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1 Introduction

Mathematics has always been the beating heart of the science, and the interaction be-
tween them has been crucial for centuries. Mathematical theories and fundamental con-
cepts have enabled the description of aspects of the natural world, including motion in
mechanics, electricity, gravity, and general relativity.

The connection between mathematics and mechanics is profound as mechanics elu-
cidates the motion of objects influenced by specific forces within the realm of physics.
The mathematical exploration of mechanics commences with the definition of physical
quantities and geometric representations, often leading to the formulation of graphs and
diagrams. Contact mechanics, a subfield of mechanics, delves into the deformation of
materials in contact with one another. Mathematical modeling and analysis play pivotal
roles in comprehension [11], with nonlinear partial differential equations and variational
inequalities being among the primary mathematical tools employed, along with hemi-
variational inequalities.

Thermal phenomena are closely linked to the mechanics of contact. For example,
certain crystals such as quartz, tourmaline, and Rochelle salt exhibit mechanical stresses
due to thermal expansion when exposed to heat [5]. Research has extensively explored
the laws that govern these thermo-mechanical interactions. The models of thermo-elastic
bodies are elaborated in [1]. Additionally, studies examining changes in piezoelectric
materials in relation to thermal effects are presented in [|4] and [12]. Frictional contact
between bodies has taken a considerable place in research, see 7], dealing with a contact
problem between materials and physical phenomena (friction, damage and wear), while
for a dynamic problem of frictional contact in mechanics in other studies on mathematical
numerical solutions of variational inequalities, one can refer to [9).

Furthermore, there are results and research focusing on abstract hemivariational in-
equalities and numerical simulation outcomes providing numerical evidence regarding the
theoretically predicted optimal convergence order, as referenced in [6,[8/10]. Addition-
ally, in |1], the study delves into the hemivariational inequality and the frictional contact
problem with damage, furthermore, there are other studies focusing on numerical aspects,
which can be found in [2]. The paper is structured as follows. Notations and prelimi-
naries are detailed in Section [2] while the model, a list of assumptions, and a variational
formulation of the problem will be discussed in Section 3] Subsequently, in Section [4] we
will cite the results concerning existence and uniqueness as presented in Theorem
The proof of this theorem relies on variational and hemivariational inequalities as well as
results related to the existence and uniqueness of Banach fixed points. Finally, in Section
we will present the numerical study, employing the finite element method and finite
differences to achieve a precise numerical approach to the solution.

2 Notations and Preliminaries

We present the notations and recall some preliminary concepts.

Let us consider Q' ¢ R? as a bounded domain with an outer Lipschitz boundary
denoted by T, and let v represent the unit outer normal on 9! = I''. We define the
spaces

l Id 1 Nl 1 A S SO SN B | l
H' = L*(QhYY = {v = (v) .vieLQ(Q)}, H —{T = (7‘ )Tij—TjiELZ(Q)},

i ¥

H{(Q) = {v'=(v})) e H :e(v) e H'}, Hi ={r' e H': Divr* € H'},



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (2) (2025) 173

H', HY, HL(QYHY and H! are real Hilbert spaces equiped with the usual inner products
and the associated norms, we also introduce the closed subspaces of H!(2!) defined by

Vi = {VIGH{(Ql)d:VzoonFll},
Q = {0eH(Q):0=0inTt}.

Given that p(T'}) >0 and u(T%) > 0, the Korn and Friedrichs-Poincaré inequalities
are satisfied,

V

300>0 el 2 ColVllmyans W eV, M)

>0 [Vl = Collw! g, YW € Q. (2)

Moreover, by the Sobolev trace theorem the positive constants Cy and C's exist so that
V'l 2o Collv![lve, vv! e V', 3)

12l L2y < Coll2lllgr, Y2 € Q. (4)

ARVAN

We denote v, and v. as the normal and tangential components of v! on I''; where v, is
the perpendicular component and v is the parallel component, as described in Green’s
formulas in [4].

For a simpler notation, we use the following spaces:

V=VixVo, H=H'xH? H, =H xH? Q=@Q"'xQ%.

