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Abstract: In this paper, we introduce the notions of domination for a class of
controlled and observed hyperbolic systems. We study, with respect to the gradient
observation, the possibility to make a comparison of input operators of a controlled
system. We give various characterizations and main properties in the general case
and then by means of the choice of actuators and sensors. As an application, we
examine the case of a one dimension wave equation.
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1 Introduction

Modeling a system consists in representing its dynamic behavior by a mathematical
model. The mathematical model obtained is generally in the form of linear or nonlinear
differential equations. The methods used in the analysis of linear systems are very pow-
erful because of the existence of available tools. However, these linear analysis methods
have several limitations because most systems are not linear, so linear methods are only
applicable in a limited domain. These limitations explain the complexity and diversity of
nonlinear systems and the analysis methods that apply to them. Therefore, there are no
general theories for nonlinear systems, but there are several methods adapted to certain
classes of nonlinear systems to overcome these difficulties, a linearization of the system
and the output which consists in transforming the dynamics of the nonlinear system into
a completely (or partially) linear system, so that the techniques of linear systems can be
applied. Therefore, we can extend the concepts presented for linear systems to nonlinear
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systems, and among these concepts, there is the concept of domination, which has been
discussed in this paper.

This work is an extension of the previous works which concern the analysis of a class of
linear systems within certain concepts. These concepts consist of a set of notions such as
controllability [13], detectability, observability |[10], remediability |3] and domination [5}6]
which enable a better knowledge and understanding of the system to be obtained. For
some related studies in nonlinear cases, see [8}/12].

The extensions of these concepts that are very important in practical applications are
those of gradient controllability [9,|11], gradient detectability 7], gradient observability
[15], gradient remediability [14].

This work concerns the notion of domination for a general class of controlled and
observed hyperbolic systems used to study the possibility of comparing the input oper-
ators with respect to the gradient observation. It is an extension of the previous works
on parabolic distributed systems [1,5]. A more general approach is given in [2-4] for
controlled and observed systems in the global, regional and asymptotic cases.

This paper is organized as follows. In Section 2, we present the systems. We define
and characterize the concepts of exact and weak domination for controlled hyperbolic
systems with respect to the gradient observation in Section 3. In Section 4, we give the
main properties and characterization results and the case of sensors and actuators is also
examined. Finally, we examine the case of a one dimension wave equation.

2 Considered System

Let Q2 be an open and bounded subset of R” with a sufficiently regular boundary and
10, T be the finite time interval. We consider the following system:

822@ t) = Ay(z,t) + Biui(t) + Baus(t), Qx]0,T7,

ot 9 1 (1)
y(z,0) = y°(x), B¢ (2,0) = y' (2), Q,

y(f,t) =0, a0 x]0,T7,

where A is a second order elliptic linear operator given by

=g 2 (9)

1,j= 1
with the domain D(A) = H}(Q) N H?(2) and verified elliptic conditions

A5 = Gjj S LOO(Q), 1< i,j < n,

Ja > 0,V = (&1,&,...,&) € R, Z" 14 (@)&E > ad 1|§Z| , pp. in Q,

By € L(Uy,X), By € L(Uz, X), uy € L?(0,T;Uy) and ug € L?(0,T;Us), where U; and
U, are two Hilbert spaces (control spaces) and X = Hg () is the state space.

For (y°,y') in H() x L3(2), the system admits a unique solution y in
C (0, T; H}(Q2)) N C* (0,T; L*(R2)). The system (1)) is augmented with the output equa-
tion

z(t) = CVy(t), (2)
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where C € L ((L2(Q))n ,0),0 is the observation space (Hilbert space). In the case of
an observation with ¢ sensors, we take generally O = RY.
The gradient operator V is given by the formula

Vi H(Q) — (LA(Q)"

([ 0y Oy oy
yHVy_(@xf@:cg’ ’81’”)'

We consider the operator A defined by

A(y1,92) = (y2, Ay1) , ¥ (1, 92) € D(A),
with D(A) = D(A) x Hj(Q). The operator A is linear, closed with a dense domain in
the state space X = H} (Q) x HE (), which is a Hilbert space for the inner product

(Y1, 92), (21, Z2)>H5(Q)xL2(Q) = <V —Ay1, v *A21>

L2(Q) w2212y
The adjoint operator of Ais given by A = —A.

