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Abstract: In this paper, we consider a primal-dual Interior Point Method (IPM) for
the linear optimization(LO) problem, based on a new kernel function with a logarith-
mic barrier term, which plays an important role for developing a new design of primal-
dual IPM algorithms. New search directions and proximity functions are proposed

Sqg+1
based on this kernel function. We proved that our algorithm has O (an 254 log (%))
iteration bound for large-update methods.

Keywords: primal-dual interior point algorithm; kernel function; linear optimiza-
tion problem; iteration bound; complexity.

Mathematics Subject Classification (2020): 90C51, 49N15, 90C05, 68Q25.

1 Introduction

In this paper we deal with primal-dual IPMs for solving the standard linear optimization
(LO) problem
(P) min{ch:szb,xEO},

and the dual problem of (P) is given by
(D) max{bTy+s:c,sZO},

where A € R™*" z,s,¢ € R™, and y,b € R™.

* Corresponding author: mailto:abderrahim.guemmaz@cu-barika.dz
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In 1984, Karmarkar [8] proposed a new polynomial-time method for solving linear
programs. This method and its variants that were developed subsequently are now called
IPMs, and they have become the most effective methods for solving LLO problems. The
new efficient algorithms of the interior-point methods (IPMs) have generated increased
interest both in the application and the research of LO. In this paper, we deal with
the so-called primal-dual IPMs. It is generally agreed that these IPMs are most efficient
from a computational point of view [7]. Many researchers have designed different types of
primal-dual interior-point methods. Among them, IPMs based on kernel functions have
been designed. Several kernel functions have been introduced, including the so-called self-
regular kernel functions [2/4] and the non-self-regular kernel functions [2}{11]. In principle,
a kernel function offers a search direction and hence the development of a primal-dual
interior point method. Until now, all primal-dual IPMs have used the Newton direction
as the search direction [6]; this direction is closely related to the well-known primal-dual
logarithmic barrier function. In this paper, we consider the new kernel function with a
logarithmic Barrier Term (1.1) from [11] as follows:

tl—Jja _

2 o S
poty = -1 los® %Z s usemon )

2 2

We will formulate an interior-point algorithm for LO by using a new proximity func-
tion and give its complexity analysis, and then we will show that the iteration bounds
are O (anS;Tzl log (%)) and O (¢>52y/nlog (%)) for large and small-update methods,
respectively.

The remainder of this paper is organized as follows. First, in Section , we define
the central path and the new search direction determined by Kernel Functions for LO,
then we present the generic primal-dual IPM algorithm. The new kernel function and
its properties are presented in Section . In Section , we analyse the algorithm and
derive the complexity bound for LO. Finally, some concluding remarks follow in Section
E).

Some notations used throughout the paper are as follows. Let R™ be the n-dimensional
Euclidean space with the inner product (.,.), and ||.|| denote the 2-norm. R’} and R’ ,
denote the set of n-dimensional nonnegative vectors and positive vectors, respectively.
For z,s € R", x,,;n and xs denote the smallest component of the vector x, and the
componentwise product of the vector x and s, respectively. We denote by X = diag(x)
the n x n diagonal matrix with the components of vector z € R™ being the diagonal
entries, e denotes the n-dimensional vector, where each coordinate takes the value 1. For
two real-valued functions f(z),g(z) : Ry — Ryy, f(z) = O(g () if f(x) < cg(x)
for some positive ¢, and f (z) = O (g (z)) if c19(z) < f(z) < cog(x) for some positive
constants ¢; and cs.

2 Preliminaries

It is well known that the optimality condition for (P) and (D) is equivalent to solving
the following nonlinear system:

Ax = b, x>0,
ATy+s=¢, s>0, (2)
xs = 0.
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The basic idea of primal-dual IPMs for LO problems is to replace the third equation in
, which is known as a complementarity condition for (P) and (D), by the parameterized
equation zs = pe, with g > 0. Thus, the system becomes

Ax =b, x>0,
ATy+s=¢, s>0, (3)
s = pe.

Due to the last equation, any solution (z,y, s) of will satisfy > 0 and s > 0. So,
a solution exists only if (P) and (D) satisfy the interior-point condition (IPC) [5], i.e.,
there exists (z°,7°, s%) such that

Az® = b, 29 >0,
ATy0 + Y = ¢, 50 > 0.

So, if the IPC is satisfied, the system (3) has only one solution (x(u),y (1), s(w)) for
every u > 0 (see Lemma 4.3 in |13]), () is called the p-center of (P), and (y (1), s(i))
is the p-center of (D). The set of u-centers is called the central path of (P) and (D). If
1 — 0, then the limit of the central path exists, and since the limit points satisfy the
complementarity condition, the limit yields optimal solutions for (P) and (D) [5].

Let > 0 be fixed. A direct application of the Newton method to provides the
following system for Az, Ay and As:

AAx =0,
ATAy + As =0, (4)
rAs + sAx = pe — sx.

Since A has full row rank, the system has a unique solution (Az, Ay, As) which
is called the search direction (see [5,|9]). By taking a step along the search direction
(Az, Ay, As), one constructs a new positive iterate (x4, yy,sy) with

T4 =2+ alAz,yy =y + aAy, sy =5+ als,

where « satisfies 0 < o < 1.
Now, we introduce the scaled vector v and the scaled search directions dz and ds as

follows:
vim B g, = VAT VAS (5)
i T S

The system can be rewritten as follows:

Ad, =0,
ZTAy +d, =0, (6)
dy +ds =v71 — v,
— 1
where A :== —AV~1X,V := diag (v) and X := diag ().
W
Note that

dy=ds=0v ' —v=08v=c<=1=21(u),s=s(u).
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A useful observation is that the right-hand side of the third equation in @ equals to
the minus gradient of the following proximity function:

n n 2

(I)(’U) = (I)(‘Ta 5;,”') = 21/1(%) = Z (vi ; L — IOg’Uz’> ;v > 0.

=1 =1

Here, ¢ is the so-called kernel function of ®. And therefore, d, + ds = —V®(v). We
can rewrite the system @ as

Ad, =0,
ZTAy +d; =0, (7)
d; +ds = —Vo(v).

It is easy to notice that V®(v) = 0, therefore ®(v) reaches its minimum value at
v =e, with ®(v) = 0.

In order to measure the distance between the p-center and the current iterate, we
resort to using ®(v), and this is for a given 7 > 0.

Now, we introduce a norm-based proximity measure 6(v) : Rt | — R, in accordance
with

5(0) = 5 IVBE)]| = gllds +da, ®)

in terms of ¥(v;). Then we have (v;) =0< 0(v) =0 v =c.

Using and , we can write the system in the form of a modified Newton
system. We get the following:

AAx =0,
ATAy+ As =0, 9)
xAs + sAx = —pwVoe(v).

In this paper, we replace 1(t) by a new kernel function ©g(t), and ®(v) by a new
barrier function ®g(v), which will be defined in Section (3).

The new interior-point algorithm works as follows. Assume that we are given a
strictly feasible point (z;y; s) which is in a 7-neighbourhood of the given u-centre. Then
we decrease p to py = (1 — 0)u for some fixed 8 € (0,1), and then solve the Newton
system to obtain the unique search direction. The positivity of a new iterate is
ensured by an appropriate choice of the step size a which is defined by some line search
rule. This procedure is repeated until we find a new iterate (z,y+,s4) that is in a
T-neighbourhood of the u-centre, and then we let p:= py and (x;y;8) == (4, Y+, S4) -
Then 1 is again reduced by the factor (1 — 6) and we solve the Newton system targeting
at the new p-centre, and so on. This process is repeated until p is small enough, say
until np < €. The generic form of the algorithm is shown in Fig.1.
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Generic Primal-Dual Algorithm for LO
Input:
a proximity function ®4(v); a threshold parameter 7 > 0;
an accuracy parameter € > 0; a fixed barrier update parameter 6,0 < 6 < 1;
(2°,5%) and p° := 1 such that ®,(2°,s%, u%) < 7.
begin
x =205 := 5% pu .= puo
while ny > € do
begin (outer iteration)
o= (1= 0)p;v = \/ﬁ;
I
while &,(v) > 7 do
begin (inner iteration)
Solve the system (9)) for (Az, Ay, As);
Determine a step size «;

zs
r:=x+ alAx;y =y + aly;s = s+ als;v =, | —;
u
end (inner iteration)
end (outer iteration)
end

Fig. 1 Generic algorithm.

We want to “optimize” the algorithm by minimizing the number of iterates in the
algorithm. To do this, we must carefully choose the parameters 7, 8, and the step size
a. Choosing the barrier update parameter 6 is very important in application and theory.
If 6 is a constant number which is independent of the dimension n of the problem, i.e.,
6 = ©(1), then the algorithm is called a large update method. If 6 depends on the

dimension n of the problem, then we call the algorithm a small update method. In this

case, 0 is usually chosen as follows: § = © (ﬁ)

Choosing the step size, a > 0, is another key step in obtaining good convergence
properties of the algorithm. It must be set in such a way that the closeness of the
iterates to the current p-center improves by a sufficient amount.

In this paper, we define a new kernel function and propose primal-dual in-
terior point methods which improve all the results of the complexity bound for
large-update methods based on a logarithmic kernel function for LO. More pre-
cisely, based on the proposed kernel function, we prove that the corresponding al-

gorithm has O (anS;thl log (%))Complexity bound for the large-update method, and

(0] (QQS 2/nlog (%)) for the small-update method. Another interesting choice is ¢ depen-
dences with n and S, which minimizes the iteration complexity bound. In fact, if we
take ¢ = k;gsn, we obtain the best known complexity bound for large-update methods,
namely, O (\/ﬁlog nlog %) This bound improves the so far obtained complexity results
for large-update methods based on a logarithmic kernel function given by El Ghami et
al. [10].
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3 The Properties of the New Kernel Function

We will now address a new kernel function with its properties being provided. Let the
new univariate function be defined in [11].

2-1) 1 o4
psty = LD T80 LSBT s s emo)
j=1

It is easy to observe that as t — 0 or t — oo, then () = co. So, ¥g(t) is without a
doubt a kernel function.
We will need the first three derivatives of s (t), we provide them as follows:

1 1S
Ys(t) =t — 2% " 323 e, (10)
j=1
p(t) = +ﬁ+fzq3t ja=t, (11)
2 1 1 3 . —jq-2
vs ()= -5~ 55 ZJCI(JQ + 1) (12)
J=1

If S =1, we obtain the kernel function (12) given by Bouaafia et al. [10].
The following lemma establishes the efficiency of the new kernel function .

Lemma 3.1 Let 15(t) be as defined in andt > 0. Then

bg(t) > 1, (13)
”’<t> <0, (14)
Yg(t) —Pg(t) > (15)
b (t) + ps(t) > 0. (16)

The last property in Lemma is equivalent to the convexity of composed
functions ¢ — ¢g(e’) and this holds if and only if ¥s(vEita) < 3 (¥s(t1) +s(ts)) for
any t1,to > 0. This property is well-known in the literature, and numerous researchers
have demonstrated it (see [3,/12]).

We provide some technical findings of the new kernel function in preparation for
further.

Lemma 3.2 For is(t), we get

;(t—l) ws(t) < %[ (t)}2,t>o. (17)
bs(t) < {(H)} (1%t > 1. (18)

Proof. For , use . For , use Taylor’s Theorem.
Let o : [0,00[ — [1,+00[ be the inverse function of g(¢) for t > 1 and p : [0, 00[ —

10,1] be the inverse function of —3tg(t) for all ¢ € ]0,1]. Then we have the following
lemma.
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Lemma 3.3 [Lemma 3.3 from [11]] For 1s(t), we have

8s
L4y |——— < o(s) <1425, 5> 0. 19
T erqe ) SOW SV sz (19)

o(z) > {4212};",”0. (20)

Lemma 3.4 Let o : [0,00[ — [1,+00[ be the inverse of 1g(t). We have

a5y € ns (3 (22) ), e, 221,

Proof. Using and (15]), and Lemma 2.4 from [1], we can obtain the result. This
completes the proof.

Lemma 3.5 [Lemma 8.5 from [11]] Let 0 < 0 < 1, vy = A If bg(v) < 7, then

1-0°
we have
On + 27 4+ 24/2™n
sl < =y
Denote
On + 27+ 24/2mn
¢ = == L .
( S)O 2(1 _ 0) (TL, 9’7-)

So, during the algorithm’s execution, (®g), is the upper bound of ®g5(v ).

4 Complexity Analysis

In the next subsection, we compute a default step size a and the resulting decrease
in the barrier function.

4.1 An estimation of the step size

We devoted this section to calculating a default step size o and the consequent decrease
in the barrier function. And after the damping step, we obtain

T4 =x+ alAzx, Yy =y + alAy, s+ = s+ als.

By using , we get that

Hence, vy = ke V(v + ady) (v + ads). Define for a > 0,
V!

fla) = ®5(vy) — Ps(v). (21)
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Therefore, f(a) represents the difference in proximities between a new iterate and a
current iterate for a given value of . By , we can get

@5(0:) = b5 (VI T ad) (0 F ad)) < ¢ (@s((v+ ady)) + Ds((v +ad,))).
Thus, we have f(a) < fi(«) such that
i) = 5 (®s((0 +ady)) + @s((v + ady))) — s (o). (22)

Clearly, f(0) = f1(0) = 0. We calculate f;() and f; (), we find

n

7i(@) = 337 (W50 + ade, ), + V(0 + adi ), )

i=1

—_

£(@) = 5 3 (V5o + ade)d2, + v5(vi + ady )2 )
i=1
By using and , we conclude that

£(0) = % < VBs(v), (dy + dy) >= —% < Vs(v), Vs (v) >= —26(v)2.

We denote v1 = min(v), 6 = 6(v), g = Pg(v).

Lemma 4.1 Let §(v) be defined in (8). Then

q)s(’l)) .

o(v) > 5

(23)
Proof. Using (7)), we have

Ps(v) = Zl Z

[5(0)]” = ZIvas(l? = 200"

MM—A

Hence, §(v) > 1/2®s(v). This completes the proof.

Remark 4.1 Throughout the paper, we assume that ®g(v) > 7 > 1, and we have
S(v) > 1.

According to Lemmas 4.1-4.4 in [1], we get the following Lemmas E and ﬂ 4.5| since
¥s(t) is a kernel function, and g(t) decreases monotonically.

Lemma 4.2 [Bai et al. [1]] Let f1(«) be as defined in and 6(v) be as defined in
@B). Then we have f () < 2629 g(Vmin — 2ad). Because of the convezity of fi(a), we

will have f{(a) < 0 for any « less than or equal to the minimum value of f1(a), and vice
VETSa.

The following three Lemmas result from the preceding Lemma.
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Lemma 4.3 [Bai et al. [1]] f,(a) <0 certainly holds if o satisfies the inequality

Vs (Vmin) — g (Umin — 208) < 26. (24)
Lemma 4.4 [Bai et al. [1]] The largest step size @ satisfying is given by
__ p(8) — p(20)
a= 5 )

Lemma 4.5 [Bai et al. [1]] Let @ be as defined in Lemma[t.4] Then

_ 1
Q> —————

s (p(2))°

We are able to demonstrate the following Lemma.

Lemma 4.6 [Lemma 4.6 from [11]] Let p and @ be as determined in Lemmal[d5] If
Og(v) > 1 > 1, then we have

_ 28
oz 2 s . FrES
28+ S5 (46 +2)% +q> 7, j(46 +2) 5
Denoting
~ 28
a= JTES) (25)

25 + 5 (46 +2)%7 + ¢35, j (46 +2) 5

we have « is the default step size, and a < @.

Lemma 4.7 [Lemma 3.12 from [3]] Let h be a convexr and twice differentiable func-
tion with h(0) =0, W (0) < 0, which reaches its minimum at t* > 0. If W' is increasing
fort € [0,t*], then
th'(0)

ht) < =

L0<t <t

The following result is of great importance.
Lemma 4.8 [Lemma 4.5 from [1|]] If the step size « satisfies a < @, then
fa) < —ad?.
Lemma 4.9 Let ®g(v) > 1 and let & be the default step size as defined in . Then

we have
28 Sq—1

8vV2(S + 8) (1 + 4¢S) [®s(0)] 7= (26)

fla) <

Proof. Since ®5(v) > 1, from (23), we have

524/ 30s0) > \/g

Due to Lemma with o = a and , this completes the proof.
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4.2 TIteration bound

Following the updating of u to (1 — 6)u, we obtain

On + 27 4+ 2v/21n
Ps(vy) < ((I)S)O = 2(1—6) =L(n,0,7).

After p-update to (1 — @), it is necessary to count how many inner iterations are
required to come back to the situation where ®g(vy) < 7. We declare the value of
®g(v) after the updating of p as (®g), and we denote by (®g),, k = 1,2,..., K, the
subsequent values in the same outer iteration such that K represents the total number
of inner iterations per the outer iteration.

Lemma 4.10 [Lemma 14 from [3]] Let to,t1, ..., tx be a sequence of positive numbers
such that

thpr <t — Bty T k=0,1,.., K —1,

t'Y
where B >0 and 0 <y <1, then K < [ﬂ?y]

Thus, it follows that
(®8)psr < (Ps)), —k(Ps)' 7, k=0,1,.., K — 1,
with

28 Sqg—1  Sq+1

K= ,vy=1-— = .
8v2(S +8) (1+4¢5) ' 25¢  25¢

Lemma 4.11 Let K be the total number of inner iterations in the outer iteration.
Then we have

S S Sat1
< 8\/§Q( ;‘f)s(ql + 445) [(‘I)S)o] 25q |

K
Proof. By Lemma 1.3.2 from [3], we have

v a1
K < [(q)li)f’} = 8\&‘1(‘9;?_(11%(15) [(CDS)O]S?TZ. This completes the proof.

Now, we estimate the total number of iterations of our algorithm.

We recall that the number of outer iterations is limited from above by see

log ()

9 (
Lemma II.17, page 116 in [5]). We can establish an upper bound on the total number of
iterations by multiplying the number of outer iterations by the number of inner iterations
such as

8v/2q(S + 8) (1 + 44S) (), T2 108 (2) (27)
Sq+1 5o 6

In the methods of large-update with 7 = O(n) and § = ©(1), we have

Sq+1 n . . .
(0] (an 25¢ log (7)) iterations complexity.
€

This is the best well-known complexity result for large-update methods.
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In the methods of small-update, the replacement of 7 = O(1) and § = © (ﬁ) in

does not provide the best possible bound. The best bound is obtained as follows.
By (18), with 1g(t) < [%] (t—1)% ¢t > 1, we have

Ps(Vy) < nyps <\/11_790 <(I)S7EV))>
<n[6+q<§+1>] (\/11790<<I>s(1/)) _1)2

n(684E1q(_SH;L 1)) (U (@S:LV ) Jish

Using , we have
n (6+4(S+1)) (U (<I>s(V)> 10>2 - (6+q(5+1 ((H )

8(1-90) C8(1-6)

:<6+q<5+1>><( T4y <v>>2

8(1—0)

e )

S (/) = 0o

where we also use 1 — /1 = + < 0 and ®g(v) < 7, utilizing this upper bound for
(®s),, we obtain the followmg iteration bound:

8v2¢(S + 8) (1 + 4¢5) sass log (2)
T () B

Note now that (®g), = O(¢S), and the iteration bound is given as follows:

o <q2S 2/nlog <E>) iterations complexity.
€

5 Conclusion

In this work, we have improved the algorithmic complexity of IPM methods for LO
problems by a new kernel function. More specifically, we have proved the large-update
and small-update versions of the primal-dual algorithm based on a new kernel function
with a logarithmic barrier term defined by . This new kernel function has never been
mentioned before, and the resulting analysis is also different from others. Moreover, we
intend to extend this work in the future to semi-definite linear complementarity problems
(SDLCPs) based on this kernel function.
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Abstract: This paper focuses on some algebraic characterizations between linear
matrix functions (LMFs) and their domains defined over the field of complex numbers
C. We discuss the intersection, as well as the inclusion of two domains of some LMF's.
By applying specific algebraic methods on ranks and ranges, we consider certain forms
of LMFs, where the general solutions can be expressed via specific explicit LMF's
to establish some relationships between their domains. As a consequence, we have
obtained a well-known result of Lin and Wang.

Keywords: linear matrixz function; algebraic method; generalized inverse; general
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1 Introduction

In this work, we use the notation C"*™ to represent the set of all n x m complex
matrices. The symbols A*, R (A), r(A) and I,, denote the conjugate transpose, the
range, the rank of the matrix A and the identity matrix of order n, respectively. The
Moore-Penrose inverse of a matrix A € C"*™ is defined as the unique m x n complex
matrix denoted by A* satisfying the following four equations:

AATA=A, ATAAT = AT, (AAT)" = AAT, (ATA) = ATA (1)

* Corresponding author: mailto:guerarra.siham@univ-oeb.dz
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Extensive studies and results regarding the Moore-Penrose inverse can be found in [3}/4,
10]. Additionally, we introduce two orthogonal projectors induced by A € C™*", namely
FA = In — A+A and EA = Im — AAJr.

A linear matrix function

Y = f (XlaX27 "'7XP)7

where X7, Xo,..., X, are the variables over the field of complex numbers C and Y is the
matrix value associated with the matrix function corresponding to X, Xa,..., X,. In
addition, we define the domain of the function f mentioned above as

S={V | Y =f(X1,Xa,.., X,)}.

The majority of problems with linear or nonlinear matrix functions should be under-
stood in terms of their analytic or algebraic aspects and behaviors, and used to solve
matrix function-related problems in both computational and pure mathematics. Fur-
ther, matrix equations play an important role in nonlinear dynamics, control engineer-
ing, mathematical models, for a variety of reasons, including the analysis, modeling, and
simulation of complex systems to linearize nonlinear systems for local analysis, determine
stability through eigenvalue analysis, analyze normal modes in oscillatory systems, their
use ranges from fundamental stability analysis to advanced control and bifurcation stud-
ies. For instance, Baddi et al. [1] studied the stabilization problem of inhomogeneous
semilinear control systems; they established the existence and uniqueness of solutions
of the system using the semigroup theory. By algebraic method, Tian and Yuan [17]
studied and suggested connections between specific LMFs, then explored some specific
subjects about the algebraic relationships between the reduced equations and solutions
of a certain linear matrix problems. Guerarra [5] investigated the inclusion relationships
between the set of persymmetric solutions and the set of minimal rank persymmetric
solutions of the quaternion matrix equation AXA®) = B. Ogzgiiler and Akar 9] pro-
vided equivalent conditions for the existence of a common solution to a pair of linear
matrix equations over a principal ideal domain. Jiang et al. [6] studied the relationships
between the set of solutions to AX B = C and the set of solutions of its reduced equa-
tions. Therefore, all matrix functions possess a class of fundamental types called LMF's,
and they can be defined consistently using matrix additions and multiplications. On the
other hand, nonlinear matrix functions have been studied in many works, one may refer
to [15,/16] and references therein.

Here, we just provide a common illustration of an LMF

f(X1,Xe,...,Xp) =A+B1X1C1 + BoXoCo + - - + B X, C),

where A € C™*", B; € C™*li| C; € C**™ are given, and X; € C'*™ are matrices with
variable entries, where ¢ = 1,2,...,p. Hence, its domain is given as

S = {Y = A+ B1X1C1 + By X5Co + ... -I—BpoCp | X, € (Cl'ixni, 7 = 1,2,...,])}.

The rank of a matrix is one of the most basic quantities and useful methods and
tools that are widely used in linear algebra, specifically in matrix theory. This finite
nonnegative integer can be used to represent many properties of matrices such as
singularity or nonsingularity of a matrix, identification of matrices, consistency of a
matrix equation, etc. For further details, see [2,/10,/12,/13]. The rank of matrices or
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partitioned matrices was first studied by Matsaglia and Styan [8], where they provided
various formulas that simplify complicated matrix expressions or equalities.

