,n)u2,n ≤

∫
QT

f1,n(t, x)u
1−γ
1,n u2,n ≤ supu1−γ

1,n u2,n

∫
QT

f1,n ≤ C,

again, we have

||u1,n||L∞(0,T ;L2(Ω)) ≤ C.

For the second equation of problem (12), we choose as a test function ψ = u2,n ∈
L2(0, T ;V2). We obtain

1

2

∫
Ω

u22,n(t) +

∫
QT

a(t, x,∇u2,n)∇u2,n =
1

2
||u(0)2,n||2L2(Ω) +

∫
Ω

f2,n(t, x)hγ(u1,n+
1

n
, u2,n)u2,n

≤ 1

2
||u(0)2,n||2L2(Ω),

(20)
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which gives ||u2,n||
L∞

(
0,T ;L2(Ω)

) ≤ C, hence the inequality (15).

Note that hγ(u1,n +
1

n
, u2,n) ≤

u1,n

(u1,n + 1
n )

γ
≤ u1−γ

1,n and 0 < 1 − γ < 1, using the L∞-

estimate of u1,n and (9), by plugging φ = u1,n ∈ L2(0, T ;V1) as a test function in (12),
we easily get

||u1,n||L∞(0,T ;L2(Ω)) ≤ C3,

where C3 is a positive constant independent of n. Similarly, by plugging ψ = u2,n ∈
L2(0, T ;V2) in (12), we get ||u2,n||

L∞
(
0,T ;L2(Ω)

) ≤ C4, hence, there exists a positive

constant C5, independent of n,

||u1,n||L2(0,T ;V1) + ||u2,n||L2(0,T ;V2) ≤ C5. (21)

Proposition 4.2 There exists a positive constant C > 0, independent of n, such that∫
QT

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)φ

2(x) ≤ C for all n ∈ N (22)

for every φ ∈ C∞
0 (QT ). For δ > 0, we have∫

QT∩{0≤u1,n≤δ}
f1,n(t, x)hγ(u1,n +

1

n
, u2,n)φ

2(x) ≤ Cδ, (23)

∫
QT∩{0≤u2,n≤δ}

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)φ

2(x) ≤
{
Cδ1−γ if 0 < γ < 1,

C
√
δ if γ = 1

(24)

for every φ ∈ C∞
0 (QT ) with φ ≥ 0.

Proof. The proof follows the same lines as Proposition 2.20 in [7], see also [12], with
slight modifications since the growth of a(t, x,∇u) with embedding in Lemma 3.1, we
examine only the estimate (22) for the convenience. Multiplying the first equation of
problem (12) by the test function φ2(x), we get∫ T

0

〈
(u1,n)t, φ

2(x)
〉
+ 2

∫
QT

a(t, x,∇u1,n).φ∇φ =

∫
QT

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)φ

2(x),

which gives∫
QT

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)φ

2(x) ≤ 2

∫
QT

|a(t, x,∇u1,n)||φ||∇φ|+ C,

this gives, by applying Hölder’s inequality and the previous proposition,∫
QT

f1,n(t, x)hγ(u1,n+
1

n
, u2,n)φ

2(x) ≤ C+2

(∫
QT

|a(t, x,∇u1,n)|2φ2

) 1
2

.

(∫
QT

|∇(φ)|2
) 1

2

≤ C2,

which proves the inequality (22).
A similar estimate is in the following Proposition 4.3, by multiplying problem (12)

by the test function ψ2(x).
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Proposition 4.3 For δ > 0, we have∫
QT

|f2,n(t, x)|hγ(u1,n +
1

n
, u2,n)ψ

2(x) ≤ C , for all n ∈ N, (25)

∫
QT∩{0≤u2,n≤δ}

∣∣f2,n(t, x)|hγ(u1,n +
1

n
, u2,n)φ

2(x) ≤ Cδ, (26)

∫
QT∩{0≤u1,n≤δ}

∣∣f2,n(t, x)|hγ(u1,n +
1

n
, u2,n)φ

2(x) ≤
{
Cδ1−γ if 0 < γ < 1 ,

C
√
δ if γ = 1.

(27)

4.3 Step 3: Convergence and compactness results

To pass to the limit as n→ ∞ in (14) and (15), we need strongly convergent subsequences,
which is ensured by the following proposition.

Proposition 4.4 There exists a couple

(u1, u2) ∈
[
L2(0, T ;V1) ∩ L∞(QT )

]
×
[
L2(0, T ;V2) ∩ L∞(QT )

]
such that, as n→ ∞, we have, up to a subsequence,

un,i ⇀ ui weakly in L2(0, T ;Vi) for i = 1, 2, (28)

un,i ⇀ ui weakly in L∞(QT ) for i = 1, 2, (29)

un,i → ui strongly in L1(QT ) for i = 1, 2, (30)

un,i → ui a.e.in QT for i = 1, 2, (31)

lim
n→+∞

∫
QT

∣∣∇(un,i − ui)
∣∣2 = 0 for i = 1, 2. (32)

Therefore,
∇un,i → ∇ui a.e. in QT for i = 1, 2. (33)

Proof. Convergences (28) are direct consequences of (21). The same thing applies
to convergences (29). To prove (30) , we observe that the estimate (22) leads to

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)φ

2(x) ∈ L1(QT ) , ∀φ ∈ C∞
0 (Ω). (34)

In addition, we have

∂(u1,nφ
2)

∂t
is bounded in L2(0, T ;V ∗

1 ) + L1(QT ). (35)

By (35), choosing s such that s > N
2 + 1 and using the same argument as in Lemma

2.3 from [17], we deduce that
∂(u1,nφ)

∂t is bounded in L2(0, T ;H−s), consequently, since

s > N
2 , we find that V1 ⊂ Lp(Ω) ⊂ H−s(Ω) and the embedding V1 ↪→ Lp(Ω) is compact.

Applying now Corollary 4 from [17], by (35) and the compactness results, we deduce that
u1,nφ is relatively compact in L2(QT ). Hence, up to a subsequence, convergences (30)
and (31) are satisfied.

(32) and (33) can be obtained as a particular case of Proposition 3.14 from [7].
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4.4 Step 4: Uniform estimate near the singularity

We consider the set {(t, x) ∈ QT : u1(t, x) = 0}. As a consequence of the uniform
estimate near the singularity (23), we have the following proposition.

Proposition 4.5 The couple (u1, u2) as a solution to (2) and (3), in the sense of
Definition 2.1, satisfies ∫

QT∩{u1=0}
f1(t, x)hγ(u1, u2)φ = 0 (36)

∫
QT∩{u1=0}

f2(t, x)hγ(u1, u2)ψ = 0 (37)

for all φ,ψ ∈ C∞
0

(
Ω× [0, T )

)
with φ,ψ ≥ 0. Moreover,∫

QT

f1(t, x)hγ(u1, u2)φ =

∫
QT∩{u>0}

f1(t, x)hγ(u1, u2)φ (38)

∫
QT

f2(t, x)hγ(u1, u2)ψ =

∫
QT∩{u>0}

f2(t, x)hγ(u1, u2)ψ. (39)

Proof.

1. Let ψ ∈ C∞
0

(
Ω× [0, T )

)
, ψ ≥ 0 , with suppψ = Y × [0, T1], T1 < T, Y ⊂⊂ E ⊂⊂ Ω

and φ ∈ C1
0

(
Ω
)
with φ(x) = 1 over Y , φ ≥ 0 with supp φ = E, by the uniform

estimate (23), we obtain∫
QT∩{u1,n<δ}

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)

≤ ||ψ||∞
∫
[0,T ]×Y

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)χ{u1,n<δ}

≤ ||ψ||∞
∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
φ2(x)χ{u1,n<δ}.

On the other hand,∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}ψ(t, x)

=

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}χ{u1=δ}ψ(t, x)

+

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}χ{u1 ̸=δ}ψ(t, x)

≤ Cδ.

(40)

We observe that there exists at most a countable set D1 such that
meas{(t, x) : u1(t, x) = δ} > 0. We choose δ outside of this set D1 so that, in (40),∫

QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}χ{u1=δ}ψ(t, x) = 0.
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So, we have∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}ψ(t, x)

=

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n<δ}χ{u1 ̸=δ}ψ(t, x) ≤ Cδ.

(41)

By (31), we have χ{u1,n<δ}χ{u1 ̸=δ} → χ{u1<δ} a.e. in QT .
Fix δ, in (41), by Fatou’s lemma, we get∫

QT

f1(t, x)hγ(u1, u2)χ{u<δ}ψ(t, x) ≤ Cδ.

Let δ to 0, Fatou’s lemma leads to∫
QT

f1(t, x)hγ(u1, u2)χ{u=0}ψ(t, x) =

∫
QT∩{u1=0}

f1(t, x)hγ(u1, u2)ψ(t, x) = 0,

(42)
this leads to ∫

QT

f1(t, x)hγ(u1, u2)ψ(t, x) =

∫
QT∩{u1>0}

f1(t, x)ψ(t, x). (43)

These are the identities we are aiming to establish.

2. Similarly, with some simplifications, we establish the validity of (37) and (39). By
plugging a test function ϕ ∈ C∞

0 ([0, T )×Ω), ϕ ≥ 0 with supp ϕ = Y × [0, T2], T2 <
T, Ȳ ⊂⊂ E ⊂⊂ Ω and φ ∈ C1

0 (Ω) with φ(x) = 1 over Ȳ , φ ≥ 0 with supp φ = E.
By the uniform estimate (27), we obtain∫

QT∩{u1,n≤δ}
|f2,n(t, x)|hγ

(
u1,n +

1

n
, u2,n

)
ϕ(t, x)

≤ ||ϕ||∞
∫
[0,T ]×Y

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}

≤ ||ϕ||∞
∫
[0,T ]×Y

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
φ2(x)χ{u1,n<δ},

≤
{
Cδ1−γ if 0 < γ < 1

C
√
δ if γ = 1.

On the other hand,∫
QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}ϕ(t, x)

=

∫
QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}χ{u1=δ}ϕ(t, x)

+

∫
QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}χ{u1 ̸=δ}ϕ(t, x),

≤
{
Cδ1−γ if 0 < γ < 1

C
√
δ if γ = 1.

(44)
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Note that there exists at most a countable set D̄2: meas {(t, x) : u1(t, x) = δ} > 0.
Select δ /∈ D̄2, so, in (44), the integral∫

QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}χ{u1=δ}ϕ(t, x) = 0.

So, we have∫
QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}ϕ(t, x)

=

∫
QT

∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u2,n

)
χ{u1,n<δ}χ{u1 ̸=δ}ϕ(t, x),

≤
{
Cδ1−γ if 0 < γ < 1

C
√
δ if γ = 1.

(45)

By (31), we have χ{u1,n<δ}χ{u1 ̸=δ} → χ{u1<δ} a.e. in QT .
For δ fixed, Fatou’s lemma in (45) leads to∫

QT

f2(t, x)hγ(u1, u2)χ{u1<δ}ϕ(t, x) ≤
{
Cδ1−γ if 0 < γ < 1

C
√
δ if γ = 1.

Again, by Fatou’s lemma, we get for δ → 0,∫
QT

∣∣f2(t, x)∣∣hγ(u1, u2)χ{u1=0}ϕ(t, x) =

∫
QT∩{u1=0}

∣∣f2(t, x)∣∣hγ(u1, u2)ϕ(t, x) = 0,

(46)

this leads to∫
QT

∣∣f2(t, x)∣∣hγ(u1, u2)χ{u1=0}ϕ(t, x) =

∫
QT∩{u>0}

∣∣f2(t, x)∣∣hγ(u1, u2)ϕ(t, x),
(47)

which also means∫
QT

f2(t, x)hγ(u1, u2)χ{u1=0}ϕ(t, x) =

∫
QT∩{u1>0}

f2(t, x)hγ(u1, u2)ϕ(t, x),

this is the desired result.

4.5 Step 5: Proof of main theorem

Now, we present the proof of the primary result in this paper. Since u1,n, u2,n ≥ 0 a.e.
in QT , thanks to (29), we obtain u1, u2 ≥ 0. Thanks to (30), we can proceed to take the
limit in the sections related to the time derivatives of (14) and (15). By (14), (∇u1,n)
and (∇u2,n) are equi-integrable. By (31) and (33), Vitali’s theorem (see Theorem 1.0.16
in [11]) leads to

∇u1,n → ∇u1 in L2(QT ), (48)

∇u2,n → ∇u2 in L2(QT ). (49)

We deal now with the singular lower-order terms. Let D = K × [0, T1], T1 < T such
that K ⊂⊂ E ⊂⊂ Ω and ψ ∈ C∞

0 (Ω) with suppψ = D. Let ϕ be a function such that
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ϕ(x) = 1 on the set K, 0 ≤ ϕ ≤ 1 and supp ϕ= E.

Let δ > 0, we have
∫
QT

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)ψ =

∫
QT∩{0≤u1,n<δ}

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)ψ

+

∫
QT∩{u1,n≥δ}

f1,n(t, x)hγ(u1,n +
1

n
, u2,n)ψ = ∆1 +∆2.

Concerning the term ∆1, we proceed as

∆1 ≤ ||ψ||∞
∫
D∩{0≤u1,n<δ}

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
φ2(x)

≤ ||ψ||∞
∫
QT∩{0≤u1,n<δ}

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
φ2(x).

By (23), we get to
∆1 ≤ Cδ, (50)

where C is a constant independent of n. For ∆2, we have

∆2 =

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)χ{u1,n≥δ}χ{u1 ̸=δ}

+

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)χ{u1,n≥δ}χ{u1=δ}

= ∆3 +∆4.

Note that there is at most a countable set Θ1 such that meas{(t, x) : u1(t, x) = δ} > 0.
Choose δ /∈ Θ1, so ∆4 = 0. Since (31) holds, for ∆3, we have that χ{u1,n≥δ}χ{u1 ̸=δ} →

χ{u1>δ} a.e. in QT . f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n≥δ}χ{u1 ̸=δ}ψ(t, x) ≤

f1(t, x)hγ(δ, u2,n)ψ(t, x) ∈ L1(QT ). By (31) and the Lebesgue theorem, we have

lim
n→+∞

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n≥δ}χ{u1 ̸=δ}ψ(t, x)

=

∫
QT

f1(t, x)hγ(u1, u2)χ{u1≥δ}ψ(t, x).

Then

lim
n→+∞

∆2 =

∫
QT

f1(t, x)hγ(δ, u1)χ{u1≥δ}ψ(t, x). (51)

By (4.5), (50), (51) and (43), we get

lim
n→+∞

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)

= lim
n→+∞

∫
QT

f1,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)χ{u1,n≥δ} =

∫
QT

f1(t, x)hγ(δ, u2)ψ(t, x).

Similarly, for any δ > 0,
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∫
QT

f2,n(t, x)hγ(u1,n +
1

n
, u2,n)ψ(t, x) =

∫
QT∩{0≤u1,n<δ}

f2,n(t, x)hγ(u1,n+
1

n
, u2,n)ψ(t, x)

+

∫
QT∩{u1,n≥δ}

f2,n(t, x)hγ(u1,n+
1

n
, u2,n)ψ(t, x)

= I1 + I2.

(52)

Concerning the term I1, we have∣∣I1∣∣ ≤ ||ψ||∞
∫
QT∩{0≤u1,n<δ}

f2,n(t, x)hγ(u1,n+
1

n
, u2,n)φ

2(x).