2.1 Subdifferential boundary conditions

In the mechanical problem (P), we will use contact laws expressed in terms of the subd-
ifferential x, € 9j(u,), in which &, represents an interface force, u, signifies the normal
displacement and Jj(u, ) represents the subdifferential in the sense of Clarke such that
j : R — Ris alocally Lipschitz function. The generalized (Clarke) directional derivative
of j at € R in the direction v € R is defined by
() = limsup 28 A =W
y—x,Al0 A

The generalized subdifferential of j at z is a subset of R expressed as
dj(x)={CeR | j%z;v)>Cv YveR}

Some properties of the subdifferential for locally Lipschitz functions can be found in [11].

3 The Model and Assumptions on the Data

Let Q1 = 1,2, be a bounded domain in R¢ (d = 2,3) with the outer Lipschitz surface
I'', we define two thermo-viscoelastic bodies occupying €, their boundary is divided
into three open disjoint parts I'}, T, and I'; on one hand, and a partition of T} U T
into two open parts ' and T} on the other hand. We assume that u(I'}) > 0. Let
T > 0 and [0,T] be the time interval of interest. The two bodies are subjected to the
effect of body forces with specific density fp, a heat source of constant strength qih.
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The two bodies are clamped on I'! x (0,7, so the displacement field vanishes there. A
surface traction of density f} acts on I's x (0, 7). Also, we suppose that the temperature
vanishes on (I‘ll U I‘IQ) x (0,T). Moreover, we suppose that the body forces and tractions
vary slowly in time, and therefore, the accelerations in the system may be neglected.
Neglecting the inertial terms in the equation of motion leads to a quasistatic approach to
the process. In the reference configuration, the two bodies can enter in contact along the
common part I'4 = ' = I's. The contact model is characterized by the sub-differential of
locally Lipschitz functions and the non linear boundary condition of thermal conductivity
modeling electric potential exchange between the bodies.

Problem 3.1 For [ = 1,2, find the displacement field u! : Q! x [0,T] — R?
and the temperature 6 : Q' x [0, 7] — R such that

al(t) = Al(e(ul(t)) + Ble(u'(t)) + / ' Gt — s)ul(s)ds — C'0'(t) in Q' x (0,T) (5)
0

0'(t) — divk' (VO'(t)) = M (e(il(t))) + kb in Q' x (0,T) (6)
Divel(t) + fi(t) =0 in Q' x (0,7), (7)
ul(t) =0 on T} x (0,7), (8)
ot = fl onTL x (0,7), (9)
oy(t) = 05(t) = 0u(t)  —ou(t) € julin(t)) onTsx (0,T),

(10)

or(t) = oi(t) = 0-(t)  —o-(t) € djr(u-(t)) onTsx(0,T),
up(t) +u2(t) =0 on T3 x (0,T) (11)
—K(VO(t))v € 0jg(0(t)) on T3 x(0,T), (12)
' =0 on (I';UTly) x (0,7), (13)
qt)t vt =h, onThx (0,T), (14)
ul(0) =uh, 6'0)=6, inQ. (15)

Now, progress to the mechanical presentation of — and provide explanation of the
equations and the boundary conditions.

Equations and @ represent the thermo-viscoelastic with long-term memory con-
stitutive laws between two bodies, where A' is a given nonlinear operator, G' is the
relaxation operator, B! represents the elasticity operator and C' is the thermal operator,
the thermo-viscoelastic constitutive law includes temperature effects described by the
parabolic equation given by @, where M! is the thermal expansion tensor and K! is
the thermal conductivity tensor, equation is the equilibrium equation for the stress,
where Div denotes the divergence operator for tensors, then , @D, and are the
mechanical and thermal boundary conditions and indicates that there is no space be-
tween the two bodies, the equations (10| represent the normal stres and normal velocity
satisfying the non-monotone damped response condition and the friction law, in which
Jv, jr are locally Lipschitz functions and 0j,, 0j, denotes the generilized Clarke gradient
of the functions j, and j,, the relation represents the heat exchange between two
body, finally, denotes the initial displacement and the temperature conditions.
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3.1 Assumptions on the data