Based on the results of Tian and Yuan [17], this work aims to explore and suggest
some basic aspects concerning the domains of some specific examples of LMF using the
matrix rank method. Because of this fact, we will consider the following new domains of
LMFs:

S, = {A1+B1X101 | X1 GCplxnl}, (2)
Sy = {AQ + By X5Cy + B3 X3C5 | X5 € (C‘DQXTLZ, X3 € Cpg)(’ﬂg} R (3)
where Ay, Ay € C*™, B; € C*Pi, C; € C™*" for i = 1,3, are given. This paper is
organized as follows. In Section [2] we recall some results. In Section [3] we establish the
necessary and sufficient conditions for the two relations S; NSy # @, S; C S5 to hold. As

a consequence, we give conditions for some matrix equations to have common solutions.
We conclude our discussion in Section [l

2 Preliminaries
To advance this objective, we require the following basic lemmas.

Lemma 1 [§] Let A€ C*", D € C**, and C € CP*™. Then

r[A D] —r(EsD)=r(A), r[A D] -r(EpA)=r(D), (4)

e 1A —r R =), |2 = r(aF0) = 1), (5)
C c

. {é{ 10)] — 1(EpAFc) = r(D) +(C), (6)

from -(@, it follows

A B 0
Q 0 P 0
A B B
T[E%,ﬁFCI EB(;B}_ C 0 0|-rB)-r(C)
G c; 0 0

Lemma 2 [1(] Consider the matriz equation
AXB =D, (7)

where A € C*", B € CP*4, and D € C™9 are given, and X € C™ P is an unknown
matriz. Then the following are equivalent:

(i) Eq (1) is consistent.

(ii) AAYDBYB = D.

(ii)r[ A D | =r(A) andr {g] = r(B).
(iv) R(D) CR(A) and R(D*) C R(B*).
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In this case, the general solution can be expressed as
X =AYDBT + F,V + UEp,

where V', U are arbitrary with appropriate sizes. In particular, Eq @ holds for matriz
X € C"*P if and only if

(A D]=0or [g}o.

Lemma 3 [9] The matriz equation
AleBl + AQXQBQ =D (8)

is solvable for X1 and X5 of suitable sizes if and only if all the following equalities

F[D A Ay =r[ A A ],r{gz f(ﬂ = (A1) + 1(By),
r[gl “(‘)2]=r(A2)+r(Bl),r BD1 :r[gj

hold, or, equivalently,

EAD = 0, EAlDFB2 = O, IUA,_,Z)F‘B1 ZO, DFB =0 hOld7

B
where A = [Al Ag] and B = {B;]

Lemma 4 [12] Eq (@ holds for all X1 and Xo of suitable sizes if and only if any one
of the following equalities

D
[D A Ay ]=0, {D Al}:o, {D AQ}:O, Bi| =0

By 0 By O B,
holds.
Lemma 5 [11] The matriz equation
A1 X1B1 + Ao XoBs + A3 X3Bs = C 9)

is solvable for X1, Xo and X3 of suitable sizes if and only if all the following equalities
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hold
m B
r [Al A2 Ad C] =T [Al A2 Ad] , T B2 =T BQ B
[C A, A, C A Az
T B; 0 0] =r A Ag] +7(Bs), T [32 0 ol|=" (A1 Az] +7(By),
_ C Az
r C Ay A3 =r [AQ Ag] +r(By),r|B1 0| =r By +1r(A3z),
By 0 0 By
L By, 0
[C A, B C A B
r|{By 0]|=r {Bl] +7r(A2), r|[Bs 0| =r [BQ] + (A1),
_BB 0 8 Bg 0 3
[C 0 A 0 A3
0 —-C 0 Ay Aj By, 0
rlB, 0 0 0 o|=rl0 B +r[’%1 ) ﬁ?].
0 B 0 0 0 Bs Bs 2
By By 0 0 0

Lemma 6 [18] Let T € C*", N € C™*?, B € CP*¥ and D € C"** be given. Then the
system of matriz equations TX = N and XB = D has a solution if and only if

TT*TN=N, DB*TB=D and TD= NB.
In this case, the general solution can be written as
X =T"N+ FrDB" + FrVEp,
where V€ C™*P s arbitrary.
Lemma 7 [1J|] Define two domains as
Iy ={D1 4+ B1X1C1 | X1 € C*V"} and Ty = {Da + B2 X0y | Xy € C27'2}

where D; € CI*™, B; € C™%, and C; € CH*™ are given, and X; € C**t are variable
fori=1,2. Then

(a) T'1 N T # & if and only if all the following conditions hold:
R(Dy — Dy) CR[B1 B, R(D; — D3) CR[CT C3],

. D, —-Dy, B
Cs 0

(b) Ty C Ty if and only if

— r(B1) +1(Ca), 7 {ch?lD? fﬂ — r(Ba) +1(Ch).

R [Dy — Dy Bi] CR(B,) and R [D — D3 Cf] C R(Cy).

(¢c) Ty =T if and only if

R(D1 — D) € R(B1) = R(B2) and R(D] — D3) € R(CT) = R(C3).
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3 Relationship between Linear Matrix Functions

In this section, we consider two domains given in and , we discuss the necessary
and sufficient conditions for two relations S; N Ss # @, S1 C Sy to hold. We also present
connections between two domains of some well known linear matrix functions.

Theorem 8 Let S; and S be as given in (@ and @, respectively. Then
(a) S1N Sy # & if and only if all the following equalities hold:

Ay — Ay o,
C
r [Az — A By By 33] =7 [Bl By Bg] ,T C; =r|Cy|,
Cs Cs
[Ay — Ay By Bs|
r _ 203 1 01 02_ =7 [B1 Bz] +7(C3),
[Ay — A1 By Bs]
r | Co 0 0 ] =T [Bl Bg] + 7“(02),
[Ay — A1 By B
e 0 o) =r[By Bs]+7(Ch),
[As — A1 B3] c As — A7 Bs o
r Ch 0] =r [Cl] +7(B3), r Cq 0f|=r [C’l] + r(B2),
L Cy 0 ] 2 03 0 3
[Ay — Ay By c
r Cs 0f=r [02] +r(B),
e 0 8
_AQ — A 0 By 0 Bs
0 Ai—A> 0 By Bs Cy 0
r Cy 0 0 0 o|l=r|0 C —l—r[%l 39 gg]
0 i 0 0 0 Oy Oy 2 Bs
| Cs Cs 0 0 0

(b) S1 C Sy if and only if any one of the following equalities holds:
’I“[BQ Bg]:l O’I"’I“[AQ*Al Bl BQ B3}:T|:BQ Bg},

Ay— A, By, Bs (10)
07“7“[ c, 0 O]ZT[BQ 33];
Ay— Ay By B
r(By)=1 orr 203 ! 01 02}27"(32)4-7"(03);
A2 — A1 B2 (11)
orr (&5 0 =7(C3)+r(B2) orr(Cs)=n,
Cs 0
Ay— A, By B
r(Bs) =1 orr{ 202 ! 01 03}—7’(33)+7’(02);
A2 — A1 B3 (12)
orr o 0 =r(Cy)+r(Bs) orr(Cq)=n,
Cs 0
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Ay — Aq
r AQC’_A1 %1 =r C orr Gy =r C orr s =n
02 o | LG Cy e cy |
3 Cs
(13)
Proof. (a) The intersection S; N Sy # & is obviously equivalent to
A1 + BleCl = A2 + BQXQOQ + B3X303. (14)
Eq can be written as
B1X101 — BQXQCQ — BngCg = A2 — Al. (15)
By applying Lemma 5| to the Eq , we get (a).
(b) Eq can be written as
BoX5C9 + B3 X3Cs = A1 — Ay + B1 X1C1. (16)

From Lemma Eq holds for two matrices Xo and X3 if and only if all the following
four conditions hold:
E[Bg,Bg](Al —A2+BlX101) =0, (
EB2(A1 — Ao +BlX101)FC3 =0, (18
EB3(A1 —A2+BlX101)F02 =0, (
((A1 — Ag) + B1 X1Cy)Fz =0, (

where Z = { gQ ] By Lemma Eq holds for all X; if and only if
3

Ch

Eip, 5y =0 or [ Ep, ) B1 Ep, (A2 —A1) | =0 or g m(As — A1) | = 0,
which are equivalent, respectively, to
T[ By Bg } =1 orr[ Ay — Ay By By Bs ] :r[ By Bg ],
orr A20_1A1 %2 %3 :r[ By Bj }
This proves . Eq holds for all X; if and only if
Ep, =0 or [ Ep,Bi Ep,(As— A)Fo, | =0 or [ . CiFe, or Fo, =0,
B, (As — A1) Fe,

which, in consequence, is equivalent to

A, — A, B, B
r(By)=1 orr 203 1 01 02}:7“(32)—&—7“(03),
Ay — A1 Be
orr 4 0 | =7(C3)+r(Bg) or r(Cs) =n.

Cs 0
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Then holds. Similarly, Eq holds for all X; if and only if

A,— A, By B
T(Bg):lorr[ 202 ! 01 03}:7‘(33)—1—7“(02),

A2 — A1 B3
orr o 0 | =r(Cy)+r(Bs) orr(Cy) =n.
Cs 0
Then we get . Eq holds for all X; if and only if
C1F
[Bl (A2Al)FZ]:Oor[(AQ1Af)FZ:|:00rFZZO7
which then is equivalent to
Ay — A
A A By Cy o o C
r Csy 0 ZT{C’;;]OYT A :r{cg]orr{cg]:m
Cs 0 ;s

which proves (13]). Hence we establish (b).

Setting B3 = I,, Ca = I,, in Theorem [§ we get the following result.
Corollary 9 Consider two domains of two linear matrix functions

S1 = {A1 +B1X:C | X1 € C’”X”l} ,

Sy = {As + BaXo + X303 | Xo € CP2X", X3 € C*Ps}

where Ay, Ay € C*" By € C*P1| B, € C*P2qpd C; € CM >, C3 € CP3*"qare known
matrices. Then

(a) S1N Sy # & if and only if the following rank equalities hold:

_AQ—Al By By

Cs 0 0 :| =r [Bl Bg} +7‘(C3),

_A2 — Al By
r Cq 0 :r{c} + r(B2),
Cs 0 ?

[Ay — Ay By B»
T Cl 0 0

=r [Cl] +r [B1 Bz} .
Cs 0 0

C3

(b) S1 C Sy if and only if

Ay— Ay By B
r(BQ)—zorr{ 2031 0 02}—r(32)+(03)
AQ—Al By
orr o 0 | =r(C3)+r(B2) orr(Cs)=n.
Cs 0
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From Colrollary [0} we can deduce the following result.
Corollary 10 Let Ay € C*", By € CP*3, Cy € CXP, Dy € C™**, A5 € CF*t, By ¢
Ckxn Oy € CP*tbe given, X4, X5 € C*P be unknown matrices, and assume that the

system Ay X = Cy, XBy = Dy, and the matriz equation BsXCs = As are solvable for
X, and X5, respectively. Denote

S| = {X4 eC™P | AyXy=Cy, X4By = D4}; (21)
Sy = {X5 c Ccrxr | BsX5Cys = A5} . (22)

Then

(a) S1 N Sy # @, that is, the system Ay Xy = Cy, X4By = Dy and BsX5C5 = A have a
common solution if and only if

[ Ay C4Cs . Ay
"IBs 4 | T Bs |’
By, Cs |
r B.D, A5:|—’I“[B4 C5],
0 B, Cs A
r| Ay —CyBy 0 :’I“[B4 C5]+7“|:B4:|
| Bs 0 A4 °

(b) S1 C Ss, that is, all solutions of Ay Xy = Cy, X4By = Dy are solutions of Bs X5Cys =
As if and only if

Ay CuCs| By Cs|
r {Bs As } =r(Ay) or r [B5D4 AJ =r(By).

Proof. It follows from Lemmas |§| and [2| that, the solutions of system Ay X, = Cy,
X,B, = D, and equation B;X5C5 = As can be expressed, respectively, as

Xy = AfCy+ Fa,DyBf + Fa,VEg,,
X5 = B AsCS + Fp,U + WEg,,

where V', U and W are arbitrary. So, two sets in and can be represented,
respectively, as

S1 = {A;Cy+ Fa,DyBf + Fo,VEg,},
Sy = {Bf AsCf + Fp,U+WEc,} .

From Corollary [9] the relation S; NSy # @ holds if and only if the following equalities
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hold:

[Bf AsC — AfCy — Fa,DsBf Fa, Fp

| 5 4505 305 AR T TE = v [Fa, P, +r(Ec,), (23)
[Bf AsCS — AfCy — Fa,DyBf Fp, B

r Ep, 0 |=r Efﬂ +7(Fg,), (24)
I Ec, 0 L7Cs
[BF AsCF — A Cy — Fa,DsBf Fa, Fp.] o

r Ep, 0 0 |=r {E ] +r[Fa, Fpy|. (25)
I Ec, 0 0 | g

By Lemma [1] and simplifying by C4By, = A4D4, A4AfCy = Cs, DyBf By = Dy,

B5B;'A5 = As, A5C’5+C’5 = As, we find that the rank equalities in — are equiva-
lent, respectively, to

(A GG | [ A
"IBs A | T B |
[ B, G5 ]
T_B5D4 A5:|—T[B4 05],
[0 By Cs 4
r| Ay —-CyBy 0 :T[B4 O5}+7’|:B4:|.
| Bs 0 As ’

Thus (a) is proved.

(b) S1 € S5 holds if and only if

+ +_ At +
p | B A Z AL En DB F Bl () 4 (B

Ec, 0 0
B AsCH — ATCy — Fu,DyBf Fr,
or r EUB4 0 ZT(ECS)—FT(FBs),
Ec, 0

which then is equivalent to

Ay CuCs| By Cs|
r {Bs As } =r(A44) or r [B5D4 A5] =r(By).

Then we establish (b).
Remark 3.1 Result (a) of Corollary is the same as in [7, Theorem 2.4].

4 Conclusion

In this study, we discussed and examined some fundamental questions associated with
the connections between two domains of linear matrix functions and specific types of
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linear matrix equations. The general solutions can be expressed via particular explicit
linear matrix functions to establish some connections between their domains through the
methodical application of various established or well-known relations to ranks and ranges
of matrices. Thus, they show that a variety of matrix equality and matrix set inclusion
problems may be solved with the help of the matrix rank and range method.
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1 Introduction

A country’s development is determined by economic growth. This is demonstrated by
increasing a country’s ability to provide goods and services to its population [1]. Con-
sumption and investment drive the growth in the production of goods and services.
Consumption and investment factors cannot be separated. Therefore, consumption and
investment are interconnected and influence each other. Consumption allows firms to
generate the income needed to increase investment in the capital stock, while invest-
ment can increase production. Utility is the value or benefit obtained from consumption
activities or use of goods and services. Furthermore, utility is an essential factor that in-
fluences consumption. The importance of consumption utility lies in its ability to increase
productivity and efficiency in the production of goods and services |2|. One approach
to maximizing utility is modelling economic growth problems using the Ramsey model,
which can then be analyzed using optimal control theory.

Optimal control theory focuses on determining controls that influence processes while
adhering to specific constraints [3H5]. Optimal control theory also serves as an alternative
for solving economic growth problems, including those related to the Ramsey model.
The Ramsey model was first introduced in 1928 by Frank P. Ramsey [6]. The Ramsey
model is a neoclassical economic growth model that maximizes the utility of capital-
bound consumption under dynamic constraints. David Cass and Tjalling Koopmans
further developed this model in separate works, and it is now known as the Ramsey-
Cass-Koopmans model |7,/8]. In their developments, several previous studies have used
this model [9-13]. Olivia Bundau and Adina Juratoni [14] discussed the Ramsey growth
model in infinite and continuous time with the aim of maximizing global utility using the
Pontryagin Maximum Principle. Then Kajanovicova et al. [15] discussed optimal control
of the Ramsey-Cass-Koopmans economic growth model with non-constant population
growth using the Maximum Principle, which aims to maximize consumption utility with
control in the form of per capita consumption. Further research by Frerick et al. [16]
discussed the multi-object Ramsey-Cass-Koopmans model for Ramsey-type equilibrium
problems with heterogeneous agents.

This paper discusses a modification and analysis of the nonlinear dynamics of the
Ramsey-Cass-Koopmans model of the economic growth of two industries that are in-
terrelated by investment. The optimal control is aimed to maximize the utility of the
amount of consumed production. The analyses conducted in this study are the positivity
analysis, the uniqueness analysis, and the existence of optimal control [4]. Positivity
and uniqueness aim to validate the model, while the existence of optimal control verifies
whether a control that maximizes utility exists. The control variable for maximizing util-
ity is defined as per capita consumption. When consumption is controlled, consumption
expenditure is reduced, and the remaining production output can be reinvested or saved
as savings.

2 Mathematical Model of Economic Growth with Investment

The mathematical model of economic growth used in this paper is a modification of the
multi-object Ramsey-Cass-Koopmans model [16]. In this paper, it is assumed that the
second industry has a high demand for goods. Thus, the first industry provides some of
its capital by investing in the second industry. The investment return is assumed to be
a profit of 5% from the investment, and this problem can be illustrated as follows.
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Individual A owns and manages two industries in different regions, namely, the first
industry in region X and the second industry in region Y. In the first industry, consumer
demand for goods in region X is not too high; thus, the first industry can invest in the
second industry. While consumer demand for goods in region Y in the second industry
exceeds the demand for goods in the first industry in region X, the first industry helps
by providing capital or investing in the second industry. With this additional capital,
it is expected to maximize output or production results. For example, if individual A
owns and manages two industries and has problems in one industry, then individual A
can solve the problems in the first industry. This process aims to maximize consumption
utility and increase capital stock growth in both industries.

The relationship between the two industries can be formulated by the following math-
ematical model of economic growth:

ol = Fi(A Ka(t), Lu(b) - 8K (5) + 02K (t) — Cu(0), "
%Zt(t) = Fy( Az, Ka(t), La(t)) + 01 K1 (1) — 62K (t) — Ca(2)
with
Kq(t) :  First industry capital stock at time ¢
Ky (t) : Second industry capital stock at time ¢
Li(t) : Total labor of the first industry at time ¢
Lo(t) : Total labor of the second industry at time ¢
C1(t) : Amount of production output consumed by the first
industry at time ¢
Cs(t) : Amount of production output consumed by the second
industry at time ¢
o1 : Investment rate
02 :  Investment return rate
Fy(A1, K1(t),L1(t)) : First industry output
Fy(As, K5(t), La(t)) : Second industry output
A . Technological advancement factor.

K(t) and C(t) are continuous functions, and the production function F' used in the model
is the Cobb-Douglas production function

F(A K(t), L(t)) = AK (t)*L(t)' (2)

with A > 0 being a constant. The production output (F') describes the relationship be-
tween the technological advancement factor (A), the capital stock (K'), and the amount of
labor (L) with L(t) = nL(t), where L(t) experiences exponential growth with a constant
growth rate of the amount of labor (n).

In economic analysis, to enable more accurate and fair comparisons between groups
with different populations, it is necessary to convert the Equation into per capita
model:

o Capital stock per capita (k):
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Then

K(t) = k(t)L(t) + k(t)L(t),
K(t) = k(t)L(t) + k(t)nL(t).

e Amount of production output consumed per capita (c):

c(t)
e Production output per capita (f):
)= T

where F' is
F(t) = AK(t)*L(t)* ™
= Ak(t)*L(t)*L(t)* ™
= Ak(t)*L(t).
Therefore, the output of per capita production is
F(t Ak(t)“L(t
£ = PO _ ARO*L()
L(t) L(t)
Furthermore, assume labor L(t) = L1 (t) = Ls(t), then Equation becomes:
1. The capital stock of the first industry (k1) can be given as follows:

= Ak(t)*.

(k1(t) + k1 (tna) L(t) = (f1(t) = Suka () + 62ka(t) — e1())L(2).
Then, simplify both segments by multiplying by ﬁ:
ki(t) = fu(t) — 1k1(t) + Oaka(t) — kr(t)ny — ey (t).
Substitute f1(¢) = A1k1(t)** so that
kl (t) = A1k (t)al — 01k (t) + (52]€2(t) — k1 (t)’I’L1 —C (t)

2. The capital stock of the second industry (k2) can be given as follows:
(ka(t) + ka(t)na) L(t) = (fo(t) + d1kr () — Saka(t) — ca(t))L(D).
Then, simplify both segments by multiplying by ﬁ:
ko(t) = fo(t) 4 S1ky — Saka(t) — ka(t)ng — ca(t).
Substitute fo(t) = Azka(t)** so that
Ea(t) = Agka(t)®2 + 61k (t) — doka — ko (t)ng — ca(t).

Thus, Equation (1) can be expressed as

jCl (t) = Ak (t)al — 01k (t) + 52]62(75) —nik; (t) —C (t),
ka(t) = Agka(t)® + 61k1(t) — Saka(t) — noka(t) — ca(t)

for k’Z(O) = ]Cio, 1= 1,2
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3 Positive and Unique Solution

It can be seen from Equation that the model is considered valid if it has a positive
solution at any time ¢. It means that if the model has initial conditions k;(¢9) > 0 and
ka(to) > 0, then kq(t) > 0 and k2(¢) > 0 for every ¢t > to. First, it will be shown that
Equation is valid. Suppose X is the set of all 2(t) = (ki, ko) for each time t as the
solution of a controlled model with the initial conditions x(tg) = (k1 (o), k2(to)) and the
set

Q(kl(to)7k2(to)) = {k1(t), k2(t)[to <t < ty,0 < ki(t), k2(1)} - (4)

If the initial conditions in the Equation satisfy ki(to = 0) > 0 and ka(tp = 0) > 0,
then it can be said that the Equation is valid if the set g, (10),ko(10)) 18 @ positive
invariant set. The definition of a positive invariant set can be given as follows.

Definition 3.1 (Positively invariant set). Let & = f(t,x) be a dynamic system with
the initial conditions &g = x(tg). Suppose Q is a subset of R™. Then Q is said to be a
positive invariant set if £og € Q implies x(t,xq) € Q for every t > ty.

The positive invariant set of can be proven by the following theorem.
Theorem 3.1 Let

Dy (t0) ka(t0)) = 1h1(t), k2 (t)[to <t < ty,0 < ki(t), ka(t)}

be a subset of all solutions of the Equation with the initial conditions ky(ty =
0), ka(to = 0). If ki(to), k2(to) > 0, then Q, (t0),k1 (t0)) 8 @ positive invariant set.
Proof. Define the functions ki (t) and ks (t) as follows:

iﬁ (t) =f1 (t) — 01k (t) + §2k2(t> —ni1ky (t) —C1 (t)
= fl(t) — Cl(t) — 51k1(t) —+ 52k2(t) — nlkl(t),
ka(t) = fo(t) + 61k1(t) — Saka(t) — noka(t) — ca(t)
= fg(t) — Cz(t) + 01k (t) — 52]€2(t) — Tlgkg(t).
Based on Krasovskii et al. [13], the consumption function is defined as
Ct) = (1= s(®)F(1),
C(H)L(E) = (1 — s(8)) F(£)L(2).

Both segments are multiplied by ﬁ:

ct) = (1= s(@)f (1),
c(t) = f(t) = s(t)f (1),
s()f(t) = f(t) — c(t),

where s(t) represents the investment of current savings invested in capital growth at time
t with s(t) < 1. Thus, the Equations (5) — (6) can be written as

Ei(t) = fi(t) — c1(t) — 81k (t) + daka(t) — niky(t)
= Sl(t)fl (t) — 51k1 (t) + 52k2(t) — n1k1 (t)
= Sl(t)Alk'l (t)al — 61](11 (t) + 62k2(t) - nlkl (t),

— S
—C
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/;JQ(t) = fg(t) — Cg(t) + 01k (t) — (Sng(t) — ’/lgk‘g(t)
= SQ(f)fz(t) + 61k1 (t) — 62k2(t) — nzkg(t)
= Sg(t)Ang(t)az + (51]?31 (t) — 52k2(t) - nng(t).