By (27), we get to

|I1| ≤ ||ψ||∞
{
Cδ1−γ if 0 < γ < 1,

C
√
δ if γ = 1.

(53)

Hence, lim
δ→0

∣∣I1∣∣ = 0. Concerning I2, we see that

I2 = lim
n→+∞

∫
QT

f2,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n≥δ}χ{u1 ̸=δ}ψ(t, x)

+

∫
QT

f2,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n≥δ}χ{u1=δ}ψ(t, x) = J1 + J2.

We note that there exists, at most, a countable set Θ2 such that meas{(t, x) : u1(t, x) =
δ} > 0. Choose δ /∈ Θ2, so J1 = 0, since (31) holds, for B1, we have

χ{u1,n≥δ}χ{u1 ̸=δ} → χ{u1>δ} a.e. in QT∣∣f2,n(t, x)∣∣hγ (u1,n +
1

n
, u1,n

)
χ{u1,n≥δ}χ{u1 ̸=δ}ψ(t, x)

≤
∣∣f2(t, x)∣∣hγ(δ, u2,n)ψ(t, x) ∈ L1(QT ).

The Lebesgue theorem combined with (31) leads to

lim
n→∞

I2 =

∫
QT

f2(t, x)hγ(u1, u2)χ{u1>δ}ψ(t, x). (54)

By (52), (53), (54) and (47), we can get

lim
n→+∞

∫
QT

f2,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
ψ(t, x)

= lim
n→+∞

∫
QT

f2,n(t, x)hγ

(
u1,n +

1

n
, u2,n

)
χ{u1,n≥δ}ψ(t, x)

=

∫
QT

f2(t, x)hγ(u1, u2)ψ(t, x).

Applying a similar argument to u1,n to address the case of u1,n, but this time utilizing
(24) and (26), we conclude the proof of our main result, Theorem 2.2.
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Abstract: In this paper, we use Banach’s fixed point theorem to establish suffi-
cient conditions which guarantee the existence and uniqueness of the solution for a
stochastic nonlocal random functional integral equation. As applications, an example
is presented to illustrate our obtained results.
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1 Introduction

Stochastic differential equations (SDEs) play an important role in characterizing many
social, physical, biological, and engineering problems. The theory of SDEs has developed
quickly, the investigation of SDEs has attracted considerable attention of researchers,
and many qualitative theories of SDEs have been obtained (see [2, 4, 8]).

In the last two decades, the existence and uniqueness of solution for SDEs have been
considered in many publications such as [1, 5, 7, 9, 10].

When random fluctuations have great effects on the parameters and evolution in
the mathematical model which describes a certain phenomenon, a stochastic differential
equation should be the starting point for deriving the suitable model. Recently, nonlocal
stochastic models were introduced by many authors to describe the evolution of the
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studied phenomena. Motivated by the papers [3,6], we study the existence and uniqueness
solution of the following nonlocal functional stochastic differential equation:

dx(t) =f(t, x(t), A(t)x(t))dt+ g(t, x(t), C(t)x(t))dB(t), t ∈ [0, T ],

x(0) +

p∑
k=1

ckx(tk) = x0,
(1)

which is equivalent to the following stochastic functional integral equation:

x(t) = x(0) +

∫ t

0

f(s, x(s), A(s)x(s))ds

+

∫ t

0

g(s, x(s), C(s)x(s))dB(s),

(2)

where the first integral is a mean square Riemann integral and the second is an Ito
integral.

This paper consists of four sections. In Section 2, we review some concepts, introduce
some notation and state our main result, which shows the existence and uniqueness of
solution for the stochastic nonlocal random functional integral equation (2). In Section
3, we give the proof of the main result. In Section 4, one example is given to illustrate
the theoretical result.

2 Preliminaries and Main Result

Throughout this paper, we assume that (Ω,F ,P) is a complete probability space with
a filtration {Ft}t∈[0,T ] satisfying the usual conditions (i.e., it is right continuous and F0

contains all P -null sets). Let L2(Ω,F ,P) stand for the space of all R-valued random
variables {X(t), t ∈ [0, T ]} such that

E|X|2 =

∫
Ω

|X|2 dP < ∞.

For X ∈ L2(Ω,F ,P), we let

∥X∥2 :=
(∫

Ω

|X|2 dP
)1/2

.

Then L2(Ω,F ,P) is a Hilbert space equipped with the norm ∥ · ∥2. We consider the
following nonlocal functional stochastic differential equation:

dx(t) =f(t, x(t), A(t)x(t))dt+ g(t, x(t), C(t)x(t))dB(t), t ∈ [0, T ],

x(0) +

p∑
k=1

ckx(tk) = x0,

where 0 = t0 < t1 < ... < tp ≤ T , ck are constants (k = 1, ..., p), p ∈ N, {Bt} is a
standard Brownian motion defined on the complete probability space (Ω,F ,P) adapted
to the filtration {Ft}t∈[0,T ]. x(0) is an F0-mesurable random variable independent of B
with finite second moment.
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A(t), t ∈ [0, T ], and C(t), t ∈ [0, T ], are the families of linear bounded operators
defined on Y := C([0, T ],L2(Ω,F ,P)), the space of all continuous stochastic processes
defined from [0, T ] into L2(Ω,F ,P) with values in Y . The measurable real random
functions f and g are defined on [0, T ]× Y × Y with values in the space L2(Ω,F ,P).

A(t) and C(t) are the families of bounded operators. So, there exist a function
α(t) : [0, T ] → R+ and a function γ(t) : [0, T ] → R+ such that ∥A(t)x∥Y ≤ α(t)∥x∥Y and
∥C(t)x∥Y ≤ γ(t)∥x∥Y .

For the nonlocal stochastic differential equation (1), we have the following result. It
shows that under some sufficient conditions, there exists a unique solution.

Theorem 2.1 Assume that the following conditions hold:

(i) For all x, y ∈ Y and t ∈ [0, T ], there exists a constant l > 0 such that

|f(t, x, y)| ≤ l
√

1 + |x|2 + |y|2,

|g(t, x, y)| ≤ l
√
1 + |x|2 + |y|2;

(ii) For all x, y, x′, y′ ∈ Y and t ∈ [0, T ], there exists a constant a > 0 such that

|f(t, x, y)− f(t, x′, y′)| ≤ a
√
|x− x′|2 + |y − y′|2,

|g(t, x, y)− g(t, x′, y′)| ≤ a
√
|x− x′|2 + |y − y′|2;

(iii) There exists a real continuous monotone nondecreasing mapping F defined on [0, T ]
such that s < t implies

E[|B(t)−B(s)|2] = E[∥B(t)−B(s)∥2\Fs] = F (t)− F (s);

(iv)

p∑
k=1

ck ̸= −1;

(v) a satisfies 4a2

1 +

p∑
k=1

c2k(
1 +

p∑
k=1

ck

)2

 [(1 + θ2)(T 2 + F (T )− F (0)] < 1.

Then nonlocal functional stochastic integral equation (2) has a unique continuous solution
Xt(ω) belonging to L2(Ω,F ,P), and Xt(ω) is adapted to the filtration {Ft}t≥0.

3 Proof of the Theorem

Assume that

p∑
k=1

ck ̸= −1. Integrating the equation (1) yields

x(t) = x(0) +

∫ t

0

f(s, x(s), A(s)x(s))ds

+

∫ t

0

g(s, x(s), C(s)x(s))dB(s).
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So we have

x(tk) = x(0) +

∫ tk

0

f(s, x(s), A(s)x(s))ds

+

∫ tk

0

g(s, x(s), C(s)x(s))dB(s) (k = 1, ..., p).

(3)

By (1) and (3),

x(0) +

p∑
k=1

ck

[
x(0) +

∫ tk

0

f(s, x(s), A(s)x(s))ds

+

∫ tk

0

g(s, x(s), C(s)x(s))dB(s)

]
= x0.

(4)

Since

p∑
k=1

ck ̸= −1, then (4) implies

x(0) =

(
x0 −

p∑
k=1

ck

[ ∫ tk

0

f(s, x(s), A(s)x(s))ds

+

∫ tk

0

g(s, x(s), C(s)x(s))dB(s)

])/(
1 +

p∑
k=1

ck

)
.

Then

x(t) =

x0 −
p∑

k=1

ck

[ ∫ tk

0

f(s, x(s), A(s)x(s))ds+

∫ tk

0

g(s, x(s), C(s)x(s))dB(s)

]

1 +

p∑
k=1

ck

+

∫ t

0

f(s, x(s), A(s)x(s))ds+

∫ t

0

g(s, x(s), C(s)x(s))dB(s)

Let us define the integral operator G by

Gx(t) =

x0 −
p∑

k=1

ck

[ ∫ tk

0

f(s, x(s), A(s)x(s))ds+

∫ tk

0

g(s, x(s), C(s)x(s))dB(s)

]

1 +

p∑
k=1

ck

+

∫ t

0

f(s, x(s), A(s)x(s))ds+

∫ t

0

g(s, x(s), C(s)x(s))dB(s).

Lemma 3.1 The operator G sends the space C([0, T ],L2(Ω,F ,P)) into itself.

Proof. Let 0 ≤ t1 ≤ t2 ≤ T and x ∈ C([0, T ],L2(Ω,F ,P)). By applying the Cauchy-
Schwarz inequality and the condition (iii), we obtain

E|Gx(t2)−Gx(t1)|2 ≤ 2(t2 − t1)

∫ t2

t1

E|f(s, x(s), A(s)x(s))|2ds

+ 2

∫ t2

t1

E|g(s, x(s), C(s)x(s))|2dF (s).
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Let θ = max{maxt∈[0,T ] α(t),maxt∈[0,T ] γ(t)}. Applying the growth condition yields

E|Gx(t2)−Gx(t1)|2 ≤ 2l2[(t2 − t1)
2 + F (t2)− F (t1)][1 + (1 + θ2)∥x∥2Y ].

F (t) is continuous, then

lim
t1 7→t2

∥F (t2)− F (t1)∥ = 0.

Therefore,

lim
t1 7→t2

E|Gx(t2)−Gx(t1)|2 = 0.

Consequently, Gx is continuous in mean square on [0, T ].

But the function Gx is square integrable with respect to measure probability, has a
finite second moment, and is adapted to the filtration {Ft}t∈[0,T ]. This implies that G
maps Y into itself.

Now, we will show that G is a contraction on Y .

Let x and y in Y . Applying the Cauchy-Schwarz inequality and the above conditions,
we have

E|Gx(t)−Gy(t)|2 ≤ 4

∫ t

0

E|f(s, x(s), A(s)x(s))− f(s, y(s), A(s)y(s))|2ds

+ 4

∫ t

0

E|g(s, x(s), C(s)x(s))− g(s, y(s), C(s)y(s))|2dF (s)

+ 4E

∣∣∣∣∣∣∣∣∣∣

p∑
k=1

ck

[ ∫ tk

0

f(s, x(s), A(s)x(s))− f(s, y(s), A(s)y(s))ds

]

1 +

p∑
k=1

ck

∣∣∣∣∣∣∣∣∣∣

2

+ 4E

∣∣∣∣∣∣∣∣∣∣

p∑
k=1

ck

[ ∫ tk

0

g(s, x(s), C(s)x(s))− g(s, y(s), C(s)y(s))dB(s)

]

1 +

p∑
k=1

ck

∣∣∣∣∣∣∣∣∣∣

2

≤ 4a2

1 +

p∑
k=1

c2k(
1 +

p∑
k=1

ck

)2

[
(1 + θ2)(T 2 + F (T )− F (0)

]
E|x− y|2.

4 Illustrative Example

For simplicity, let X(0) = x0. The process Xt = e0.36845t+0.87Bt starting from X(0) = 1
solves the stochastic differential equation (SDE)

dXt = 1.01Xtdt+ 0.87XtdBt,

x0 = 1.
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5 Conclusion

The main goal of this paper is to discuss the existence and uniqueness of solutions for a
kind of stochastic integral equations with nonlocal conditions. We obtained a sufficient
condition of the existence and uniqueness of solution for stochastic integral equation with
nonlocal condition.
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Abstract: An amphibious aircraft is a type of aircraft able to take off and land on
water. Amphibious aircraft play an important role in air transportation, especially in
areas having a lot of water. Amphibious aircraft perform many functions including
passenger and freight transportation, medical rescue, tourism and maritime surveil-
lance. Amphibious aircraft require navigation and guidance systems so as to steadily
follow a predetermined trajectory. Several navigation guidance system algorithms in
the aerospace field can be used, one of which is for amphibious aircraft trajectory
estimation. The accuracy of aircraft position estimation is very important to ensure
that the amphibious aircraft follows a predetermined trajectory. For this, the nav-
igation and guidance system algorithm requires modeling the motion system of the
amphibious aircraft. In this study, the Particle Filter and Square Root Ensemble
Kalman Filter methods were used to estimate the trajectory to be followed by the
amphibious aircraft. The main purpose of the study was to compare the performance
of the two methods to find out which one proved to have a higher accuracy. Based on
the simulation results, both methods had a high accuracy, that is, the Particle Filter
method had an accuracy of about 98.2%, and the EnKF-SR method had an accuracy
of 99.3%.
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1 Introduction

An amphibious aircraft is a type of aircraft designed to operate both in the air and on
the water. Amphibious aircraft have multiple functions including passenger and freight
transportation, medical rescue, tourism, and maritime surveillance. The amphibious
aircraft ability is to take off and to land both on airstrips and on water surfaces such
as wide lakes or rivers [1]. Amphibious aircraft have an important role in the field of
air transportation and defence of the Homeland, as well as strategic purposes such as
military operations or humanitarian assistance in emergency situations. They enable fast
and targeted delivery in hard-to-reach places [2].

In addition to defence and military purpose, amphibious aircraft are needed in re-
mote and outermost areas of the Republic of Indonesia because these remote areas are
often difficult to reach by land transport, and the airstrips there are inadequate. With
amphibious aircraft, logistics and supplies can be transported directly to the site via the
large and accessible watersways. So, in view of the many benefits provided by amphibious
aircraft, especially for logistics distribution, the technology related to amphibious aircraft
needs to be developed and researched so that it can be utilized by a wider community [1].

The development of amphibious aircraft, which can take off and land on either land
or water, requires advanced and reliable navigation systems to ensure operational safety
and efficiency. When landing on water or land, the navigation system helps the aircraft
to land safely in a pre-selected area, avoiding obstacles such as rocks or floating objects.
A good navigation and control system helps the aircraft avoid obstacles such as islets or
uneven terrain in the water, and can increase efficiency and reduce risk. Navigation and
control systems on seaplanes play a crucial role in the operational safety and efficiency
as well as their mission effectiveness [3]. Navigation system is a system that directs
the position of an amphibious aircraft to follow a predetermined trajectory with a high
degree of accuracy [4]. This amphibious aircraft can operate in the air and land on the
water. Several navigation guidance methods in the field of robotics can also be used,
one of which is to estimate the position of an amphibious aircraft. The precision and
accuracy of the aircraft trajectory estimation is very important to ensure the amphibious
aircraft follows the specified trajectory accurately [5].

One of the algorithms that gives a small error in estimation is the Particle Filter and
Square Root Ensemble Kalman Filter, in which the EnK-SR method is a development
of the EnKF method frequently used for motion and position estimation in the field
of robotics, for example, for ASV [6], AUV trajectory [7], and arm robot motion [8].
Given that the EnKF method is a very reliable estimation method, in this study, two
methods are used, that is, the EnKF-SR and Particle Filter methods for estimating the
trajectory of unmanned amphibious aircraft. And, in this study, the focus is on comparing
the numerical simulation results of the two methods, the EnKF-SR and Particle Filter
methods by generating 300 and 500 ensembles.