We will now enumerate the assumptions regarding the problem’s data.
The wiscosity operator Al : Q! x ST — S satisfies

(a) AlY(.,¢) is Lebesgue measurable on Q! for any ¢ € 9,

(b) There exists L 4 > 0 such that

| AL (x, 1) — Al(x,e2)|| < Lailer — g2 for all e1,e5 € SY,

(¢)  There exists m_4 > 0 such that for all e1,e5 € S%,
(Al(x,e1) = Al(x,2)) - (1 — e2) > marfler —e2]*  (ae)x € O,
(d) Al(z,0) =0 for all z € QL.

The elasticity operator Bl : Q! x S* — S? satisfies

(a) B(z,e) is Lebesgue measurable on w for all ¢ € S%,
(b) There exists Lz > 0 such that for all £1,¢5 € S,
1BUx,21) — B, 22)l| < Lisller — 2ol (ae)x € 9,

(¢) Bi(x,0) =0 for all z € Q.

The relaxation function Gl Ql — RY gatisfies

a) G'(x) is Lebesgue measurable on Q! for any x € R¢,
(a) g y
(b) There exists Lg > 0 such that
G (x1) — G (x2)]|| < Lgi||x1 — x2f| for all x1,x%2 € R4,

The function j, : T4 x R — R satisfies

(@)  Jju(,r is Lebesgue measurable on % for all z € R,

(b)  ju(a,.) is locally Lipschitz on R for all x € I,

(¢) there exist coy,c1, = 0 such that for all r € R and « € I‘é we have
104, (x,7)| < cou + crr],

(d) there exists a;, > 0 such that for all r1,7o € R and = € I‘g, we have

U@, risre — 1) + §O(x, ros 1 — 12) < agp|r — 12l

The function j, : Ty x R? — R satisfies

(a) j-(.,&) is measurable on T} for all z € R,

(b) jr(z,.) is locally Lipschitz on RY for all z € T},

(c) there exist cgr,c1, > 0 such that for all € Rand = € T, we have
| 9jr(z,7) I< cor +cr1r [| € [r,

(d) there exists a;j, > 0 such that for all £1,& € R and € T, we have

I &8 — &) + 52w, 06 — &) <oy || & — & |2

The function jg : I's x R — R satisfies

(a) je(.,7) is Lebesgue measurable on I'y for all x € R,
(b)  jeo(x,.) is locally Lipschitz on R? for all z € T'},

(c)  there exist cgg,c19 > 0 such that for all 7 € R and = € T}, we have

|06 (x,7)| < cos + cro|7],

(d) there exists a;jg > 0 such that for all r1,r, € R and = € I's, we have

33, risre — 1) + g (@, resm — re) < aglr — ral?

175
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On the other hand, we need conditions for the thermal operator C!, the function M and
the thermal conductivity operatork!, see [6].

Now, we define the forces, tractions, volume and surface charges, as well as the initial
functions as follows:

foe LX) fye LATH)T hy € L2(QY)%
hL e AT k>0 wpeV 6 <€Q.

By utilizing Riesz’s representation theorem, we examine the elements f' € V! and h € Q'
defined by

2 2
(F,v)y = Z/ fhi@)tde + Z/ fitwldr forallv € V
1=1 7 1=1 /I

2 2
h = Kt ()l Kt (#)eldx for all .
m8a=3 [ mhwear S [ ocar forarecq

With the notations mentioned earlier and Green’s formulas, we can derive the variational
formulation of the mechanical problem (P) for all functions v' € V!, w! € Q' and a.e
t € (0,T) given as follows.

3.2 Problem Py

Find the displacement field u = (u!,u?) : [0,7] — V and the temperature § = (0',6?) :
[0,7] — Q such that

> (0" 020! =i () + /F (@ (000 =, (6) + 32 (7 (1) 0 — (1)) da,

=1

Y

(F(t), v — (). (22)

> (él(t), M- Hl(t)>w + (K6 (1), VN = 6'(1))),,0 — (Me(ul (1), N = 6'(1)),,1 »

=1
+ / 8O N — 6'(t)) da > (h(t), A — 0(8))a, (23)
I's

u(O) = Uy, 9(0) = 90.