Assume that there exists ¢t € (0,ty] such that ki(t) < 0 or ko(t) < 0. First, suppose
ki(t) <0 and ki, = {t € (0,tf] | k1(t) < 0}, then let t* = inf k.. It can be seen that
t* # 0, so there exists k1 (t) > 0,Vt € [0,¢*) and

kg(t) So(t) Agka ()2 + d1k1(t) — d2k2(t) — noka(t),
ka(t) > égkzg( ) —naka(t), Vtel0,ty),
ko (£) + O2ka(t) + naka(t) >
Assume that there exists ¢ € (0,¢*) such that ko(t) < 0. Then suppose ko, = {t €
(0,%) | ko(t) < 0} and t;, = infky,. It can be seen that ¢;, # 0. Then there exists
ka(t) > 0,Vt € [0,t;,) and
fea (t) + Ooka(t) + naka(t)
o (t) + (62 + n2)ka(t)
G2 2) oy (1) 4 (02T (55 4 o) o (1)

@ (o) > 0

t:2 d
2 p(02tn2)t
/0 = (e kg(t)> dt > 0,

212t ko (1) — ko (0) > 0
ka(t5,) > ka(0)e™ 0220t

>0, Vtel[0,t],),
> 0,
>0

b

We obtain that ka(ty,) > ko (0)e~@2Fm2)ti; - 0. However, this contradicts the statement
ka(ty,) < 0. Therefore, it can be concluded that ko(t) > 0 for any ¢ € [0,¢*). It means
that

b (t) = ( VAL (D)% — 81k (£) + Sakal(t) — nakr(t),
k() ki(t) — nika(t), vt € [0,t7),
ki (t) + 01k1(t) + niky ()
o (8) + (81 + 1 )k (2)
elortnitl, (t) + 6(51+"1)t(<§1 + nl) 1(t)

£ (rmn)

-
d
(51+n1 t
/0 dt( k:())dt>0,
eI B () — k1(0) > 0,

Bi(t7) > ky (0)e™rFmr

\/\/\/\/

0,
0,
0,

V

0,

so that kp(t*) > k1(0)e=(®1+71)t" > 0 holds. However, this contradicts the statement
k1(t*) < 0. Therefore, it can be concluded that k1 (t) > 0 for any ¢ € [0, ¢]. Furthermore,
in the same way, for ko (¢), it is obtained that ko (t) > 0 for every ¢ > to.
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It has been proved that the set g, (10),k.(10)) defined in Equation is a positive in-
variant set. It means that if the initial condition in Equation with control is positive,
then the solution of the model is positive for any time ¢. However, it is not guaranteed
that this model has a unique solution for a given initial condition.

Now, to guarantee that the solution of Equation (3| exists and is unique, we can
use the concept of the Lipschitz condition in Equation [17]. For that, we prove that
Equation satisfies the Lipschitz condition for a; = ae = 1 as given in the following
theorem.

Theorem 3.2 The mathematical model that satisfies a given initial condition
k1(to), k2(to) > 0, has a unique solution.

Proof. Let X = (ki1, ko) and

dky
dt

o(X) =
ks
dt

The Ramsey-Cass-Koopmans model with investment can be written as

A1k — 01k1 + 62ks — k1 — 1
p(X) =
Aoks + 61k1 — d2ka — noka — 2

Note that for X, = (k14, k24) and Xp = (k1p, kas),

(Ar — 01 —n1)(k1q — k1p) + 02(k2, — K2p)
W(Xa) - (p(Xb) =
(Az — 62 — n2)(kag — k2p) + 61(k1g — K1p)

Furthermore, by using the Euclidean norm of R? and based on the triangle inequality,
we obtain

| o(Xa) — p(Xp) [I< +
(Ag — b2 — ng2)(kay — kap) 01(k1q — F1p)

Since A1, As, 01, 02,11, no are constant, then there exists M > 0 such that

(A1 =61 —n1) (ki — k1p) d2(k2q — kap) H

|AL — 61 — nql, [A2 — 62 — na|, [01], |02] < M.

Then
(k10 — k1p| [kay — kay |
| p(Xa) —p(Xp) [| <M + M
| k2q — Koy | |F1a — k1p |
(k1o — K1y | (k20 — kop|
=M + M
| k2a — kb ] | k1q — K1p |

=M || Xo = Xp [| +M || Xo = X ||
=2M || Xo = Xp ||
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so that ¢(X) is a Lipschitz function. It means that we obtain

X (t) = X(to) +/t o(X) dt.

to

It is proved that X has a unique solution for the initial condition k;(tg) > 0, i = 1, 2.

4 The Existence of Optimal Control

In this paper, the objective function aims to maximize consumption utility through per
capita consumption control. This approach is generally used when utility is directly based
on consumption level. Consumption level is considered as the main factor affecting the
consumption utility. The utility used is the logarithmic utility function, that is,

u(e(t)) = Inc(t).

Then the objective function based on the Ramsey-Cass-Koopman model can be defined
as follows:

J = max/ Incy(t)e Pdt + max/ Inco(t)e Pdt (7)
Cl(t)EUl 0 Cg(t)EUz 0

for the discount factor p adjusts future consumption utility values according to individual
time preferences, with constraints based on Equation . From Equation @, we obtain
that this statement is equivalent to

(oo}
- In e (t) + Inca(t))e Ptdt g
(01(t§i3(}§))6U/0 (Inei(t) +Inea(t))e 8)

for U = (Uy,Us). Furthermore, by considering the equation
c(t) = (1= s@)f(t) = (1 = s(t)Ak(?),

we can represent the objective function as
J= max/ (In(1 — s1(2))Aky(t) + In(1 — s5(t)).Ako(t))e P dt, (9)
0

where s1(t) and sa2(t) denote investment in the form of a portion of current output saved
and invested in capital growth at time ¢ with s(¢) < 1 in the first and second industries,
respectively.

We have shown in Section [3] that the Equation (3] has a unique and positive solution.
Using the result from Fleming and Rishel [18]) we prove the existence of the optimal
control by checking the following points.

1. The set S defined as
S ={(s1(t),s2(t)) | 0 < s1(t), s2(t) < g,Vt € [0,4]}

is a nonempty set. This can be seen from Theorems[3.1]and [3:2] where every control
s € S has a unique and positive solution.
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2. The set S is a closed convex set.
Let s1(t), s2(t) € S. It can be easily seen that 0 < s1(t),s2(t) < g for every
t € [0,tr]; so, with every A € [0, 1], we obtain
0 < As1(t) + (1 = A) s2(t) < g,t € [0, 4]
Therefore
As1(t) + (1 — A)so(t) € S.

This shows that S is a convex set. Now, we show that S is a closed set. It is enough
to show that for every convergent sequence (s,(t)),cy = (51n(t),s24(t)) C S,
lim, o sp(t) € S. It means that for s,(t) — (s1(t),s2(t)) with s1(t) =
lim,, o0 8515(t) and so = lim, o S2,(t) , we obtain (s1(¢),s2(t)) € S. Now we
define
lu—wv[l:=sup{lu(t) —v ()| |t €0,ts]}.

Then we know that s, (t) is a convergent sequence such that for every £ > 0, there
exists K (e) € N that satisfies

|'s1n(t) —s1(2) <€

and
[ s2n(t) — s2(t) <€

for every n > K(g). Therefore, we obtain

| sin(t) — si(t) |< e

(=) lsin(t) = si(t)| < sup{[sin(t) —si(t)] | £ € [0,25]} <&
(=) —e < 5i(t) —sin(t) <e

(=) —e<sin(t)— e<si(t) <e+simt)<e+g
(=) —e<si(t)y<g+e

for ¢ = 1,2. Since it holds for every ¢ > 0, we obtain 0 < s1(t), s2(t) < ¢ and
(s1(t), s2(t)) € S. Consequently, we show that S is a closed set. Furthermore, it
can be proven that S is a closed convex set.

3. Note that the dynamic Equation can be expressed as
1:61 (t) S1(t).,41k31 (t) — 01k (t) + doks (t) —nik (t),
ko (t) = S9 (t)AQk'Q (t) + 01k (t) — Ooko (t) — noksy (t)

It can be seen that the right-hand side of equation is a linear function in the
state and control variables. Then we know that k;(¢) is continuous in the interval
[0,tf] and s;(t) is a bounded function with 0 < s,(t) < g for i = 1,2. So we prove
that the Equation is bounded.

4. Let

(10)

U(s1(t), s2(t)) = e In((1 — 51(t)) Ak (£)) + In((1 — sa(t))Aka(t))

and we know that s1(t),s2(t), k1(t) and ka(t) are bounded functions on [0,%/].
It means that U(sy(t),s2(t)) is a bounded function. Suppose that Uj(si(t) =
In((1 — s1(t))Ak1(t)) and Ua(s2(t) = In((1 — s2(t))Akz2(t)). Then we obtain

02Uy 1

657~ T-m@p <0
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and o2
Us 1
=— Ako(t) < 0.
dds? (1= s5(t))2 2(t)
It means that U, and U, are concave functions. Thus, we prove that U is a concave
function.

5 Conclusion

The dynamic model of industrial economic growth with investment, as developed in this
paper, extends the Ramsey-Cass-Koopmans model by incorporating a strategy focused on
maximizing consumption utility. Specifically, the model is adapted to two industries, with
investment flowing from the first industry to the second to achieve optimal consumption
utility across both sectors. Control variables are introduced in the form of per capita
consumption in the first industry (¢;) and the second industry (c2) to maximize utility
in both industries. In this context, control through per capita consumption can be
interpreted as control through savings, represented by s; and s, which denote savings
in the first and second industries, respectively. Analytically, the model is valid and has a
unique solution, as demonstrated through the concept of positive invariant sets and the
Lipschitz continuity of the model. The positivity of the resulting solution ensures that
the capital stocks in both industries, K; and K5, remain non-negative. This paper also
analyzes the existence of optimal control, establishing that any introduced control leads
to a positive solution and confirming the existence of optimal control for maximizing
consumption utility.
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1 Introduction

Conjugate gradient (CG) methods have been widely used for solving nonlinear uncon-
strained optimization problems due to their low memory requirements for implementa-
tion. Moreover, CG methods have been used in many applications such as regression
analysis, image restoration, electrical circuits, and many others.
The CG method is used to determine optimal solutions for the following optimization
problem:
min f(z), z€R",

where f : R® — R is a continuously differentiable function, and its gradient V f(zy) =
gr = g(xk) should exist. From the starting point (arbitrary or standard) z; € R", the
CG method generates a sequence of vectors xj by the iterative rule

Tr41 :l'k+0lkdk7 k= 1L,2,..., (1)

in which zj represents the present iteration and ay > 0 represents a step size obtained
from the exact line search or an inexact line search. The search direction dj of the CG

method is defined by
—g ifk=1
di = { g 1 7 (2)

—gk + Brdr—1 if k> 2,

where (i is the update parameter. The following exact line search can be utilized to
obtain the step size ay:

f(zr + apdy) = min f () + ady). (3)

However, Eq. is computationally expensive because it requires unidimensional opti-
mization to achieve the step size and many iterations to reach convergence. To avoid
this problem, the inexact line search is a dominant approach in computing the step size.
The most popular inexact line search is the strong Wolfe—Powell (SWP) line search [1,[2],
which is defined as

flar + arde) < f(2k) + Sangf d. (4)

\g(z + arde)di| < olgf dy| (5)

sothat 0 < 6 <o < 1.
A version of the Wolfe-Powell line search is the weak Wolfe-Powell (WWP) line
search, which is defined by and

g(x;.c + Oékdk)Tdk > Ug,{dk.

The most famous classical formulae of the CG methods are the Hestenes—Stiefel (HS)
[3], Fletcher-Reeves (FR) [4], and Polak-Ribiere-Polyak (PRP) [5] methods, which are
defined by the following update parameters, respectively:

HS _ ngk—l FR _ ||91c||2

k=7 . =0 and
d_1Yk—1 gr—1]l

PRP _ 91 Yr—1

k = W, where yr_1 = gk — gr—1-
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Powell in 6] provided a counterexample showing that there exists a non-convex func-
tion for which the PRP and HS methods fail to satisfy the convergence properties even if
the exact line search is employed. Powell recommended the use of nonnegative paremeters

H S and BERP to achieve the convergence properties of the CG method. Gilbert and No-
cedal [7] proved that the nonnegative PRP or HS method defined by 8j, = max{8F%F 0},
is globally convergent with arbitrary line searches.

The descent condition (downhill condition) plays a crucial role in the convergence of

the CG method and its robustness, and it is defined by
gldi <0. (6)

Al-Baali [8] proposed another version of the downhill condition called the sufficient
descent condition, which also plays a significant role in the convergence of the CG method.
Al-Baali proposed the condition

g di, < —c|lgk|* VkeN (7)

to establish the global convergence properties of ﬁ,f R More precisely, if there exists
a constant ¢ > 0 satisfying , then the search direction dj guarantees the sufficient
descent condition.

Based on the quasi-Newton method, the Broyden-Fletcher—-Goldfarb—Shanno (BFGS)
method and the limited-memory BFGS (LBFGS) method, and using Eq., Dai and
Liao [9] proposed the conjugacy condition

di ye—1 = —tg} sp—1 (8)
such that si_1 = xzx — xp_1 and t > 0. In the case of t = 0, Eq. is considered as

the classical conjugacy condition. Using Egs. and , Dai and Liao [9] proposed the
following CG formula:

DL _ y;fykfl _ ngSk—l 9)
g d£71yk—1 d%ﬂ,lyk—l

However, ,? L cannot satisfy the descent condition and convergence properties similar

to ﬁ,fRP and ﬁ,fs because ,?L is not nonnegative in general. Thus, Dai and Liao [9]
replaced the formula @D by

9L Sk—1
Pt = max{p{'%,0} —tE——. (10)
dk71yk—1
However, ﬁ,’? L+ cannot satisfy the descent property in some cases. Therefore, Dai and

to satisfy inequality (7). Another method for determining the optimal parameter ¢ was

proposed by Babaie-Kafaki and Ghanbari [1011], where they rewrote the search direction

(Eq.(2)) with BPL, and based on Perry [12], as follows: dxi1 = —Qgi19k+1, Where
T T

Qr+1 = I — % + t%. Babaie-Kafaki and Ghanbari [10] proposed the following

adaptive choices for t:

Liao [9] restarted (10) using a negative gradient (steepest descent) when ﬁ,? Lt fails
(7

T
B S 73 R

skl sl  lsell”
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Andrei in [13] proposed a CG method with the parameter

)

T T
s
ﬂ,?L* = max{y’%gk,()} -t kgk—’_l
Yi Sk Yi. Sk

T
where t; = % Hager and Zhang [14,|15] presented a modified CG parameter that
satisfies the descent property for any inexact line search with gf'd, < —(7/8)||gx/|*>. This
new version of the CG method is globally convergent whenever the line search satisfies

the WWP line search. This formula is expressed by

HZ N
k= max{ﬁk 77’](?}7
T
N _ _1 il _ 1 .
where B¢’ = G (yk — 2dy, de@llk ) ks M = — T Tmm gy &nd 7> 0 is a constant.

Note that, if t = 2—”9%’“5, then BIJCV = ﬂ,?L. Zhang et al. [16] proposed a new parameter
sTyy
for Eq.@ as follows:

el 1T
Tye 4 sell?

Yao et al. |2] proposed three terms of CG with a new choice of ¢ as follows:

T T T

9% Yk — tkGg1+15k Gie19k

dirr = —ge1 + | = | dk + =i
yFdy yFdy

Based on the SWP line search, Yao et al. [2] selected tj, to satisfy the descent condition

2
o s el
Yi. Sk
2
Yao et al. |2] also proposed a theorem stating that if ¢ is close to ”ny"S”k , then the
k

search direction results in a zigzag search path. Therefore, they selected the following
choice for t:
[y ]l?

—
Yi Sk

th=1+2

Al-Baali et al. [17] proposed a new CG version called the G3TCG that offers many

selections of CG parameters. They found that the G3TCG method is more efficient than
,f Z in some cases and competitive in some other cases.

In this research, we propose a new CG iterative formula based on a modified parame-
ter of the Dai-Liao conjugacy condition of the CG method with the restart property. The
convergence of the proposed modified CG method is analyzed under standard assump-
tions. Numerical experiments are performed to illustrate the superiority of the proposed
method.

The highlighted results are achieved in the subsequent sections organized in the fol-
lowing manner. A novel CG formula is proposed in Section 2] as well as underlying
motivation. The convergence analysis of the modified CG method is presented in Section
Section [4] includes the results of numerical experiments and their discussion.
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2 Proposed CG Formula and Its Motivation

The CG method with 6,? L cannot satisfy the descent condition, but ﬂ,?L inherits the
conjugacy condition. To improve the properties of ﬁ,’? L we used ﬁ,fZP RP a5 presented
by Alhawarat et al. [23] to propose a new nonnegative CG method that can satisfy the
sufficient descent condition and global convergence properties with the SWP line search
as follows:

g2~ ] - 2
loulP oot oema] g 12 > g g g

0, otherwise.

AZPRP
Bk =

The proposed CG update parameter is a modification of BkD L and ﬂ,f S with the
restart criterion depending on the Lipschitz constant used in the study conducted by
Alhawarat et al. [23]. The modified formula is expressed as

llgwll® —p | gk g — Fsi 2
AZHS _ % B i“k%’ lgxll” > p |98 91 (11)
k - T '
—aikﬂk 7‘1%’:?2:1 , otherwise,
where ||-|| represents the Euclidean norm and py, is defined as follows:
_ skl
HE = .
Y1l

In the first case of the equality , we can note that

AZHS ||9k||2 1 ngSk—l
B < e — = — e — (12)
k—1Yk—1 Qp k—1Yk—1

It is worth noting that the formula inherits the advantages of gPL, gH S and
B,?Z PRP - ©\oreover, as we will see in the next sections, the new formula satisfies the
descent condition and the global convergence properties. The usage of the proposed

parameter ﬁ;?ZH S'in leads to the novel CG method described in Algorithm

Algorithm 2.1 CG method based on BA%H5.

Step 1 Set a starting point z;. The initial point can be arbitrary or standard for
scientific functions. The initial search direction is the negative gradient, i.e., d; =
—g1. Let k£« 1.

Step 2 If the stopping condition is satisfied, then stop.

Step 3 Compute the search direction dy based on Eq. using Eq..
Step 4 Compute the step size oy using Eqs. and .

Step 5 Update x4 based on Eq..

Step 6 Set k + k4 1 and go to Step 2.
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3 Convergence Analysis of ,B;?Z HS

To perform the convergence analysis of the modified CG method, we consider the follow-
ing assumptions.
Assumption 1
A. The level set & = {z|f(z) < f(z1)} is bounded. In other words, a positive
constant B exists so that
|lz|| < B, Vze .

B. In some neighborhood P of @, f is continuously differentiable, and its gradient is
Lipschitz continuous. In other words, Vz,y € P,3L > 0 so that

lg(x) =gl < Lz -yl

This assumption implies that there exists a positive constant 4 such that
lg(x)| <7, VzeP.

Theorem 3.1 Let the sequences {gr} and {dx} be obtained using Eqs.(l) and (2), and
ﬂ,fZHS, where oy, is computed using the SWP line search in Eqs. and . If 0 €
(0,0.5), then the descent condition provided in holds.

Proof. The proof is carried out for two cases.

2
Case 1: |\ gi||” > e |97 ge—1|-
This assumption implies

2
AZHS _ llgell” — \g,?gkfl\ 1 M
g d{-lyk—l (077 dg_lyk’—l

Multiplying by g,{, we can conclude that

gFdi, = gt (—gk + Brdi—1) = —|lgrl|” + Brgi dr
2
lgx? T |7 dye—1|
< —lgkl? + et |9 di—1 | — g
L e e

The usage of the SWP line search leads to the inequality

|gF die—1] . 0

|d£_1yk—1| T 1l-o
Thus,
2
g < —llgel?+ D2 _ o2 (12 2 ) — g,
- (1-o0) 1-0

2
Case 2: ||gill"<p |98 ge—1]-
This assumption implies

pazas_ _ L 9tsi1

T
Qg dk_lykfl
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and further . . ) -
9 Ak = gi (=gk + Brdr—1) = —|lgxl|” + Brgk dix—1

T
BE G Sk—1 T
< —llgell®+ [ - | 9 dk—1
ap—1 dl_yr—1 )"

g di—1|”
dz_lykfl )

A

2
= —llgrll” = 1
Since the SWP line search is used, it follows that d}_,yx—1 > 0, and further

2
gk di < —cllgxll”;
which completes the proof. [

Lemma shows that if L > 1, then equation holds. Note that if L < 1, then
gk l|* > s [gF gr—1| can not be satisfied.

Lemma 3.1 If Hngz > Lk |g,{gk_1| and L > 1, then

1
lgrll* — I \gtge—1| < L|llgrll” = |9F gr—1]|- (13)

Proof. The proof is performed using contradiction. Suppose

1
lgel® - 7l on—|> L gl = | g% gr—1]

and divide both sides by L:

2
lgxll” _
L

Using Assumption 1, the following relationship is derived:

1
5 lofaia] > [llgel = [oF gu |- (14

1
lgell® > p |9k gn—1| > 7 |9k gr1] -

If L > 1, we conclude that inequality is not true, which results in a contradiction.
Thus, inequality holds. [

The following Lemma [3.2] indicates the step length always has a lower bound.

Lemma 3.2 [25]. Suppose that the objective function satisfies Assumption 1. If the step
length «y fulfills the SWP line search conditions and , then

(A -0)|gide|

>
L|d]”

Lemma 3.3 Let Assumption 1 hold. Consider any form of Eqs. and with the
step size ay satisfying the SWP line search, where the search direction dy is descent.
The following inequality is obtained:

f: (gedn)® _ (15)

2
im0 lldsl
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The condition presented in inequality is called the Zoutendijk condition [25] and
plays an important role in proving the convergence properties of the CG method. We
use the contradiction technique with to prove ligcn inf || gr|| =0.

— 00

Moreover, holds for the exact and SWP line searches. By substituting into
(15), we obtain
— lldxl”

llsr—1ll

Lemma 3.4 If HngQ > g |g,{gk_1| is satisfied, then py = Ty 48 bounded above and
below.

Proof. Since ||ng2 > g ’gggk,ly > % |g,{gk,1|, based on Assumption 1, it follows
that 0 < pp < FE, where FE denotes a positive constant. Moreover, if yi+; = 0, this
means rp+1 = o and it is known that 11 =  + ardy. Thus, agdi = 0. However, by
Lemma [3.2] we conclude that ay, > 0. This means that d = 0. The usage of Theorem
[3-1 and Lemma [3.3] leads to a contradiction. [

Dai et al. [26] presented the following Theorem which is also useful for proving
the global convergence properties of CG methods.

Theorem 3.2 Suppose that Assumption 1 holds. Consider any CG method in the form
of Eqs. and , where dy, is a descent direction and ay is obtained using the SWP

line search. If

Y =
—— = oo,
E>1 HdkH
then
liminf ||gx|| = 0.
k—oco

Global convergence properties for the convex functions

In the following theorem, if f(x) is a uniformly convex function, then the CG method
satisfies BAZ HS strong global convergence properties.