The operator A generates on X a strongly continuous semi-group (S(t)):>o defined
by

Y2 W2 (t) Y1
Y2
with
Tm 1 )
Wi(t) ( Zl ) = mz;l; ((thmj)mm) cos VvV —Amt + \/—77771 (ya, ’LUmj>L2(Q) sin \/—/\mt) Wnj
and
W ( ) Z Z ( V _)\ y17w7n]>L2 Q) sin \Y4 —>\ t+ <y2, me>L2<Q> COS V —)\7nt> Wmj -
m>1j=1
Its adjoint is S*(t) = S(—t), V¢ > 0. On the other hand, we consider the operators
Bl : UL*) X and BQ UQ — X
up — Biug = (O,Blul)” Uy H—r BQUZ = (O,BQUQ)tT
; OO\ o _ 0y g 0 dy(t) y(t)\"
ttwe put g0) = (w0, 200 ) 5% = (40") " ana G20 = (2420 20 then
the system is equivalent to the following system:
ay _ _ _
{ (1) = Ag(t) + Brua(t) + Baua(t), 0<t<T, -
y(0) = g°.

The unique solution of system is

y(t) = S(t)y° + /0 S(t — s)Byuy(s)ds + /0 S(t — s)Baua(s)ds.
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The system is augmented by the output equation

where C is defined by
C_\1(y17y2) = Cyla v(ylay2) € (LQ(Q))TL X (LQ(Q))n7

and
Vo HY(Q) x Hy(Q) — (LA(Q)" x (L2 ()"

(y1,92) = V (y1,92) = (Vy1, Viz) .

We consider the following operators:

Hy: L%0,T;U;) = X

up — Hiup = fOT S(T — s)Byui(s)ds
and _
Hy: L2(0,T:Us) — X

ug > Houg = fOT S(T — s)Bausa(s)ds,

while their adjoints, denoted by Hi and Hj, are given by H; = B,"S(- = T) and
Hi = By S(- —T), respectively. The state of system at time T is given by

y(T) = S(1)y° + Hyuy + Houo.

3 Domination with respect to C

Definition 3.1 We say that

1. B; dominates Bo exactly on [0, 7] with respect to C' if for any uy € L?(0,T;Us),
there exists a control uy € L?(0,7T;U;) such that

C_’?Hlul + C‘?HQ'U/Q =0.
2. B; dominates By weakly on [0,T] with respect to C if for any € > 0 and for any

uy € L?(0,T;Us), there exists a control u; € L? (0, T;U;) such that
| Hyuy + O Hyusllo < e
Lemma 3.1 Let V, W and Z be reflexive Banach spaces, P € L(V,Z) and
Q€ LW,Z). Then the following properties are equivalent:
1. Im P C ImQ.
2. 3y > 0 such that [|[P*2*|\,. <v[|Q* 2" ||y, Vz*e€Z*
Proposition 3.1 The following properties are equivalent:
1. By dominates By exactly on [0,T] with respect to C.
2. Im (CVH) C Im (CVH,).
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3. There exists v > 0 such that for every 8 € O*, we have

|B5S(- — T)v*é*aum(ojw) <y||BiS(- —T)V*C*o ’L2(O,T;U{‘) .

Proof.
- 1< 2: B; dominates By exactly on [0, T] with respect to C if and only if

Yug € L2(0,T;Us), Juy € L*(0,T;U;), such that CVHyu; + CVHaug = 0,
i.e., if and only if
Yug € L2(0,T;Us), 3u € L*(0,T;U;), such that CVHyuy = CVHyu,
where w = —u; € L2(0,T;U;), this is equivalent to saying that Im (C_’?Hz) C
Im (CVH;).
-2« 3 : In Lemma 3] we put
P=CVH, and Q=CVH,

where ~ -
Hf =B,"S(-—T) and Hj=DBS(-—T).

Hence the result. O
Proposition 3.2 The following properties are equivalent:

1. By dominates By weakly on [0, T] with respect to C.
2. Im (C’?Hg) C Im (C‘?Hl).
3. ker (B S(- — T)V*C*) C ker (By"S(- — T)V*C*).