4 Existence and Uniqueness of a Solution

Let us consider that the following smallness conditions are satisfied:

aly > gy, +aj,)/p(Ts3),
O[;C Z Cgaje ,LL(F3)7 (24)
aj — cgajo\/uls) = LT/2.

Now, we present our result on existence and uniqueness.
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Theorem 4.1 Assume hypotheses (3.16)-(3.29) and are satisfied, then Problem
(Py ) has a unique solution (u,0) such that

uc L*0,7,V), 60¢cL*0,T,Q).

In the proof of Theorem (4.1)), we follow several steps, based on the results of hemi-
variational inequalities and fixed point arguments.

To prove the theorem, we consider the following the auxiliary problems for given
ne L*0,T,H),z € L*(0,T,Q).

4.1 Problem PV,
Find a displacement field u, = (u},u2) : [0,T] — V such that for all ¢ € [0,7T7], we have

; el — il (£))gu + /F (3D (0 = s 1)
+(J2 (e (8); 07 — e (8))da + (n(t), e(v — a(t)))v = (F(t),v — iy (t))y  (25)
U (0) = ug.

4.2 Problem PV

Find the temperature 6,. = (6}.,67.) : [0,7] — Q such that for all ¢ € [0, 7] and all
A € Q, we have

D (G0N = 0,0+ (KIV,.(8), VN = 6,.(0))s — (Me(uly(£), A = 6,,.(1))

+ [ 3500,2(0: N = 0,.(0)da > (0.2 = 0, (0 (20)

Lemma 4.1 Problem has a unique solution. Moreover, there exists a constant
¢ > 0 such that

T
Ity — gy [[5< C/O Im1(s) = ma(s) |3 ds. (27)

In this context, (u,,) refers to the solution of problem associated with n;,4 =1 : 2.
Proof. [Proof (of Lemma [4.1))] To start the demonstration, let us begin with the
aspect of existence of solution of problem corresponding to n; with ¢ = 1,2 for the
estimate (27)). Let u,; be the solution of problem corresponding to
n; € L*(0,T;H) with i = 1,2, then, Vt € (0,T) and Vv € V, we write

SO(Ale(il (1)), (0! — il (8))p + / (G (8)); 00 — o (B)da (28)

=1
+ / (G2 it ()5 07 — o (B))cda + (11 (), €0 — i, (£)))

> (F(t), v =, (8))v
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D (Ale(i, (1)), (" — g, (8))) + /F (7 (Gt (£)); 0 — gy (t))dar (29)

1=1
+ /F (77 (nyr (8)); v7 = nyr ())da + (m2(t), (v — ty, (2)))v
3
> (F(t)7 U= ’0’772 (t)>V
Taking v = 1, in and v = 4, in , we sum up the obtained inequalities to derive

D (A = Ale (i, (1)), (uy, () = 1y, (£))) 20 (30)

=1

< (i (8) = ma(t), &, (8) = gy (8)))v + / T (G, (), Tt (8) — iy (t))da

s
+/F jg(unzu(t)aﬂml/(t) — Uy, (t))da +/F jg(umv'(t)’ Unyr () =ty 7 (t))da
3 3
+Aﬁwﬂm%w%wwmm
3
Then we combine the inequalities (16])-c, . d and ( . d to deduce

(car = cj(ey, +ay, )\ p(T8)) ||, (8) =ty () 15 (2(8) = m2(t), €y, ) — £(in, )

Remembering u,, (0) = u,,(0) = ug, we perform integration by parts on the preceding
inequality over (0, T) to discover

(o — lag, + ;)\ u(Th) / i () — il (s) |2 ds
saén%ﬁ>ua>w®+—/\ml m(s) | ds.  (31)

Thus, from the previous inequality, we conclude

T

(o= a3 1 uT)=0) [ il (=id () [ s < - [ Im(s)-m(s)|

V* ds.

Finally, we use the condition and the Cauchy inequality to get the desired estimation

27).