2 Amphibious Aircraft Model

In this study, we used an amphibious aircraft model with the ability to operate in the
shallow water areas of Indonesia. The forces acting on an unmanned seaplane can be
categorized into the aircraft mass, hydrodynamic forces, aerodynamic forces, and engine
thrust as shown in Figure 1.

We consider the Earth coordinate system Xe; Ye; Ze, then the aircraft body coordinate
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Figure 1: Forces working on amphibious aircraft [9].

system Xb; Yb; Zb and the steady-translation coordinate system Xs; Ys; Zs.
The nonlinear longitudinal dynamic motion model of unmanned seaplanes is repre-

sented by the following equations [9]:

mV̇ = T cos (α + αt) − Da − Nw sin α − Df cos α + Gxa, (1)

mV α̇ = mV q − T sin (α + αt) − La − Nw cos α + Df sin α + Gza, (2)

Iy q̇ = Ma + Mw + MT , (3)

θ̇ = q (4)

ẋg = u cos θ + w sin θ, (5)

żg = −u sin θ + w cos θ. (6)

3 Particle Filter Algorithm

The Particle Filter algorithm is shown in Figure 2 [10].

4 Ensemble Kalman Filter Square Root Algorithm

The EnKF-SR algorithm, see Figure 3, is applied to the modeling of the amphibious
aircraft motion system [11].

5 Result Simulation

In this study, the researchers simulated two methods at once, that is, the Particle Filter
and EnKF-SR methods, and compared the accuracy achieved by the two methods. The
study compared the accuracy of the two methods. The EnKF-SR method used a combi-
nation of 300 and 500 ensembles. The algorithms in Figures 2 and 3 were implemented
on the motion system equations of the unmanned amphibious aircraft. The simulation
results, after applying the Particle Filter and EnKF-SR algorithms to the unmanned
amphibian motion system modeling, were obtained as shown in Figures 4-7.
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α Angle of m Amphibious
attack aircraft mass

θ Angle of Da Airodynamic
pitch drag force

V Velocity Gxa gravity along Xs

αt Angle between Gza gravity
engine force and Xb along Zs

Ma Total pitching Xg aircraft position
moment of Air along Xe

Mw Total pitching Zg aircraft position
moment of Air along Ze

MT Total pitching u velocity component
moment of Engine of aircraft velocity

along Xb

T Engine thrust w velocity component
of aircraft
along Zb

Nw Normal directional q Pitch angular
water pressure at the rate
bottom of the aircraft

Df Frictional force of Iy moment of Inertia
water along the bottom of amphibious aircraft

of the aircraft against Yb

La Aerodynamic lifting θ̇ Increase/decrease in
force angle of pitch

V̇ Increase/decrease α̇ Increase/decrease in
in velocity angle of attack

Table 1: Description of amphibious aircraft model [4].

In Figure 4 a and b, it can be seen that the red line is the real value of the horizontal
position determined to fly at a certain distance from the place of the amphibious aircraft
so that the amphibious aircraft flies as high as 1180 m from the surface and advances
about 2500 meters from the original place, so the position will always advance to 2500 m
at the 100th iteration either by the EnKF-SR method (blue line) or the Particle Filter
one (green line). Figure 4a shows the results of estimating the horizontal position of
the unmanned amphibious aircraft. Figure 4b represents the position estimation results
for the height reached by the amphibious aircraft. In Figure 4a and 4b, it can also be
seen that the difference in distance or error between the EnKF-SR and Particle Filter
methods with real values is quite small with a fairly high level of accuracy, this can be
seen in Table 2. The resulting error for horizontal estimation is around 0.046% and the
error in altitude estimation is around 0.2%.

Figure 5 represents an unmanned amphibious aircraft taking off and flying at an
altitude of 1200 meters. It can be seen that the red line in Figure 4 is the real data
of the horizontal position and altitude predetermined to be passed by the amphibious
aircraft flying at a certain height and distance. The resulting error for the motion in
the XY plane is about 0.253% for the EnKF-SR method and 0.254% for the Particle
Filter method. In this case, the height of the unmanned amphibious aircraft represents
the maximum height that can be passed by the amphibious aircraft. In this case, this
simulation is only made for flying amphibious aircraft and not for landing on the ground
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Figure 2: Particle Filter Algorithm

Figure 3: Square Root Ensemble Kalman Filter Algorithm.

again. Figure 4a shows a better accuracy than Figure 4b with 300 ensembles. In Figure
5, the amphibious aircraft follows the specified trajectory from the start of takeoff and
flies at a certain height. Table 2 also shows that the EnKF-SR method has a smaller
error of 0.001% than the Particle Filter method.
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Figure 4: Numerical Simulation Results by the Particle Filter and EnKF-SR methods (500
ensembles), a) estimation of horizontal position of amphibious aircraft and b) estimation of
altitude of amphibious aircraft.

Figure 5: Amphibious aircraft position estimation by the EnKF-SR and Particle Filter methods
with 500 ensembles.

In Figure 6 a and b, it can be seen that the red line is the real value of the horizontal
position determined to fly at a certain distance from the place of the amphibious aircraft
so that the amphibious aircraft flies as high as 1400 m from the surface and advances
about 2000 meters from the original place, so the position will always advance to 2000
m at the 100th iteration either by the EnKF-SR method (blue colored line) or by the
Particle Filter one (green colored line). In Figure 6a and 6b, it can also be seen that
the difference in distance or error between the EnKF-SR and Particle Filter real values
is quite small with a fairly high level of accuracy, as seen in Table 2. The resulting error
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Figure 6: Numerical Simulation Results by the Particle Filter and EnKF-SR methods (300
ensembles), a) estimation of horizontal position of amphibious aircraft and b) estimation of
altitude of amphibious aircraft.

for the horizontal estimation is around 0.095%, and the error in altitude estimation is
around 0.5%.

Figure 7: Amphibious aircraft position estimation by the EnKF-SR and Particle Filter methods
with 300 ensembles.

Figure 7 represents an unmanned amphibious aircraft taking off and flying at an
altitude of 1400 meters and traveling about 2 kilometers. It can be seen that the red
line in Figure 4 is the real data of the horizontal position and altitude predetermined
to be passed by the amphibious aircraft flying at a certain altitude and distance. The
resulting error for the motion in the XY plane is about 0.522% for the EnKF-SR method
and 0.523% for the Particle Filter method. In this case, the height of the unmanned
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amphibious aircraft represents the maximum height that can be passed by the amphibious
aircraft, also, in this case, this simulation is only made for the flying amphibious aircraft
and not for landing on the ground again. Figure 6a has better accuracy than Figure
6b when using 300 ensembles. In Figure 7, the amphibious aircraft follows the specified
trajectory from the start of takeoff and flying at a certain height. Table 2 also shows that
the EnKF-SR method has a smaller error of 0.001% than the Particle Filter method.

EnKF with Particle EnKF with Particle
300 ensembles Filter 500 ensembles Filter

RMSE XY Motion 8.3604 8.3742 3.0422 3.0575
Error XY Motion 0,522% 0,523% 0,253% 0,254%
Time Simulation 3,125 s 2,546 s 7,046 s 5,187 s

Table 2: Comparison of amphibious aircreft trajectory estimation error using the Particle Filter
and EnKF-SR methods.

Overall, based on the simulation results listed in Table 2, some of these simulation
results can be compared to each other. As regards the comparison of the accuracy of the
methods, the EnKF-SR method has a higher accuracy than the Particle Filter one, but
it has a longer simulation time. If we consider the comparison in terms of the number
of ensembles, then generating 500 ensembles has a higher accuracy than 300 ensembles.
Overall, the EnKF-SR method by generating 500 ensembles has the highest accuracy.
In this case, both estimation methods, the Particle filter and EnKF-SR ones, have an
accuracy of above 98%, so the estimation methods can be effectively used to estimate
the motion of unmanned amphibious aircraft.

6 Conclusion

Based on the results of analyzing the two simulations presented in Figures 4-7, it can
be concluded that the EnKF-SR method by generating 500 ensembles has the highest
accuracy. If we consider the comparison in terms of the number of ensembles, then 500
ensembles produced a better accuracy than 300 ensembles. In this case, both estimation
methods, the EnKF-SR and the Particle Filter ones, have an accuracy of above 98%,
so the estimation methods can be effectively used to estimate the motion of unmanned
amphibious aircraft.
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1 Introduction

There are many problems in applied mathematics, control theory, nonlinear dynamics,
as well as economical systems, Hamiltonian systems and mechanical problems, in which
one needs to study the differential inclusions

x′(t) ∈ F (t, x(t)),

where F (., .) is a multivalued function, see for instance [6, 20].
In recent years, many authors have investigated the existence of absolutely continu-

ous solutions for the initial value problems of multivalued differential equations, under
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lower or upper semicontinuous assumptions, for more detail, see for instance [10], and
the references therein. Also, the existence of continuous, and absolutely continuous solu-
tions for differential inclusions with nonlocal conditions, under the upper semicontinuous
assumption, has been extensively studied by several authors, see for instance [11,17] and
the references therein.

The study of integral boundary conditions has a great importance due to their various
applications in many scientific fields such as population dynamics [9] and cellular systems
[1]. Moreover, the existence of continuous, absolutely continuous, and bounded variation
solutions of boundary value problems with integral boundary conditions has been studied
by some authors such as Arara and Benchohra [4], Benchohra et al. [11], A. Boucherif [2],
Infante [18], see also the references therein.

The existence of minimal and maximal solutions for a single-valued case, i.e., differ-
ential equations, is discused by many authors, see for instance [7, 22].

In [3], the authors have proved the existence of the minimal and maximal solutions
for the following initial value problem:�

xn(t) ∈ F (t, x(t)), a.e. t ∈ I = [0, a],
xi(0) = xi ∈ ℜ, i = 1, 2, ..., n − 1.

(1)

And in [14], the author discuses the existence of the minimal and maximal solutions of
the following periodic boundary value problem:�

x′(t) ∈ F (t, x(t)), a.e. t ∈ I = [0, T ],
x(0) = x(T ).

(2)

Also, the author in [13], has proved the existence of the minimal and maximal solutions
of the following integral inclusions:

x(t) − q(t) ∈
Z σ(t)

0

k(t, s)F (s, x(η(s)))ds (3)

for t ∈ [0, 1], where σ, η : [0, 1] → [0, 1], q : [0, 1] → [0, 1],
and k : [0, 1] × [0, 1] → ℜ.
For more detail about the extremal solutions of differential inclusions, see [21].
The main purpose of this paper is to demonstrate the existence of extremal absolutely
continuous solutions, by using a lattice fixed point theorem [15], without the convexity
condition of the following problem:

x′(t) ∈ F (t, x(t)), a.e. t ∈ I = [0, T ], (4)

with the integral condition

x(0) =

Z T

0

g(s, x(s))ds, (5)

where F : I × ℜ → P (ℜ) is a multivalued function, when F is isotone increasing in the
second variable, P (ℜ) is the family of all nonempty subsets of ℜ and g : I × ℜ → ℜ is a
given function.

The problem (4)-(7) has been studied recently by Boucherif [3], for the existence of a
bounded variation solution, under the bounded variation condition.

This work is organized as follows: in addition to the Introduction, we have two main
sections. In Section 2, we give some preliminary tools that we will use later. In Section 3,
we present our main results obtained. Finally, as an application, we provide an example
to demonstrate the validity of our results.
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2 Preliminaries

In this section, we present the necessary notations, definitions, and some basic facts that
are used in this paper, for more detail, we refer the reader to [3, 5, 8, 12,14–16,19].
Let (X, ∥.∥X) be a normed space.
P (X) is the set of all nonempty subsets of X.
Pcl(X) = {Y ∈ P (X) : Y is closed}.
Pcv(X) = {Y ∈ P (X) : Y is convex}.
Pbd(X) = {Y ∈ P (X) : Y is bounded}.
Pcl,cv(X) = {Y ∈ P (X) : Y is closed and convex}.
Pcp,cv(X) = {Y ∈ P (X) : Y is compact and convex}.

Definition 2.1 A set-valued function F : X → P (X) is called convex (closed) valued
if F (x) is convex (closed) for all x ∈ X.

Definition 2.2 A set-valued function F : X → P (X) is called bounded valued on
the bounded sets B if F (B) =

S
x∈B F (x) is bounded in X for all B ∈ Pbd(X)

or, equivalently, supx∈B{sup{|u| : u ∈ F (x)}} < ∞.

Definition 2.3 A set-valued function F : X → P (X) is called upper semicontinuous
(u.s.c) on X if for each x0 ∈ X, the set F (x0) is a nonempty closed subset of X, and if for
each open set N of X containing F (x0), there exists an open neighborhood N0 of x0 such
that F (N0) ⊆ N . In other words, F is u.s.c if the set F −1(A) = {x ∈ X : F (x) ⊂ A}
is open in X for every open set A in X. Or for every closed subset A of X, the set
F +(A) = {x ∈ X : A

T
F (x) ̸= ∅} is closed in X.

Definition 2.4 A multivalued map N : I → Pcl(ℜ) is said to be measurable if for
every y ∈ ℜ, the function

t 7→ d(y, N(t)) = inf{|y − z|; z ∈ N(t)}

is measurable.

Definition 2.5 A multivalued map F : I × ℜ → P (ℜ) is said to be Carathéodory if

(i) t 7→ F (t, x) is measurable for each x ∈ ℜ,

(ii) u 7→ F (t, u) is upper semicontinuous for almost all t ∈ I.

For each x ∈ C(I, ℜ), we denote by S1
F,x the set of Lebesgue integrable selections of

F , i.e.,
S1

F,x = {v ∈ L1(I, ℜ); v(t) ∈ F (t, x(t)) a.e. t ∈ I},

and AC(I, ℜ) is the space of all absolutely continuous real-valued functions on I, and it
is a Banach space with respect to the norm

∥x∥ = sup{|x(t)|, t ∈ I},

where |.| is the norm on ℜ.

Theorem 2.1 Assume that the multivalued function

F : I × ℜ → P (ℜ)

satisfies the following assumptions:
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(1) F is a Carathéodory multivalued function,

(2) for each r > 0, ∃hr ∈ L1(I, ℜ+) such that

|F (t, x)| = sup{|v|, v ∈ F (t, x)} ≤ hr(t), ∀|x| ≤ r, and for a.e. t ∈ I.

Then the set S1
F,x is nonempty.

Definition 2.6 A partially ordered set (N, ≤) is called a lattice if for any x, y ∈
N, x ∧ y = inf{x, y} and x ∨ y = sup{x, y} exist.

Let A be any subset of N , by ∧A we mean an element a∗ ∈ N such that x ∧ a∗ = a∗
for all x ∈ A. Similarly, by ∨A we mean an element a∗ such that x ∨ a∗ = a∗ for all
x ∈ A. The elements a∗ and a∗ are respectively called the infimum and supremum of A.

Definition 2.7 A lattice (N, ≤) is called a complete lattice if every subset of N has
the infimum and supremum in N .

Definition 2.8 A function f : N → N is called isotone increasing if for any x, y ∈
N, x ≤ y, we have f(x) ≤ f(y).