Theorem 3.3 Suppose that Assumption 1 holds. Consider the CG method in the form
of Eqs. and with B,?ZHS, L > 1, and di as a descent direction, where oy
is obtained using the SWP line search. If f(x) is a uniformly convex function, then
liminfy_, o |lgx| = 0.

Proof. Since the function f(x) is uniformly convex, there exists a positive constant
w satisfying
@z —y|* < (Vf(z) = Vi) (@ -y)
for all x,y € P. Thus,

dk—1yk—1 > wag_a|dpa | (17)
and , ., ;
BI?ZHS _ lgrll™ — pux ]gk gk—l’ Mk g Sk—1
df yk— -1 AL yk—1
Hng — 1 gt g 1’ Wk gL sk—1

= .
dk 1Yk—1 A1 dk_lykfl
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An application of inequalities and gives

T
BAZHS < Llgll Ulgr — gx—1l) > |9F sk—1]
i < 5 5 5
wotg—1 || di—1] @ || di—1]]

Lgrllllgr = ge-1ll | 5 llgrllllsi—1]
wag-1l|dp-1]? wod_y |l di—1?

IN

Applying Assumption 1, we obtain

azms o L2 lgel an—1lldi-all | o llgell lIdr-1]

<
k =
wop—1|dp_1]? wop—1|dp_1]?
Lgell 5o loell
= w||dk1l wog_1 ||dg—1]|

Based on Eq., it can be obtained that

ldell < llgell + |8l ldr—1l

Ik L? E
< lgil + el (+ )dklu
||dk_1|| w WA —1

. L? E
<A1+ —+ .
w WA —1

Thus, Theorem 3.2 leads to the conclusion

liminf ||gx|| =0
k—o0
and completes the proof. [

Global convergence for B,?ZH S with the SWP line search for general functions

Using Property(*) and some lemmas, Gilbert and Nocedal [7] proved the global conver-
gence of nonnegative PRP and HS methods. Because our modification is nonnegative
and satisfies Property(*), by using the other lemmas presented below, we perform our
proof in the same way as in [7]. This property is defined as follows.

Property(*)

Consider any CG method in the form of Eqs. and . Assume

0<y<lgrll <% (18)
for all K > 1. The CG method then inherits Property(*) if for V&, there exist constants
b>1and A > 0 such that |3, < b and |[s|| < A, which implies that |8x| < ;.

Lemma shows that B{1%15 satisfies Property(*).

Lemma 3.5 Consider a CG method in the form of Eqs. and using B?ZHS with
L > 1. Lemma 3.1 holds true, then B{*?HS satisfies Property(*).

2Lo 152 +BY —0)en? .
Proof. Let b = #m > 1, and let A < Q(L(%EZW). Then the following

inequality holds:

2
BAZHS < lgell™ = pe |9F gr—1] Mk gFsk_1
; B df_lyk,l Q-1 dz_lykfl
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Inequalities and are a basis for the inequalities

BAZHS < llgell” + |9F gr—1] E |glsk—1]
di_ 1 ye— -1 dL_ Yk
25? EBY 2Lay 14 + EBY
T (I-o0)ey? ’ ag-1L(1 — o)ey? B ag—1(1 —o)cy?

=b>1.

Further, ||sg| < A gives

2
BAZHS < lgell” = 1 |9 gr—1] L gF si—1
g N d%LﬂJk—l Of—1 d£71yk—1
< LHngHQk‘*gk—ng% E gkl llsk—1ll
< = -
dy_1Yk—1 a1 di_Yk—1
L? |l gkl Isk—1] L E lgwl |sk—1]l
df_ yk—1 a1 dF yk—1
(L2 + 22Z5) llgwl skl
N d£71yk—1
(L4359 1

= (-0 2
Thus, the proof is complete. [

Lemma [3.6] and Lemma [3.7] are similar to Lemma 4.1 and Lemma 4.2 presented by
Gilbert and Nocedal in [7].

Lemma 3.6 Assume that Assumption 1 holds and the sequences {gp} and {dp} are
generated using Algorithm 1, where the step size oy, is computed via the SWP line search
so that the sufficient descent condition holds. If By, > 0, there exists a constant v > 0
such that ||gx|| > v for all k > 1. Then dj # 0 and

o0
S st — ug* < o,
k=0

dp
ldwll

where uy, =

Proof. The assumption di = 0, based on the sufficient descent condition, leads to
gr = 0. So, dj # 0 as well as

llgell = v, where vy > 0. (19)

Eq. can be divided into two parts as follows:

2
(1) _ el — e |97 g1 5RO _ M gFsk_1
g di_1Yk—1 Tk ap—1 df_ Yk
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Then the following values can be defined:

(2)
gt 80| g0 g

- e
e 1|

From the definition of ug, it can be derived that

(1) (2)
dy, —gk + (B, + By )dk—1 di—1
up = = =&+ (o =&+ Qup.
[l [l [l
Since wuy, is a unit vector, it follows that ||£|| = ||ur — Cug—1] = ||Cur — wr—1]| -
By using the triangle inequality and ¢ > 0, one concludes
lur — e[ = 2I€][ - (20)

Using the definition of £, we obtain

el sl = [[—gn + B sdi | < lgwll + |82 | e (21)

By using the equations of SWP (Eq.(5)) and line search (Eq.(6)), one gets
g
< .

g _ e gisin B oksial o B lgellllseal
4§ o df_yp—1 T e df_qyp—1 T aor di_qyk—1

ngdk—l

d£—1yk—1 > (U - 1)91(,1‘,1—1dk—15 d{ k1

Thus,

By using Eq., we obtain the following;:

E

2

el il = |[~gn + B dua| < llgwll + ——
k-1

E
<v+ (10 )B
A1 — 0

The application of Eq. leads to

g,fdk_l

Sk—1
rrieman LS

+:2 (%) B
||l ’

[+ (=) 8)

I

Y
lug —up—1| =2||€]l = 2

Juk — we—1]” = 4

Utilizing Eq.7 we obtain the following:

) s < oo
2 — )
= lld

which completes the proof. O
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Lemma 3.7 Assume that Assumption 1 holds and the sequences {gr} and {d.} are
generated using Algorithm 1, where oy, is computed via the WWP line search so that the
sufficient descent condition given in Eq. holds and consider that the method satisfies
Property(*). Suppose also that Eq. holds. Then there exists a constant A > 0 so that
for any A € N and any index kg, there exists an index k > ko that satisfies the following
inequality:

A

2 b

where HQ’A ={ieN:k<i<Ek+A-1,|si] > A}, N denotes the set of positive integers,

’H27A| >

and ‘ﬁﬁ’A‘ denotes the number of elements in KQ’A.

From Lemmas and the convergence properties of Algorithm 1 with the
SWP line search can be satisfied in a manner similar to that used in Theorem 3.6 pre-
sented by Gilbert and Nocedal [7]. Therefore, the proof of the following theorem is
omitted.

Theorem 3.4 Assume that the sequences {gp} and {di} are generated using Eqs.()
and with the CG formula BA4HS | and let the step length satisfy Eqs. and . If

Lemmas and are true, then liminfy_,||gkll = 0.

Note that if Lemma 3.1 does not hold true, then it is enough to show that

2 T
ﬁAZHS _ lgrll™ — p {gk gkfl{
g d£_1yk—1

satisfies Property (*) similar to Lemma 3.3 in [23].
The following theorem shows that if the second case of equation holds, i.e.,
1 9L k1
gAzhs _ _ = Ik Sk=1 929
k 75 df,lykq ( )

then we will obtain the result stated in Theorem 3.6.

Theorem 3.5 Assume that Assumption 1 holds. Consider the conjugate gradient
method in and with equation , where dy is a descent direction and oy is
obtained by the strong Wolfe line search. Then liminfy_,||gk| = 0.

Proof. We will prove this theorem by contradiction. Suppose Theorem 3.5 is not
true. Then equation holds and
2 2 2
Idill” = llgkll” = 28k g7 di—1 + Billdi|
2 2
< lgll® + 218kl |9k dr—1| + Billdi|

2, 2E gkl [[se—1] T
+ — 0) |gi_1dr—1| +

o 2B gl Isk—1]l | E?0?||sp1]
< il =
<lgll” + o 0o “taT a0

B2 (09t dx—1)* [[sp-a|”

< llgr 2 2
ar (1-0)? ’g%ﬁldk,ll
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Further calculation gives

2 2
[l d || llgr ||
4 — 4
lgrll™ — llgkll
1

— 2
gl

1
< 3
”gk”

2E {|grlllsk—1ll

@ (1—0)|gxll"
2E skl

@ (1= 0)|gull’

2E  |lsk—1||

@ (1= 0)|gsl

o+

E o |sk-all”
oF 2| gi|*
k (1= 0)?llgll
B> o®|lsel’
2 4
@ (1=0)?|lgxl
E> _o®|lseal®

S oA
@ (1= 0)?|lgxll

If
. 2 3 4
lgnl™ = min {llgell®, lgel®, lgwl*}, m € N,

then it follows that

eI < 1 (1 LAy EzW)
lgrll* ~ Nlgll™ ar(1-0) " a2 (1-0)2)"
Also, o
2F E* o)
R= <1+k/\a—|— 5 (1_0)2)
initiates \ .
ldel” R 1 lgsll* _ €™
el = Tal™ = P T 1 = RR
Therefore,
i Hng2
o
This result contradicts (15). Therefore, liminfy o ||gx] = 0, completing the

proof. [

4 Numerical Results and Discussion

To analyze the efficiency of the proposed method, we use more than 200 standard test
functions presented in Table 1. These test functions are available from the CUTEst
library 28] with the CUTEr/st test functions and SIF extension available on the website

http://www.cuter.rl.ac.uk/Problems/mastsif.shtml

The numerical results of CG_Descent 5.3 were obtained by running the code provided
by Hager and Zhang [29] with memory set to 0. The numerical results of AZHS are
obtained using a modified CG_Descent code with the SWP line search, employing o = 0.1

and § = 0.01. If pugx > 1, then we conclude that L < 1 and % > 1. Thus, it is
& Jk—1
reasonable to modify Eq.(11]) as follows:

llgx 1> —|g¥ 91|

: if [lgell* > |9F gx—1

dT _ bl
AZHS _ Hgk\lgilxik\g%gkfd 1 oTsp1 - 2 T
Br I T e L v if |lgxll” > p ‘gk gkfl‘ )

T
_ 1 9i Sk—1
ak/LkdE

, otherwise.
—1Yk—1
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2 | T
Note that if gA2s = Wl lotown] "oy gazins < gits | thus the proof will be
k—1Jk—

similar to that presented in [7].

The host computer used was an AMD A4-7210 APU with AMD Radeon R3 Graphics,
4 GB RAM, and a 64-bit operating system. The graphs on the following results were
obtained using SigmaPlot, a performance measure introduced by Dolan and Moré [30].

This performance measure compares the performance of a set of solvers S on a set of
problems p. For ng solvers and n, problems in S and p, respectively, the measure ¢, ; is
the computation time (e.g., the number of iterations or CPU time) required for solver s
to solve problem p.

To establish a baseline for comparison, the performance of solver s on problem p is
scaled relative to the best performance of any solver in S on that problem, yielding the
ratio

Tps = fp.s
P2 min{t,s:s €S}

A parameter rp; > 1, s for all p, s is selected such that r, ; = rjs if and only if solver
s cannot solve problem p. To obtain an overall assessment of the performance of each
solver, we define the measure

1
Ps(t) = n—size{p €pirps <th
p

P, (t) is the probability for solver s € S that the performance ratio r, ¢ will be within
a factor t € R of the best possible ratio. If we denote the cumulative distribution function
of the performance ratio as ps, then the performance measure ps : R — [0, 1] for a given
solver is non-decreasing and piecewise continuous from the right. The value of ps(1) is
the probability that the solver will achieve the best performance among all solvers. In
general, a solver with higher values of P,(t), which will lie closer to the upper right corner
of the figure, is preferable.

The numerical results are shown in Figures 1, 2, 3 and 4. Figure 1 depicts the number
of iterations, showing that the new modification significantly outperforms CG_Descent
5.3. Figure 2 illustrates that the new modification, AZHS, outperforms CG_Descent 5.3
in the number of function evaluations. Figures 3 and 4 show the performance based
on the number of gradient evaluations and CPU time, respectively. It is observed that
AZHS outperforms CG_Descent 5.3 in CPU time and is significantly competitive with
CG_Descent 5.3 in the number of function evaluations and gradient evaluations as the
latter used an approximate Wolfe line search with ¢ = 0.9 and § = 0.1. Thus, we can
conclude that 8459 outperforms CG_Descent 5.3 in all figures.

5 Application to Heat Conduction Problem [32]

Suppose a rectangular flat plate with dimensions of 5 x 4 units generates heat [33].
Suppose the thermal conductivity k is fixed, and the heat production per unit area f is
a nonlinear function of the temperature M. Our objective is to define the temperature
of the slab such that the temperature outside the perimeter of the slab is zero. Poisson’s
equation classifies the temperature distribution within this region as follows:

{82M 0?M

8x2+(,9y2:| +f(M)=O.
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Function Dim Function Dim Function Dim
AKIVA 2 FBRAIN2LS 4 OSCIPATH 10
ALLINITU 4 FLETCBV2 5000 PALMERIC 8
ARGLINB 200 FLETCHCR 1000 PALMERI1D 7
ARGLINC 200 FMINSRF2 5625 PALMER2C 8
ARWHEAD 5000 FMINSURF 5625 PALMERS3C 8
BARD 3 GENHUMPS 5000 PALMERA4C 8
BDEXP 5000 GROWTHLS 3 PALMERS5C 6
BDQRTIC 5000 GULF 3 PALMER6C 8
BEALE 2 HAHNILS 7 PALMER7C 8
BIGGS3 6 HAIRY 2 PALMERSC 8
BIGGS5 6 HATFLDD 3 PARKCH 15
BIGGS6 6 HATFLDE 3 PENALTY1 1000
BIGGSB1 5000 HATFLDFL 3 PENALTY2 200
BOX2 3 HATFLDFLS 3 PENALTY3 200
BOX3 3 HEART6LS 6 PENALTY3 200
BOX 10000 HEARTSLS 8 POWELLBSLS 2
BRKMCC 2 HELIX 3 POWELLSG 5000
BROYDNBDLS 10 HIELOW 3 POWER 10000
BROWNAL 200 HILBERTA 2 POWERSUM 4
BROWNBS 2 HILBERTB 10 PRICE3 2
BROWNDEN 4 HIMMELBB 2 PRICE4 2
BROYDNT7D 5000 HIMMELBF 4 QING 100
BRYBND 5000 HIMMELBG 2 QUARTC 5000
CAMELG6 2 HIMMELBH 2 RAT43LS 4
CHNROSNB 50 HUMPS 2 RECIPELS 3
CLIFF 2 HYDCARG6LS 29 ROSENBR 2
COSINE 10000 INDEF 5000 ROSENBRTU 2
CUBE 2 INDEFM 100000  S308 2
CURLY10 10000 INTEQNELS 12 SCHMVETT 5000
CURLY20 10000 JENSMP 2 SENSORS 100
CURLY30 10000 JIMACK 3549 SINEVAL 2
DENSCHNA 2 JUDGE 2 SINQUAD 5000
DENSCHNB 2 KOWOSB 4 SISSER 2
DENSCHNC 2 KSSLS 1000 SNAIL 2
DENSCHND 3 LANCZOSILS 6 SPMSRTLS 4999
DENSCHNE 3 LANCZOS2LS 6 SROSENBR 5000
DENSCHNF 2 LANCZOS3LS 6 SSCOSINE 5000
DIXMAANA 3000 LIARWHD 5000 SSI 3
DIXMAANB 3000 LOGHAIRY 2 STREG 4
DIXMAANC 3000 LSCI1LS 3 STRATEC 10
DIXMAAND 3000 LSC2LS 3 STRTCHDV 10
DIXMAANE 3000 LUKSANI11ILS 100 TESTQUAD 5000
DIXMAANF 3000 LUKSANI12LS 98 THURBERLS 7
DIXMAANG 3000 LUKSANI13LS 98 TOINTGOR 50
DIXMAANH 3000 LUKSANI14LS 98 TOINTGSS 5000
DIXMAANI 3000 LUKSANI15LS 100 TOINTPSP 50
DIXMAANJ 3000 LUKSANI16LS 100 TOINTQOR 50
DIXMAANK 3000 MANCINO 100 TQUARTIC 5000
DIXMAANL 3000 MARATOSB 2 TRIDIA 5000
DIXMAANP 3000 MEXHAT 2 TRIGON1 10
DIXON3DQ 100000 MEYER3 3 TRIGON2 10
DJTL 2 MGHO09LS 4 VANDANMSLS 22
DMN15332LS 66 MGHI10LS 3 VARDIM 200
DQDRTIC 5000 MGH10SLS 3 VAREIGVL 50
ECKERLE4LS 3 MGH17LS 5 VESUVIALS 8
EDENSCH 2000 MISRA1BLS 2 VESUVIOULS 8
EGGCRATE 2 MISRA1CLS 2 VIBRBEAM 8
EG2 1000 MISRA1DLS 2 WAYSEA1 2
EIGENALS 2550 MODBEALE 20000 WAYSEA2 2
EIGENBLS 2550 MOREBV 5000 WOODS 4000
EIGENCLS 2652 MSQRTALS 1024 YATP1CLS 123200
ELATVIDU 2 MSQRTBLS 1024 YATP2CLS 123200
ENGVAL1 5000 NCB20 5010 YFITU 3
ENGVAL2 3 NELSONLS 3 ZANGWIL2 2
ENSOLS 9 NONCVXU2 5000

EXPFIT 2 NONDIA 5000

Table 1: Test functions.
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Figure 4: Performance measure based on the CPU time.

If k=2and f(M)=20— %M + QLOM{ there are 12 mesh points in total. Symmetry

reduces the problem to only four distinct temperatures.

3 1
2(My 4 M3 — 4M;) = —20 + 5M1 — %Mf,
3 1,
2(M3+M1+M4—4M3):—2O+§M3—% 3,
3
2(M1+M4+4M2)=—20+§M2—% 2
3 1.,

2(2M3 + My — 3My) = —20 + §M4 — %M4.
These equations, expressed in powers of My, are as follows:

(M —190M) + 40 (M + M3 + 10) =0,

M2 — 150Ms + 400
3 3t + My =0,

M
1+ 10
M2 — 190M. 400
2M; + —2 402+ + My =0,

(M7 — 150My) + 40M> + 80M; + 400 = 0.
The objective function f is constructed by summing the squares of the functions
connected with each nonlinear equation as follows:

Jf(My, Ma, M3, My, Hy,Hs, Hs, Hy, Hs, Hs) = Q1 + Q2 + Q3 + Qu,

where
Q1=0Q% Q2=0QF Q3=0Q37 Qi=Qq3,
[M{ + H\ M, + Hy (M + M3 + Hs)],

Qs =55

M3 + Hy M.
Qe =2 |M +—2—"2= % 175 4 Hs 4 M,y
2

)
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M3 + Hy M.
Qr=2 |HeM, + —2""1"2 L Ho4 My,
Hy
1
Qs = o5 [MZ + HiMi + HoMa + Hy HoMs + HyHs)
If
Hy=-190, H, =40, H3=10, H,=-150, Hs=10, Hs=2,
let

M1 =T, M2 = T2, M3 = I3, M4 = X4.

Then, we obtain the following function:

2\ 2
f(z1, 20,23, 24) = <2(x2 + a3 —4x1) +20 — 1.5z1 + gé)

ox 2
n (2(951 3wyt 24) +20 — L5as + ;”S)

2

2 2\ 2
+ (2(2x1 + x4 —4x9) + 20 — 1520 + %) + (2(:52 +2x3 — 3x4) + 20 — 1.5x4 + %) .

We say that f(z1,x2,2s,24) is the Heat Conduction Problem function. By using
Algorithm 1, we can find the values of x1, 3, 3, 24 as follows:

r1 = 4.8521, 9 =6.0545, xz3=6.4042, x4 = 8.1383.
The function value is 1.9631 x 10~7.

6 Application to Image Restoration

Restoring damaged images is one of the most important applications of the CG method.
In this study, we applied Gaussian noise with a standard deviation of 25% to the original
images in Table 3. After that, we used Algorithm 1 to restore these images. To express
the efficiency of the proposed method, we made a comparison between Algorithm 1,
CG-Descentb.3, and DL+ in terms of the number of iterations, CPU time, and root-
mean-square error (RMSE).

We utilized the RMSE between the restored image and the original true image to
calculate the quality of the restored image:

[V = vill2
el

The restored image is denoted by vy, and the true image by v. The RMSE determines
the quality of the restored image, in which lower values correspond to higher quality.
The results in Table 2 show that the new search direction outperforms CG-Descent5.3
and DL+ in terms of the number of iterations, CPU time, and the RMSE value. The
criteria for stopping is

RMSE =

x40 — x|
k|2
In this context, e = 1073, Note that if e = 107* or € = 107, then the RMSE remains
fixed, meaning that a fixed RMSE can have a variation in the number of iterations.
Table 3 below shows the outcomes of restoring the destroyed images using Algorithm
1, indicating that it can be regarded as an efficient approach.

<é
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Image Algorithm Number of Iteration | CPU Time (s) | RMSE
Mandi 128 pixels | DL+ 127 1.724e+000 0.1003
AZHS 126 1.663e+000 0.1002
CG-Descent5.3 | 134 1.825e-001 0.1004
Coins 128 pixels | DL+ 135 1.542e+-000 0.0832
AZHS 130 1.491e+4-000 0.0824
CG-Descent5.3 | 133 1.491e+000 0.0831
Mandi 256 pixels | DL+ 120 1.856e+4-001 0.0519
AZHS 111 1.545e+001 0.0510
CG-Descent5.3 | 119 1.656e+001 0.0991
Coins 256 pixels DL+ 134 1.447e4-001 0.0506
AZHS 120 1.164e+001 0.0501
CG-Descent5.3 | 130 1.564e+-001 0.0508
Mandi 512 pixels | DL+ 114 7.981e+001 0.0371
AZHS 105 6.755e+001 0.0360
CG-Descent5.3 | 116 7.314e+4-001 0.0472
Kids 512 pixels DL+ 57 6.955e+001 0.0377
AZHS 56 5.325e+001 0.0384
CG-Descent5.3 | 55 5.634e+001 0.0395
Coins 512 pixels DL+ 129 7.323e+-001 0.0326
AZHS 128 5.248e+001 0.0324
CG-Descent5.3 | 127 6.323e+001 0.0503
Coins 1024 pixels | DL+ 128 3.441e+002 0.0326
AZHS 110 2.549e+-002 0.0172
CG-Descent5.3 | 124 2.897e+4-002 0.0289

Table 2: Numerical outcomes from the images with Gaussian noise with a 25% standard
deviation added to the original images using the Dai-Liao CG method, AZHS, as well as CG-
Descent5.3.

7 Conclusion

In this study, we investigate a modified Hestenes—Stiefel (HS) conjugate gradient (CG)
method based on the Dai—Liao conjugacy parameter, with the restart property depending
on L. The newly modified CG method inherits global convergence properties and a
sufficient descent condition through the SWP line search. Moreover, the numerical results
are efficient and competitive with CG Descent5.3. Applications to solving the Heat
Conduction Problem and image restoration are presented. In future studies, we will
focus on the Lipschitz constant because it plays an essential role in the efficiency and
robustness of the CG method.
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Image Original Image | Image with Gaussian Noise | Restored Image

Mandi (128 pixels)

Mandi (256 pixels)

Coins (256 pixels)

Kids (512 pixels)

M.83 (1024 pixels)

Table 3: Restoration of the destroyed images of Mandi, Coins, Kids, as well as M.83 by reducing
z via Algorithm 1.
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Abstract: The most pressing challenge in the practical application of chaotic sys-
tems is the development of methods for encrypting information. This paper presents
a new 4-dimensional (4D) memristive system that is simple, consisting of only seven
terms and lacking equilibrium points, which allows it to generate hidden attractors.
The paper thoroughly analyzes the system’s dynamic properties, including bifurca-
tion diagrams, Lyapunov exponents, Kaplan-York dimensions, and offset boosting
analysis. Additionally, the theoretical model is validated through electronic simula-
tion of the new two-winged chaotic system using Multisim.