Proof.
- 1< 2: B; dominates By weakly on [0, 7] with respect to C' if and only if

Ve > 0, Yuy € L*(0,T;Us), Ju; € L*(0,T;U,) such that ||CVHu; + CV Housllo < &,
i.e., if and only if
Ve >0, Yuy € L*(0,T;Uy), Ju € L*(0,T;U,) such that ||CVHyuy — CVHyullo < &,
where u = —u; € L?(0,T;Uy), this is equivalent to saying that
Im(CV Hyus) € Im(CV Hy).
-2=3: Let 0 € ker (B;"S(- — T)V*C*), we have
Im(CVH,) C Im(CVH,),

then o ~ o
Im(CVH,) C [ker (B, S(- —T)V*C*)] ™,
hence o
(CV Hyuz,0)oxo- =0, Yuy € L*(0,T;Us),
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then o € [Im(CV Hy)]*, this gives o € ker (B_Q*S(' —T)V*C).
- 3= 2: We assume that

ker (B;"S(- — T)V*C*) C ker (By"S(- — T)V*C*),
let o € ker(B,"S(- — T)V*C*), then By"S(- — T)V*C*o = 0, and
(CV Hauz,0)oxox =0, Yuy € L2(0,T;Uy),
hence
CV Hyus € [ker (By"S(- — T)V*C*)]" = Tm(CVHy), Yus € L2(0,T; X). O
Remark 3.1 Let us give the following properties and remarks:

1. In the case where C is the identity operator, we say that B; dominates By exactly
on [0,T] (respectively weakly).

2. The exact domination with respect to C' implies the weak domination with respect
to C' but the converse is not true.

3. If the system
0%y
g2 (@0 = Ay(,t) + Bru(¢),  @x]0, TT,

y(:c, O) = yO(x), %(SL’, O) = yl(x) Q,
y(&,t) =0, 00x]0, T,

is gradient controllable exactly (respectively weakly), or equivalently to
Im (VH;) = X [9] (respectively Im (CVH;) = X), then B; dominates exactly
(respectively weakly) any operator By with respect to any output operator C.

4 Domination with respect to C and Actuators

This section focuses on the notions of actuators and sensors.
In the case where U; = RP* and U; = RP2, ie., the system is excited by p; zone
actuators (Q;,2;);<;<,, ,» where a; € L2 (Q),9Q; =supp(a;) C Q, fori =1,2,...,p;, and

by other py zone actuators (Qi, éi> , where &; € L? (Ql) ,Q; = supp (&) C Q, for

_ 1<i<po
1 =1,2,...,ps, the operators By and By are given by

B : R X
u(t) = (u%(t),u%(t), Cut (t)) > Biuy(t) = <O i:l:lXQi (7)a;(z)ul (t))
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and their adjoints are, respectively,

s tr
Bi" (y1,v2) = ( (a1, y2)g, (a2, ¥2)q, --- (apwz/z)gzp1 ) € R,
— x ~ ~ _ tr
By (y1,y2) = ( (a1,92)a, <a2,y2>02 <ap27y2>§zp2 ) € RP2,
Corollary 4.1 (£, ai)1<i<p dominates (Ql, 5¢> exactly on [0, T] with respect
1<7,<p2

to C if and only if there exists v > 0 such that for all o in O*, we have

P2
Z/ az,Wg s—T)V*C*o Q ds <fyZ/ al,Wg s — )@*C’*Uﬁh ds

Proof. According to Proposition B; dominates By exactly on [0,7] if and only
if there exists v > 0 such that for all o in O*, we have

|B>"S(- - T)V*Co

< ||ByS( — T)V*Co

2 2
‘LZ(O,T;RM) |L2(O,T;RP1) :

Firstly, we have

and we have then

p2
|Bo"S( = 1)V C0a o i) = Z/ (80, Wals — T)V*C"0)2 ds

and

|B,"S(- = T)V*C*o|?

P1 T o 9
= Z/O <ai, WQ(S — T)V*C*O'>QI ds.
i=1

Hence the result. O

Corollary 4.2 (£, al)1<z<p dominates (QZ, az) exactly on [0, T) with respect
<z<p2

to C if and only if there exists v > 0 such that for all o in O*, we have

T'm

P2
Z/ Z \/ Am Sin (\/ A (T — s ) Z <C*a, Vwm_7.>(L2(Q))n <5i7wm-7>ﬁ'i ds <

m>1 j=1

2
Tm

'yZ/ Z /= Ap sin (\/ A (T — s ) Z o, Vwmj (L2(Q)" <ai,wmj>9i ds.