Definition 2.9 A multivalued function T : N → P (N) is called isotone increasing if
for any x, y ∈ N, x ≤ y implies T (x) ≤ T (y).

Definition 2.10 A function α ∈ AC(I, ℜ) is called the lower solution of the problem

(4)-(7) if for any v ∈ S1
F,α, we have α

′
(t) ≤ v(t), a.e t ∈ I and α(0) ≤

R T

0
g(s, α(s))ds.

Definition 2.11 A function β ∈ AC(I, ℜ) is called the upper solution of the problem

(4)-(7) if for any v ∈ S1
F,β , we have β

′
(t) ≥ v(t), a.e t ∈ I and β(0) ≥

R T

0
g(s, β(s))ds.

Definition 2.12 A function u ∈ AC(I, ℜ) is said to be a maximal solution of (4)-(7)
if it satisfies (4)-(7) on I, and for any other solution x ∈ AC(I, ℜ) of (4)-(7) on I, we
have x(t) ≤ u(t) for t ∈ I. Similarly, we can define a minimal solution y ∈ AC(I, ℜ) of
(4)-(7).

Theorem 2.2 Let F : [0, T ] × ℜ → P (ℜ) be a multivalued function, assume that the
multivalued function F satisfies the following assumptions:

(1) F (t, x) is nonempty closed for all (t, x) ∈ I × ℜ,

(2) F (t, .) is lower semicontinuous from ℜ into P (ℜ),

(3) F (., .) is measurable.

Then there exists a measurable selection of F .

Theorem 2.3 Let (N, ≤) be a complete lattice, and T : N → P (N) be a multivalued
map. Suppose the following conditions hold:

(i) T is isotone increasing on N ,

(ii) infT x ∈ T x, supT x ∈ T x for each x ∈ N .
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Then the set P = {u ∈ N : u ∈ T u} is nonempty, and there exists u1, u2 ∈ N with
u1 ∈ T u1, u2 ∈ T u2 with

u1 ≤ u ≤ u2

for all u ∈ N with u ∈ T u.

Theorem 2.4 Let X be a Banach space, and let (X, ≤) be a complete lattice.
Suppose that T : X → P (X) is a multivalued function such that

(i) T is isotone increasing, and

(ii) T (x) is closed for each x ∈ X.

Then the set of fixed points of T is non-empty, and has the minimal and maximal ele-
ments.

3 Existence Results

In this section, we state and prove our main results.

Theorem 3.1 Suppose that the following conditions hold:

(H1) F (t, x) is closed for each (t, x) ∈ I × ℜ,

(H2) F is isotone increasing in x almost everywhere for t ∈ I,

(H3) F is Caratheodory,

(H4) ∃hF ∈ L1(I, ℜ+) such that

|F (t, x)| ≤ hF (t), a.e. t ∈ I,

for all x ∈ ℜ,

(H5) t 7→ g(t, x) is measurable for each x ∈ ℜ and x 7→ g(t, x) is continuous for a.e.
t ∈ I,

(H6) ∃hg ∈ L1(I, ℜ+) such that

|g(t, x)| ≤ hg(t), a.e. t ∈ I,

for all x ∈ ℜ,

(H7) g is isotone increasing in x almost everywhere for t ∈ I.

Then the problem (4)-(7) has the minimal and maximal solutions on I.

Proof. We have from the assumption (H3), there exists a measurable selection v of
F (i.e., v(t) ∈ F (t, x)), and from the assumption (H4), this selection is integrable, i.e.,
v(.) ∈ L1(I, ℜ) (by Theorem 2.1). Now we define the multivalued function T by

T x(t) = {h ∈ C(I, ℜ) s.t; h(t) =

Z T

0

g(s, x(s))ds

+

Z t

0

v(s)ds, v(t) ∈ F (t, x(t)), a.e. t ∈ I}, (6)
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let
N = {x ∈ AC(I, ℜ); ∥x∥ ≤ M},

where M = ∥hg∥1 + ∥hF ∥1, we have N is a closed and bounded subset of the complete
lattice (AC(I, ℜ), ≤) and so (N, ≤) is complete.
Now, we show that T maps N into P (N), to see this, let x ∈ N , and for each u ∈ T x,
∃v ∈ L1 such that v(t) ∈ F (t, x(t)) a.e. t ∈ I with

u(t) =

Z T

0

g(s, x(s))ds +

Z t

0

v(s)ds,

and therefore

|u(t)| ≤
Z T

0

|g(s, x(s))|ds +

Z t

0

|v(s)|ds ≤ ∥hg∥1 + ∥hF ∥1,

and hence T : N → P (N).
Next, we show that T x is a closed subset of N for each x ∈ N , to see this, it is enough

to show that the values of the operator Q defined by Qx = {v ∈ L1(I, ℜ); v ∈ S1
F,x} are

closed, let (v)n be a sequence in L1(I, ℜ) such that vn → v, then vn → v in measure
so there exists a subsequence (v)kn (we take (v)n) such that vn → v a.e. and from the
assumption (H1), we have that the values of Q are closed in L1(I, ℜ), therefore for each
x ∈ N, T x is a closed and bounded subset of N .

Now, we show that T is isotone increasing on N , to see this, let x, y ∈ N such that

x ≤ y, let u1 ∈ T x, then ∃v1 ∈ S1
F,x such that u1(t) =

R T

0
g(s, x(s))ds +

R t

0
v1(s)ds,

and since F (t, .) and g(t, .) are isotone increasing, we have ∃v2 ∈ S1
F,y such that v1(t) ≤

v2(t), ∀t ∈ I, and hence

u1(t) =

Z T

0

g(s, x(s))ds +

Z t

0

v1(s)ds ≤
Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds = u2(t)

for all t ∈ I, u2 ∈ T y. Similarly, let u2 ∈ T y, then ∃v2 ∈ S1
F,y such that

u2(t) =

Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds

by the fact that F and g are isotone increasing, ∃v1 ∈ S1
F,x such that v1(t) ≤ v2(t) for

t ∈ I, hence we have

u2(t) =

Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds ≥
Z T

0

g(s, x(s))ds +

Z t

0

v1(s)ds = u1(t)

for all t ∈ I, therefore u1 ∈ T x, hence

T x ≤ T y,

i.e., T is isotone increasing on N . Therefore, all conditions of Theorem 2.4 are satisfied,
and hence T has a fixed point, and the set of fixed points has the minimal and maximal
elements, and therefore the problem (4)-(7) has the minimal and maximal solutions on
I.

Now, we give another existence theorem for the minimal and maximal solutions of
the problem (4)-(7).
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Theorem 3.2 Assume that the following assumptions hold:

(A1) F (t, x) is nonempty and closed for all (t, x) ∈ I × ℜ,

(A2) F (t, x) is isotone increasing in x for a.e. t ∈ I,

(A3) g is measurable in the first variable and continuous in the second variable,

(A4) ∃hg ∈ L1(I, ℜ+) such that |g(t, x)| ≤ hg(t), a.e. t ∈ I,

(A5) F (t, .) is lower semicontinuous from ℜ into ℜ,

(A6) F (., .) is measurable,

(A7) ∃q ∈ L1(I, ℜ+) and there exists a continuous nondecreasing ψ : [0, +∞) → [0, +∞)
such that

|F (t, x)| ≤ q(t)ψ(|x|) for a.e. t ∈ I, ∀x ∈ ℜ,

and Z a

0

q(t)dt ≤
Z +∞

∥h∥1

du

ψ(u)
,

(A8) g is isotone increasing in x for a.e. t ∈ I.

Then the problem (4)-(7) has the minimal and maximal solutions in I.

Proof. We have from the assumptions (A1),(A5), and (A6) that there exists a mea-
surable selection v of F (i.e., v(t) ∈ F (t, x)), and from the assumption (A7), this selection
is integrable, i.e., v(.) ∈ L1(I, ℜ) (by Theorem 2.2). Now we define the multivalued func-
tion T by

T x(t) = {h ∈ C(I, ℜ)s.t; h(t) =

Z T

0

g(s, x(s))ds +

Z t

0

v(s)ds, v(t) ∈ F (t, x(t)), a.e t ∈ I.}

Let
N = {x ∈ AC(I, ℜ); α(t) ≤ x(t) ≤ β(t), for t ∈ I},

where

α(t) = −J−1(

Z t

0

q(s)ds)

and

β(t) = J−1(

Z t

0

q(s)ds)

with

J(z) =

Z z

hg

du

ψ(u)
.

Firstly, we show that α is a lower solution of (4)-(7), and β is an upper solution of (4)-(7),
we have for each t ∈ I, β

′
(t) = 1

J′ (β(t))
q(t) = ψ(β(t)) × q(t) and −α(t) = q(t)ψ(−α(t)).

Also, we have β(0) = ∥hg∥1 ≥
R T

0
g(s, β(s))ds and α(0) = −∥hg∥1 ≤

R T

0
g(s, α(s))ds.

Now, let v ∈ S1
F,β , then by (A7), we have |v(t)| ≤ q(t)ψ(β(t)) = β

′
(t) a.e t ∈ I, as a

result we have
v(t) ≤ |v(t)| ≤ β

′
(t) a.e t ∈ I,
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thus β is an upper solution of the problem (4)-(7).
Now, let v ∈ S1

F,α, and from (A7), we have

−v(t) ≤ |v(t)| ≤ q(t)ψ(|α(t)|) = q(t)ψ(−α(t)) = −α
′
(t) a.e t ∈ I,

therefore

α
′
(t) ≤ v(t) a.e t ∈ I.

Thus α is a lower solution of the problem (4)-(7).
Now, we prove that T is isotone increasing, to see this, let x, y ∈ N such that x ≤ y, let

u1 ∈ T x, then ∃v1 ∈ S1
F,x such that u1(t) =

R T

0
g(s, x(s))ds +

R t

0
v1(s)ds and since F (t, .)

and g(t, .) are isotone increasing, we have ∃v2 ∈ S1
F,y such that v1(t) ≤ v2(t), ∀t ∈ I, and

hence

u1(t) =

Z T

0

g(s, x(s))ds +

Z t

0

v1(s)ds ≤
Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds = u2(t)

for all t ∈ I, u2 ∈ T y. Similarly, let u2 ∈ T y, then ∃v2 ∈ S1
F,y such that

u2(t) =

Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds

by the fact that F and g are isotone increasing, ∃v1 ∈ S1
F,x such that v1(t) ≤ v2(t) for

t ∈ I, hence we have

u2(t) =

Z T

0

g(s, y(s))ds +

Z t

0

v2(s)ds ≥
Z T

0

g(s, x(s))ds +

Z t

0

v1(s)ds = u1(t)

for all t ∈ I. Therefore u1 ∈ T x and hence

T x ≤ T y,

i.e., T is isotone increasing on N .
Next, we show that T : N → P (N), to see this let x ∈ N (α(t) ≤ x(t) ≤ β(t)), so for
each u ∈ T β, ∃v ∈ S1

F,β(i.e., v(t) ∈ F (t, β(t)) t ∈ I ) with

u(t) =

Z T

0

g(s, β(s))ds +

Z t

v(s)ds,

and since β is an upper solution of the problem (4)-(7), we have v(s) ≤ β
′
(s) a.e s ∈ I.

As a result, for each t ∈ I, we have

u(t) =

Z T

0

g(s, β(s))ds +

Z t

0

v(s)ds

≤
Z T

0

g(s, β(s))ds +

Z t

0

β
′
(s)ds

=

Z T

0

g(s, β(s))ds + β(t) − β(0) ≤ β(t) (β(0) ≥
Z T

0

g(s, β(s))ds).
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Consequently, T β ≤ β. A similar argument guarantees that α ≤ T α, and since T
is isotone increasing on N and α ≤ x ≤ β, we have α ≤ T α ≤ T x ≤ T β ≤ β, so
T : N → P (N).

As in the proof of Theorem 3.1, we deduce that T x is closed for each x ∈ N , thus for
each x ∈ N , we have T x is a nonempty closed and bounded subset of N , so as a result
we have that supT x ∈ T x (also infT x ∈ T x), and by Theorem 2.3, we have that T has
the minimal and maximal elements, therefore the problem (4)-(7) has the minimal and
maximal solutions in N .

4 Example

As an example of our result, we consider the following boundary value problem with
integral condition: �

x′(t) ∈ 1
3et+2 [1, 1 + |x(t)|], t ∈ I = [0, T ],

x(0) =
R T

0
1

2es+4 (1 + x(s))ds.
(7)

Set

F (t, x) =
1

3et+2
[1, 1 + |x|], t ∈ I.

For each x ∈ ℜ, and t ∈ I, we have

∥F (t, x)∥ = sup{|v| : v ∈ F (t, x)} ≤ 1

3et+2
(1 + |x|).

Hence for each r > 0, ∃hF,r ∈ L1(I, ℜ+) such that

hF,r(t) =
1 + r

3et+2
|x| ≤ r

and

g(t, x(t)) =
1

2et+4
(1 + x(t)),

we have also

|g(t, x)| ≤ 1 + r

2et+4
= hg(t)

for each |x| ≤ r.
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Abstract: In this paper, we consider a model of a dynamic viscoelastic wave equa-
tion with a nonlinear source and boundary dissipation. Our fundamental goal is to
establish the general decay rates of the energy solutions under a class of generality of
the relaxation function g : R+ → R+ satisfying the inequality g′(t) ≤ −H(g(t)) for all
t ≥ 0, where H is a function satisfying some specific properties. This work extends
the previous works with a viscoelastic wave equation and improves earlier results in
the literature.
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1 Introduction

In this paper, we are concerned with the following nonlinear viscoelastic wave equations:
utt − k0∆u +

R t

0
g (t − s) div(a(x)∇u (s))ds + b (x) ut = |u|p−2

u in Ω × R+,

k0
∂u
∂ν −

R t

0
g (t − s) (a (x) ∇u (s)) νds + h (ut) = 0 on Γ1 × R+,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ Ω,

u = 0 on Γ0 × R+,

(1)

where k0 > 0, and Ω is a bounded domain in Rn (n ≥ 1) with a smooth boundary
Γ = Γ0 ∪ Γ1. Hence Γ0 and Γ1 are closed and disjoint with mes (Γ0) > 0 and ν is the
unit outward normal to Γ. b : Ω → R+ is a function, and

2 < p ≤ 2n

(n − 2)
, n ≥ 3, (2)
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p > 2, n = 1, 2.

We consider the following hypotheses.
(G1) g : R+ → R+ is a C1 function satisfying

g (0) > 0, k0 −
Z ∞

0

g (s) ds = l > 0. (3)

(G2) H : R+ → R+ is a C1 (R+) function with H (0) = 0, and H is a linear or strictly
increasing and strictly convex C2 function on (0, r], r < 1, such that

g′ (t) ≤ −H (g (t)) , ∀t ≥ 0. (4)

(G3) h : R → R is a nondecreasing function with

h (s) s ≥ α |s|2 , ∀s ∈ R, (5)

|h (s)| ≤ γ |s| , ∀s ∈ R, (6)

where α, γ are positive constants.
(G4) a : Ω → R is a non negative function and a ∈ C1

�
Ω

�
such that

a (x) ≥ a0 > 0, (7)

|∇a (x)|2 ≤ a2
1 |a (x)| , ∀s ∈ R,

for some positive constant a1.