Keywords: two-wing attractors; memristor; chaotic behavior; offset boosting control;
circuit tmplementation.
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1 Introduction

A rapidly expanding area within nonlinear circuit theory is the development of chaos
generators utilizing memristors. First introduced by Chua [1], the memristor is a device
that links electric charge and magnetic flux, functioning as a resistor with memory. Since
then, the concept has evolved to include a broader spectrum of memristive systems. HP
Laboratories achieved the first successful implementation of a memristor, using a metal-
dielectric-metal structure [2]. However, significant technological challenges in memristor
fabrication have led to a considerable gap between theoretical models and experimental
studies. Memristors have found extensive applications in fields such as image encryption,
signal processing, biosystems, and neural networks, particularly in complex neural net-
works [3]. Their popularity is largely due to the complex dynamics achievable in chaotic
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systems based on memristors. Numerous chaotic and hyperchaotic systems have been de-
veloped with memristors serving as nonlinear elements. Furthermore, various equivalent
circuits for modeling memristor emulators have been proposed in the literature [4]. This
brief literature review focuses on 4D chaotic systems that integrate memristors. Chaotic
dynamical systems can be categorized into two types: those with self-excited attractors
and those with hidden attractors. A self-excited attractor has a basin of attraction that
intersects with the vicinity of an equilibrium point, whereas a hidden attractor’s basin
does not intersect with any equilibrium point’s neighborhood. The concept of hidden at-
tractors, first introduced in [5], has since sparked ongoing research in nonlinear science.
As noted in [6], hidden attractors in dynamical systems are currently classified into five
categories: 1) systems without equilibria, 2) equilibrium curves, 3) planes of curves, 4)
equilibrium lines, and 5) stable equilibrium points.

Recently, a new 4D hyperchaos system without equilibrium point was proposed in [7].
Several researchers have developed memristor-based 4D hyperchaotic systems character-
ized by the absence of equilibrium points. In [§], a 4D memristive system is introduced,
consisting of 12 terms, 5 of which are nonlinear. This model notably lacks equilibrium
points and exhibits periodic, chaotic, and hyperchaotic behavior within specific param-
eter ranges. In [9], a 4D memristive system is presented that can display either no
equilibrium points or an equilibrium line, depending on the control parameter. The
study shows that by adjusting this parameter, the system can transition between chaotic
and hyperchaotic dynamics. This nonlinear system comprises 11 terms, including 5 non-
linear ones. A simpler 4D chaotic memristor-based system, consisting of 9 terms with 2
nonlinearities and no equilibrium points, is described in [10]. An even more streamlined
4D memristive two-scroll chaotic system, containing only 7 terms and 3 nonlinearities,
is introduced in [11]. This system demonstrates various complex dynamics such as off-
set boosting, remerging period-doubling bifurcations, and hidden extreme multistability.
Furthermore, a 4D hyperchaotic hyperjerk system with a line equilibrium, composed of
7 algebraic terms and a single nonlinearity, is proposed in |12]. Interestingly, the system
in [12] is based on intrinsic memristive nonlinearity, a type of nonlinearity that arises
naturally from the memristor itself.

In this paper, we present a new hyperchaotic dynamical system (not a jerk system)
developed by introducing nonlinearity via a memristor. Our primary motivation is to
design a novel 4D hyperchaotic memristor-based system with the fewest possible terms.

2 Derivation and Key Properties of a Novel 4D Memristive Hyperchaotic
System

In this section, we introduce a novel 4D memristive two-wing chaotic system comprising
only seven terms. This system is based on the one introduced in [13] and is defined as
follows:

dzx

ditl = a(—z1 + z2),

d

% = —x3sgn(x1), (1)
d$3

7 -1

dt |IE1| )

where |z is the absolute value function and the signum function sgn(z) of a real number x
is a piecewise function. Figure (1| displays typical two-wing butterfly attractors in various
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Figure 1: Plots depict the two-wing butterfly attractors of system in the phase planes
x1T3, T2x3, and x1x2, respectively.
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Figure 2: Simulation results of the hysteresis loop for the memductance function W (p) =
1+ 0.5]¢|: a) different values of amplitude A; b) different values of frequency f.

phase planes for system , with parameter set at a = 0.6 and the initial conditions

21(0) = 2z2(0) = z3(0) = 1. Using the methodology of Binouse et al. [14], we can
compute all LEs:

LE; =0.191212, LE,~0, LE;=—0.799337,

and the corresponding Kaplan-Yorke (or Lyapunov) dimension Dgy =~ 2.239. We see
that system demonstrates chaotic behavior with one positive exponent LFE; > 0.

To achieve hyperchaotic behavior, system is extended to 4D by adding a state
variable linked to the original system through a memristor. We use the model of an
absolute memristor, specifically Bao’s magnetically controlled memristor , described
by the following equations:

% = Um, (2)
W(p) = a+pBlgl.
In the equations , the symbols u,,, i, and ¢ represent the input, output, and state

variables of the memory device, respectively. The function ¢ corresponds to the magnetic
flux, while o and 8 are constant coefficients, set to « = 1 and § = 0.5. The graph for
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Figure 3: Bifurcation diagrams for the components x1, 2, z3, x4 of the system .

system displays a smooth quadratic nonlinear characteristic curve passing through
the origin. Driven by a sinusoidal AC voltage source u,, = Asin(2wft), where A is
the amplitude and f is the frequency, the memristor circuit simulation results, shown in
Figure 2] reveal a current-voltage characteristic forming a closed hysteresis loop. As the
frequency f increases, the area of the loop decreases, while increasing the amplitude A
causes its expansion, consistent with the fundamental properties of memristors.

Integrating the expressions from into the nonlinear dynamic equations yields
a novel set of memristor-based 4D equations:

dx
d_tl = axy — (o + Blza])xq,
dl‘g
P —x3sgn(xy),
(3)
95 =1
dt 1 )
dl‘4 —
a v

Here, instead of the notation of flux ¢, we introduced a new dynamical variable z4. As
shown in , the system includes only seven terms. It represents the minimum number
of terms needed for chaotic dynamics in a four-dimensional autonomous system, making
it a rare configuration in the literature.

Let us outline some fundamental dynamic properties of the new 4D system. It is
readily verifiable that system exhibits symmetry with respect to the xs-axis and
remains invariant under the transformation (z1,x2,s,24) — (—21, —Z2,23, —24). To
further characterize the system’s behavior, we calculate its divergence as follows:
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Figure 4: Lyapunov exponents for the system for the parameter value a = 21 and initial
conditions .
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Thus, the system is dissipative for all positive values of parameters. Setting the right-
hand side of system to zero &1 = @9 = &3 = &4 = 0 yields z; = 0 from the fourth
equation. Substituting this value into the third equation leads to the contradictory result
—1 =0, indicating that no equilibrium points exist for the system. This implies that all
attractors generated by system are hidden.

2.1 Bifurcation diagrams, Lyapunov exponents, and the calculation of
Kaplan-Yorke dimension

In dynamic analysis, a bifurcation diagram visually represents changes in the system’s
state variables. We use the NDSolve function in Mathematica to solve the equations in
(3) under the following initial conditions:

I (O) = .’L‘Q(O) = .’)33(0) = 3?4(0) =1. (4)

In system , the parameter a varies while @« = 1,5 = 0.1 remain constant. The bi-
furcation diagrams in Figure [3[ show the components as a € [0, 25], highlighting stable
regions (distinct points), periodic, quasiperiodic, and chaotic behaviors. Examining the
Lyapunov exponents provides deeper insight into the system’s stability and chaotic char-
acteristics as a changes. The dynamical behaviors of system can be classified into the
following categories, as detailed in Table [Il A positive LE indicates instability or chaos
within the system, while a negative LE suggests a tendency toward stable equilibrium.
Next, we focus on the hyperchaotic behavior of the system at a = 21. The sum of all
Lyapunov exponents is negative, confirming the dissipative nature of the system. The
dynamics are illustrated in Figure [l To assess the complexity of the attractor, we can
calculate the Lyapunov or Kaplan-Yorke dimension:

1.0041
2.5617

3
1
Dy =€+ 3 LE; =3+ ~ 3.3919, (5)
|LE¢i1| =
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a Lyapunov Exponents | Signs Behavior
(LEy,LEy, LEs, LE,)

a =0.01 | (0.0081,—0.0148,—0.0081,—11.0423) | (0,—,—,—) | Periodic

a=0.45 | (0.0053,-0.0012,-0.0043, —12.3353) | (0,0,0,—) Quasi — periodic
3 — torus

a=1 (0.0201,0.0038, —0.0165, —8.3231) (0,0,—,—) | Quasi— periodic
2 — torus

a=1.85 1 (0.0881,-0.0057, —0.0140, —3.8193) (+,0,—,—) | Chaotic

a= (0.0936,0.0080, 0.0038, —3.8193) (+,0,0,—) | Chaotic 2 — torus

a=4 (0.1471,0.0520, —0.0986, —1.9904) (+,0,—,—) | Chaotic

a=15 (0.4646,0.2873,-0.0077, —2.2215) (+,+,0,—) | Hyperchaotic

a=21 (0.5702,0.4303,0.0035, —2.5617) (4+,4,0,—) | Hyperchaotic

Table 1: Lyapunov exponents for different values of the parameter a.

where £ is determined from the conditions

3 3 E+1 4
> LE;>0 = Y LE;=1.0041, Y LE;<0 = Y LE;=-15577<0.

i=1 i=1 i=1 i=1

Here, £ denotes the number of first non-negative Lyapunov exponents. The Kaplan-Yorke
dimension Dgy is fractional and is found to be significantly higher for system
than for the chaotic system , indicating greater dynamic complexity.

2.2 Phase portraits of hidden attractors and offset boosting control

We created phase portraits and time diagrams for the hyperchaotic system , shown
in Figure 5| Implementing system in an electronic circuit is challenging because the
dynamic variable x4 exceeds the power supply limits of operational amplifiers. To address
this, we transform z4 to x4 = 20X, and rename the other variables as z1 = X1, 2 = Xo,
and x3 = X3. The transformed hyperchaotic system takes the form

dX
Ttl = 21X, — (14 2| X4)) X1,
dXx
TtQ = —X3sgn(X1),
dX;s (6)
=23 x| -1
7 = 1Xl=1
dX,
—21 = 0.05X;.
dt !

The transformed system @ will be utilized to create an analog chaos generator circuit
in the following section.

The offset boosting control method is commonly used in hyperchaotic systems to
shift the attractor by introducing a bias. By adding a constant to specific variables,
chaotic signals can be manipulated within phase space. In system , x4 appears in
the first equation and z3 in the second. We can control these variables by replacing x4
with x4 + m and x3 with z3 + k, where m and k are constants. As shown in Figure [6]
modifying m transforms x4 from a bipolar to a unipolar signal and shifts the attractor
along the z4-axis. Similar effects for x3 are illustrated in Figure
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Figure 5: The upper part of the figure displays the hidden attractors of the hyperchaotic system
in various planes. In contrast, the lower part of the figure presents the time diagrams for
the variables x1, x2, 3, T4.
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Figure 6: Signal x4 and phase portrait in the plane ziz4 for different values of the offset
boosting controller m: m = 0 (blue), m = 30 (green), m = —30 (red).



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (3) (2025) 295

50
20

40

304 10

n

X, 20 X,
10‘ 0
(] ... f & \ " d
104 NN N VNN Y -10 N
0 20 40 60 80 100 -15 -10
t X,

Figure 7: Signal x3 and phase portrait in the plane zizs for different values of the offset
boosting controller k: k =0 (blue), k = 10 (green), k = —10 (red).

3 Electronic Circuit Design and Multisim Simulation of the New Hyper-
chaotic System

Based on Kirchhoff’s law for electrical circuits, the electrical analog of the system @
can be expressed as follows:

dX 100k ~ 100k 100k | ~ =

T; -~ & X2 — < ) + R 10|X4|) X1,

% = —];400k0nggn(X1) -
dXs 100k, 100k

a ng)\ 1| = Riﬁw”

dX; 100k

o R77 1,

where Ry = Rs = Rg = 100kQ2, Ry = 4.76kQ), R3; = 20kQ), R, = 10kQ2, R; = 2MQ.
The analog circuit modules for the equations in system @ are shown in Figure|8] These
circuits utilize standard components such as resistors (R), capacitors (C), diodes D1-
D2 (1N4001), multipliers M1-M2 (AD633), operational amplifiers A1-A21 (TL0O84ACN),
and a supply voltage of £15V. The constant 1 is provided by a voltage source V; = 1V.
Figures[8p and [ illustrate modules that model the signum sgn(-) and absolute value |- |
functions. The phase portraits in Figure [I0] reveal a remarkable similarity between the
Mathematica simulation results (Figure |5) and the Multisim simulation results.

4 Conclusions

In this paper, we obtained a new 4D dynamical system based on a memristor that
meets the known criteria for generating hyperchaos: a) it is dissipative; b) it has a four-
dimensional phase space; and ¢) it includes at least one nonlinear term. A new memristive
four-dimensional dynamic system, derived from the five-term Lorenz equations, contains
only 7 terms. This hyperchaotic system lacks equilibrium points, potentially leading to
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Figure 8: Circuit modules implemented based on the system of equations lb a) )Z'l, b) )?2,
c) X3, d) X4 and the memristor circuit module.
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Figure 9: Schematic diagrams for the implementation of functions: a) sgn(X1); b)-c) | X1,
| Xl
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a) b)

c) d)

Figure 10: Phase portraits of the new 4D hyperchaotic system as generated in Multisim
oscilloscopes: a) X1X3, b) X2X3, ¢) X1Xo, d) X1X4, e) XoXy, ) X3X4.

hidden attractors. With two positive Lyapunov exponents, it is classified as hyperchaotic,
and its Kaplan-Yorke dimension (Dgy = 3.3919) highlights its complexity. Simulation
results from the electronic circuit of the proposed 4D system, designed in Multisim 14,
align well with those obtained in Mathematica.

The new system shows great potential for applications in encrypting and decrypting
information signals, images, data for the Internet of Things, and similar areas.
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Abstract: The objective of this paper is to analyse the asymptotic behavior of a
Timoshenko beam system with fractional delays and nonlinear external sources. Un-
der suitable conditions on the damping, delay and initial data, we obtain exponential
decay rate of the solution.
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1 Introduction
In this work, we study the following Timoshenko system with fractional delays:

prou =k (pa + ), + 01070 (t — 5) + arpr = 0" ¢,

potet — bbus + k (00 +¥) + 20y 0 (t — 5) + gty = []7 24,

oz =0,t) =¢(x=0,t) = p(z = L,t) =¢(z = L,t) =0,

@(‘Tﬂt = O) = QOO(I)v ’l/)(l’,t = O) = 1/10(95)7 (1)
pr(z,t =0) = p1(x), ¥t (z,0) = 1 (),

43 (mat_s) :fO ($7t—8)7t€ (073)7

wt (.’I},t—S) = 4Jo (J?,t—S),t S (0,5),

where x € Q = (0,L),L > 0,t € R%,p1,p2,a1,a2,a1,02,b and k are positive real
constants. The constant s > 0 is the time delay and the exponents p and ¢ satisfy p > 2

* Corresponding author: mailto:chahrazed.messikh@univ-annaba.dz
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and g > 2. The functions g, p1, ¥, ¥1, fo,go are the initial data belonging to suitable
spaces. The well known notation 9,"” stands for the generalized Caputo’s fractional
derivative, see [17,/18], it is defined as

1 t a
8f’ﬁu(t):m/o (t—s)"" e Py, (s) ds, O0<a<1, §>0.

The problem is considered without internal and external forces, this type of systems
has been introduced in [19]. It describes the transverse vibration of a thick beam of
length L, where ¢ is the transverse displacement of the beam, v is the rotation angle
of the filament of the beam, and p1, p2, k and b account for some physical properties of
the beam, see |[11]. In our case, the Timoshenko beam is subject to internal forces given
by fractional delay terms and frictional damping, and to external forces represented by
source terms. Physically, the occurrence of fractional delay terms in many systems can
lead to undesirable dynamics such as degraded performance, reduced robustness, or even
instability. Generally, these harmful effects are controlled by various dissipation terms;
for more results, see [1},2].

In the last decades, the study of the well-posedness and stability /instability of evolu-
tion equations with time delay has received considerable attention of researchers. Many
authors have shown that the time delay can be a source of instability that is asymptoti-
cally stable in the absence of time delay, see in this direction [3l[15]. More results in this
context can be found in [4,/5,[8L|10}20].

For the Timoshenko system with time delay, we mention the work [7], in which the
following problem is considered:

{ prpw (2,1) — k (oo + w)x (z,t) + a1 (z,t — 1) + a1 (2, ) =0, (2)
P2t (2, 1) — bgy (1) + K (0r + ) (2,8) + a2®) (z,t — 72) + a2t)y (z,t) = 0.
The authors obtained the exponential decay rate when the weights of time delays are
smaller than the corresponding damping. By adopting the spectral analysis approach,
A. Adnane et al. [1] showed the same result by considering the time delay of fractional
type rather than the time delay in the system (2) without sources.

In the absence of delay, the problem of existence and energy decay for a single wave
equation with damping and/or source terms has been extensively studied by several
authors. They showed the damping term assures global existence in the absence of
source term, whereas without the damping term, the source term causes finite time blow-
up of the solution. Hence, it is valuable to study the asymptotic behavior of a single
wave equation with terms having opposite effects, see [6,/12,/13]. For more results about
systems with various other damping and source terms, we refer the reader to [9,/14}/16].

The purpose of this paper is to analyse the influence of the damping terms, delay
terms and source terms on the solutions to . Under suitable assumptions, we establish
local existence, global existence and asymptotic behavior of solutions to . As far as
we know, this type of problems has never been considered before in the literature.

This paper is structured as follows. In Section [2] we state some assumptions, the
augmented problem , and lemmas for this analysis. Section [3|is devoted to the proof
of the local and global existence results by using the semi-group approach. In Section [4]
we state and prove the exponential decay rate result by using the multiplier method and
appropriate Lyapunov functional.
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2 Preliminaries and Tools

Here, we shall reformulate the initial problem (1)) into the augmented system (8). To
this end, we need the following results.

Lemma 2.1 (see [2], p. 286) Let w be a function defined for o € (0,1) as

2a—1

w)=v = , veR.

Then the relationship between the 7input” U and "output” O of the system
o (z,v,t) + (u2 +6) o (z,v,t) — U (x,t) w (v) =0,

o) = (7r)71 sin (ar) fj;o ¢ (z,v,t)w (v)dy,
where v € R, t >0, 8> 0, is given by
O =1y,
here,
8 L L -B(t—7)
I = — )Tl BT .
w(t) (o) /0 (t—1) e w(r) dr

Lemma 2.2 ( [9], p. 286) If
A€ Dg=C\|-o0,—0[,

then oo m2(y) _ »

/_OO A+ B+v2 dv = sin (arr) A+B)™
The constants a;, «; are supposed to satisfy

a;f* P <a; fori=1,2. (4)

As in (1], p. 1063), we can introduce new variables

21 (2,p8) = o1 (2t — p) p € (0,1), >0, (5)

2z (z,pt) =P (x,t —sp), p€(0,1), t>0. (6)
Then 4

zit (z,p,t) = — Fir (z,p,t), p€(0,1), t >0, (7)

with ¢ = 1,2. For v € R, p € (0,1), we denote z;; = % (z;) and z;, = 6% (z;), then by
and Lemma the initial system is equivalent to

P1p1e =k (pa + 1), + bi1o1 x @ + a1 = [P,

P2ttt — bbaw + K (02 + 1) + bagh ¥ @ + gty = [P[P72y,
od1¢ (T, v,t) + (1/2 + B) o1 (xz,v,t) — 21 (2, 1,t) w (v) =0,
SZ1t (xa P t) + 21p (.’ﬁ, |2 t) =0,

oot (x,v,t) + (1/2 + ,8) oo (x,v,1) — 29 (2, 1,t) w (v) =0,

SZot (l‘, P t) + 22p (xa j2 t) =0, (8)
go(a::L,t):go(mzo,t):wx:L,t)zz/;(sz,t):O,

21($,p:07 ):@t($7t)722(xap: at):wt($7t)a

p(x,t =0) = po, pe(x,t=0) =1,

w(x7t:0) :¢07 ¢t(xvtzo) :wla
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where v € R and
—+o0

i xw = i (x,v,t) w (v) dv,

and
bi = (7) 'sin(am)a;, i=1,2.

To prove the dissipativity of the energy £, we need the following lemma.

Lemma 2.3 (See [2], p. 286) For z € L*(Q) and vp € L?(Q x (—o0,+00)), we
have

’fﬂz(x,p,t) fj;;w(u)gb(x, v, t) dv dx‘ < Ao [y |z (2, p,t)]° da

+ 3 fQ = (V2 +8) ¢ (x, v dv dx,

where

The energy associated to is defined by

5(15) =3 [plledl® + Elles + 01> + P2||%th||2 + b2 [|?]
+ Z fo fjoo |o; (z, v, t)| dv dx + Evlsfo fo |zi (x, p, t )\2 dp dz (9)
1H90||p el

where v; satisfies
Aobi <v; < oy — bZ‘Ao, 1= 1, 2. (10)

Lemma 2.4 Let hold. Then the energy (@) satisfies
dE(t) 2 ) ,
& <CLlo (Izz- (2, 1,1)]* + |2 (2,0, )] ) dz
2 b, rL ptoo 2 9
_.Zjlflfo f—oo (V “‘5) |pi (z,v,t)|” dv dz <0

for C >0 and b; = (7) " sin (ax) a;,i = 1,2.

Proof. By multiplying 1 by ¢; and integrating over (0, L), integrating by parts
and using the boundary conditions, we find

L
3 8 Ieel2 = Slell?] +k i (0x + ) @ar do+ o loe]

oo (12)
+b1 fOL ( joo 1 (z,v,t) w (s) dy) oy dr = 0.
Multiplying 2 by 1 and integrating over (0, L), we have
L
4 (21l + Sl 2 = L1le] + asllvall® + & Jy (o0 + ) 1 do ”

+b2 foL (fj_:: o2 (z,v,t) w (v) d;/) ¥y dz = 0.
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Multiplying (8); by bi¢; with (i,5) = (1,3), respectively (i,j) = (2,5), and integrating
over (0, L) x R, we obtain

/ /+°° (2dt [6i (2w + (v + B) |61 (1, v,1)] ) dv do
*bz/o z(x,lyt)/m () ¢ (z,,t) dv dz = 0.

— 00

(14)

Multiplying (8); by 2v;z; with (4,5) = (1,4), respectively (¢,j) = (2,6), and integrating
over (0,L) x (0,1), we have

— < sy, zi (z, p,t)|” dp dx
ﬁ{‘AA|< ) )

i f {|zi (2, 1,6)[% = |z (2,0,0)]%| da =0,

Summing (12)), ( and ([15) and due to the fact that ¢ (z,t) = 21 («,0,¢),
Py (2,t) = 22 (x, O,t) we have

dé‘(t 22: (a; fOL |2 (gr;,O,t)\2 dt
—Zb fo zla:Otf o; (x,v,t)w (v) dv dx
_ ;bi fo ffoo (1/ —|—ﬂ) | (1/)|2 dv dx
b S 1 0) [ 6 (v ) 0 (v) v d
ey L 2
— > v fy lzi(z,1,0)] da.
i=1

Thanks to Lemmanand putting C' = min;—; 2 (v; — Aob;, a; — v; — b;Ag) >0, i = 1,2,
the estimate is established.