Lemma 4.2 Problem (@) has a unique solution. Moreover, there exists a constant
¢ > 0 such that

02 () = 020 (1) 155 C/o [m(s) = n2(s) 5= + || z1(s) = z2(s) I3+ ds. (32)

Here, 0y, ., and 0y, ., are the solutions of problem (26) for (n;,z), i =1,2.

Proof. [Proof (of Lemma [4.2)] For the estimation (32), let ,, ., (t) represent the
solution to problem associated with n;, z; € L2(0,T;H x Q) with i = 1,2, hence, for
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all t € (0,¢) and all A € Q, we find that

2
D (L ()N =0 )+ (KO (), VN =6 (),

M, (£)), A — 6L () + / 00 L (N~ 0 (D)da,  (33)
> (h(1), A~ Oy (1))

Z 7]2Z2 957222( ))7‘[ + <Klv9£]222( ) v()\l - 057222 (t)»Ha

=1
—(Me(up, (£),\ = 6;,.,(t) */ §(Onoey (DX = 0, (8))da,  (34)
> (h(t), A = bz, (1))

By setting A = 6,,.,(t) in and A\ = 6., () in (34), we combine the two derived
inequalities

1 T
5 || 9771,2’1 - 07]2,22 ||(%@ + <alCl - cgaje M(F3) - Ac ) /0 || 977121 (S) - 07}222 (3) ||(2Q ds,

<e / (I thn, (5) — 1y (5) [12.) ds.

Finally, we conclude that the estimation (32)) is verified.
To complete the proof of Theorem (4.1), we consider the following operator:

A L0, T;H x Q) — L*(0,T;H x Q)

A(n, 2) = (A1(n, 2), (35)
where Ay are given for all n,z € L2(0,T;H x Q*) and t € (0,T) by

(A, 2), ¢ (0)) = o+ [ G- o onas e 0. w), @9
where u,, and 0, . are, respectively, the solutions of problems and .
We have the following result.

Lemma 4.3 (1) The operator A defined by has a unique fized point.
(2) If uyand uy are two solutions of and corresponding to (n1, z1) and (2, z2),
then there exists ¢ > 0 such that, for t € (0,T),

o (8) — a2 () [lv < el () —n2(®)llv + [[ar(t) —uz()]]). (37)
Proof. [Proof | of Lemma ] Consider (n1,21) and (na,22) € L*(0,T;H x Q),
from the definition of A, we get
1A (1, 21) (8) — A2, 22) (8) 13 g
= [ A1(n, 21)(8) — Aa(n2, 22) ()1 Fge + [A2(n1, 21)(8) — Aa (2, 22) (1) 3 - -
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Using the relations —b and the condition in [6], also u;(t) = fOT u;(s)ds +up(t),Vt €
(0,T), we have

T
s (t) — us(t)ly < / i (s) — o (5) v

and using this inequality in , Gronwall’s inequality, and applying the previous lem-
mas, we deduce that there exists a constant C' > 0 such that

T
A1, 20)(8) — A2, 22) ()50 < C/o 11, m2) = (21, 22) [ xg- ds.

Finally, the operator A has a unique fixed point.

Now, let (n*,2*) € L?((0,T), H! x Q*) be the unique solution of the operator A (fixed
point for the operator), to demonstrate the solution of theorem 7 we considered u =
u,- and 0 = 6, .- as the solutions to problems ([25) and , respectively. Furthermore,
the uniqueness of the fixed-point operator defined in and implies the uniqueness
aspect of the theorem.

5 Numerical Analysis of Problem (P)

Numerical approaches are essential for approximating solutions in practical applications
due to the complexity of the challenges at hand. In this work, we primarily examine
fully discrete approximation systems, in which the temporal and spatial variables are
discretized. The spatial domain is discretized using the finite element method, and the
time derivatives are discretized using finite differences. We establish the existence and
uniqueness of each numerical scheme’s solution and derive optimal order error estimates
for the continuous problem’s solution under specific regularity assumptions.