m>1 j=1
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Proof. We have

P1 T o 9
Z/ <ai,W2(s—T)V*C’*0>Q_ ds
=170 '

p1 T 2
:Z/OT <x9,iai, Z Z —m<V*C*U, wmj>ﬂ sin (m(s - T)) wmj> ds

m>1j=1 Q
2

pL LT T
= Z/O Z v/ — A, sin <\/ A (T — s)) Z <C*a7 Vwm].>(L2(Q)),,L <ai, wmi>m ds
i=1

m>1 j=1

and
b2 T o 5
Z/O (8, Wa(s = T)V*C*0)g, ds
=1

:i/OT <XQi5-ia Z i —m<V*C*g, W, ) g, SN (m(s — T)) wmj> ds

m>1j5=1

Q
2
P2 T Tm
-y / SV sin (VAT = 9)) 3 (C 0, Vm, ) gy (v t0m, ), | s
i=170 | m>1 j=1
Hence, the result follows immediately from Corollary O
Corollary 4.3 (£2;, ai)1<i<p1 dominates (Qi, éi)1<.< weakly on [0,T) with respect
<i< <i<p
to C if and only if ’
Z <C*07 Vwm]‘>(L2(Q))n <ai7wm_7‘>Qi =0, Vi€ {17 2, apl}a Vm > 1
j=1
= Z (C*o, Vwmj>(L2(Q))n<éi,wmj)Qi =0, Vie{l,2,---,p2}, Vm > 1.
j=1
Proof. We assume that (£;,2;),.,,, dominates (Qi,éi)K( weakly on [0, 7]
<i< <i<p
with respect to C' and ’
> _(Co, VWi, ) (2 ()0 (80 Wiy ), = 0, Vi€ {1,2,--, p1}, ¥m > 1.
j=1
Since B,"S(- — T)V*C*o is equal to
Z V= Am sin <\/_)‘m(T - ')) Z (C*o, vwmj>(L2(Q))” <ai7“’mj>m )
m>1 j=1 .
1<i<p:

one has B o
o €ker (B, S(-—T)V*C*),
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hence - o
o € ker (B,"S(- — T)V*C*),
ie, forallie {1,...,p2}, we have
>V Asin (VAT =) - (CH0, V) e (Biswm, ), = 0.
m>1 j=1
The set (sin(v/=Xp (T — .)))m>1 forms a complete orthogonal set of L?(0,T), then
Z <C’*(-,r7 va.7>(L2(Q))" <é¢,wmj>ﬁi =0, Vie{l,...,pa}, Ym > 1.
j=1
Conversely, we assume that
Z <C*Ua vwmj>(L2(Q))n<ai7wWLj>Qi =0, Vie {1723 T 7p1}> Vm > 1
j=1
= Z <C*0'7 vwmj>(L2(Q))n <éi7wmj> = 07 Vi € {17 27 e ,p2}, Vm > 17
j=1
we have
o € ker (31*5(- —T)V*CY)
= Z (C*o, Vwmj>(L2(Q))n(ai,wmj>Qi =0,vie{1,2,-,p1}, Ym>1
j=1
Tm
~ 221 \Crer vwmj>(L2(Q))"<5i’wmj>Qi =0, vVie{L,2,-- ,p2}, Vm >1
=
= o € ker (By"S(- — T)V*C),
then (2;,2;),<,<,, dominates (Qi;éi>1<‘< weakly on [0, T with respect to C. O
<i< <i<p
In order to give it a characterization, we use2 the following definitions: for m > 1,
- The matrix A,, of order (p1 X ry,) is defined by
A = ((aiwm,)g) » 1<i<p and 1<j<r.
K] ZJ
- The matrix A,, of order (p2 X 7p,) is defined by
A, = ((éi,wmj>ﬁ) , 1<i<py and 1<75<rpy.
1 z]
Corollary 4.4 (£, az-)1<i<p1 dominates (Qi, éi)1<,< weakly on [0,T) with respect
<i< <i<p
to C if and only if ’
ﬂ ker (A gm) C m ker (flmgm) .

m>1 m>1
Here, forc € R and m > 1,

gm(o) = ( (C"o, Vi, ) (r2 (o)) )1§isrm'
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Proof. We assume that (£;,2;),;., dominates (Qi,éi) weakly on [0, 7]
- 1<i<ps
with respect to C and 0 € () ker (A;,9m), then A, g () =0, Vm > 1. Since
m>1