3 Unique Local and Global Weak Solution

Set u = ¢y and v = Y, and denote U = (gp,u,z/;,v,gbl,gbz,zl,zZ)T, then takes the
abstract form

{ Ui(t) = AU(t) + F(U(t)), (16)
Uo = (0, ¢1,%0,91,0,0, fo (—ps) , g0 (—ps))", for p € (0,1),

where the operator A is defined by

k b b k
AU = (u L (), — Lk — L0,y — — (0 + ) — f¢2*w— 22,
P1 1 1 P2 P2 P2

- (V2+ﬁ) $1+21 (J}, 1) w (V) 7_(1/2 + ﬁ) P2+22 (JJ, 1) w (V) 7_221/) (x,p) ) _§Z2p ('Ta p)) )

where

+oo
¢MW=/ bi (z,0) @ (v) dv, i=1,2,
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for ¢ = 1,2, the domain is given by

Uer : (pv) e (H (), (u,0) € (H} Q)
D(A) = z € L2 (Qx H'(0,1)) fori=1,2, u=2(,0),v=2/(,0),

voi € L* (Q x (=00, +00)) fori=1,2,

(V2 +8) ¢i — 2 (v,1) @ (v) € L? (2 x (—00,+00)),

where H is given as
H = (HY () x L*(2))% x (L? (2 x (=00, +00)))” x (L2 (€ x (0,1)))?
and equipped with the inner product
(U, U),, =k [o(pe + 1) (Pz + ) dr+b [ Vuthe dx + py [ uii + pa [0 d
30y [ 00 ) i) dv de 425 wis oy ) (0 3 o) dp o

for all U = (@?17/71/;767(517&2)21722) .

Theorem 3.1 (Unique local weak solution) Assume that p > 2 and q¢ > 2. Let (@
hold. Then, for any Uy € H, the system @ has a unique local weak solution

UeC(0,T],H).
Moreover, if Uy € D (A), then
Ue C([0,T],D(A)nCH([0,T],H).
Proof. 1t will be proved that A is a maximal dissipative operator. We have

2 2
€0 — 1dU|? = (AU,U) < ~C > o lzi (@ L) dz —C > o la (2,0,0)]* dz

2
= % foL fj;o (y2 + B) i (x, v, t)|2 dv dx <0,
i=1

therefore A is dissipative.
Now, it will be shown that I — A is surjective. Indeed, let

F = (f1, f2. f3, f4, f5: for f7. fs)" € H, and look for U € D (A) such that (I — A)U = F.
This is equivalent to

L3 um & (o), 4 B e = o),

1+ 2) oLy, + £ (g +1

gy xw = fu(2), (17)

Z1 + %le:f'?(x)p) pE(O, )a
2+ 22, = fs(x,p) pe(0,1).

Suppose (¢,v) € (H& (Q))Q, then by 1 and 3, we obtain
u=p—f1€H (), (18)
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v=1— fy € H}(Q), (19)
and from 778, we get
1 (p) = (w0 b5 [ (o) ar, (20)
0
29 (x,p) = € *P29(x,0) + se”** /p e’ fs (z,7) dr. (21)
0
Using and , we have
u(x):zl(z,O):cp—fl (x)a (22)
v(z) = 22(2,0) = ¢ — f3 (). (23)

Substituting and respectively in and , we get, forall z € (2), p € (0,1),

z1(x,p) =e*Plp— f1(x)] + se fop e 5T fr (x,7) dr € L? (2 x (0,1)), (24)
w2 (anp) = e[ — fy (@) +se [P e fi (1) dr € L2 (2 % (0,1)).

Returning back to (17)7,s, we find that
1p=58f7(x,p) — sz € L2 (9 x (0,1)),22, = sfs (x,p) —s22 € L? (2 x (0,1)).
Using (L7)5 and (17)6, we obtain

fs+ 2 (x, 1)@ (v)
1+v24 4

fo+ 2 (x, 1)@ (v)
1+v24 4

(bl = € L2 (Q X (—OO, +OO)) ) (25)

o = € L* (9, x (—o0, +0)). (26)

Therefore

vé1 = ey s + 21 (2. 1) @ ()] € L2 ((0, L) x (~o0,40c))
Vb =ty s + 22 (2, 1) @ (1)] € L2 (2 x (~00, +00)).

Inserting ([17); and in (L7)2, respectively (L7)3, and in ([17)4, we have

14 so—,f’j(%+¢) = - b [EEEe oy (14 21)

1+ 22) g = Ly + £ (o +9) = fo - &2 | Bplle=0l ] o (27)

P2

(1+a2>f3
By replacing and for p=1in , we get
(1+M+ﬂ)s@fﬁ(%+w) :f2+(1+%)f1

P1

+o0 w(v) f5(v) b +oo w (l/
T ffoo 1+v248 dv, + 1f f 00 1+V2+ﬁdy’

(1+’ﬂe*s+%)¢— b+ o pe ) = fat (1452) o

b +00 w(v)fe(v) b +OO w*(v)
—2 [0 TRy dv+ 2fas [0 1+u2+ﬁdV

(28)
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where, for i=1, 2,

+o00 2 1
bis :bi/—oo %dV, fiz=h —86_8/0 e fr (z,7) dr,

and

1
f3,8 = f3 — 86_5/ €Tsf8 (.’E,T) dT.
0
_ - 2 . _ = .
Let (g,%) € (H§((0,L)))" . Multiply 1’ by p1¢ and 1) by p2t. Integrating by

parts, and summing the obtained result, we get
M (o,4:8,9) = L(@,%) , (29)
here, the bilinear form
M : (HY((0,1)) x HE((0,L)))” —» R
is defined by
(<P ¥;@,9) = (p1 +bue™* + @) ) Jo @ dx + (p2 + by ™ + ) [ Yi) da
+ka 2+ ) (@ + ) da:+bf0 iy de,

and the linear form )
L:(H}((0,L)” =R

by

L(p.0) = p1 fy fop do+ (o1 + npy) fy frpde — by Jy {72 ZEEED av odo
b2 fy {f_*;f =) ayhp do+ po f) fad do+ (pa + o) fy St da
+b1 f+oo 11/5:_,86@ fo f1—se* fol e fr (x,7) dr ¢ pdx

— 00

+by fjooj 1+V§'ﬁﬁdy fo f3 —se™® fol e fg (x,7) dr ¢ d.

It is not hard to see the bilinear operator M is coercive and continuous and L is continu-
ous. Then, applying the Lax-Milgram Theorem to find ¥ (@, z/;) € (H& ((0, L)))2 , We see

that the system has a unique weak solution (¢,) € (H} ((0, L)))Q. Owing to the
classical elliptic regularity, we find by that

(p.0) € (H ((0, L))"
It remains only to prove
V2 + B — 2 (v,1) w (v) € L* ((0,L) x (—00,+00)),i = 1,2.
Indeed, we have from 5 and 6,

(1/2 + 5) ¢ — 2 (2, 1)w (v) = f5 — ¢1 € L2 ((0,L) x (—00, +0)),
(u2 + ﬁ) b2 — 22 (x,1)w (V) = fo — ¢p2 € L? ((0, L) x (—00, +00)).

Therefore, U € D (A). Thus, the operator I — A is surjective. Now, we prove that
F: H—->H
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is locally Lipschitz. For U,U € H, we have

HF (U) -F (U) H%—L < C {HSD - @H?qé(g) + ”"/} - "Z}H%{[}(Q) . (30)

Thus, F is locally Lipschitz. This completes the proof.
We show the global existence result. First, we introduce the following useful func-

tionals:
0=ty 3 lo1 (@0, O dv do+ Kllea + v

(31)
+2H¢ZL’”2 - ||90||£ + sv1 fQ f() |Zl ($7P, t)‘Q dp )
12<t) = b2 fQ j;01|¢2 (.Z‘,I/, t)‘2 dl/ d-’If + %me||2 (32)
— (1112 + v fo fy 122 (x, p,0)* dp da,
B0 =3 Jo [73 161 (@0, t) dv dof’ + Sllow + I + fllea |
(33)
_%HWH§+SU1 fQ fO |Z1 z,p, )l dp dl‘v
and p b e , ,
2() =% Jo [0 \¢>2(af v, t)* dv de + 3|y, (34)
2
- %‘WHZ + sv2 fQ fo |22 z, p, t)‘ dp dx.
We easily see that
1 1
E(t) = Sllprl + Sl + @) + T2 (0) (33)

Lemma 3.1 Suppose that conditions , p>2and q> 2 hold. Then, for Uy € H
satisfying

Bemas (e (22 0) et (2e0) T ) <1 0
I;(0) >0 fori=1,2,

we have for all t > 0,
I;(t) >0, fori=1,2.

Proof. As I; (0) > 0 for i = 1,2, by continuity of ¢ and 1, there exists T* < T such
that
Ii(t) >0 forallte[0,t*], i=1,2, (37)

and with a straight forward calculation, we can find

22 Ji(t) = ks + )2 + by fQ [ en (, v, 8))? dvda + Bjop, ||

(38)
T2ty [ e (e p O dp da 4 200 0) > Kl I+ Bl .
) =b g 22162 ) o do SH%IIQ (39)
+ 2(q 2 ) vy fQ fo |20 (z, v, 1)]* dv dr + Z51(t) > s |
Exploiting , ., and Lemman we find

b 2 2 2p 2p *
5 T T S S f 11 ) ) 4
2||¢ |* + kll@z + ¥ p_25(t) p_2€(0) or all t € [0,¢"] (40)
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and

b 2 2q 2q
— < < for al . 41
2||1/Jw|| _q—2g(t)_q—2€(0) or all t € [0,t"] (41)

Applying Sobolev-Poincaré’s inequality and taking into consideration , and ,
we get

p
lell < CEll1? < ., [VEllgs + il + 3l -

< CL(E©) 7 [Kllww + vl + Slnl?] < kllpw + 612 + §l1vll?

and
p—2

lellg < CHlallg = CL [ 25 @] T $lvel} < S} (43)
This implies that
L(t) >0 fori=1,2VYte][0,t"].

By repeating this procedure and using the fact that

. 2p = 2q T
p (_“P N
tl_lgjl max (C** (p — 25 (0)> , CL (q — 25 (0)> ) <1,

we can take T* = T.

Theorem 3.2 (Global existence) Assume that condition @, p>2andq> 2 are
satisfied. Then, for Uy € D(A) satisfying @, the solution of system is global in
time.

Proof. Tt suffices to show that [lg, + ¥[* + [[¢2(* + [[¢* + [[0e]* is bounded
independently of ¢.

Indeed, by , , , we get

E(0) > E@t) = 5 [lleell® + lbel?] + Ja(t) + Ja(t)

. -2 _
> min (3, G2k, 528) (ool + el + llew + I + 2],

which implies that

el + [0l + o + 0] + |0]|2 < CE(0),

where C' is a constant depending only on p, ¢, k and b.

4 Decay Rate Result

Our next step is devoted to the proof of the decay result to the problem . For this
purpose, we prepare some Lemmas and present some appropriate functionals. Firstly,
we define

2 2 .
o bi Foo
ki(t) = E /Qpigo;cpz dx + E 5/9/ (v* + B) | M; (z,v, ) dv de, (44)
i=1 i=1 —
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and ) )
t) = SZ/ / e |z (z,p,)° dp du, (45)
i=1 /9270
where
M; (z,v,t) = /t ¢; (z,v, 2) dz—° S / fé (x, —ps) dp+ @ (v) (46)
0 + 2 +5
with

(fo (@, =ps) 5 (), @' (2,1)) =

Lemma 4.1 [1] Let (¢, d1, 21, %, d2,22) be a regular solution of problem , then
we have

(V2 + ) M; (z,,1) = —sw<u>/ 2 (@ pt) dpt ¢ (2,8 @ (1) — i (2,1, 1)
0
and

Jo _+°°(1/ —|—B)¢Z(x v, t) M; (z,v,t) dv dz = [, ¢ ( :ct)f+oo¢l(m v,t)w (v) dv dx
szfO zi (z,p,t) _OO (v) ¢i (z,v,t) dv dp dx—fﬂfj;owl(x,u,tﬂ dv dx,i=1,2.

Lemma 4.2 [1] Let (p, ¢1, 21,9, ¢2,22) be a regular solution of the problem (),
then we have

‘fQ +oo = (v + B) [ M; (v, H? dv dx’ < 352A0fﬂf0 |zi (z, p, ) dp da
+3A40C2|L 13 + 3 fo J12 N (v, O dv da, i =1,2.

Lemma 4.3 Assume with p > 2 and q > 2 hold. The functional ki defined in
satisfies

kigt) < =Cillos + ¥I? = Colltal® + Cllee® + Cllve?
- Z bi Jo /7 1 (@ v ) dv da + [|o]lf + 9]

+s7 szfgfo |2 (x, p,0)[* dp dz+2 oSO8 (4 8) [ (v, ) du de,

(47)
where Cy,Cq, C are positive constants.

Proof. Differentiating k; with respect to t, using 1 and 2, by integration by
parts and using Lemma [£.1] we obtain

ki (t) = —klloz + 911 = bllvoa|* + prlleel| + pallel®

2
_ Z b; fQ erOO | (v, t)|2 dv dx — oy fQ ppy dr — ao fQ PPy dx (48)

=5 Z biJo Jo 2 [ @i (x,v,t) dv dp da+ [[llb + (|42
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Now, we will estimate the last three terms of the RHS as follows. Using Lemma [2.3] and

due to the fact that b;Ag < v;, ¢ = 1,2, and then integrating over (0,1) with respect to
p, We can write

2 2
— > bi Jo sz fj;o wo (z,v,t) dv de < s v; Jo fol |zi (z, p, t)|2 dp dx
i=1 i=1

: (49)
+3 % fo fjocf (V% + B) i (a, v, t)|* dv da.
=1

By Young and Poincaré’s inequality, we have

—on Jyper drtag fovin da < Sl + Il + Coonllos + 0P o
+C6 (a + a1C) |1 |2

Inserting and in , we arrive at
ki (t) < —(k—Cden) g</>z+1/)ll2*(b705 (@t 0)) II%HQJ;(%HO leel?
(5 +02) [l = 300 Jo S5 10 0y O v do 5 35w fo fy e (s ) dp e

Y fo S5 (0% 4 B) 16 (2,0, 017 dv da+ |5+ )12,

o

+

: o~
M g

i=1

we choose § = min (ZC(Q2I’+Q10), QCkal) , then setting C; = k — Cda; and

Co=b—Co(as+a1C), we get .

Lemma 4.4 With the same hypotheses as in Lemma[{.3, the functional ko defined
mn @ satisfies

2 1
ka(t) < *56782/9/ |2 (2, p, )| dp da + [|ol|* + [l (51)
i=1 0

Proof. We take the derivative of ko with respect to ¢, and using (8)4 and (§)g, we
get

2 2 2 1
B0 =3 [ 15 @00EY [ el w10 dpda-sy [ [ e e (opt) dp da
=174 =179 i=178/0

We have z; (z,0,t) = ¢! (z,t), and since e~%” > e~*, we obtain .
Now, we introduce the perturbed modified energy, named Lyapunov function, as

L(t) = NE(t) + ek1(t) + kao(t)
fore >0and N > 0.

Lemma 4.5 For ey small and N large enough, we have

gé‘(t) < L(t) <2NE(), Vt>0. (52)
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Proof. The application of Young and Poincaré’s inequalities gives

£(t) < NE@) + 5 [orlledlP + mC2lipa + 017+ 5 [palel + G2 (oo + CZpi} I ]
2

3 Y [ 04 0) 1M e b do s X Jy o e s (o) dp do
i=1

Using £(t), I1, I, Lemma and the fact that b;Ag < v; for i = 1,2, we get

DNE(t) = L(t) = 4 [N = el il + 8 [N = ] el
FEL 4 By + [N 02 (30 + ]| s + w2

+3 [W —eCACE (Bui+ p1) + 3va + P2}} 142117

5 Jo Jy ([0 1= Sseu | 21 (2, p O+ [ YD 1= Sz | |23 (2, p, I ) dp do
g (MR 5] f T o (v ) dv dat Y [N 35] [ [ s (w0, db da

On the other hand, we can estimate the following;:

L(t) - FEM) > FEW) = 5 [pllel® + CQmIl% + 9|17
+5 [palltnl® + CZ A C2p1 + pa} [¥:]?] + 5 Z e [o [y zi (. p,t) dp d

+ E bés fQ fj;o (1/2 + B) |M; (z, v, t)| dv dzx.
i=1
Using Lemma [4.2] and the fact that b;Ag < v;, i = 1,2, we obtain

L(t) - %5( )= 5[5 —e]lled® + 5[5 —e] 1eel® + Sph + Fal2
+3 [L(ﬁfz) - Cf (p1 + 301 } Pa +¢||2

+1 {W —eC2, {p2+3v2 + C2 (p +3v1)}} 12|
+h (N(;;;2) - 7) Jo 72060 (v, 0)? dv dx

+2 N(gq—2) - 7) fo+°°\¢2 (z,v, )] dv dx

+s %51)4%‘3—%5@15} Jo Jo V21 (@ p, 017 dp der

+s {%Zl) +e 5 — %svge} Jo fol |22 (z, p, ) dp d.
Finally, if we pick ¢ small and N large enough, we deduce that
N
L(t) — 55(7&) >0 and 2NE(t)— L(t) > 0.

Hence, we conclude that
E(t) ~ L(t) Vt>D0.

Theorem 4.1 (Ezponential decay rate) Let p > 2 and q > 2. Assume that holds
fori=1,2, and Uy € H satisfying @, then the unique solution of satisfies

E(t) < ke ™ VWt >0,

for some positive constants k and m independent of t.
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Proof. We remember that
L(t) = NE(t) + eka () + kal2).
By means of Lemma [£.3] and Lemma [£.4] we get for all ¢ > 0,
L'(t) < = (NC=eC = 1)l = (NC = eC = 1) [||?
S N = 5L T (4 B) 105 s do di = Crellpn + 2~ Caclal?

A:1

- Z ebi [o, [0 |9i (@, v, H? dv dz — 22: s(e™® —wise) [o fol |zi (z, p, 0)* dp da
i=1
+e [||%0||p+ l11g] -

We now choose € small enough such that e™* —v;se > 0,7 = 1, 2. Pick N large enough
such that N > max (CEH 5) Thus, dm; > 0 so that

L) < —miE(t) Vt>0.

By Lemma [1.5] it follows that £(¢) and L(t) are equivalent V¢ > 0. Then, 3m > 0 such
that

S

L'(t) < —mL(t) Vt>0. (53)
Hence, the solution of is given by
L'(t)<L0)e ™ Vt>0,
so, we have
Et) <ke ™ VYt >0,
with k& > 0. This completes the proof.

Example

Consider the problem (If) with Q = (0,27), p1 = p2 = 1,
p=q=3>2b=1K = 3, 9(z) = t(z) = 55 sinz,
v1(z) = P1(x) = *\/ﬁ sinx, where C is the maximal value between two constants

denoted by the same notation C, and they are given by and . The initial delays
fo(z,t —38)=go(x,t —s)=0"fort e (0,s). We set v; = 2b;Ag and a; = 4b; Ay for i=1,2.
Then we have

1. The initial condition Uy = —sinx, sinz, —sinz,0,0,0,0) € D(A).

1 .
Varc (sine,

2. By LemmaH we have Ay = W:m), from the definition of b;,
it follows that o; = 4a; 6%~ 1. Then the condition is satisfied.

3. It easy to notice that the relation holds.

< 1.

By a simple and direct calculation, we find ;(0) = 3I5(0) = 1z55 > 0. Then we
deduce that the conditions are verified.

So, by Theorem and Theorem the problem has a unique local and global
solution. Furthermore, by Theorem we get the decay result.

4. From the expression of the energy (9, we get £(0) = 1365. Thus, B =

S
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Conclusion

In this paper, we prove the well-posedness result of problem using the semi-group
theories. Then, we prove that the solution decay exponentially by means of the multiplier
approach. Finally, we provide an example in which our results can be applied. The main
contribution of this work is the extension of the previous results from [2]. It will be
interesting to extend our results to the following system:

-2
= el o, ,
t—s) =" ",
),

)

o — k(g + 1), + 1070 (0 — s
patbie — bboa + k (00 + ¥) + 020,79
(p(l‘,t = O) = @O(x% ¢($’t = O) =1
th($,t = 0) = @1(x)a (o (3’],0) = 7/)1(33
Gu (@t —5) = fo (2.t — 5),t € (0,5),
Y (x,t —8) =go (z,t —s),t € (0,s)

fon I

~

under the following boundary conditions:

{ (pr + dJ)(Lﬂf) + al‘Pt(Lvt) =0,
%(LJ) + a2¢t(L7t) =0,

which will be an open problem.
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Abstract: In this paper, the formation problem of multiple unmanned aerial vehicles
(UAVs) is addressed. In particular, the formation of UAVs is achieved by using
complex systems theory and backstepping nonlinear control. We apply the obtained
formation of multiple UAVs to search for and detect a target of interest within an
exploration area. In addition, a coverage study of the formation of UAVs for search
and detection by tracking time-variable trajectories is reported.

Keywords: complex systems; formation control; backstepping control; multiple
UAVs; search mission.

Mathematics Subject Classification (2020): 70K42, 93-08, 93-16.

1 Introduction

From the formation of some kinds of birds to extend their flight time, to the grouping of
fish to avoid attacks of predators, different groups of animals often associate naturally
to achieve a common goal or benefit, which they individually could not achieve, and
therefore could not survive [6], [18], [19].

The exchange of information due to the interactions between the members of these
groups gives rise to a set of collective behaviors that are different from an isolated indi-
vidual behavior. It is called emergent collective behavior [17], [21].
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In the literature, there are many works dealing with this problem, one of them is the
work by R. Abas and Wu |[1], in which the dynamic model of a quadcopter is studied
by using the Newton-Euler method, and the synchronization of three quadcopters is
achieved in the simulation using sliding modes as a control algorithm.

In the work done by P. Flores [9], the author faces the problem of the formation of a
group of unmanned aerial vehicles (UVAs), for this a dynamic model of a quadcopter is
consedered using the Newton-Euler method, the control algorithm for the formation is
backstepping control, and the formation of a group of three quadcopters is achieved.

In the work reported by A. Toledo |2, the dynamic model of a quadcopter is con-
sidered using the Newton-Euler method and an integral backstepping control algorithm
with sliding modes is proposed for an unmanned aerial vehicle. The experimental results
are obtained by using a Qball-X4 quadcopter.

In the work by N. Koksal [14], the dynamic model of the Qball-X4 quadcopter is
considered. A PID control algorithm is used for the translation system and another
algorithm is applied for the rotation system, the simulations results are obtained for a
group of 3 quadcopters, and experimental tests with two Qball-X4 type quadcopters are
carried out.

In the work done by X. Dong [7], a dynamic model for a small UAV type mini
helicopter is considered assuming that there is a leading quadcopter and the other are
followers, they use a PID control algorithm and obtain the formation of the group of
quadcopters in simulation and experimental results.

The main goals of this paper are: (i) to obtain network synchronization and formation
flight of coupled UAVs in star topology, considering a single master UAV with four slave
UAVs. This objective is achieved by using recent results from complex systems theory.
In addition, (ii) to apply the network formation to object detection, and (iii) to carry
out a coverage study of the formation of UAVs for search and detection by tracking
time-variable trajectories. To our knowledge, the results have not been reported.