In this section, we present a fully discrete approach for Problem (Py ), we use the
finite-difference method to approximate the derivative of function. We consider the
uniform partition :0 < tp < t; < --- <ty =T of (0,T) with a time step-size k = T/N +1
and for each continuous function v, we denote
Up — Un—1

k

Moreover, we apply the finite element method for the spatial discretization. Let € be the
polygonal domain, then we consider a regular family of partitions (77) of Q into triangles
that are compatible with the partition of the boundary 002 into I' = I'; UT's UT's and
I'nuTl',=I'y UT',. Here, h > 0 denotes the discretization parameter, and ¢ denotes a
generic positive constant which does not depend on the discretization parameters h and
k. To approximate the spaces V., W and @, respectively, we introduce the following linear
finite element spaces corresponding to Th:

Vh={vh e C(Q)|v|’} for T € P1(T),v" =0 on T}

V(tyn) = vp ov, =

Q" ={0" e C(V)|0]y; for T € P(T),0" =0 on T}
We introduce the following piecewise constant finite element space for the stress field:
H = {rh e 7—[|T|hT for T € R4 for T € T"}.
Let ul* = ul € V" and 0% = 0} € Q" be appropriate approximations of the initial

conditions ug, f, respectively, such that ||ug — ul|| < ch and ||fp — %] < ch. Hence, the
discrete scheme for Problem (Py ) is given as follows.
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5.1 Problem Phk

Find a dlsplacement {ulF AN VP a temperature {#"F}N_ - C Q" such that for n =
0,1,---, N, we have

Mm

(Ale(wl®), e(vh — wh*))y + <BZE( By —Clomk e(ult — whk)> +

=1
T
(1 — syt ds. (ol — wh) ) + [ (@S(ulkiol, — ulh) + Dbk ot — wl) ds
0 T
+ ]l/ un’ Vyn — wl}/ﬂnc) +‘72(w7}—”ncv Uffi - wﬁs)) ds 2 <Fn7vz - wzk> VUZ € Vh
I

(38)
(803%, X = 05°)) 5, + (KVORE V(XL = 075)),, — (MPe((u™) (1)), ()" = (035)'(8)

M

4 / JOOE(E); V) — (015 ()da > (ho, Ao — OF()) Vol € WP,

(39)

Here, the sequences {u*}]_ and {w!*}N_, are related by the following equalities:

n
wh = gul* and  ul + kafkn =1,..V.
j=0
From assumptions — , using the same arguments as for Problem (Pv), we conclude

that Problem PEF has a unique solution (u**, 0h%) c V. x Q". It will be derived using
the Céa inequalities for error estimations.

Theorem 5.1 Assume that the conditions in Theorem E1l still hold. Consider
(u!,0') as the approvimate solution to Problem Py and (ul* 0'F) as the solution to

’rL rn

Problem ’P"}k. Then forn=1,..., N, the following error estimate holds:

_ . hk . hk
s ([, = b+, — i)

N
l h l h 11 h 11 h
< Clglnang (Hwn - ’Un”%/ + Hwn - vnH%2(F3)> + CZHGn - An||2Q + Hen - >‘n||L2(F3)

n=1

+CZ 1085, =A%) + (Ona = Xaga |+ C (160 — 051G + 1162 = AL[G + c(h® + £2)) -

Proof. [Proof (of Theorem [5.1))] First, the following equality holds:

> A = Ale(wp?), e(wn — wi*))n

2
=1

= (Al — Ale(wl*Y, e(wn — vP))3 + (Ale(wn), e(0! — w,))2

=1
(Ale(wn), e(wn — wy®))ae + (A'e(wy®), e(wy®) = e(v))n. (40)



182 R. KETFI, A. DJABI AND |I. BOUKAROURA

Furthermore, by taking ¢t = ¢, and v = w"* in the inequality , we combine the
equality with hypothesis to derive

agilwn —wik|fF <D (Ae(wn) = Ale(wi®), e(wn — vp))a + (A'e(wn), (0] = wa))n
=1
H{Fwn — vy + (B (e(un)), e(w)® — wn))a + (B (e(uy?)), e(v)y — w)iF))a

