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Abstract: In this work, we consider a nonlinear hyperbolic equation with variable
damping and source terms. Our aim is to prove that the solution with negative initial
energy blows up in finite time.

Keywords: hyperbolic equation; damping term; source term; wvariable exponents;
blow up.

Mathematics Subject Classification (2020): 35B40, 37D30, 37K58, 46E35.

1 Introduction

In this work, we consider the following problem
uge — div (AVu) + uy \ut\m(')_z =u |u|p(')_2 in Qx (0,7),
u=0 ondQx(0,T), (P)
u(0) =wup and u(0)=w; in

where T > 0, Q is a bounded domain of R™ (n € N*) with a smooth boundary 9.
A = A(z,t) is an n X n symmetric matrix with real coefficients. The exponents m(.) and
p(.) are given measurable functions on (.

When A = Identity, the bibliography of works concerning problems of existence and
nonexistence of global solution is truly long. In the case of constant damping and
source terms, Ball 3] in 1977, considered the wave equation with source term and
proved the blow up of solution when the energy of the initial data is negative. Haraux
and Zuazua [§] in 1988, proved that the damping term of polynomial or arbitrary growth
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assured the global estimates of the wave equation for arbitrary initial data. The inter-
action between the damping and the source term was considered by Levine [9] in 1974,
in the linear damping case m = 2. He showed that the solutions with negative initial
energy blow up in finite time. Georgiev and Todorova [6] in 1994, extended Levine’s
result to the nonlinear damping case m > 2. They showed that solutions with any initial
data are global if the damping term dominates the source term, then blow up in finite
time if the source term dominates the damping term and the initial energy is sufficiently
negative. Without imposing the condition that the initial energy is sufficiently negative,
Messaoudi [10] in 2001, proved that any negative initial energy solution blow up in finite
time. In the case of variable damping and source term, these problems have been
considered by many authors using the Lebesgue spaces with variable exponent [5]. For
instance, Antontsev [2] in 2011, considered the wave equation with p(z, t)-Laplacian and
variable source term. In his work, he proved existence and blow up results under some
assumptions on the initial energy data. In a recent study, Messaoudi and Talahmeh [11]
in 2017, considered the quasilinear wave equation with variable exponent nonlinearities
and proved that the solution with negative or positive initial energy blows up in finite
time. In the same year, Messaoudi et al. [12] considered the nonlinear wave equation
with variable source and damping terms and proved the blow up of solution with nega-
tive energy of initial data. In 2018, Ghegal et al. |7] considered the same system. They
used the stable set method to prove the global existence result. Then, by some integral
inequality, they showed the stability of this solution.

When A(z,t) = a(z,t), where a is a given function, Sun et al. |[13] in 2016, showed a
result of blow up of solution when the energy of initial data is positive.

When A = A(z,t), Boukhatem and Benyatou [4], in 2012, considered the hyperbolic
equation with constant damping and source terms. They obtained a result of blow up of
solution when the initial energy is positive.

In this work, we consider the case of variable coefficients (A = A(z,t)), variable
damping and source terms and we show that the solution of (P) with negative initial
energy blows up in finite time.

This paper consists of two sections in addition to Introduction. In Section 2, we give
the assumptions and preliminary results needed to obtain our result. In Section 3, we
prove the main result.

2 Assumptions and Preliminary Results

In this paper, we study the blow up behavior of the system (P) under the following
assumptions:

e (H1) For the matriz A: Assume that

1. Ais of class C* (€ x [0, +00[).

2. There exists a constant ag > 0 such that for all £ € R™, we have

A >ag | €2 and A'¢e <.

e (H2) For the exponents: The exponents m(.) and p(.) are measurable functions on
) such that
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1. The following log-Holder continuity condition is satisfied:

lg(z) — q(y)| 4 for all z,y € Q, with |z —y| <§,
log |z —y|
where A>0 and 0<Jd<Ll
2. We have
2<m; <m(x) <mg, n=1,2.
2Sm1§m(x)§mz§%, n >3,

with my :=essinfzeom(z) and  mg = esssup,cq m(x).
3. We assume that

2<p1 <p(x)<ps, n=12.

n—1
2<p Sp(x)§p2§272, n>3,
o

with p; == essinfycop(z) and py = esssup,cq p(x).
4. We assume that

2n
mg <p;p <p2 < ——.
n—2

e (H3) For the initial energy data: we assume that
E(0) <0,

where

B 1 9 1 _ L
E(0) := . | uy |2 _|_2 /QA(:E,O)VUOVUde /Qp(x)

Now, we introduce some preliminary results needed to prove our main result. The
existence and uniqueness result for problem (P) is given in the following Theorem.

| ug [P de.

Theorem 2.1 Let (ug,u1) € HE(Q) x L*(Q). Then the problem (P) has a unique
local solution

ue L=((0,7); Hy (),
ug € L((0,7); L2 () N L™(Q x (0,T)),
uy € L*((0,T); Hg () :
for some T > 0.