The organization of the paper is as follows. In Section 2, the problem statement is
presented. Section 3 describes the mathematical model of the UAV quadrotor used in
this work. Section 4 contains the designed control algorithm for synchronization and
formation of UAVs. Section 5 presents the obtained numerical results. In Section 6, an
application to object detection is provided. Finally, some conclusions are given in Section
7.

2 Problem Statement

In recent decades, many control proposals have emerged in order to achieve formations
in mobile robots. Particularly, formations in Unmanned Aerial Vehicles (UAVs) have
received considerable interest due to their wide potential applications in the military,
civil and industrial fields, and agriculture [10], |13]. The purpose of this study is to
preserve mobility and compact groups at the same time, which generates advantages
such as reduced implementation costs, increased robustness, system efficiency, etc.

The quadcopter is used to access hostile environments, where the safety of the pilots
can not be guaranteed. The quadcopter s configuration makes it capable of taking off
vertically, controlled landing, as well as great maneuverability. These advantages have
attracted many researchers’ interest in recent years.

Different control techniques can be applied to a quadcopter, for example, a nonlinear
controller, PID control, backstepping, dynamic feedback linearization, and sliding modes,
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among others. See for example [3], |7], [12].

The study of collective behaviors seen in nature and their representation in mathemat-
ical equations opens the door for multiple applications in robotics and, in our particular
case, the formation of multiple unmanned aerial vehicles (UVAs).

The purpose of this paper is to reproduce collective behaviors observed in animals,
namely synchronization and formation, and apply them to the networks of unmanned
aerial vehicles (UVAs) for applications in search, rescue, and patrol task. Fig. illustrates
a group of quadcopters searching for the target of interest T.

Figure 1: Group of quadrotors searching for the target T.

We will solve the stated problem on the network formation of five UAVs with a single
master and four slaves by using complex systems theory and nonlinear backstepping
control, providing an analytical stability proof based on the Lyapunov theory, and we
will also analyze the search and detection coverage of the object in the area. In addition,
for a particular type of UAV, we will use the mathematical model of the quadrotor
described in Section 3.

3 Quadrotor Dynamic Model

The complete quadrotor dynamic model, with the x, y, z—plane position and orientation
angles (roll, pitch, and yaw), is described by [2], [3]- [5], [20]

6 =00 (L) — 200+ LU,

b=y (L5 ) + 7209 + 4 Us,

PRIy

b= 0 (122) + Lo, 1)
& = (cos¢ sinf cos) + sing siny) Uy,

iJ = (cos¢ sinf siny — sing COS?/))EUM
i =—g+ cosp cos§LUj.

The first three differential equations correspond to the quadrotor orientation
(¢,0,9)T, and the last three differential equations represent the position of the quadrotor
with respect to the original inertial frame (z,y, 2)7, see Figure
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Figure 2: Quadcopter representation with respect to the inertial frame.

The angular velocity due to the propellers in each engine is represented by (;, for
i = 1,2,3,4, respectively. The control inputs of the quadrotor are denoted by U;, i =
1,2,3,4, and Q2 is a disturbance, which correspond to

Up =b(Q3 + Q% + Q% + O3,

Us = b(Q?l - Q%)a

Us = b(Q3 — ), (2)
Uy = d(03 + 02 — 02 - 03),

Q=0+ Q —Q — Q3.

The quadrotor dynamic model described in Eq. can be rewritten in a state space
as X = f(X,U), introducing the following state vector:

where

X = [(ba¢797éawa¢am7i7yay7'zvé]Ta (3)

x1:¢7 IQZi‘l:(?a

$3=0, 1‘4:i33=0,
5 =1,  x6=d5=1, (4)
Tr =2z, Tg=I7=2,

Tg =&, Ti0=7T9 =T,
T11 =Y, T12=7T11 =Y.

From Equations and @, the quadrotor mathematical model can be described in
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the state space as follows:

€2
TaTga1 + I‘4GQQ + b1U2
T4
Toxgas + Toasl) + boUs
Te
X=pxuy=| Hmerhln (5)
Ty
—g + (coszycoszs) LUy
Z10
uz%Ul
T12
uy%Ul
where
ap = %, az = —ff, az = %, ag = f—;, as = 111—213,’
bi=1, b=1, by=1,
Uy = COST| SINT3 COST5 + SINT| SINTs,
Uy = COST1 SINT3Z SINT5 — SINT1 COSTs5.

The quadrotor mathematical model can be divided into two subsystems: orienta-
tion and translation. The first one is given by

&o = fo(xi) + BiU i, (6)
where Uy = (Us Us Uy)',
To 0O 0 O
T4Tga1 + 1’4&29 bl 0 0
o Ty o 0O 0 O
fo | xoxgaz + x0aaQ |’ B; = 0 b O (7)
Tg 0 0 O
TaT205 0 0 bs

On the other hand, the translation subsystem is described by the following expression:

= fi(x;) + GUy, (8)

where Utz' = (Ul Ua: Uy)Ta

xIs 0
—g cosx}ﬂfoszg,
10 0
0 0
T11 0
0 0

%

o~

I

Il
o o3ro oo
SFroococ oo

—

©

~—
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The physical parameters of the quadrotor mathematical model are given in Table

m

Parameter Definition Value
m Mass 0.650 kg
I, x-axis inertia 7.5e73 kgm?
I, y-axis inertia 7.5¢73 kgm?
I, z-axis inertia 1.3e72 kgm?
b Thrust coefficient | 3.13¢=2 Ns?
d Drag coefficient | 7.5e~7 Nms?
J, Rotor inertia Ge~ P kgm2
l Arm length 0.23 m
g Gravity 9.8 N/kg

Table 1: Physical parameters of the quadrotor mathematical model .

4 Control Design for Trajectory Tracking

In nonlinear control theory, backstepping is a technique developed around 1990 by Petar
V. Kokotovic, Miroslav Krstiv, and Ioannis Kanellakopoulos [15] to design stabilizing
controls for a special class of nonlinear dynamical systems. These systems are built from
subsystems that originate from an irreducible subsystem that can be stabilized using
some other method.

Xa
U,
Ya Translation Pa Rotation UZ ngdrotor
') 3 helicopter
Za control d control
Uy Q;
Ya

Pq

NANRLLLER RS €D DO S

Figure 3: Block diagram of quadrotor helicopter () and its controller.

In the backstepping approach, the control law is designed so that the system can
follow the desired trajectory. For this, it is considered that the quadrotor mathematical
model can be divided into two subsystems, one is the orientation and the other is the
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position [5], as previously discussed in Section Figure |3| shows the block diagram of
quadcopter and its controller for tracking a desired path.

Due to its complete independence with respect to the other subsystem (Eqs.@ and
(8)), the control input for the angular rotations of the subsystem is considered first and
then the position control input is derived. A desired trajectory 14 is defined, in which
the following error is given by

21 = T4 — X1, (10)

from expression , we have
Z1 = T14 — Z1. (11)

From the quadrotor mathematical model , 1 = x2 is known. Substituting into

, we have

2':1 = ijld — X9. (12)

Now, consider the following Lyapunov candidate function in terms of z;:
L,

Differentiating the candidate Lyapunov function with respect to time gives

V(z1) = z141. (14)
Substituting Equation in gives
V(21) = z1(#1a — 22). (15)
x9 is considered as a virtual control to stabilize z1, thus we have

Tg = T1q4 + Q121, (16)

we make a3 > 0 so that the derivative of the Lyapunov function is negative definite.

Solving for in , we have

V(z1) = z1(d1a — 72)

= 21(#14 — 14 — @121) (17)
= 70512%.
After the variable change
29 = Ty — T1q4 — 121, (18)

differentiating Equation , we have
22 :C.E275E.1d70£12.’1. (19)

The following Lyapunov candidate function is proposed as a function of (21, z2):

Ve, 20) = %(zf +22). (20)
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Differentiating the candidate Lyapunov function and solving, we have

V(z1,20) = 2220 + 2141
= 29(&2 — F1q4 — @121) + 21(d14 — 22) (21)

= 29(&9 — &1q4 — a1(d14 — 22)) + 21(£14 — 22).

Solve x5 from Equation : To = 29 + d14 + 121, thus

V(z1,22) = 22(82 — &14 — 1 (L14 — 22)) + 21(&14 — 22)
= 2o(d2 — #10 — @1 (14 — (22 + 214
+a121)) + 21(21a — (22 + F14 + 121))
= 2oy — 2p(F1g — a1(z2 +0121)) — 2122 — 01 23
= 2z2(a124%6 + a2x4Q + b1Us) — 20(¥14 — 1 (22 + a121))

— 21292 — alzf.

Considering #14,24,3¢ = 0 and given V(zl, z9) < 0, the virtual controller Us is designed

as
1

The remaining control inputs Us, Uy, and U; can be solved by a similar approach,
obtaining the corresponding virtual controllers for each control input:

U2 Z1 — 14T — a2x4Q — a1(22 + alzl) — CYQZQ). (23)

1
Us = F(Zs — a3 — aaT2Q) — a3z + a3z3) — Quza), (24)
2
1
Uy = F(Zs — a5Tary — as(22 + a121) — a626). (25)
3
The control input for the positioning subsystem is given by
m ..
Ui = —™ a1+ g ar(zs + arar) — agza + ), (20
COSX1COST3
m ..
Uy = F(Zga — ag(z10 + @9z9) — 10210 + Iy), (27)
1
m ..
Uy = ﬁ(zll —a1(z12 + o11211) — arzzie + #11), (28)
1

where
Z1 = X1d — X1,
Zg = Ty — &14 — Q121,
23 = T34 — T3,
24 = T4 — T3q — (323,
25 = Tsd — Ts,
26 = Te — T5q — A525,
27 = X7d — X7,
28 = xg — Trq — Qr27,
29 = Tgq — To,
210 = T10 — T9d — (929,
211 = T11d — 211,
212 = T12 — $114 — Q11211
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Communication in a multi-agent topology can be represented directly or indirectly
by a graph, where each node is an agent and the edges are the communication media
that exist between them [11]. A group of 5 quadcopters (Eq) is considered, one of
which is the master quadrotor (M) and the rest are slave quadrotors (51, Se, S3,S4). The
network of quadrotors can be represented by the following graph shown in Figure [4]

Figure 4: Connection graph of 5 quadrotors.

The corresponding adjacency matrix associated with this graph is

00000
10000

AG =100 0 0]. (30)
10000
10000

The network synchronization was achieved through the variables z; of the control law,
given by Eq. , so each slave quadrotor S;,i = 1,2, 3,4, follows the master quadrotor
M, and their states will have to follow the states of the master quadrotor. The auxiliary
variables for each quadrotor are given as follows:

218 = 1M — L1Si,

2281 = T28i — L1M — Q1821845
235i = T3M — X384,

245i = T45i — T3M — Q35323545
255i = T5M — T55i,

2651 = T65i — L5M — (582554, (31)
278i = T7M — L7Si,

2851 = X85 — LM — Q7827805
295i = ToM — T9Si,

2108i = %108i — L9M — (95i29Si,
2118i = T11M — T11Si,

2128; = T128; — L11M — Q1182118 -

When performing the calculations from Equation (f]) to Equation (9)), with the help
of the auxiliary variables , the following control inputs for network synchronization
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of the quadrotors in star connection are obtained:

N=4
Un = m(fﬂs +9)+ Cos(b% 2 aij[(1 + arag)(w7; — @71) (32)
+ (a7 + as)(ws; — wsi)],
m . m e
Uy = Exw + i 2 a;j[(1 + agang)(z9; — ;) (33)
+ (a9 + a10)(z10; — T104)],
m m
Uy = U—u:'vlz + Uy 2 a;;[(1+ cnran2) (@11 — T114) (34)

+ (o1 + a12)(z12; — T124)],

where (I = 1,2,3,4) is the i-th quadrotor, (&g, Z10,%12) are the states of the master
quadrotor M, a;; are the entries of the adjacency matrix associated with the graph
used for communication between the quadrotors.

In order to achieve quadrotor formation, the use of a vector A with components
corresponding to each axis is proposed and then used in the controller of each slave
quadrotor (S;, i = 1,2,3,4). This vector separates each slave from the master M by a
distance corresponding to each axis in the plane (z,y, z). The auxiliary variables for the
formation of each quadrotor respectively are given as follows:

218i = T1M — T18i,

Z98i = T25i — TIM — Q15i21Si

238 = T3M — T3Si,

248i = Tasi — T3M — (35i2384,

258i = L5M — T5Si,

2651 = T65i — L5M — 582554, (35)
278i = Ty — Trsi + Dzsi,

285i = Tgsi — TTM — Q75327545

295 = ToM — T95i + Desis

2108 = 1081 — L9M — Q95i29Si,
2118i = T1im — T115i + Dysi,
2128 = 1250 — L11M — Q115i2118i-

5 Numerical Results

When considering a star-shaped topology connection between five quadrotors, a numer-
ical simulation is carried out, in which the group of quadrotors will follow a desired
circular trajectory with a radius of 3 meters at a height of 2 meters. These trajecto-
ries start after the quadrotors takes off. The initial conditions for the quadrotors are:
Master (21(0),41(0),21(0)) = (0,0,0), slave 1 (z2(0),y=2(0), 22(0)) = (0.5,0,0), slave 2
(23(0),y5(0), 23(0)) = (=0.5,0,0), slave 3 (£4(0),y4(0), 24(0)) = (1.5,0,0), and slave 4
(25(0),ys5(0), 25(0)) = (—1.5,0,0). The physical parameters of the five quadrotors are
taken from Table [1] and the alphas are definitely positive with a value of 50.
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3. — Master
Slave S,
Slave 52
25-
T Slave S,
— Slave S,
2.
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! “_4 ) 3 2 -1 1] 1 2 3
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Figure 5: Synchronization of five quadrotors to a desired circular trajectory.

In Figure p| it can be seen that the network of five quadrotors is synchronized in a
desired circular trajectory. Next, to achieve the network formation of five quadrotors,
we proceed to give a net constant separation between the master quadrotor M and the
slave quadrotors .S; by using the vector A for the separation. The initial conditions for
quadrotors are the same as considered in the previous simulation. The quadrotors are
separated by a distance A on the z-axis for a horizontal line formation, where the slave
quadrotors S; and Ss are desired to be separated by a distance D1 = 0.5 m from the
master M, while slave quadrotors S3 and Sy are separated from the master quadrotor M
by a distance D2 =1 m. This can be seen in Figure [6}

D1 D1

_____ L | W

Figure 6: Separation A for the formation of five quadrotors.



326 ROLANDO DIAZ-CASTILLO, ROSA MARTHA LOPEZ-GUTIERREZ et al.

Master
3 Slave S1
Slave 32
25 e Slave S,
Slave Sa
2
e 1.5
N~
1 ~
0.5
0.
4 \
2 \\
0
2 5
0

4
y[m] 5 ]

Figure 7: Flight of the formation of five quadrotors describing a circular trajectory.

Figure [7] shows the five quadrotors are already in formation describing a circular
trajectory. Next, we will apply the formation of quadrotors to the search for an object
on a surface. For this, a rectangular search surface is considered, but it can be deduced
that using a circular trajectory to explore a rectangular surface would have a great
disadvantage since there are unexplored areas since the object, when placed randomly
on the surface, could not be detected. For this reason, it is decided to use the Lissajous
trajectories, of which the denser trajectory is used.

6 Application to Object Detection

The target of interest to be detected within the search area is a circle object, which
varies in size with respect to the total percentage of the search area. The tarjet to be
searched and detected is randomly placed within the exploration area. The target can be
considered detected by using the coordinates of the quadrotors and the coordinates where
the center of the target is located, considering the radius of the target. The detection of
the target is determined by using the coordinates of the trajectories of each quadrotor
and the coordinates of the center of the target calculating their distances by means of
the expression

d(A, B) = |AB|. (36)

Substituting the coordinates of the center of the target and the trajectory of the
quadrotor, the elements of vector A and B are obtained. The distance is calculated as
follows:

(A, B) = |AB| = /(X2 — X1)2 + (Y2 — 11)2, (37)

where X5 and Y5 are the quadrotor coordinates, and X; and Y; are the position of the
center of the target. The following Figure [8| shows how the detection is done.
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Figure 8: Target detection process.

For target detection, if any point of the trajectories of the quadrotors is within
the radius of the target, it indicates that this point is within the area of the target,
concluding that it was detected and, given that more than one quadrotor trajectory
passes through this area, we can determine which quadrotor passed first and met this
condition before the others.

Lissajous curves

The Lissajous curve, also known as the Lissajous figure or Bowditch curve, is the
graph of the parametric equation system corresponding to the superposition of two simple
harmonic motions in perpendicular directions [8], |[16], [22] defined by

xr = Asin(wzt + o), y= Bsin(wyt+ ), 0=a—f. (38)

The Lissajous curves for different parameter values are shown in Figure [0

Now, we will proceed to carry out some numerical simulations in MatLab, where
quadrotors formation explores a rectangular area. This search surface, or the area of
exploration, has a dimension of 8x6 m?, the Lissajous curve used has the parameter
values 5 : 6 and 7 with the values of A =3, B = 3, w, = 6, and w, = 5. Quadrotors will
be considered to start outside of this area. The search for the randomly placed target
will begin, and then the area of this target will be varied as shown in Table

The first simulation is carried out with a target size of 10% with respect to the search
area and in the network, the quadrotors are separated by a distance A on the z-axis for
a horizontal line formation, where the slave quadrotors S; and Ss are desired to be sepa-
rated by a distance D1 = 0.5 m from the master M, while the slave quadrotors S3 and Sy
are separated from the master quadrotor M by a distance D2 = 1 m, as shown in Figure
[l The initial conditions for the quadrotors are: Master (z1(0),y1(0),21(0)) = (4.5,0,0),
slave 1 (22(0),y2(0), 22(0)) = (4.5,0.6,0), slave 2 (23(0),y3(0), 23(0)) = (4.5,1.2,0), slave
3 (24(0),y4(0), 24(0)) = (4.5, —0.6,0), and slave 4 (x5(0),ys5(0), 25(0)) = (4.5, —1.2,0).

As seen in Figure [I0] several trajectories of the quadrotor formation pass over the
target, so it can be deduced that it was easily detected within the search surface. It can
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Figure 9: Lissajous curves described by for different parameter values.

Surface percentage | Object area | Object radius
10 % 4.8 m? 1.23 m
7.5 % 3.6 m? 1.07 m
5% 2.4 m? 0.87 m
1% 0.48 m 0.39 m
0.5 % 0.24 m? 0.27 m
0.3 % 0.144 m 0.21 m
0.1% 0.048 m? 0.12m
0.01 % 0.0048 m? 0.039 m

Table 2: Object area table.

be considered that the searched target was detected due to its big size, so it is decided
to reduce it, according to Table[2] Next, a new numerical simulation is performed using
a target with a size of 1% with respect to the rectangular search surface. The initial
conditions for quadrotors are the same as considered in the previous simulation.

Figure shows that the searched target was detected by at least two quadrotors.
Considering that its size makes it easier to be found, its dimensions can be reduced
further with respect to the rectangular search surface.

In addition, another simulation is performed now using a target sized 0.1% with
respect to the rectangular search surface. The initial conditions for quadrotors are the
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Figure 11: Search for a target sized 1% of the exploration area.

same as considered in the previous simlation.

Figure shows that the target was detected by two of the slave quadrotors. In
addition, it can be considered that it already has a suitable size with respect to the
rectangular search surface, therefore we will use this target size. It was decided to use
this target size to run 10 tests, to determine if some of the quadrotors can detect it. The
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Figure 12: Search for a target sized 0.1% of the exploration area.

obtained numerical results are shown in Table

Run Detection x-axis y-axis Target
Test | time time position | position | detected by
1 0.622 s | 966.648 s 2439 m 2334 m S1
2 0.624 s 389.48 s -2.891 m 2.334 m M
3 0.620 s | 309.201 s 1.026 m -2.315m M
4 0.620 s | 309.201 s -1.717Tm 0.269 m Ss
5 0.631 s | 958.754 s 3.546 m 2.674 m S1
6 0.626 s | 147.690 s -2.654 m | -2.707 m So
7 0.629 s | 250.066 s 2.328'm -2.060 m M
8 0.628 s 128.67 s -0.606 m 2.391 m Ss
9 0.630 s | 1047.094 s 2.265 m 2.643 m So
10 | 0.736 s 72.773 s 1.207 m -2.670 m Ss

Table 3: 10 tests to search for a target sized 0.1 % of the rectangular search area.

As shown in Table[3] the target was detected in each of the ten tests that were carried
out. However, considering the size of the target in Figure 12, it can be seen that there
are zones through which no trajectory passes and the target could be located in any of
them. For this reason, it was decided to combine some of the Lissajous curves of the
Figure[9to get a suitable trajectory for the formation of quadrotors that do pass through
these zones.

6.1 Lissajous curves as desired trajectories

It is desired to explore most of the search area, for which some of the Lissajous curves
will be used. First, the curve with the parameters 2 : 3 and 7 will be used. Taking
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into account that, due to the shape of the curve, there will be unexplored zones, it is
decided to combine it with another Lissajous curve with the parameters 3 : 4 and 7.
These curves can be seen in Figure 9}

Considering the combined trajectory 1 with two mentioned Lissajous curves, one after
another, we have

to to t1; x=3sin(2rt+7), y=3sin(3nt+ 0.57),

t1 to ty; x=3sin(dnrt+7), y=3sin(3rt+ 0.57). (39)

Trajectory; = {
To explore the rectangular search area with the combined trajectory;, the final tra-
jectory is taken into consideration. With the combination of both trajectories, a target
with the size 0.1 % of the total search area will be detected. This is shown in Figure

Figure 13: Target search with the combined trajectory 1 for the target sized 0.1% of the
rectangular search area.

Ten tests are performed with this combined trajectory 1 for target detection, the
numerical results are shown in Table [4l

According to the obtained results (Table , the target was also found with this
combined trajectory 1. However, the unexplored zones did not decrease. Therefore, it
was decided to use another combination of two other Lissajous curves.

We explore the search area again, making use of a different combination of the Lis-
sajous curves. The curve with the parameters 3 : 4 and 7 will be first used, and then
another curve with parameters 6 : 5 and 5. These curves can be seen in Figureﬂ

The resulting combined trajectory 2 is described as follows.

to to t1; x=3sin(drt+ ), y=3sin(3nt+ 0.57),

t1 to ta; x=3sin(brt+m), y=3sin(bnt+ 0.57). (40)

Trajectorys = {

The resulting search trajectorys is shown in Figure
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Run Detection x-axis y-axis Target
Test | time time position | position detected by
1 1.044 s | 865.115 s 2439 m 2.334 m So
2 0.519 s | 792.091 s -2.891 m 2.334 m M
3 0.157 s | 1075.385 s 1.026 m -2.315m So
4 0.145 s 60.001 s 1717 m 0.269 m S1
5 0.146 s | 286.197 s 3.546 m 2.674 m S1
6 0.148 s | 834.347 s -2.654 m -2.707 m So
7 0.155 s | 1142.108 s 2.328'm -2.060 m Ss
8 0.136 s | 888.934 s -0.606 m 2.391 m Ss
9 0.141 s | 2215.229 s 2.265 m 2.643 m Ss
10 | 0.128 s | 454.929 s 1.207 m -2.670 m S1

Table 4: Test results for combined trajectory 1 for the search of the target sized 0.1% of the
rectangular search area.

Figure 14: Target search with the combined trajectory 2 for a target sized 0.1% of the rectan-
gular search area.

We perform ten tests with this combination for target detection and the results are
shown in Table 5.

With the combined trajectory 2 of these two Lissajous curves, it is observed that
some of the trajectories pass through the zones that they did not pass before (Figure
; and the target was successfully detected in all ten tests, as shown in Table

In the last table, only 10 of the 100 tests that were carried out were recorded, of
which only in one case, the randomly placed target could not be detected.