/ Gt — s)upds, e(wh* — w,) H—i—/ Gl(t — s)ulFds, e (v — wl*))y
—(COn, e(w)® —wn))p — (C1ORF, (v — wi?))w
+/ jg(wm/;whk an)+JV( nu?UZV_le]i)da

T

+/ jg(wm—;whk Wy ) +JT( Zﬁvvﬁu - U}Zzlj)ds
I's

We start with the integration factor for all n =1, ..., N, using the results in , we have

([ 0t = sputas,etel — wh ()
/ Gl( t—sunds—/ Gl(t hkds ,e(w hk—wn)h{
< ck®+ck Z |l — w3,
n=0
Next, we use the hypotheses — b, — b, —d, — d, and @ to find

aullw, — w5 < Lallwy, = wp vllw, — vnllv
+ L ([Jun — uthv)(Hwn = wyiFllv + wy, = vplv)
+81(un, 0n) + L (Wi wi, o) + Lt 105, = 03 lalwy, — wi® [l

Hlwy, = vpllv) + c§v/u(Ts) (e, +ag,) wy, — wntII7,

where S; and I; are given by

S1(un, On) = <~’45(wn),5(v2 —wy))n + <B(€(un),€(vﬁ — Wn))n
—<09m€(vz - wn)>7‘l + <Fn7wn - ’UZ>V

Bl wnol) = [l wada+ [ 2lkied - w,,)da.
s T

We further assume that j,(z,.) and j,(z,.) are c-locally Lipschtiz on R and R™, respec-
tively for (a.e.) x € I's, where the Lipschitiz constant ¢ > 0 is independent of . Hence,

we have

-71/( o Uh - wnl/) < c||wn - ’UZ”Lz(Fs) and .77-( TLT”UZ wm/) < ||w71 - UZ||L2(F3)‘

’I’Ll/ ’ nv

Then it should be concluded that

L (Wi, w, v)) < cllwn — vl L2 (ry)-
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Next, we multiply by an arbitrary element v € V', and then we conclude
S1(un,0n) = / av.(vy = wp)da < cl|o|[[wn = v}l 20y < lwn = vpll2ry)-
s

Additionally, use the Cauchy inequality so that for € > 0, we deduce
(e = cgy/u(Ts)(ay, + aj,) = 5e)wy, — wp*|[§
< c(llwp, — vl + llug, — w1 + 116, = 03518 + llwy, — onllzzrs))-

Moreover, using results in [L0], we have

tn — il < e(h® + k%) +ck Y flws — w3
i=1
We combine 7 so that

[

< C (Ilwn = o ll§ + 1105 — 02°13 + llwn — vpllz2(ry))

+e(h® +K2) + ck Y Jlwi — w3

=1
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Then, by applying the Gronwall inequality in and combining with , we get a

positive constant ¢ > 0 such that
lwn = wRFIIG 4 un — un® |5 < e(llwn — ol
n
0 — O2FIIR + llwn — vl L2(r)) + c(B + 52) + ck Y [[wi — w]*|[3.
i=1
For simplification, let us consider

= [lwp, — Wil + g, — un® %

gn = llwn, = opll% + 1105 = 251G lwn — villLaqea) + A2 + K.

There exists a positive constant ¢ > 0 such that (e, < cgn +¢>°7_ ;) with ¢ > 0.

Therefore, we use the assumption for K! in [6] to get

2
> a0, = 07k
=1

2
Z K'N0,, — VO N (0, — M) g + (KIV0,, VA" = 0,,)) 3
=

(K00, V(00 = 037)) 3+ (KIVORE, V(01 — A7) )0

Taking t = t,, and A\ = 0% in the inequality (3.32) , we use (39) to get

[ V)

2
D KIVORE, V(O = Ni))ae < D (8005 A = 01F ) g — (Me(u?), A — 67F) 50
=1

HEVR XL = 0F) s+ [ G560 N = 615 da + (834 — Mo
I's
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Now, we deduce the following estimation:

2
> axallgh, — 031G + (66), — 361,65, — 61F) < e(ll6, — ALIIR
=1 =1

Hllug, = up %) + (305 — 665, Xy — 65) 300 + Sa(uy,, 0,,) + L2(6,7, 65, \%), - (46)
where the quantities Sy and I are given by the expressions below:

So(ul, 04) = (0L, At — 01 ) g0+ (IK'VOL, V(N — 61)) 0 — (Mle(ul), N2 —6L) 50

A (B Oy, = A2 ) g
and

(6 04N = [ (65X~ 6,)da.
s
Then, by the same method as for , we can deduce that
S (1t 00) < |0 — ML 2(ry. (47)

We have that jg(z,) is locally Lipschitz on R for (a.e) x € I's for the positive Lipschitz
constant ¢ > 0 independent of x. Then we have

12(92k7 9717 AZ) < CHen - )‘Z”LZ(Fs)a (48)
we use the inequalities (46)),([47) and and the formula
2(a —b,a) = la—b|* + [[a]* — [[b]?

such that a = 6,, — 0% and b= 0,,_; — 0" | we get
1
o7 (100 = 251G = 1001 — 0221 113) < (00 — 665", 0 — 031 (49)
Then, by , and replacing n by j in the above relation, summing up from j =1 to n,
we deduce the following majoration:

7 'n

2k Y (807% — 605, Xy — 6;)3 < cl|6n — 253 + (160 — NF (1T + (160 — 65
=0
k n—1 9 n—1
+cl|6r — A3 + 5 D16, —07F1E + Z D 1O =2) = (B541 = A llz2o)-
=1 =1
For simplification, we note e,, = [0}, — O1%[[3, + 2k Y27, [|6; — 03|, and

gn =k {1165 = X3 + lluy — ¥ % + ey — M I1G + 1165 = X llzzqra)}
j=1

n—1
1
+ D N0 =N = (0551 = M)l a2y + 160 = 65113 + 1161 = ATIIZ + 105 — A2IIZ.
j=1
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Then there exists a positive constant ¢ > 0 such that e, < cg, + cz e;j. We use the
Gronwall inequality and the estimations ) to deduce

hik hik hk
lwn = wit 5 + llun — un®l + 165 — 67, ||%g

< C (Jlwn = vyl + lwn = vl z2(ry)) Z 185 = AZIIE + 165 = Al zars))

n—1

n
A 1B = A = O = M) T2 + Y (lws — wl 15 + lluy — w5+ 116; — 65*113)
- pt

+ 160 — 05113 + 1162 — 07113 + c(h® + k).
(50)
Now let us consider the following quantities:

en = llwn — wiF|IF + lun — wl¥I5 + 116, — 0;%(13
n
n = |[wn — V|1 + lwn — UZHL?(Fs) + Z(Hej - )\?”é +10; — /\;'LHLZ(FP,))
j=1

+ D 105 = X)) = Bir = Al ) o) + 160 — 6513 + 1161 — 6711 + h® + &2,

Then we consider the inequality , by applying the Gronwall inequality, we have
[y = wn I3+ lluf, — w5 + 160 — 037113

c(l[wh, = op % + llwn — vl z2rg) + D (165 = MG + 1165 = Nl z2(rq))
j=1

+ 31085 = X)) = (Bj1 = Ny )12y + 160 — G313 + 1162 — O71I3) + c(h® + &?).
(51)

Finally, we use to derive the estimation of Theorem

6 Concluding Remarks

This paper has explored a contact problem concerning thermo-viscoelastic materials with
memory effects over time. We developed a variational formulation for the model and es-
tablished the existence and uniqueness of a weak solution. Furthermore, an error analysis
was conducted, highlighting the discrepancy between the weak solution and its numerical
approximation, which underpins the reliability of the numerical methods employed. The
validity of the theoretical results was confirmed through numerical simulation, showcas-
ing the practicality of the proposed approach. Future research will focus on refining the
model to accommodate more complex boundary conditions and on investigating further
applications in industrial contexts. In conclusion, the presented model provides a ro-
bust framework for analyzing contact problems in thermo-viscoelastic materials, offering
potential benefits in various engineering domains.
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