This type of problems has been considered by many authors and several results con-
cerning existence, nonexistence, and asymptotic behavior have been established. In this
regard, Messaoudi [4, 5] considered

utt − ∆u +

Z t

0

g (t − s) ∆u (s) ds = b |u|p−2
u (8)

for p ≥ 2 and b = 0 or 1, and the relaxation function satisfies a relation of the form

g′ (t) ≤ −ξ (t) g (t) , (9)

where ξ is a differentiable nonincreasing positive function. He established a more general
decay result, from which the usual exponential and polynomial decay rates are the only
special cases. Also, Messaoudi and Mustafa [1] treated the following system:

utt − ∆u +
R t

0
g (t − s) ∆u (s) ds = 0 in Ω × R+,

∂u
∂ν −

R t

0
g (t − s) ∂u

∂ν (s) νds + h (ut) = 0 on Γ1 × R+,

u = 0 on Γ0 × R+,

(10)

where g satisfies (9) and h satisfies weaker conditions than those in [2], and obtained an
explicit and general formula for the decay rate of the energy. In [9], Mustafa considered
the nonlinear abstract equation subject to a competing effect of viscoelastic and frictional
dampings: (

utt − ∆u +
R t

0
g (t − s) Au (s) ds + h(ut) = j(u), t > 0

u (0) = u0, ut (0) = u1,
(11)
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and studied the simultaneous effect of viscoelastic and frictional dampings on the energy
decay rates, with minimal conditions on both h and g, where g satisfies

g′ (t) ≤ −ξ (t) H (g (t)) , (12)

and H is an increasing and convex function. In this context, we refer to the work [6]
by Alabu-Boussouria and Cannarsa, in which they considered the following viscoelastic
problem: 

utt − △u +
R t

0
g (t − s) △ u (s) ds = 0 in Ω × R+,

u = 0 on Γ × R+,

u (x, 0) = u0, ut (x, 0) = u1, x ∈ Ω,

(13)

and g is a positive function satisfying

g′(t) ≤ −χ(g(t)), (14)

where χ is a nonnegative function with χ (0) = χ′ (0) = 0, and χ is strictly increasing
and strictly convex on (0, k0] for some k0 > 0. They also required thatZ k0

0

dx

χ (x)
= +∞,

Z k0

0

x

χ (x)
dx < 1, lim inf

s→0+

χ(s)
s

χ′ (s)
>

1

2
,

in this case, an explicit rate of decay is given.
In this work, we present an explicit formula for energy decay, which extends the class

of functions g beyond that in [6].

2 Preliminaries

We use the standard Lebesgue and Sobolev spaces with their usual scalar products and
norms, we set

H1
Γ0

= {u ∈ H2(Ω) : u = 0 on Γ0}.

We first have the embedding H1
Γ0

,→ L2(p+1) (Ω) . Let B > 0 be the optimal constant of
the Sobolev embedding which satisfies the following inequality:

∥u∥2(p+1) ≤ B ∥∇u∥2 , ∀u ∈ H1
Γ0

. (15)

Use the trace-Sobolev embedding H1
Γ0

,→ Lk(Γ1), 1 ≤ k ≤ 2(n−1)
n−2 , in this case, the

embedding constant is denoted by B1, that is,

∥u∥k,Γ1
≤ B1 ∥∇u∥2 . (16)

Now, we introduce the following functionals:

J (t) =
1

2

�
k0 − a (x)

Z t

0

g (s) ds

�
∥∇u∥2

2 +
1

2
(g ◦ ∇u) (t) − 1

p
∥u∥p

p ,

E (t) =
1

2
∥ut∥2

2 + J (u (t)) for t ∈ [0, T ) ,

I (t) = I (u (t)) =

�
k0 −

Z t

0

g (s) ds

�
∥∇u∥2

2 + (g ◦ ∇u) (t) − ∥u∥p
p , (17)
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where

(g ◦ v) (t) =

Z t

0

g (t − s) ∥v (t) − v (s)∥2
2 ds.

Lemma 2.1 Let u be the solution of (1), then, under assumptions (G1)-(G3), E (t)
is a nonincreasing function on [0, T ) and

E′ (t) = −1

2

Z
Ω

a (x) g (t) |∇u (t)|2 dx +
1

2
(g′ ◦ ∇u) (t) −

Z
Ω

b (x) |ut (t)|2 dx ≤ 0. (18)

Proof. Multiplying the first equation in (1) by ut and integrating over Ω and using
integration by parts and the boundary condition, and hypotheses (G1) , (G2) , we obtain
(18).

By using the Galerkin method and procedure similar to that from [3,7], we can have
the following local existence result for problem (1).

Theorem 2.1 Assume that u0 ∈ H1
Γ0

∩ H2 (Ω) and u1 ∈ H1
Γ0

. Then there exists a
strong solution u of (1) satisfying

u ∈ L∞ �
[0, T ) ; H1

Γ0
∩ H2 (Ω)

�
, ut ∈ L∞ �

[0, T ); H1
Γ0

�
, utt ∈ L∞ �

[0, T ); L2 (Ω)
�

for some T > 0.

Lemma 2.2 Suppose that (G1), (G3) and (2) hold. Assume further that (u0, u1) ∈
H1

Γ0
× L2 (Ω) such that

β =
Bp

l

�
2p

(p − 2) l
E (0)

�(p−2)/2

< 1 (19)

and I (u0) > 0, then I(u(t)) > 0, ∀t > 0, where B is the best Poincaré constant, and
E (0) = E (u0, u1) .

Proof. Since I (u0) > 0, there exists (by continuity) Ti < T such that

I (u (t)) ≥ 0, ∀t ∈ [0, Ti] ,

this gives

J (t) =
1

2

�
k0 −

Z t

0

g (s) ds

�
∥∇u∥2

2 +
1

2
(g ◦ ∇u) (t) − 1

p
∥u∥p

p

=

�
p − 2

2p

� ��
k0 −

Z t

0

g (s) ds

�
∥∇u (t)∥2

2 + (g ◦ ∇u) (t)

�
+

1

p
I (t)

≥
�

p − 2

2p

� ��
k0 −

Z t

0

g (s) ds

�
∥∇u (t)∥2

2 + (g ◦ ∇u) (t)

�
. (20)

By using (G1), (17), (18) and (20) , we easily have

l ∥∇u∥2
2 ≤

�
2p

p − 2

�
J (t) ≤

�
2p

p − 2

�
E (0) , ∀t ∈ [0, Ti] . (21)
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We then exploit (G1), (15), (19) and (21) to obtain

∥u∥p
p ≤ Bp ∥∇u (t)∥p

2 ≤ Bp

l
∥∇u (t)∥p−2

2 l ∥∇u (t)∥2
2 ≤ βl ∥∇u (t)∥2

2

<

�
k0 −

Z t

0

g (s) ds

�
∥∇u (t)∥2

2 , ∀t ∈ [0, Ti] . (22)

Therefore

I (t) =

�
k0 −

Z t

0

g (s) ds

�
∥∇u∥2

2 + (g ◦ ∇u) (t) − ∥u∥p
p > 0

for all t ∈ [0, Ti]. By repeating this procedure, and using the fact that

lim
t→Ti

Bp

l

�
2p

(p − 2) l
E (0)

�(p−2)/2

≤ β < 1,

Ti is extended to T .

3 Global Existence

In this section, we give some lemmas and the result on the existence of the global solution.

Lemma 3.1 For any u ∈ C1
�
0, T ; H1 (Ω)

�
, we haveZ

Ω

Z t

0

g (t − s) ∇u (s) ∇ut (t) dsdx

= −1

2

Z
Ω

g (t) |∇u (t)|2 dx +
1

2
(g′ ◦ ∇u) (t)

−1

2

d

dt

�
(g ◦ ∇u) (t) −

Z
Ω

Z t

0

g (s) ds |∇u (t)|2 dx

�
. (23)

Proof. See [3].

Lemma 3.2 There exist positive constants d and t1 such that

g′ (t) ≤ −dg (t) , ∀t ∈ [0, t1] . (24)

Proof. By (G1) and (G2) , we easily deduce that limt→+∞ g (t) = 0. Hence, there is
t1 ≥ 0 large enough such that

g (t1) = r1

and
g (t) ≤ r1, ∀t ≥ t1. (25)

As g is non increasing, g (0) > 0 and g (t1) > 0, then g (t) > 0 for any t ∈ [0, t1] and

0 < g (t1) ≤ g (t) ≤ g (0) , ∀t ∈ [0, t1] .

Therefore, since H is a positive continuous function, we get

a ≤ H (g (t)) ≤ b, ∀t ∈ [0, t1] ,
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for some positive constants a and b.
Consequently, for all t ∈ [0, t1] ,

g′ (t) ≤ −H (g (t)) ≤ −a = − a

g (0)
g (0) ≤ − a

g (0)
g (t) ,

which gives

g′ (t) ≤ −dg (t) , ∀t ∈ [0, t1] .

Remark 3.1 By (G1) and (G2) , we easily deduce that limt→+∞g (t) = 0 and

max {g (t) , −g′ (t)} < min {r, H (r) , H0 (r)} , ∀t ≥ t1. (26)

Theorem 3.1 Suppose that (G1) , (G2) and (2) hold. If (u0, u1) ∈ H1
Γ0

× L2(Ω) and
satisfies (19), then the solution is global and bounded.

4 Decay of Solution

In this section, we state and prove the main result of our work. First, we define some
functionals. Let

L (t) = E (t) + ε1Φ (t) + ε2Ψ (t) , (27)

where

Φ (t) =

Z
Ω

u.ut dx, (28)

Ψ (t) =

Z
Ω

a (x) ut

Z t

0

g (t − s) (u (s) − u (t)) ds dx, (29)

and ε1, ε2 are some positive constants to be specified later.

Lemma 4.1 There exist two positive constants β1 and β2 such that the relation

β1E (t) ≤ L (t) ≤ β2E (t) (30)

holds for ε1, ε2 > 0 small enough.

Lemma 4.2 Assume that (G1)-(G4) hold, then the functional

Φ (t) =

Z
Ω

uut dx

satisfies, along the solution of (1),

Φ′ (t) ≤ −1

4

Z
Ω

|∇u|2 dx +

Z
Ω

|ut|2 dx +
(k0 − l)

2l
(g ◦ ∇u) (t)

+
2β2B2

∗
l

Z
Γ1

u2
t dΓ +

2B2 ∥b∥∞
l

Z
Ω

b (x) u2
t dx + ∥u∥p

p . (31)
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Proof. We estimate the derivative of Φ (t) . From (28) and using (1) , we have

Φ′ (t) =

Z
Ω

u2
t dx − k0

Z
Ω

|∇u|2 dx +

Z
Ω

∇u (t) a (x)

Z t

0

g (t − s) ∇u (s) ds dx

−
Z

Γ1

h (ut) u dΓ −
Z

Ω

b (x) uutdx +

Z
Ω

|u|p dx. (32)

The third, and the fourth, and the fifth terms on the right-hand side of (32) can be
estimated as follows. From Hölder’s inequality, Young’s inequality and (23), for η > 0,
we haveZ

Ω

∇u (t) a(x)

Z t

0

g (t − s) ∇u (s) dsdx

≤ k0

2

Z
Ω

|∇u|2 dx +
1

2k0

Z
Ω

a (x)

�Z t

0

g (t − s) (∇u (s) − ∇u (t) + ∇u (t)) ds

�2

dx

≤
�

k0

2
+

1

2k0
(1 + η) (k0 − l)

2

�
∥∇u∥2

2 +
1

2k0

�
1 +

1

η

�
(k0 − l) (g ◦ ∇u) (t) . (33)

Employing Hölder’s inequality, Young’s inequality, (G1) and (15) , for δ1, δ2 > 0, we
see that ����Z

Γ1

h (ut) u dΓ

���� ≤ δ1B2
∗ ∥∇u∥2

2 +
β2

4δ1

Z
Γ1

u2
t dΓ, (34)

and Z
Ω

b(x)uutdx ≤ δ2B2 ∥∇u∥2
2 +

1

4δ2

Z
Ω

b (x) u2
t dx. (35)

A substitution of (33) - (34) into (32) yields

Φ′ (t) ≤ −
�

k0

2
− 1

2k0
(1 + η) (k0 − l)

2 − δ1B2
∗ − B2 ∥b∥∞ δ2

� Z
Ω

|∇u|2 dx

+
1

2k0

�
1 +

1

η

�
(k0 − l) (g ◦ ∇u) (t) +

β2

4δ1

Z
Γ1

u2
t dΓ

+

Z
Ω

u2
t dx +

1

4δ2

Z
Ω

b (x) u2
t dx +

Z
Ω

|u|p dx.

Letting η = l/ (k0 − l) > 0, δ1 = l/8B2
∗ and δ2 = l/8β2 ∥b∥∞ in the above inequality, we

obtain

Φ′ (t) ≤ −1

4

Z
Ω

|∇u|2 dx +

Z
Ω

u2
t dx +

(k0 − l)

2l
(g ◦ ∇u) (t) +

2β2B2
∗

l

Z
Γ1

u2
t dΓ1

+
2B2 ∥b∥∞

4δ2

Z
Ω

b (x) u2
t dx +

Z
Ω

|u|p dx. (36)

Then (31) is established.

Lemma 4.3 Assume that (G1)-(G4) hold. Then the functional

Ψ (t) = −
Z

Ω

a (x) ut

Z t

0

g (t − s) (u (t) − u (s)) ds dx
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satisfies, for some positive constants c5, c6,

Ψ′ (t) ≤ −
�

a0

Z t

0

g (s) ds−δ

�
∥ut∥2

2+δc5 ∥∇u∥2
2+c6 (g ◦ ∇u) (t) + δ ∥b∥∞

Z
Ω

b(x)u2
t dx

−
g (0) ∥b∥2

∞ B2

4a0δ
(g′ ◦ ∇u) (t) + β2δ

Z
Γ1

u2
t dΓ1. (37)

Proof. The proof is similar to the proof of Lemma 4.2.

Theorem 4.1 Let (u0, u1) ∈ H1
Γ0

× L2 (Ω) be given, satisfying (19). Assume that
(G1) and (G2) hold. Then there exist positive constants c1, c2, c3 and ε0 such that the
following statements hold:
(A) In the special case, H (t) = ctp with 1 ≤ p < 3

2 , the solution energy of (1) satisfies

E (t) ≤ c1e−c2t if p = 1, (38)

E (t) ≤ c3

(c1t + c2)
1

2(p−1)

if 1 < p <
3

2
. (39)

(B) In the general case, the solution energy of (1) satisfies

E (t) ≤ c3H−1
1 (c1t + c2) , ∀t ≥ 0, (40)

where

H1 (t) =

Z 1

t

1

sH ′
0 (ε0s)

ds and H0 (t) = H (S (t)) ,

provided that S is a positive C1 function and that H0 is a strictly increasing and strictly
convex C2 function on (0, r] with S (0) = 0.Z +∞

0

g (s)

H−1
0 (−g′ (s))

ds < +∞. (41)

Proof. By using (18) , (27) , (31) and (37) , we obtain

L′ (t) ≤ − (ε2 (a0g0 − δ) − ε1) ∥ut∥2
2 −

�
ε1l

4
− ε2δc5

�
∥∇u∥2

2

+

�
ε2c6 +

(k0 − l) ε1

2l

�
(g ◦ ∇u) (t) + ε1

Z
Ω

|u|p dx

−
�

1 −
2ε1B2 ∥b∥∞

l
− ε2δ ∥b∥∞

� Z
Ω

b (x) u2
t dx

−

 
1

2
− ε2

g (0) ∥a∥2
∞ B2

4δa0

!
(−g ◦ ∇u) (t)

−
�

α − 2B2
∗ε1β2

l
− ε2δβ2

� Z
Γ1

|ut|2 dΓ, ∀t ≥ t1.