We define the energy functional for the local solution u of problem (P) by

1 1 1
B(t) =5 |l ue |3 + / AVuNVudz — / — |uP™ da, vt € [0,7).
o p(x)

The following Lemma shows that F is a non-increasing function of ¢.
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Lemma 2.1 We have

E'(t) = %/ A'VuNVudz —/ | ug |™®) dz <0, Vtel[0,T).
Q Q

Proof. We multiply the first equation in (P) by w;, integrate it over €2, we obtain

/ututtdm—/utdiv (AVu) dx—/utu|u|p(w)_2dx:—/ |ut|m(z) dz.
Q Q Q Q

First, we have
1d 2)— d 1
/ Uty dr = = — ||ut||§ and / U |u|p( 2= S | [P@) da.
9 2 dt o dt Jo p(x)
On the other hand, by the generalized Green formula, we find

f/utdiv (AVu) dz:/AVuVutdz.
Q Q

But

i AVuVudz

A
/ d(AVy) Vudz + | AVuVuidr
o dt Q

Q Q
Since A is symmetric

1 1
/ AVuVudr = 1d AVuVudr — = | A'VuVudz
Q 2dt Jg 2 Ja

becomes
1d

1
— / updiv (AVu)dr = =— | AVuVudz — f/ A'VuVudz.

We replace (2) and @) in (1) to obtain

d (1. . 1 1
—q= dz+ = | AVuVudz — [ — P@) g
dt{2||ut||2 ZL’+2/Q uVudz /Qp(m) | u | x}

1
= f/ A'VuVude — [ | ug ™ da.
2 Ja Q

This implies the desired result. We set

Lemma 2.2 We have

1
0< H(0) < H(t) < ;/ (PO dz, Ve [0,T].
1JQ

A'VuVudz —|—/ AV Vudx + | AVuVude.
Q

(1)
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Proof.
e Since E(0) <0, wefind H(0)=—E(0)>0.

e From the definition of H and the monotonicity of E, we have
H0) < H(t), Vtelo,T]

e We have

1 1 1
H(t) = ) ||utH§ - i/ﬂAVuVudx—k /Q @) | u [P®) da.

(H1 — 2) implies that

H@SAR%WW”M

By (H2 — 3), we arrive at

1
H@g—/MW%u
P1 Ja

Let C be a generic positive constant and it may change from line to line.
The following two Lemmas are also needed in our work.

Lemma 2.3 There exists a constant C' > 0 such that
[ up® de=cul; (6)
Q

and

m1
P

/|u|m(‘”)dm§0<(/|u|p(’”)dx)m +(/|u|f’<x>dx) ) (7)
Q Q Q

Proof. Proof of @: We have

|umﬂm:/|umﬂm+/|uwﬂm, (8)

Q Q4 Q-

where

Qp ={xeQ/|u(z,t)|>1} and Q_={zxeQ/|ulx,t)|<1}.

We have
/ |u|p($)dx2/ | w Pt dx (9)
Q4 Q4

and

/ |u\p(m)dx2/ | u |[P? du.
Q
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Since p1 < pa,

P2

/|u|p(”)d120</ |u|p1dm> .
o Q_

We replace @[) and in to obtain
P2

/|u|p(x)dx2/ | w [P* de 4+ C / | u |P* dx .
Q o Q.

This implies that

P1
/|u|p(”’)dx2/ |u|P* dz  and C</|u|p(”’)dﬂc>22/ | w|Pt de.
0 a4 ) o

By addition, we find

p

/ | u |P(:v) de+C (/ | u |P(w) dx) " > ||u||§i .
Q Q

21y

1+c</ | u [P(=) dx>” 1/ | P da > 2.
Q Q

But, by and (H2 — 3), we find

(b H(O) %" > ( [rupe dx)

So

Pl_l

Then

p1

[+ Cum)E ] [ Jul o> .

Consequently, we obtain @
Proof of : We have

/|u|m(1)d;ﬂ = / |u|m(3”)dx+/ | u |™®) dg
Q Q4 Q

/|u|m?dx+/ | w ™ da.
o Q

IN

mo my

Since m1 < mo < p1,
Pr1 P1
C / | u |P* dx + / | w [Pt dx
Qg Q_

/ | u |™®) dg
Q
C (Il + )

By (@, we find the desired result.

IN

IN
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Lemma 2.4 For all

_9 _
O<oz§rnin{p1 , P12 } and k>1,
2p1 " pi(m2 —1)

we have
/ Hot(m(w)*l)(t) | u |m($) doe < C </ AVuVudz +/ | u ‘p(:v) d.’E> (11)
Q o 0
and
kl m
/ |ullu "™ de < C (/ AVuVudz +/ | u |P® da:)
Q
-1
MH—%)H’@. (12)
ma

Proof. Proof of : We have

B H(t) a(m(z)—1) B
a(m(z)—1) m(z) _ A a(m(z)—1) m(x)
/QH )| ul dx /Q[H(O)} [H(0)] || dx.