The target search time is measured from the moment all five quadrotors start to fly
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Run | Detection | x-axis y-axis Target
Test | time time position | position | detected by
1 0.472 s 865.11 s 2439 m 2.334 m So
2 0.293 s | 792.091s | -2.891m | 2.334m M
3 0.154 s | 1075.385 s | 1.026 m | -2.315m So
4 0.140 s 60 s -1.717m | 0.269 m Sh
5 0.155 s | 286.197 s 3.546 m 2.674 m S1
6 0.139 s | 834.347 s | -2.654m | -2.707 m So
7 0.138 s | 1142.108 s | 2.328 m | -2.060 m Ss
8 0.148 s | 888.934 s | -0.606 m | 2.391 m Ss
9 0.152 s | 2215.229 s | 2.265 m 2.643 m Ss
10 | 0.173 s | 189.443 s 1.207m | -2.670 m M

Table 5: Test results for combined trajectory 2 for the search of the target sized 0.1% of the

rectangular area.

and till the moment when any of them finds the object within the search area, as shown

in Figure [I5]
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Figure 15: Target search and detection time for the formation of quadrotors.

Figure [T5] shows that the target was detected by a slave quadrotor within the rectan-
gular search area. The position of the center of the target was (z,y) = (—3.628 m, 0.659
m) and it was found in 12,877.043 seconds.
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Figure 16: Three targets detected by the formation of quadrotors.

6.2 Three targets detection

In Figure the detection of three targets placed randomly within the rectangular
search surface is simulated and it is observed that at least one of the trajectories of the
quadrotors passes through any of them, so it is assumed that they were detected.

In order to determine the percentage of the exploration area that is covered by the
trajectories of the quadrotors formation, it is divided into 3136 squares of equal size
and those that are visited by some quadrotor are noted, see Figure The size of each
square was determined to be smaller than the target to be detected. Using this method
for both combinations of trajectories, a percentage of 84.27% of the covered area was
obtained for the first case, and 92.12% for the second, demonstrating that the latter is
more suitable for finding targets. With these results, it is concluded that the trajectories
could easily find almost any targets in the rectangular search area, including small ones.

6.3 Discussion

The used exploration area is a rectangle which is 6 meters wide and 8 meters long. It
is explored with the formation of five quadrotors. At first, they formed a vertical line
and followed a desired circular trajectory, where it was observed that there were large
unexplored zones. If none of the trajectories of the quadrotors passes over that zone,
it is considered as not explored. Approximately 48% of the total search area remained
unexplored, predominantly the central zone.
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Figure 17: Quadcopters formation training trajectories coverage: a) by combined trajectory 1
and b) by combined trajectory 2.

Some tests were also carried out with other trajectories by using different parameters
for the Lissajous curves, and it was observed that the unexplored zones were reduced.
Different trajectories were made, taking the densest one, thus decreasing the unexplored
zones between the quadrotors, with 4 % of the total unexplored surface.

Various formations were applied in the search and detection of the target. The first
formation was a vertical line in which the slave quadrotors were observed to leave the
boundaries of the search surface. The “V” formation was also used and it was observed
that there were unexplored zones, mainly in the upper corners of the search surface.
Therefore it was decided to use the formation in a horizontal line to explore this surface.

Next, the search surface was explored by using now two combinations of the Lissajous
curves with different parameters. Ten tests for each combination were carried out.
Because the target was found every time, another 90 tests were made (100 in total for
each one). In the first case, comparing with the trajectory in Figure an efficiency
of 96% was reached. Exploring the search surface with the second combination, an
efficiency of 99% was obtained.

7 Conclusions

In this paper, we have presented the formation problem of multiple UAVs for applications
to search and detection by tracking time-variable trajectories. The main contributions
of this work are: the mentioned formation was obtained by using complex systems
theory and backstepping nonlinear control. We made a comprehensive study of UAVs
formation coverage for search and detection of a random target within the search zone
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by tracking time-variable trajectories. The reported numerical results show that the
methodology employed meets the purpose of detecting the target within the search zone
and reducing the unexplored zones by the combination of time-varying trajectories.Thus,
in future work, we plan the physical implementation of the proposed formation scheme,
we will use switching trajectories and switching topology connection, as well as chaotic
trajectories.

Acknowledment

This work was supported by CONAHCyT, México under Research Grand A1-S-31628.

References

[1] R. Abbas and Q. Wu. Formation tracking for multiple quadrotor based on sliding mode
and fixed communication topology. In: 2013 5th International Conference on Intelligent
Human-Machine Systems and Cybernetics (IHMSC) 2 (2013) 233-238.

[2] M. E. Antonio-Toledo and E. N. Sanchez, A. Y. Alanis, J. A. Flérez and M. A. Perez-
Cisneros. Real-time integral backstepping with sliding mode control for a quadrotor UAV.
IFAC-PapersOnLine 13 (2018) 549-554.

[3] S. Bouabdallah, P. Murrieri and R. Siegwart Design and control of an indoor micro quadro-
tor. In: Robotics and Automation, 2004. Proceedings. ICRA’04 2004 IEEE International
Conference on Robotics and Automation 5 (2004) 4393-4398.

[4] S. Bouabdallah and R. Siegwart. Backstepping and sliding-mode techniques applied to an
indoor micro quadrotor. In: Robotics and Automation, 2005. ICRA 2005 Proceedings of the
2005 IEEE International Conference on Robotics and Automation (2005) 2247-2252.

[5] S. Bouabdallah. Design and Control of Quadrotors with Application to Autonomous Flying.
Ecole Polytechnique Federale de Lausanne, Lausana, 2007.

[6] 1.D. Couzin, J. Krause, R. James, G. D. Ruxton and N. R. Franks. Collective memory and
spatial sorting in animal groups. Journal of Theoretical Biology 218 (2002) 1-11.

[7] Xi. Dong and Y. Zhou, Z. Ren and Y. Zhong. Time-varying formation tracking for second-
order multi-agent systems subjected to switching topologies with application to quadrotor
formation flying. IEEE Transactions on Industrial Electronics 64 (2017) 5014-5024.

[8] J. Flemming and A. Hornes. Lissajous-like figures with triangular and square waves. Revista
Brasileira de Ensino de Fisica 35 (2013) 3702.

[9] P. P. Flores, P. Castillo and F. Castanos. Backstepping-Based Controller for Flight Forma-
tion. In: 2019 International Conference on Unmanned Aircraft Systems (ICUAS) (20179)
263-269.

[10] P. K. Freeman and R. S. Freeland. Agricultural UAVs in the US: potential, policy and
hype. Remote Sensing Applications: Society and Environment 2 (2015) 35-43.

[11] C. Godsil and G. F. Royle. Algebraic Graph Theory. Springer Science & Business Media,
207, 2001.

. Ivanov, I. Kalyaev and 5. Kapustyan. Method of circles for solving formation task in a

12] D. I I. Kal dS. K Method of circles f lving f i k i
group of quadrotor UAVs. In: Systems and Informatics (ICSAI), 2014 2nd International
Conference on Systems and Informatics (2014) 236—-240.

[13] A. King. Technology: The future of agriculture. Nature 544 (2017) S21-S23.

[14] N. Koksal, B. Fidan and K. Buyukkabasakal. Real-time implementation of decentralized
adaptive formation control on multi-quadrotor systems. In: Furopean Control Conference
(ECC), IEEFE (2015) 3162-3167.



[15]

[16]
[17]

18]

[19]
[20]

21]

22]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (3) (2025) 337

M. Krstic, I. Kanellakopoulos and P. V. Kokotovic. Nonlinear and Adaptive Control Design.
Wiley, 1995.
J. D. Lawrence. A Catalog of Special Plane Curves. Courier Corporation, 2013.

Q. Ouyang, Z. Wu, Y. Cong and Z. Wang. Formation control of unmanned aerial vehicle
swarms: A comprehensive review. Asian Journal of Control (2023) 25 570-593.

D.J. Sumpter. The principles of collective animal behaviour. Philosophical Transactions of
the Royal Society B: Biological Sciences (2006) 361 5-22.

D.J. Sumpter. Collective Animal Behavior. Princeton University Press, 2010.

A. Swarup and Sudhir. Comparison of Quadrotor Performance Using Backstepping and

Sliding Mode Control. In: International Conference on Clircuits, Systems and Control 1
(2014) 79-82.

T. Han, M. Chi, Z. Guan, B. Hu, J. Xiao and Y. Huang. Distributed three-dimensional
formation containment control of multiple unmanned aerial vehicle systems. Asian Journal
of Control 19 (2017) 1103-1113.

S. T. Thornton and J. B. Marion. Classical Dynamics of Particles and Systems. Cengage
Learning, 2021.



—
Nonlinear Dynamics and Systems Theory, 25 (3) (2025) [338H348 ( N?OR($>
O wn

Puhlishing
Group

Estimation of Pitch Angle and Heave Position of
Remotely Operated Vehicle Using Linear Quadratic
Gaussian

A. Suryowinoto !, T. Herlambang ?*, P. Triwinanto?, Y. A. Prabowo !,
D. Rahmalia® and M. S. Baital ®

L Blectrical Engineering Department, Adhi Tama Institute of Technology, Indonesia.
2 Department of Information System, Universitas Nahdlatul Ulama Surabaya, Indonesia.
3 National Research and Innovation Agency, Indonesia.
4 Department of Mathematics, University of Islam Darul Ulum, Indonesia.
5 Shipbuilding Construction Engineering Technology, Vocational School, Diponegoro University.

Received: July 21, 2024; Revised: May 20, 2025

Abstract: In a Remotely Operated Vehicle (ROV), there are six degrees of freedom:
surge, sway, heave, roll, pitch, and yaw. In linear motions, there are surge, sway and
heave. In angular rotations, there are roll, pitch and yaw. In practice, there are dis-
turbances and noise in the linear motion and angular rotation in their measurements.
Therefore, in this research, the estimation of pitch angle and heave position of a ROV
will be carried out by Linear Quadratic Gaussian (LQG). LQG is used for optimal
control when there are disturbance input and measurement noise in the plant model.
From the simulation, the estimation of the state solution and optimal control with
various noise can be compared by LQG.

Keywords: ROV, pitch angle; heave position; LQG.

Mathematics Subject Classification (2020): 37N35, 49N10.

* Corresponding author: mailto:teguh@unusa.ac.id

(© 2025 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua338


mailto:teguh@unusa.ac.id
http://e-ndst.kiev.ua

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (3) (2025) 339

1 Introduction

Seventy percent of Indonesia is covered by sea, so Indonesia has significant marine re-
source. For exploring marine resource, a Remotely Operated Vehicle (ROV) with its
control is required. In a ROV, there are six degrees of freedom: surge, sway, heave,
roll, pitch, and yaw. In linear motions, there are surge, sway and heave. Surge, sway,
and heave are linear motions on the x-axis, y-axis, and z-axis, respectively. In angular
rotations, there are roll, pitch and yaw. Roll, pitch, and yaw are angular rotations on
the x-axis, y-axis, and z-axis, respectively [1].

In practice, there are disturbances and noise in the linear motion and angular rotation
in their measurements. Therefore, in this research, the estimation of pitch angle and
heave position of ROV will be carried out by Linear Quadratic Gaussian (LQG). Linear
Quadratic Gaussian (LQG) control refers to an optimal control problem where the plant
model is linear with a white noise disturbance input and white measurement noise. LQG
is used for optimal control when there are a disturbance input and measurement noise
in the plant model. Generally, optimal control is used to find the control minimizing the
performance index and result in the trajectory of state solution [2].

From the previous research, an AUV has been developed by the method of Lin-
ear Quadratic Regulator (LQR) minimizing the control with no reference [3|, Linear
Quadratic Tracking (LQT) minimizing the control included to the tracking path [4], PID
control for determining the response [5]. The estimation method is also established by
the Kalman Filter and H-infinity method [6]. Besides the AUV, the LQR and LQT are
also applied in the inverted pendulum [7], missile and projectile [8], mobile robot [9] and
human arm models [10].

The dynamical model of LQG is almost similar to the LQR, however in the LQG
model, there are distubance input and measurement noise. To determine the estimation
of the state solution, we need a Riccati solution and feedback gain from the LQR and
Kalman Gain. LQG is also used for optimizing the given performance index. To run the
simulation, the calculation of LQR should be made before. Then the Riccati solution
and feeback gain of LQR are brought to the LQT as variables. From the simulation, the
estimation of state solution of pitch and heave and optimal control with various noise
can be compared by LQG with small mean square error (MSE).

2 Mathematical Model of ROV

There are some motions and rotations in a ROV which will be constructed as a mathe-
matical model. In linear motions such as surge, sway, and heave, there are motions on
the x-axis, y-axis, and z-axis, respectively. In angular rotations such as roll, pitch, and
yaw are rotations on the x-axis, y-axis, and z-axis, respectively. The mathematical model
of ROV is shown in Figure [I} According to Newton’s Law, the mathematical model of
ROV [5] is

X =m[i—vr+wq—zq(¢* +1°) +yc (pg —7) + 26 (pr +4)] , (1)
Y:m[ij—i-ur—wp—l—mg(pq—i—i“)—yc(p2+r2)+ZG(qT—25)]7 (2)
Z=m [ —uq+vp+zc(vp—4q)+ycler+p) — 20 +q°)]. (3)

K = Lp+ (I, — I)qr + Ly(pr — ) — I,z(¢° — r*) — L,z(pq + 7)
+ m (ya(w — ugq + vp) — za(0 + ur — wp)),
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M = 1,4+ (L — L)pr — Ly(qr — p) = Iyz(pl — ) — Lz(p* — r?)
—m(zg(w —ugq +vp) — zg(t — vr + wl)),

N = Li+ (I, — I)pg — Lyy(p*> — ¢*) — Iyz(pr — §) — L,z(qr — p)
—m (v (v +ur —wp) — ya (i — vr +wq)) .

()

(6)

The model parameters are: m is the ROV mass, I, I, I, are the inertia moments on
the x-axis, y-axis, and z-axis, respectively, xq, ya, z¢ are the positions of gravity center
on the x-axis, y-axis, and z-axis, respectively. The other notations are:

X : surge force T : surge position u : surge velocity
Y : sway force 1y : sway position v : sway velocity
Z : heave force z : heave position w : heave velocity
K : roll moment ¢ : roll angle p : roll rate

M : pitch moment 0 : pitch angle q : pitch rate

N : yaw moment 1 : yaw angle r . yaw rate

The problem is only limited for linear motion and angular rotation. By removing
surge, sway, roll and yaw, the variables are v = r = p = ¢ = ¢ = y = 0. The state
solutions are the pitch angle 6, pitch velocity ¢, heave position z, and heave velocity w.

The simplicity of the model of ROV can be explained as follows.

As the pitch moment equation, take equation (5)): M = I, ¢+ (I, — L,)pr — Lyy(qr +
B) = Iy2(pq — 7) — L2(p? — 12) = m (w1 — ug + vp) — 26 (i — vr +wg)).

By removing surge, sway, roll and yaw, the variablesare v=r=p=p =9 =y =0.
The pitch moment M can be elaborated as M = Myq + Myq + Myw + M,,w, then the
pitch moment equation is

MyG + Myq + Myw + Myw = I,G — mzgw + mrguq + mzgwq, (7)

where M, is the added inertia mass moment related to the pitch rate, M, is the added
inertia mass moment related to the heave velocity, M, is the pitch moment coefficient
induced by the pitch rate, M,, is the pitch moment coefficient induced by the heave
velocity.
As the heave force equation, take equation :

Z = m[w—uq+vp+zc(vp—q) +yaler +p) — 2¢(p* + ¢*)]. By removing surge,
sway, roll and yaw, the variables are v = r = p = ¢ = ¢ = y = 0. The heave force
Z can be elaborated as Z = Z;jyz,q+ Zyi+Z,w, then the heave force equation is

Z4G + Zgq + Zih + Zyyw = mab — muq — mraq — mzgq, (8)

where Z; is the added mass related to the pitch rate, 7, is the added mass related to
the heave velocity, Z, is the heave force coeflicient induced by pitch rate, Z,, is heave
force coeflicient induced by the heave velocity.

From equations and , the nonlinear system of ROV is

0 =q, (9)

(Mg—1,)q+(My+mag)w = (26 W —zp)0+maguqg+mzqgwq— Moq— Myw+Mso, (10)

Z=wcos® —usinb, (11)
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(Zy +mac)q + (Zy — m)r = —muq — mzgq® — Zyq — Zww — Z56. (12)

By the linearization sin § ~, cosf ~ 1 and the Jacobian around the equilibrium point
(0*,q*, z*,w*) = (0,0,0,0), the linear form is

1 0 0 0 IR
0 (Mq 0 (Mu', + mxg) q| _
0 0 1 0 20
0 (Zg+mzg) 0 (Zy—m) | |w (13)
0 (ZGW — ZB) —Uu 0 0 i 0
1 —(My—magu) 0 —My,| |q n —Zs 5
—u 0 0 1 z Ms |
0 —(Zy + mu) 0 —Zy| |w | 0

3 Methods

3.1 Linear Quadratic Regulator (LQR)

The Linear Quadratic Regulator is used to find the control minimizing the performance
index and results in the trajectory of state solution. Some steps of the LQR are computing
the solution of the Riccati Equation P(t) in equation and the feedback gain K(t)
in equation . From the result of the feedback gain, we can compute the solution of
state space and optimal control [11].

P=—-Pt)A—ATP(t) - Q+ P(t)B,R ‘BT P(t), P(t;) = H, (14)
K(t)= R 'BI'P(t). (15)
3.2 Linear Quadratic Gaussian (LQG)

3.2.1 State space model

The state space model of LQG is similar to the LQR model, however there is additional
noise so that the state space model of LQG [12] is

z(t) = Az(t) + Byu(t) + Byw(t), (16)
m(t) = Crx(t) + v(t), (17)
Elw(t)w” (t + )] = Swd (1), (18)
Elv(t)vT (t + 7)) = S,d(7), (19)
Et)wT (t+7)] = 0. (20)

Here, equation is the plant model, equation is the measurement and equations
to are the noise model of plant and measurement. The performance index which
will be optimized is

J:%E xT(tf)Hx(tf)+/f (" ()Qz(t) + u” (H)Ru(t)) |, (21)
0

where H and @ are positive semidefinite and R is positive definite.
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3.2.2 The development of the Riccati equation

The development of the Riccati equation can be computed in equation with the
initial condition F,(0) = 0. After the solutions are obtained, the solution of the Riccati
equation can be applied in computing the Kalman Gain in equation .

F.(t) = AF.(t) + F.(t)AT + BySuBYL — F.(t)CL S, 10 Fu(t), F.(0) =0,  (22)
G(t) = Fo(t)CrS, (23)

3.2.3 Kalman filter equation

To estimate the state solution, we use the Kalman Filter equation in equations and
using the feedback gain from the LQR and Kalman Gain in equation .

z(t) = Ai(t) + Buu(t) + G(t)(m(t) — Cpi(t)), (24)
2(t) = [A = G(t)Crm — BuK(1)]2(t) + G(t)m(t), (25)
u(t) = —K(t)&(t). (26)

4 Results and Discussion

4.1 Model of ROV

The model of ROV used is as in equations and , where 6 is the pitch angle, w is
the heave velocity, ¢ is the pitch rate, and z is the heave position. The simulations will be
run with various rates of S, and S,,. The solution of state space and its estimation, i.e.,
the pitch angle and heave position, and optimal control will be obtained as comparison.

0 0 0 1 o] [0 0
w| 00175 -1.273 —3.559 0| |w| . |0.085
q 0052 1273 —2661 0| |¢| T |21.79] ® (27)
2 5 1 0 of |z 0
07
hn w
= 28
AR @)
Z

4.2 Simulation 1

In this simulation, the values of S,, = 0.01 and S, = 0.01 will be used and the result of
feedback gain can be seen in Figure [I] the Kalman gain can be seen in Figure [2] The
state solution and its estimation, i.e., the pitch angle and heave position, can ben seen
in Figure [3] and optimal control can be seen in Figure [4]

Figure |1f describes the solution of the feedback gain from the LQR with given final
conditions being zero. The feedback gain is obtained from the Riccati solution which is
computed backwardly. Figure [2| describes the solution of the Kalman gain with given
initial condition being zero.

The Kalman gain is obtained from development of the Riccati solution which is com-
puted forwardly. Figure |3| shows the state solution and its estimation of the pitch angle
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Figure 1: The Solution of the Feedback Gain. Figure 2: The Solution of the Kalman Gain.

(t)
N

Figure 3: The State Solution and Estimation with Large Noise.

denoted by z; and the heave position denoted by z4. The RMSE of the estimation is
0.9268 for the pitch angle estimation and 1.0646 for the heave position estimation. Figure
[ represents the optimal control and its solution with RMSE being 16.0780.

4.3 Simulation 2

In this simulation, the values of S,, = 0.001 and S,, = 0.001 will be used and the result of
the feedback gain can be seen in Figure[5] the Kalman gain can be seen in Figure[6] The
state solution and its estimation, i.e., the pitch angle and heave position, can be seen in
Figure [7] and optimal control can be seen in Figure

Figure [5] describes the solution of the feedback gain from the LQR with given final
conditions being zero. The feedback gain is obtained from the Riccati solution which is
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K1)

Figure 5: The Solution of the Feedback Gain. Figure 6: The Solution of the Kalman Gain.

computed backwardly. Figure [f] describes the solution of the Kalman gain with given
initial condition being zero. The Kalman gain is obtained from development of the Riccati
solution which is computed forwardly. Figure [7] shows state solution and its estimation
of the pitch angle denoted by x; and the heave position denoted by z4. The RMSE of
the estimation is 0.2473 for the pitch angle estimation and 0.2652 for the heave position
estimation. Figure [8| represents the optimal control and its solution with RMSE being

A. SURYOWINOTO, T. HERLAMBANG, Y.A. PRABOWO, et al.
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4.4 Simulation 3

In this simulation, the values of S,, = 0.0001 and S, = 0.0001 will be used and the result
of the feedback gain can be seen in Figure [0} the Kalman gain can be seen in Figure

10
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Figure 7: The State Solution and Estimation with Moderate Noise.

— ]

@&k

o 1 |

Figure 8: The Optimal Control and Estimation with Moderate Noise.

The state solution and its estimation, i.e., the pitch angle and heave position, can be
seen in Figure [L1] and optimal control can be seen in Figure

Figure [9] describes the solution of the feedback gain from the LQR with given final
conditions being zero. The feedback gain is obtained from the Riccati solution which is
computed backwardly. Figure [10| describes the solution of the Kalman gain with given
initial condition being zero. The Kalman gain is obtained from development of the
Riccati solution which is computed forwardly. Figure shows the state solution and
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Figure 9: The Solution of the Feedback Gain. Figure 10: The Solution of the Kalman Gain.

Figure 11: The State Solution and Estimation with Small Noise.

its estimation of the pitch angle denoted by x; and the heave position denoted by x4.
The RMSE of the estimation is 0.0762 for the pitch angle estimation and 0.0956 for the
heave position estimation. Figure[I2]represents the optimal control and its solution with
RMSE being 1.3031.

5 Conclusion

The estimation of the pitch angle and heave position of a ROV is carried out by Linear
Quadratic Gaussian (LQG). From the simulation, the estimation of the state solution
and optimal control with various noise can be compared by LQG. From the results of
three simulations, the small values of S, and S, can give better estimation with a small
value of RMSE in both state solution and optimal control.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (3) (2025) 347

Figure 12: The Optimal Control and Estimation with Small Noise.

The developments of this research are the application of LQG to different objects

besides the ROV. Moreover, the optimization of weight matrices in the performance
index can be done by available methods.
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