We have used the fact that for any t1 > 0,Z t

0

g (s) ds ≥
Z t1

0

g (s) ds = g0 ∀t ≥ t1. (42)
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At this point, we choose δ small enough so that

4δc5

l
<

a0g0

2
< a0g0 − δ, (43)

where δ is fixed, the choice of any two positive constants ε1 and ε2 satisfying

4δc5ε2

l
< ε1 <

a0g0

2
ε2 (44)

will make

k1 =
ε1l

4
− ε2δc5 > 0 (45)

and
k2 = ε2 (a0g0 − δ) − ε1 > 0. (46)

Then we choose δ, ε1 and ε2 small so that (30) and (43) remain valid, further

k3 = 1 −
2ε1B2 ∥b∥∞

l
− ε2δ ∥b∥∞ > 0 (47)

k4 = α − 2B2
∗ε1β2

l
− ε2δβ2 > 0 (48)

k5 =
1

2
− ε2

g (0) ∥a∥2
∞ B2

4δa0
> 0. (49)

Hence, for all t1 > 0, we arrive at

L′ (t) ≤ −k1 ∥∇u∥2
2 − k2 ∥ut∥2

2 + c7 (g ◦ ∇u) (t) + c8 (g′ ◦ ∇u) (t)

−k3

Z
Ω

b(x)u2
t dx − k4

Z
Γ1

|ut|2 dΓ + ε1 ∥u∥p
p , (50)

which yields that if needed, one can choose ε1 sufficiently small

L′ (t) ≤ −mE(t) + C (g ◦ ∇u) (t) , (51)

where ci = 7, 8 m, C are some positive constants.
Now, we use (18) and (24) to conclude that, for any t ≥ t1,Z t1

0

g (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds ≤ −1

d

Z t1

0

g′ (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

≤ −cE′ (t) . (52)

Next, we take F (t) = L (t) + cE (t) , which is clearly equivalent to E (t) . From (51) and
(52) , we get, for all t ≥ t1,

F ′ (t) ≤ −mE (t) + c

Z t1

0

g (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds. (53)

(I) H (t) = ctp and 1 ≤ p < 3
2 .

Case 1 p = 1 : Estimate (53) yields

F ′ (t) ≤ −mE (t) + c (g′ ◦ ∇u) (t) ≤ −mE (t) − cE′(t), ∀t ≥ t1,
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which gives
(F + cE)

′
(t) ≤ −mE (t) , ∀t ≥ t1.

Hence, using the fact that F + cE ∼ E, we easily obtain (38) .

Case 2 1 < p < 3
2 : One can easily show that

R +∞
0

g1−δ0 (s) ds < +∞ for any δ0 < 2−p
(see [7]). Using this fact and (18) , and choosing t1 even larger if needed, we deduce that,
for all t ≥ t1,

η (t) :=

Z t

t1

g1−δ0 (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

≤ 2

Z t

t1

g1−δ0 (s)

Z 1

0

�
|∇u (t) |2 + |∇u (t − s) |2

�
dxds ≤ cE (0)

Z t

t1

g1−δ0 (s) < 1. (54)

Then, Jensen’s inequality, (18), hypothesis (G1) and (54) lead toZ t

t1

g (s)

Z
Ω

|∇u (t)−∇u (t − s) |2dxds =

Z t

t1

gδ0 (s) g1−δ0 (s)

Z
Ω

|∇u (t)−∇u (t − s) |2dxds

=

Z t

t1

g
(p−1+δ0)

�
δ0

p−1+δ0

�
(s) g1−δ0 (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

≤ c

�Z t

t1

−g′ (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

� δ0
p−1+δ0

≤ c [−E′ (t)]
δ0

p−1+δ0 .

Then, particularly for δ0 = 1
2 , we find that (53) becomes

F ′ (t) ≤ −mE (t) + c [−E′ (t)]
1

2p−1 .

Now, we multiply by Eα (t) , with α = 2p − 2, to get, using (18) ,

(FEα)
′
(t) ≤ F ′ (t) Eα (t) ≤ −mE1+α (t) + cEα (t) [−E′ (t)]

1
1+α .

Then Young’s inequality, with q = 1 + α and q′ = 1+α
α , gives

(FEα)
′
(t) ≤ −mE1+α (t) + ϵE1+α (t) + Cε (−E′ (t) ) .

Consequently, picking ε < m, we obtain

F ′
0 (t) ≤ −m′E1+α (t) ,

where F0 = FEα + CεE ∼ E. Hence we have, for some a0 > 0,

F ′
0 (t) ≤ −a0F 1+α

0 (t) ,

from which we easily deduce that

E (t) ≤ c3

(c1t + c2)
1

2(p−1)

. (55)

(II) The general case: We define I (t) by

I (t) :=

Z t

t1

g (s)

H−1
0 (−g′ (s))

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds,
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where H0 is such that (41) is satisfied. As in (54), we find that I (t) satisfies, for all
t ≥ t1,

0 < I (t) < 1. (56)

We also assume, without loss of generality, that I (t) ≥ β > 0 for all t ≥ t1; otherwise
(53) yields an exponential decay. In addition, we define λ(t) by

λ(t) := −
Z t

t1

g′ (s)
g (s)

H−1
0 (−g′ (s))

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

and infer from (G1) and the properties of H0 and S that

g (s)

H−1
0 (−g′ (s))

≤ g (s)

H−1
0 (H (g (s)))

=
g (s)

S−1 (g (s))
≤ σ0

for some positive constant σ0. Then, using (18) and choosing t1 even larger (if needed),
one can easily see that λ (t) satisfies, for all t ≥ t1,

λ(t) ≤ −k0

Z t

t1

g′ (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

≤ −cE (0)

Z t

t1

g′ (s) ds ≤ cg (t1) E (0) < min {r, H (r) , H0 (r)} .

Since H0 is strictly convex on (0, r] and H0(0) = 0, one has H0 (θx) ≤ θH0 (x) , provided
0 ≤ θ < 1 and x ∈ (0, r] . The use of hypothesis (G1) , (26) , (56) , (57) and Jensen’s
inequality leads to

λ (t) =
1

I (t)

Z t

t1

I (t) H0[H−1
0 (−g′ (s))]

g (s)

H−1
0 (−g′ (s))

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

≥ 1

I (t)

Z t

t1

H0[I (t) H−1
0 (−g′ (s))]

g (s)

H−1
0 (−g′ (s))

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

= H0

�Z t

t1

g (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds

�
.

This implies thatZ t

t1

g (s)

Z
Ω

|∇u (t) − ∇u (t − s) |2dxds ≤ H−1
0 (λ (t)) ,

then (53) becomes
F ′ (t) ≤ −mE (t) + cH−1

0 (λ (t)) , ∀t ≥ t1. (57)

Now, for ε0 < r and c0 > 0, using (57) and the fact that E′ ≤ 0, H ′
0 > 0, H ′′

0 > 0 on
(0, r] , we find that the functional F1 defined by

F1 (t) := H ′
0

�
ε0

E (t)

E (0)

�
F (t) + c0E (t)

satisfies, for some α1, α2 > 0,

α1F1 (t) ≤ E (t) ≤ α2F1 (t) (58)
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and

F ′
1 (t) = ε0

E′ (t)

E (0)
H ′′

0

�
ε0

E (t)

E (0)

�
F (t) + H ′

0

�
ε0

E (t)

E (0)

�
F ′ (t) + c0E′ (t)

≤ −mE (t) H ′
0

�
ε0

E (t)

E (0)

�
+ cH ′

0

�
ε0

E (t)

E (0)

�
H−1

0 (λ (t)) + c0E′ (t) . (59)

Let H∗
0 be the convex conjugate of H0 in the sense of Young (see [8], p.61-64), then

H∗
0 (s) = s (H ′

0)
−1

(s) − H0

h
(H ′

0)
−1

(s)
i

if s ∈ (0, H ′
0 (r)] (60)

and H∗
0 satisfies the following Young’s inequality:

AB ≤ H∗
0 (A) + H0 (B) if A ∈ (0, H ′

0 (r)] , B ∈ (0, r] . (61)

With A = H ′
0

�
ε0

E (t)

E (0)

�
and B = H−1

0 (λ (t)) , using (18) , (53) and (59)-(61) , we arrive

at

F ′
1 (t) ≤ −mE (t) H ′

0

�
ε0

E (t)

E (0)

�
+ cH∗

0

�
H ′

0

�
ε0

E (t)

E (0)

��
+ cλ (t) + c0E′ (t)

≤ −mE (t) H ′
0

�
ε0

E (t)

E (0)

�
+ cε0

�
E (t)

E (0)

�
H ′

0

�
ε0

E (t)

E (0)

�
− cE′ (t) + c0E′ (t) .(62)

Consequently, with a suitable choice of ε0 and c0, we obtain, for all t ≥ t1,

F ′
1 (t) ≤ −k

�
E (t)

E (0)

�
H ′

0

�
ε0

E (t)

E (0)

�
= −kH2

�
ε0

E (t)

E (0)

�
, (63)

where H2 (t) = tH ′
0 (ε0t) .

Since H ′
2 (t) = H ′

0 (ε0t) + ε0tH ′′
0 (εt) , using the strict convexity of H0 on (0, 1], we

find that H ′
2 (t) , H2 (t) > 0 on (0, r] . Thus, with

R0 (t) = α1
εF1 (t)

E (0)
, 0 < ε < 1,

taking in account (58) and (63) , we have

R0 (t) ∼ E (t) (64)

and, for some k′
0 > 0,

R′
0 (t) ≤ −εk′

0H2 (R0 (t)) , ∀t ≥ t1.

Then a simple integration and a suitable choice of ε yield, for some k′
1, k′

2 > 0,

R0 (t) ≤ H−1
1 (k′

1t + k′
2) , ∀t ≥ t1, (65)

where H1 (t) =
R 1

t

1

H2 (s)
ds.

By a combination of (64) and (65) , estimate (40) is established.
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5 Conclusion

In this paper, we studied the asymptotic behavior of the dynamic viscoelastic wave equa-
tion with boundary dissipation and a nonlinear source term. The existence of dissipation
through boundary conditions ensures the decay of energy. By using the convexity of the
relaxation function g and without imposing any restrictive growth assumption on the
damping term, we establish a general decay rate. These results have potential for appli-
cation in the fields of physics and nonlinear dynamics. A similar study for the models
of dynamic viscoelastic wave equations with a logarithmic nonlinear source term and
thermal dissipation will be the purpose for future research.
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1 Introduction

Consider the following unconstrained nonlinear optimization problem:

�
min f(x),
x ∈ Rn,

(1)

where f : Rn −→ R is a continuously differentiable function.
Conjugate gradient methods are efficient to solve unconstrained optimization problem

(1), especially for large scale problems. These methods generate the following sequence:

xk+1 = xk + αkdk, (2)
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where xk is the current iterate point, αk > 0 is the step size which can be found by one
of the line search methods, and dk is the search direction defined by

dk =

�
−gk

−gk + βkdk−1

for k = 1,
for k ≥ 2,

(3)

where gk = ∇f(xk) is the gradient of f at xk, and βk is a scalar conjugacy coefficient.
Different conjugate gradient methods correspond to different values of the coefficient

βk, a survey of these methods was given by Hager an Zhang in [11].
Recently, a great contribution in the area of conjugate gradient methods and their

application has been done by Andrei in [1].
Among the well known formulas of βk, we can cite Hestenes-Stiefel (HS) [13], Fletcher-

Reeves (FR) [10], Polak-Ribière-Polyak (PRP) [15,16], Conjugate Descent-Fletcher (CD)
[9], Liu-Story (LS) [14] and Dai-Yuan (DY) [4], which are given as follows:

βHS
k =

gT
k yk−1

dT
k−1yk−1

,

βF R
k =

∥ gk ∥2

∥ gk−1 ∥2
,

βP RP
k =

gT
k yk−1

∥ gk−1 ∥2
,

βCD
k = − ∥ gk ∥2

gT
k−1dk−1

,

βLS
k = − gT

k yk−1

gT
k−1dk−1

,

βDY
k =

∥ gk−1 ∥2

dT
k−1yk−1

,

where yk−1 = gk − gk−1.
If f is a strongly convex quadratic function and the line search is exact, then all the

above formulas of βk are the same.
In the general case, where f is non-quadratic, the algorithms corresponding to each

βk have different numerical performances.
There are many other conjugate gradient methods such as those where the scalar is

given by parametric formulas like the βk proposed by Sellami and Chaib in [17,18].
Several researchers have also proposed hybrid conjugate gradient methods combining

the existing βk [3, 5–8,12] .
There are many convergence results with some line search conditions which have been

widely studied, there the method can guarantee the descent property of each direction
which provided the step length α computed by carrying out a line search and it satisfies
the strong Wolfe conditions such that

f(xk + αdk) ≤ f(xk) + ραgT
k dk, (4)��gT

k+1dk

�� ≤ −σgT
k dk, (5)

where 0 < ρ < σ < 1
2 .
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The aim of this paper is to ameliorate the conjugate gradient method for nonlinear
optimization using a new parameter which leads to a new descent direction.

The rest of the paper is organized as follows. In Section 2, we define the formula of the
new conjugate gradient coefficient using the Fletcher-Reeves formula with a modification
in its denominator, then we give the description of the corresponding algorithm. In the
second part, we present a complete analysis of the descent condition of the obtained
direction, then we show the global convergence of the corresponding algorithm. Section
3 contains numerical experiments on some examples considering the well known test
functions in the literature. Finally, we end with a conclusion in Section 4.

2 Convergence Analysis of the Algorithm Based on the New Parameter βk

In this section, we propose a new conjugate gradient coefficient using the Fletcher-Reeves
formula [10] with a modification in its denominator. This coefficient is defined as follows:

βMSD
k =

∥gk∥2

∥gk−1∥2 + µ
��gT

k dk−1

�� , (6)

where µ > 0.

Recall that the case µ = 0 corresponds to the Fletcher-Reeves coefficient [10].

2.1 Description of the conjugate gradient algorithm

2.1.1 Algorithm MSD

Begin algorithm

• Given a starting point x1 ∈ Rn and a parameter ε > 0.

• Set k = 1 and compute d1 = −g1.

• While ∥gk∥ > ε do

• Find αk > 0 satisfying the strong Wolfe conditions (4, 5).

• Take xk+1 = xk + αkdk.

• Compute βk+1 by the new formula (6).

• Set dk+1 = −gk+1 + βk+1dk and k = k + 1.

• End while.

End algorithm.

2.2 Sufficient descent property and global convergence analysis

We make the following basic assumptions on the objective function in order to establish
the global convergence results for the new algorithm.
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2.2.1 Assumptions

• (i) f is a lower bounded function on the level set

Ω = {x ∈ Rn : f(x) ≤ f(x0)} .

• (ii) In some neighborhood Ω0 of Ω, f is differentiable and its gradient g(x) is
Lipschitz continuous, namely, there exists a constant L > 0 such that

∥g(x) − g(y)∥ ≤ L∥x − y∥, ∀x, y ∈ Ω0. (7)

Under these assumptions, there exists a constant ε > 0 such that

∥gk∥ ≤ ε, ∀k. (8)

To prove the global convergence of the nonlinear conjugate gradient methods, we use
the following lemma, called the Zoutendijk condition [19].