T

3

) (€70, Vwm, ) 20y (31:wm; )g,
(€0, Vwm,) 120y (32, wm; ),

VYm > 1,

o
Il

‘SQ
NN

Amgm (U) =

2 <C*U7 vwmj >(L2(Q))” <apl » Wmy; >QP1
7j=1

one has

Z <C’*g7 vme>(L2(Q))" <a¢,wmj>9i =0,Vie{l,....,p1}, Ym > 1,

<.
=

hence

7

<
3

(C*0, Vi, ) 120y (s Wm, g, =0, Vi € {1,...,p2}, Ym > 1,

.
—

ie., ~
Apmgm (o) =0, Ym > 1,
and therefore o € [ ker (/imgm> . O
m>1
Now, in the case where O = RY, i.e., the output of the system is given by ¢
sensors (D;, 8;);<;<,, Where s; € L?(D;), D; = supp (s;) C Qfori = 1,2,...,q, and
D;ND; =0 for i # j, the operator C = (C O) is given by

C : (L2 ()" = Re

n n n tr
yr— Cy = (;<Slayi>D1 ;(Szayi>p2 ;<Sq7yi>Dq> )
and its adjoint is C" = (c* O)tr, and for o = (01,02, ...,0,) € RY,
. q q q tr
Cro= (; XD, (x)o;si(x) ; XD, (x)oisi(x) ... ; XD; (x)aisi(x)) . (5)

In this case, the exact and weak dominations with respect to the gradient observation are
equivalent. The following result gives a necessary and sufficient condition for domination
with respect to the sensors.
Corollary 4.5 (£, ai)1<i<p1 dominates (Qi, ?11-) e oM [0,T] with respect to the
- = l_i_pg
sensors (D, s;)1<i<q if and only if there exists v > 0 such that for all o in R?, we have
P2 T Tmo 4 m ow 9
. m4 ~
Z/o [ Z VvV =Am sin(v/ = A, (T — 9)) Z ZW(SZ, aTk]>Dl<ai,wmj>Qi} ds
i=1

m>1 j=11=1k

S’Yi/OT {Z V= sin(v/ = A (T — S))qujzn:m(sz,(()(;Ua?:bl(ai,wmjmirds.

m>1 j=11=1 k=1
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Proof. 1t suffices to use Corollary and the relation . O
In order to give it another characterization, we pose the following definition: for
m > 1, -The matrix S, of order (¢ X r,,) is defined by

Sm:<z<si, C,;ka]>D]> , 1<i<q and 1<j<rpy.

k=1 i/ i

Corollary 4.6 (£;,2;),,,, dominates (Qi,&-) on [0,T] with respect to the
sism 1<i<ps

sensors (D;, s;)1<i<q if and only if

ﬂ ker (A,,S5) C ﬂ ker (AmefL) .

m>1 m>1
Proof. Let o € R?, we have

o€ ﬂ ker (A,,Sl)) < o € ker (4,,SI), Vm > 1 A,Sho =0, Ym > 1

m>1
4 Tm
@ZZZUZ sl, Dl<az,wmj>Q =0,Vie{l,2,....,p1}, Vm>1
1=1 j=1 k=1
& Z (C*o, Vwmj>(L2(Q))n (ai,wmj)ﬂi =0,vie{l,2,...,p1}, Ym>1
j=1
< (Apgm) (0) =0,Ym >1< o €ker (Apgm),Ym>1& o€ m ker (Amgm) ,
m>1
this gives
ﬂ ker (A, S5) = m ker (Apmgm) -
m>1 m>1
By the same method, we obtain
ﬂ ker( S") = ﬂ ker (jlmgm).
m>1 m>1
From Corollary we get the result. O
Corollary 4.7 (£, al-)1<i<p1 dominates (Qi,éi) i, O [0, T] with respect to the
s 1<i<ps
sensors (D;, s;)1<i<q if and only if
L Ow,y,. )
> st 5 2y p (@i wim, ), =0, VI €{1,2,...,q}, Vi€ {1,2,....p1}, Ym > 1
J=1k=1 Tk
- - aw7n .
= ;;@h O, >Dl<al,me>Q =0,Vie{l,2,...,q}, Vie {1,2,...,p2}, Vm > 1.

Proof. 1t suffices to use Corollary
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Corollary 4.8 If there exists mg > 1 such that rank (Am0 Sf,fo) = g, then
(9, 2i)1<<p, dominates any zone actuators (Qi,éi)1<< on [0,T] with respect to the
== <i<ps

sensors (D, 8:)1<i<q-

Proof. If there exists mg > 1 such that rank (AmOSf;U) = ¢, and the matrix
(Am0 Sf,’;o) is of order (p x q), then from the rank-nullity theorem, we have