Lemma 2.1 [19] Suppose that the assumptions (i), (ii) hold. Let the sequence {xk}
be generated by (2) and dk satisfy gT

k dk < 0. If αk is determined by the Wolfe line search
conditions, then we have X

k≥1

�
gT

k dk

�2

∥dk∥2 < +∞.

Lemma 2.2 Suppose that the assumption (ii) holds, let the sequence {xk} be gen-
erated by (2) and the step length αk satisfy the strong Wolfe conditions with 0 < σ < 1

2 ,
then for any k,

− 1

1 − σ
≤ gT

k dk

∥gk∥2
≤ 2σ − 1

1 − σ
. (9)

As soon as gk ̸= 0 for all k, the descent property of dk is satisfied, i.e.,

gT
k dk < 0. (10)

Proof. The lemma is proved by induction. For k = 1, since d1 = −g1, the relations
(9) and (10) are true.

For some k > 1, we suppose that (9) and (10) are true. By using (3), we get

gT
k+1dk+1

∥gk+1∥2
= −1 +

βk+1gT
k+1dk

∥gk+1∥2
. (11)

From the second strong Wolfe condition (5) and (11), we get

−1 + σ
βk+1gT

k dk

∥gk+1∥2
≤

gT
k+1dk+1

∥gk+1∥2
≤ −1 − σ

βk+1gT
k dk

∥gk+1∥2
. (12)

By using (6), we have

−1 + σ
gT

k dk

∥gk∥2 + µ
��gT

k+1dk

�� ≤
gT

k+1dk+1

∥gk+1∥2
≤ −1 − σ

gT
k dk

∥gk∥2 + µ
��gT

k+1dk

�� . (13)
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Observe that for all k, we have

1

∥gk∥2 + µ
��gT

k+1dk

�� ≤ 1

∥gk∥2
. (14)

By introducing (14) in (13), we get

−1 + σ
gT

k dk

∥gk∥2
≤

gT
k+1dk+1

∥gk+1∥2
≤ −1 − σ

gT
k dk

∥gk∥2
. (15)

From (9), it follows that for all k,

−1 − σ

1 − σ
≤

gT
k+1dk+1

∥gk+1∥2
≤ −1 +

σ

1 − σ
,

which implies

− 1

1 − σ
≤

gT
k+1dk+1

∥gk+1∥2
≤ 2σ − 1

1 − σ
.

This gives the formula (9).

Since 0 < σ < 1
2 , it results from (9) that gT

k dk < 0.

This completes the proof of the lemma.

Theorem 2.1 Consider the sequence {xk} generated by (2), where dk is defined by
(3) and satisfies gT

k dk < 0 and suppose that the assumptions (i) and (ii) hold. Then the
Algorithm MSD either stops at a stationary point or converges in the sense that

lim
k−→∞

inf ∥gk∥ = 0. (16)

Proof. From the second strong Wolfe condition (5) and (9), we get

��gT
k dk−1

�� ≤ −σgT
k−1dk−1 ≤ σ

1 − σ
∥gk−1∥2, (17)

using (3), (14) and (17), we obtain

∥dk∥2
= ∥gk∥2 − 2βkgT

k dk−1 + β2
k ∥dk−1∥2

≤ ∥gk∥2
+ βk

2σ

1 − σ
∥gk−1∥2 + β2

k ∥dk−1∥2

≤ ∥gk∥2
+

2σ

1 − σ
∥gk∥2 + β2

k ∥dk−1∥2

≤
�

1 + σ

1 − σ

�
∥gk∥2 + β2

k ∥dk−1∥2
. (18)
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After defining τ = 1+σ
1−σ and applying (18) repeatedly, and using (14), it follows that

∥dk∥2 ≤ τ∥gk∥2 + β2
k ∥dk−1∥2

≤ τ
h
∥gk∥2 + β2

k ∥gk−1∥2
+ β2

kβ2
k−1 ∥gk−2∥2

+ · · · + β2
kβ2

k−1 · · · β2
3 ∥g2∥2

i
+β2

kβ2
k−1 · · · β2

2 ∥d1∥2

≤ τ

"
∥gk∥2 +

∥gk∥4

∥gk−1∥2 +
∥gk∥4

∥gk−2∥2 + · · · +
∥gk∥4

∥g2∥2

#
+

∥gk∥4

∥g1∥2

≤ τ∥gk∥4

"
kX

i=2

1

∥gi∥2

#
+

∥gk∥4

∥g1∥2

≤ τ∥gk∥4

"
kX

i=1

1

∥gi∥2

#
. (19)

Now, if (16) is not true, then there exists a constant ε > 0 such that ∥gk∥ > ε for all k.
From (19), we obtain

∥gk∥4

∥dk∥2 ≥ ε2

τk
,

which implies

∞X
k=1

∥gk∥4

∥dk∥2 = ∞. (20)

By using (9), we have

(gkdk)2

∥dk∥2 ≥
�

1 − 2σ

1 − σ

�2 ∥gk∥4

∥dk∥2 , (21)

which implies

∞X
k=1

(gkdk)2

∥dk∥2 = ∞, (22)

thus contradicting the Zoutendijk condition.
This completes the proof of the theorem.

3 Numerical Experiments

In this section, we present some numerical tests on a set of test functions [1,2] of uncon-
strained nonlinear optimization problems using Matlab language.

The objective of these experiments is to show the performance of our new coefficient
in comparison with other class of existing classical coefficients. In numerical tests, we
consider the Algorithm MSD based on our new coefficient βMSD

k (6) compared with the
FR method with βF R

k [10].
In the tables of results, we designate by

• n: the size of the problem
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• iter: the number of iterations

• time: the total time in seconds required to complete the evaluation process.

Test function Size βMSD
k βF R

k

n iter time iter time
Raydan 1 100 8 0,000411 15 0,000535

200 8 0,000604 15 0,000852
500 8 0,001085 15 0,001769
1000 8 0,002022 15 0,003233

Raydan 2 100 16 0,000421 52 0,001469
200 16 0,000543 57 0,002259
500 21 0,001113 3241 0,232550
1000 21 0,001937 NAN NAN

Diagonal 4 100 41 0,003746 63 0,005513
200 42 0,007477 60 0,009580
500 44 0,016702 62 0,020083
1000 44 0,038645 99 0,081462

Extended Woods 100 369 0,062696 839 0,162356
200 471 0,131264 782 0,233382
500 430 0,271904 659 0,472802
1000 430 0,029804 932 1,597367

HIMMELBC 100 30 0,004411 42 0,004066
200 30 0,006783 43 0,007018
500 32 0,014692 43 0,016906
1000 32 0,054439 44 0,040352

DIXMAANC 100 14 0,005565 32 0,011920
200 15 0,012137 23 0,016665
500 18 0,030703 21 0,033251
1000 16 0,054192 17 0,073482

HARKERP 100 91 0,004411 302 0,014902
200 98 0,006783 102 0,007951
500 108 0,014692 156 0,020768
1000 255 0,054439 NAN NAN

PROD1 100 26 0,020014 36 0,022772
200 26 0,075946 37 0,099651
500 13 0,262461 13 0,274593
1000 13 1,105908 14 1,160563
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Test function Size βMSD
k βF R

k

n iter time iter time
Extended Block 100 23 0,002571 103 0,016227
Diagonal 1 200 24 0,004266 107 0,026036

500 24 0,013149 103 0,064142
1000 25 0,028290 114 0,144926

Extended Maratos 100 41 0,002943 42 0,005326
200 41 0,005166 42 0,009220
500 41 0,012851 42 0,021821
1000 42 0,029804 43 0,045364

DIXMAANB 100 13 0,005753 19 0,007854
200 13 0,011356 20 0,014953
500 12 0,023140 20 0,031973
1000 12 0,041619 22 0,066770

Extended Beale 100 66 0,033441 79 0,041068
200 66/ 0,061550 128 0,136998
500 70 0,155799 90 0,220902
1000 70 0,312607 132 0,665937

Extended White 100 48 0,021397 63 0,025315
and holst 200 48 0,037467 74 0,054997

500 51 0,093806 144 0,293700
1000 52 0,187531 78 0,279982

Quadratic Diagonal 100 102 0,005432 126 0,008635
Perturbed 1 200 155 0,009727 1073 0,065435

500 280 0,029289 1332 0,145182
1000 421 0,078164 1983 0,411533

DIXMAANA 100 12 0,005473 19 0,007968
200 12 0,010762 21 0,015383
500 13 0,025386 20 0,031282
1000 13 0,046094 20 0,064289

DENSCHNA 100 35 0,009824 58 0,016107
200 35 0,020065 61 0,031975
500 35 0,041322 59 0,066094
1000 36 0,081710 64 0,149320

Freudenstein 100 136 0,018940 265 0,038783
and Roth 200 115 0,026829 171 0,038423

500 119 0,065969 145 0,085392
1000 111 0,142784 112 0,143777

Nondiag 100 138 0,014461 NAN NAN
200 136 0,011197 NAN NAN
500 240 0,043510 NAN NAN
1000 835 0,243155 NAN NAN
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Remark 3.1 In the results tables, NAN means that the algorithm does not display
the optimal solution after a maximum number of iterations kmax.

3.1 Commentaries

From the results obtained in the tables above, it is clear that our new algorithm based
on the βMSD

k parameter is more efficient than the FR method in terms of the number
of iterations and computation time. There is a significant reduction in the number of
iterations when using the algorithm MSD compared to FR. On the other hand, when the
size of certain examples becomes large n > 1000, the FR algorithms fail to provide the
optimal solution after the number of iterations kmax = 50000.

4 Conclusion

We proposed a new βk, and also provided the proof of the global convergence of the new
Algorithm MSD. We have proven the effectiveness of this algorithm based on the new
βMSD

k . It has a good performance compared with other conjugate gradient methods such
as the FR method when considering the selected list of test problems.
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Abstract: In this work, we develop a new approach for solving a large class of
programming optimization problems by employing a logarithmic barrier interior point
method, leveraging a vector ρ ∈ Rn

+ as the penalty term based on some new minorant
function. Firstly, we compute the direction by Newton’s method. Then, we propose
a new alternative way to determine the step length along the direction, our proposed
strategy enables easy and quick computation of the step length. Finally, we illustrate
the out-performance of our new minorant functions with respect to the line search
one through a numerical experiment on numerous collections of test problems.
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1 Introduction

We consider the nonlinear constrained optimization problem

{min f(x) : x ∈ L}, (1)

where f is a convex and twice continuously differentiable function on L and L = {x ∈
Rn : x ≥ 0, Ax = c}, with c ∈ Rm and A ∈ Rm×n being a matrix.
Nonlinear optimization is crucial in various fields such as engineering, economics, machine
learning, and nonlinear dynamics and systems (see [3, 8]) for finding optimal solutions
under complex constraints.
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The paper highlights the evolution of interior point methods, a significant approach
to solving such problems. These methods date back to 1955, see K. R. Frisch [6], and
were significantly developed in the contributions of P. Huard [7] in 1967, and A. V. Fiacco
and G. P. McCormick [5] in 1968. Notably, the development of logarithmic barrier meth-
ods, which replace non-negativity constraints with penalty terms, transforms constrained
problems into unconstrained ones, allowing for the use of majorant or minorant functions.
Based on this concept, various logarithmic barrier interior point methods leveraging the
majorant or minorant functions have been introduced. Crouzeix and Merikhi [2] were the
first to develop a logarithmic barrier algorithm based on majorant functions explicitly
designed for semidefinite programming. Fellahi and Merikhi [4] introduced new majorant
functions for nonlinear programming. Recently, Leulmi et al. [10] focused on devising
minorant functions applicable to semidefinite programming while in [9] and [11], they
explored the application of minorant functions in the contexts of linear and nonlinear
programming, respectively.

Inspired by the methods mentioned above, we propose a novel approach centered on
determining the step length in a straightforward manner through the utilization of a
minorant function technique. The remainder of this paper is organized as follows. In
the next Section 2, we present some useful inequalities that will be utilized throughout
the paper. In Section 3, we replace the original problem with a perturbed problem. In
Section 4, we study the existence and uniqueness of the optimal solution to the perturbed
problem and analyze its convergence. In Section 5, we choose a descent direction and
propose new minorant functions to calculate the step length. In Section 6, we describe
the algorithm in detail. In the last section, numerical results are reported and some
conclusions are drawn.

2 Some Useful Inequalities

In this section, we present some useful inequalities that will be used throughout the
paper.

Proposition 2.1 [14]

z̄ − σz

√
n − 1 ≤ min

i
zi ≤ z̄ − σz√

n − 1
,

z̄ +
σz√
n − 1

≤ max
i

zi ≤ z̄ + σz

√
n − 1.

Theorem 2.1 [2]

n ln
�
z̄ − σz

√
n − 1

�
≤ A ≤

nX
i=1

ln(zi) ≤ B ≤ n ln(z̄), (2)

where

A = (n − 1) ln

�
z̄ +

σz√
n − 1

�
+ ln

�
z̄ − σz

√
n − 1

�
,

B = ln
�
z̄ + σz

√
n − 1

�
+ (n − 1) ln

�
z̄ − σz√

n − 1

�
.
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z̄ and σz are, respectively, the mean and the standard deviation of a statistical series
of n real numbers,

z̄ =
1

n

nX
i=1

zi and σ2
z =

1

n

nX
i=1

z2
i − z̄2 =

1

n

nX
i=1

(zi − z̄)2.

3 Penalization

In this section, we approximated the problem (1) by a perturbed problem where the
parameter of penalization is a vector ρ ∈ Rn

+. Let our problem (1) be considered with
the following mild assumptions:

1. A is an (m × n) full-rank matrix and c ∈ Rm(m < n).

2. The optimal solution set of the problem (1) is nonempty and bounded.

3. ∃x0 > 0 such that Ax0 = c.

We have from the optimality conditions that x∗ is an optimal solution of (1) if and
only if there exists u∗ ∈ Rm and v∗ ∈ Rn

+,

∇f(x∗) + Atu∗ − v∗ = 0, Ax∗ = c, < v∗, x >= 0. (3)

3.1 The perturbed problem

Let us present the function φ : Rn
+ × Rn → Rn ∪ {+∞} by

φ(ρ, x) =

(
f(x) + ϑ(ρ, x) if x, ρ ≥ 0, Ax = c.

+∞ otherwise,

where the function ϑ : Rn
+ × Rn → Rn ∪ {+∞} is given by

ϑ(ρ, x) =


Pn

i=1 ρi ln (ρi) −
Pn

i=1 ρi ln(xi) if x, ρ > 0,

0 if x ≥ 0 and ρ = 0,

+∞ otherwise.

The two functions are convex, lower semicountinuous and proper. Let us now provide
the convex function Ω defined by

Ω(ρ) = inf
x

[φρ(x) := φ(ρ, x) : x ∈ R]. (4)

Remark 3.1 The problems (1) and (4) coincide when ∥ρ∥ tents to 0.

4 Theoretical Aspects of the Perturbed Problem

4.1 Existence and uniqueness of optimal solution

The next lemma deals with the issue of the existence and uniqueness of optimal solution
of (4).
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Lemma 4.1 The perturbed problem (4) possesses a unique optimal solution if and
only if the recession cone Cd(φρ) reduces to the origin, i.e.,

Cd(φρ) = {d ∈ Rn : [φρ]∞(d) ≤ 0, Ad = 0, d ≥ 0} = {0}. (5)

Proof. For the proof, see [4].
The strictly convex problem (4) possesses a unique optimal solution x(ρ) in its feasible

set.