rank (A sir ) + dim (ker (Al Sir )) =gq,

mo*~mgo mo ™~ mo

then dim (ker (A, S&

mo

)) =0, which is equivalent to ker (A, Sk ) = {0}, then
[ ker (A S5) = {0}.
m>1
From Corollary the operator (€;,a;), <i<p, dominates any zone actuators
(Qi, éi) with respect to the sensors (D;, s;)1<i<q. O
1<i<pz -
Corollary 4.9 If there exists mg > 1 such that

rank (Ayy) =7m, and rank (S} ) =q,

mo

then (£2;, ai)1gigp1 dominates any zone actuators (Qi, ai)lgigpz on [0, T] with respect to
the sensors (D, s;)1<i<q-
Proof. We suppose that
rank (Sfrfo) =g and rank (A;,,) = Tmg-
The matrix (Sf:;o) is of order (7, X ¢) , then from the rank-nullity theorem, we have

rank (Sﬁ;o) + dim (ker (Sf,:o)) =q,

then
dim (ker (Sir)) =0,

which is equivalent to

ker (SI7 ) = {0}. (6)

Similarly, the matrix (A,,,) is of order (p X 7.,,), then from the rank-nullity theorem,

we have
rank (A, ) + dim (ker (Asmg)) = Tmg»

then
dim (ker (A,,,)) = 0,

which is equivalent to

ker (A,,,) = {0}. (7
On the other hand, if o € ker (A;,,S% ), then (A, St ) o = 0, which gives

Apy (S ) =0,
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From @, we obtain ngoa =0, and from @, we obtain ¢ = 0. Then

ker (A Str ) = {0}.

mo™~mgo
From Corollary |4.6 (Qi,ai)1<i<p1 dominates any zone actuators (Qi,éi) with
== 1<i<ps

respect to the sensors (D;, s;)1<i<q. O
5 Application to the Wave Equation
We consider a hyperbolic system described by the following wave equation:

aZ'y P1 . P2 B .

@(Ia t) = Ay(I,t) Z Xﬂqal(x)uzl(t) + Z XQLal(I)U%(t)v QX]O7T[7

i=1 i=1
9y (8)
y((E,O) :yo($)7 a(x70) :y1($)7 Q7
y(gat) =0, 8QX]07T[7

where 2 C R” is an open and bounded domain with a sufficiently regular boundary, and
we consider the system augmented by the output equation

0= (Sl gl Seghen o Seaghen )

Dy =1 Z; Do i=1

There exists an orthonormal basis of eigenfunctions (wmj)mzl of A associated to
TS,

eigenvalues (A\y,),,~, with multiplicity r,,, and given by Aw,; = \pwp,;, Ym > 1 and

i=1,2,.. ., m.

For © =10, 1], the eigenfunctions of A are

Wi, () = V2sin (mrz), Ym > 1,
and the simple associated eigenvalues are
Am = —m27%, Ym > 1.

The semigroup generated by A is

1 .
) <y1> _ mzz:1 ((y1, Wi ) g, cos (mmt) + %<y2,wm>Q sin (mt) )wy,
- ;1 (=mm (Y1, wm) g sin (mat) + (y2, win) g cos (mmt))wm

If D =supp(s) C]0,1], (¢ =1 and O = R), the system is augmented with the following
output equation:

and the system is excited by the zone actuators (£2;,a;) and (Ql,él) such that
Q; = supp (a1) CJ0,1[ and 4 = supp (a;) CJ0,1].
Using Corollary we deduce the following characterization.
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Proposition 5.1 (Q;,a) dominates (Ql,d) on [0,T] with respect to the sensors
(D, s) if and only if

( (s, w),)pa, Wi)g, =0, Ym > 1 )= ( (s,wy,) p(@, W), =0, Vm >1 ).

If there exists mg such that <s7 w;nU>D # 0, then, from Corollary an actuator (€21, aq)
dominates (Ql,&l) if

(a1, Wmgy)g, = / ay () sin (momz) dx # 0.
Q

Thus, for example, if a; = wy,,, then the actuator (1, a;) dominates any zone actuator

(Ql, 511) weakly on [0, 7] with respect to the considered sensor (D, s).

6 Conclusion

In this paper, important results and general properties related to the notion of domination
of a general class of controlled and observed hyperbolic systems with respect to gradient
observation are obtained. The role of actuators and sensors is also examined. The
obtained results are related to the choice of convenient efficient actuators. An application
to the case of a one dimension wave equation was conducted, it illustrates the notion
proposed and confirms the results obtained. Many questions remain open, namely some
cases of linear and nonlinear systems. These questions are still under consideration and
the results will appear in separate papers.
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