4.2 The convergence analysis

We are now prepared to state the convergence result of the perturbed problem (4).

Lemma 4.2 Let x(ρ) be the optimal solution of the perturbed problem (4), and x∗ be
the optimal solution of the the original problem (1),

if ∥ρ∥ → 0, then xρ → x.

Proof. For the proof, see [4]

Note: If either the original problem (1) or its perturbed version (4) possesses an
optimal solution with finite and equal objective function values, then the other problem
also has an optimal solution.

5 The Numerical Aspects of the Perturbed Problem

This section focuses on numerically solving problem (4). Our study starts with computing
the descent direction and determining the step length, employing an innovative technique
involving minorant functions.

5.1 The descent direction

When x belongs to the feasible set L, the Newton descent direction d is obtained by
solving the following convex quadratic optimization problem:(

mind

�
1
2 ⟨∇2φρ(x)d, d⟩ + ⟨∇φρ(x), d⟩

	
,

Ad = 0.

From the necessary and sufficient optimality conditions, there exists v ∈ R such that(
∇2φρ(x)d + ∇φρ(x) + Av = 0,

Ad = 0

is equal to �
∇2f(x) + P X−2 At

A 0

� �
d
v

�
=

�
X−1ρ − ∇f(x)

0

�
,

where X, P are diagonal matrices with Xii = xi and Pii = ρi, i = 1, n. Then we obtain

�
dt 0

� �
∇2f(x) + P X−2 At

A 0

� �
d
v

�
=

�
dt 0

� �
X−1ρ − ∇f(x)

0

�
.
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Then
⟨∇2f(x)d, d⟩ + ⟨∇f(x), d⟩ = ⟨ρ, X−1d⟩ − ⟨P X−1d, X−1d⟩ (6)

is equivalent to �
X∇2f(x)X + P XAt

AX 0

� �
X−1d

v

�
=

�
ρ − X∇f(x)

0

�
.

The descent direction being acquired.

5.2 The proposed calculation of the step length

Typically, the most commonly employed approaches within line search techniques involve
traditional iterative methods, but these methods might involve computationally expen-
sive procedures, especially when function evaluations are costly. Hence, Leulmi et al. [2]
introduced the minorant function concept, approximating the function G(α), to provide
a simple step length for linear semidefinite programming and linear programming, re-
spectively. Building upon this concept, we propose in this study to approximate the
function G(α) using a minorant function. This function offers, at each iteration k, a step
length in an easy and much simpler way than the line search methods. Let the function
G0 be as

G0(α) = φρ(x + αd) − φρ(x) = f(x + αd) − f(x) −
nX

i=1

ρi ln(1 + αyi),

where y = X−1d and α ∈]0, bα0[, bα0 = max{α : 1 + αyi > 0}. From Proposition 2.1, we
have ρi ≤ maxi ρi ≤ ρ̄ + σρ

√
n − 1 for all i = 1, ..., n.

For τ = ρ̄ + σρ

√
n − 1 and for all α ∈]0, bα0[, we obtain

G(α) ≥ G1(α) =
1

τ
(f(x + αd) − f(x)) −

nX
i=1

ln(1 + αyi), (7)

where G(α) = G0(α)
τ . It easy to show that

G′(α) =
1

τ

 
⟨∇f(x + αd), d⟩ −

nX
i=1

ρi
yi

1 + αyi

!
,

G′′(α) =
1

τ

 
⟨∇2f(x + αd)d, d⟩ −

nX
i=1

ρi
y2

i

(1 + αyi)2

!
,

and

G′
1(α) =

1

τ

 
⟨∇f(x + αd), d⟩ −

nX
i=1

yi

1 + αyi

!
,

G′′
1(α) =

1

τ

 
⟨∇2f(x + αd)d, d⟩ −

nX
i=1

y2
i

(1 + αyi)2

!
.

G1 verifies the significant decrease because

(i) From(6) : G′(0) + G′′(0) = 0 and G′′(0) ≥ 0, then we deduce that G′(0) ≤ 0.

(ii) G′
1(0) ≤ 0 if

1. yi ≥ 0.
2. yi < 0, we have from (6): G′

1(0) + G′′
1(0) = 0 and G′′

1(0) ≥ 0.
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5.3 The first minorant function

This approach involves minimizing the minorant approximation, denoted as G2, of G
within the interval [0, bα]. For effectiveness, this approximation necessitates simplicity
while maintaining a close proximity to G1. In our case, it requires that

G(0) = G1(0) = G2(0) = 0, G′
1(0) = G′

2(0), G′′
1(0) = G′′

2(0) > 0. (8)

In what follows, we take xi = 1 + αyi, x̄i = 1 + αȳi and σx = ασy.
From Theorem 2.1, we have

Pn
i=1 ln(xi) ≤ B, after a simple calculation, we obtain

G2(α) ≤ G1(α), in which

G2(α) =
1

τ
(f(x + αd) − f(x)) − (n − 1) ln(1 + αγ) − ln(1 + αβ),

where α ∈]0, bα[, γ = ȳ− σy√
n−1

, β = ȳ+σy

√
n − 1 and bα = min{bα0, max{α : 1+αγ > 0}}.

It is clear that

G′
2(α) =

1

τ
⟨∇f(x + αd), d⟩ − (n − 1)

γ

1 + αγ
− β

1 + αβ
,

G′′
2(α) =

1

τ
⟨∇2f(x + αd)d, d⟩ + (n − 1)

γ2

(1 + αγ)2
+

β2

(1 + αβ)2
.

G2 verifies the conditions (8), hence the strictly convex function G2 is a good approx-
imation of G1 in ]0, α̂[. Moreover, the unique minimum α∗ of G2 verifies

G2(α∗) ≤ G1(α∗) ≤ G(α∗).

5.4 The auxiliary function ζ

5.4.1 If the objective function f is linear

We take f(x) = ctx, where c, x ∈ Rn, the auxiliary function is defined by

ζ(α) = nηα − (n − 1) ln(1 + αγ) − ln(1 + αβ), η =
1

τn
ctd.

The two functions ζ and G2 coincide. The unique solution of ζ ′(α) = 0 is the same
unique root of G′

2(α) = 0 and the unique ᾱ verifies G2(ᾱ) ≤ G1(ᾱ) ≤ G(ᾱ).

5.4.2 If the objective function f is only convex

Under these circumstances, the equation G′
2(ᾱ) = 0 no longer simplifies to a second-

degree equation. To address this, we explore an alternative function better than G2,
employing the secant technique. Let ᾱ ∈]0, bα[ for all α ∈]ᾱ, bα[, then we have

α

τᾱ
(h(x + ᾱd) − h(x)) ≤ 1

τ
(h(x + αd) − h(x)).

So, the auxiliary function is given by

ζ(α) = nηα − (n − 1) ln(1 + αγ) − ln(1 + αβ), where η =
1

nτᾱ
(f(x + ᾱd) − f(x)),

then we have the following results:
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(i) If ᾱ = 1 and bα > 1, then ζ ′(ᾱ) = 0.

(ii) If ᾱ ̸= 1, then
1. If α∗ ≤ ᾱ, we must take another ᾱ ∈]α∗, bα[, for example, we choose ᾱ =

α∗ + ξ(α∗ − bα), ξ ∈ [0, 1].
2. If α∗ ≥ ᾱ, we have ζ(α∗) ≤ G2(α∗) ≤ G1(α∗) ≤ G(α∗).

5.4.3 Minimization of the auxiliary function

We have
ζ(α) = nηα − (n − 1) ln(1 + αγ) − ln(1 + αβ).

We obtain

ζ ′(α) = nη − (n − 1)
γ

1 + αγ
− β

1 + αβ
, ζ ′′(α) = (n − 1)

γ2

(1 + αγ)2
− β2

(1 + αβ)2
.

We note that ζ(0) = 0, ζ ′(0) = n(η− ȳ), ζ ′′(0) = n(ȳ2 +σ2
y) = ∥y∥2 and we impose that

ζ ′(0) ≤ 0 and ζ ′′(0) ≥ 0. ζ ′(α) = 0 is similar to ηγβα2 + (η(α + β) − γβ)α + η − ȳ = 0.
We obtain

α∗ =


−ȳ
γβ if η = 0,
ȳ−η
ηβ if γ = 0,

ȳ−η
ηγ if β = 0.

(9)

In the case of ηγβ ̸= 0, we have two solutions, we choose only the root α∗ that belongs
to the domain of ζ, we have

α∗
1 =

1

2

�
1

η
− 1

γ
− 1

β
−

√
∆

�
, α∗

2 =
1

2

�
1

η
− 1

γ
− 1

β
+

√
∆

�
,

where

∆ =
1

η2
+

1

γ2
+

1

β2
− 2

γβ
−

�
2n − 4

nη

� �
1

γ
− 1

β

�
.

We take α∗ ∈]0, bα − ϵ[, where ϵ > 0.

Remark 5.1 The computation of α∗ is conducted using a dichotomous procedure
under the conditions where α∗ is not within the interval ]0, bα − ϵ[ and G′(α∗) > 0.
Take a = 0, b = bα − ϵ.
While |b − a| > ϵ do
- c = a+b

2 .
- If G′(c) < 0, then b = c else a = c.
This computation ensures an improved approximation of the minimum of G(α) while
maintaining adherence to the domain of G.

5.5 The second minorant function

In this context, our aim is to discover another function simpler than G1, hence we used
the following inequality:

(∥y∥ − nȳ)α − ln(1 + α∥y∥) ≤ −
nX

i=1

ln(1 + αyi). (10)
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From (7) and (10), we take

G3(t) =
1

τ
(f(x + αd) − f(x)) + (∥y∥ − nȳ)α − ln(1 + α∥y∥),

where α ∈ [0, bα[, it is clear that

G′
3(α) =

1

τ
⟨∇f(x+αd), d⟩+∥y∥−nȳ− ∥y∥

1 + α∥y∥
, G′′

3(α) =
1

τ
⟨∇2f(x+αd)d, d⟩+ ∥y∥2

(1 + αγ)2
.

The strictly convex function G3 is a good approximation of G1 in ]0, bα[ and the unique
root α∗of G′

3(α) = 0 verifies G3(α∗) ≤ G2(α∗) ≤ G1(α∗).
Because we have G(0) = G1(0) = G2(0) = G3(0) = 0, G′

3(0) = G′
1(0) = G′

2(0) <
0 and G′′

3(0) = G′′
1(0) = G′′

2(0) > 0.

5.5.1 Minimization of an auxiliary function

Let the auxiliary function ζ2 be defined as

ζ2(α) = nηα + (∥y∥ − nȳ)α − ln(1 + α∥y∥),

we have

ζ ′
2(α) = nη + ∥y∥ − nȳ − ∥y∥

1 + α∥y∥
, ζ ′′

2 (α) =
∥y∥2

(1 + α∥y∥)2
.

We note that ζ2(0) = 0, ζ ′
2(0) = n(η−ȳ), ζ ′′

2 (0) = ∥y∥2 and we impose that ζ ′
2(0) ≤ 0

and ζ ′′
2 (0) ≥ 0. The minimum α∗ is the root of ζ ′

2(α) = 0.
We take α∗ ∈ [0, bα − ϵ[, where G′

1(α∗) < 0. We use Remark 5.1 to obtain a good
approximation for the minimum of G′

1(α) while α∗ /∈ [0, bα − ϵ[.

6 The Algorithm

The algorithm below summarizes the main steps of the proposed method.
Algorithm.

Step 0: (Initialization) Select x0 ∈ L, Xii = (x0)i and the parameters ρs, ρ ∈ Rn
+,

b ∈ [0, 1]n and ϵ > 0.
Step 1: Calculate d and y = X−1d.
Step 2:

- If ∥y∥ ≤ ϵ, then we have a good approximation of Ω(ρ), So if ∥ρ∥ ≤ ρs, then
stop; (We have a good approximation of the optimal solution), otherwise we put ρ = b×ρ
with b × ρ = (b1 × ρ1, ..., bn × ρn) and go to the Step 1.

- If ∥y∥ ≥ ϵ,
* Compute η, γ, β and calculate α∗ > 0 using the equation ζ ′(α) = 0.
*Put x = x + α∗d and return to the Step 1.

End Algorithm.

7 Numerical Experiments

To evaluate the enhanced performance and accuracy of our algorithm, which leverages
minorant functions, we conduct numerical tests to compare our new approach with the
traditional line search method. In this section, we present comparative numerical tests
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using various examples from the literature [12, 13]. The results were obtained by imple-
menting the algorithm in MATLAB on an Intel Core i7-7700HQ (2.80 GHz) machine
with 16 GB of RAM. In the following tables, we take ϵ = 10−4. We also note that

- (iter) is the number of iterations.

- (time) is the computational time in seconds (s).

- (sti)i=1,2 represents the strategy of approximate functions introduced in this paper.

- (LS) represents the classical line search method.

• Example 1: (Erikson’s problem [13]).

We consider the following quadratic problem, with n = 2m :

ζ = min

"
f (x) =

nX
i=1

xi ln

�
xi

ai

�
: xi + xi+m = b, x ≥ 0

#
,

where ai > 0 and b ∈ Rm are fixed.
We test this example for the different values of n, ai and bi.
The following table resumes the obtained result in the case

(ai = 2, ∀i = 1, ..., n, bi = 4, ∀i = 1, ..., m) .

ex(m, n) st1 st2 LS
iter time iter time iter time

30 × 60 1 0.0009 1 0.0013 3 0.023
150 × 300 1 0.0035 2 0.0091 4 0.0645
300 × 600 2 0.0035 3 0.0212 5 3.199
500 × 1000 2 0.1112 3 0.0987 5 5.324

Table 1: Example of Erikson’s problem (with variable size (Example 1)).

• Example 2: Quadratic case [12].
We consider the following quadratic problem with n = m + 2:

f∗ = min{f(x) : Ax = c, x ≥ 0},

with f(x) = 1
2 ⟨x, Qx⟩, Q[i, j] =


2 if i = j = 1 or i = j = m,

4 if i = j and i ̸= {1, m},

2 if i = j − 1 or i = j + 1,

0 otherwise,

and A[i, j] =


1 if i = j,

2 if i = j − 1,

3 if i = j − 2,

0 otherwise.
fi = 1 ∀i, j = 1, .., n. We test this example for the different values of n.
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ex(n) st1 st2 LS
iter time iter time iter time

30 5 0.0041 3 0.0053 26 18.3244
400 3 0.0985 1 0.0121 35 60.1003
600 3 9.6544 1 7.0129 23 79.0024
1000 5 11.9912 3 9.0473 33 91.3358

Table 2: Example of Quadratic case (with variable size (Example 2)).

8 Conclusion

In this paper, we introduced a logarithmic barrier method for solving nonlinear program-
ming. Based on some new minorant functions and secant technique, this method calcu-
lates the step length in a straightforward manner. The numerical simulations demon-
strate the efficacy of our approach as a significant alternative, yielding promising out-
comes when compared to traditional line search methods. Exploring new approximate
functions presents a promising direction for future research in various classes of opti-
mization. We plan to apply our key findings to a range of issues in nonlinear dynamics
problems.
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