Since H(t) > 1, by (H2 — 2), we find

H(0) ~
/ Ha(m(z)—l)(t) | u |m(r) dr < / |:H(t):|a(m2_1) [H(O)]Oé(m(ﬂ?)—l) | u |m(fﬂ) dx
Q ~ Ja LH(0)
< [HEmY / [H ()7 | ) d, (13)
But

[H(0))*™®=m2) < ¢ forall z € Q.
Indeed,

if  H(0) <1, then [H(0))*"™™m2) < [H(0))* ™ —m2),
it H(0)>1, then  [H(0))*"™7m2) < [ (0))*m2m2) = 1.
Then becomes
/HMm(w () | u ™ de < C[H am21/|u|m>dx.
Q
By and @, we find

/Ham(m 1)()|u|mz)dx

s of(finrma) ™ (o)

(m2— 1))
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We apply Lemma 4.1 from [12] to

2 <s=my+api(ms —1) <p,
and

2<s=mo+api(ms—1) <py,

and by (H1 — 1), we obtain (TI].
Proof of : By the Young inequality

- 579 11
XY <ZXr42y? forall X,Y >0, §>0 and —+ =1 (14)
1 0 TR
with
X = Y = u M@ = 4 9=
"U/| 9 ‘ Uy | ) 1% m(l’) an m(x) — 1,
we find
6m(a:) -1 m(z
/ ) w [0 dp < | u @ dy + / ML) L5 S |y 7
Q o m(z) o m(z)
<

1
1 / ) | gy ) gy
mi Jo

-1 __m@)
+ ma /5 m(z)—1 ‘Ut ‘m(w) dzx.
miq Q

Let k > 0. If we take

m(z)—1

5= (kH(t))” " >0,

then we find
1
/ | w || we |m(z)*1 dr < 7/ klfm(z)Ha(m(z)fl)(t) | u ‘m(z) de
Q m1 Jq
-1k
mq Q

But, from the definition of H, Lemma 2.1 and (H1 — 2), we have

/ \ut\mm dr = %/ A'VuVudz + H'(t) < H'(t).
Q Q

Then, for £k > 1, becomes

1—m1

(mg — 1)k‘

ma

/ g [0 dp < B H(0)H'(2).
Q

By (1)), we obtain the result.

/ Hoz(m(x)—l)(t) |u |m(x) dx +
Q

mi
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3 Main Result

In this section, we state and prove our main result.
Theorem 3.1 The solution of problem (P) blows up in finite time.

Proof. We proceed in 4 steps.
Step 1. For € > 0, we consider the following functional:

L(t) = H'™(t) + e/ uuede, vVt € [0,T].
Q
If we derive the function L with respect to ¢, we obtain
L'(t) = (1 — ) H () H'(t) + € |Juc])3 + e/ uugpdr, VYt € [0,T].
Q

But

/uuttdx = /UdiU(AVU)dZE*/uuHut |m(z)*2 da
Q Q Q

+ / | u [P dx
Q

By the generalized Green formula, we obtain

/uuttdx = —/ AVuVudx—/uu”ut |m(l)—2 d;v+/ | u |p(x) dz.
Q Q Q Q

Replacing in , we find

L'ty > 1-a)H *t)H'(t )—|—6||ut||2 - e/ AVuVudz

/|u|\ut\mz 1dx+e/|u|p(x)dx

[1 —a— e(QO_zl)k} H™(t)H'(t) + ¢ ||ut||§

klfml
— € (1 +C )/AVuVudz
mi Q

klfml
+ e(lC )/|u|p(z)dz.
my Q

By , we obtain

L'(t)

Y

357

(18)

Add and subtract €(1 — n)p1 H(t) for 0 < n < 1 in the right-hand side of and use

the definition of H to obtain

10 2R e ) 4 e - (0 + el

k17m1 kl mi
e<1+C’ >/AVuVudx+e<1 )/ | u |P®) d
my Q
el —n)p1 | == Juellz — 5 | AVuVude + — [ |u [P dx ).
2 2 Jo b1 Ja

L'(t)

%

(19)
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Then

&
=
v

1= 2R ) 4 e - ()
e (n oL

1 _

mi > Q | " ‘p(m) dm e <(2n)p1 + 1) ‘ ||Ut”§
-9 klfml

L. <p1 np1

- - A .
5 5 - >/Q VuVudx

For the fixed k sufficiently large, then for n sufficiently small, we arrive at

L't > [1 —a— 67(7@ — Dk

ma

+ eB/AVuVudx,
Q

_|_

]H—a(t)H’(t) +ey |:H(t)+/Q | [P dw+6Ut|§}

(20)
where
El-m (1 —
fy_min{(l—n)pl,n—C’ ,( n)p1+1}>0,
mq 2
and
—92 kl—m —_9 El—mi
=Pz _1mm_ =B (14 ) +-c > 0.
2 2 mq 2 mq
If € is chosen sufficiently small such that

—1
1—ozfem2

k>0,
ma
then, by @, inequality takes the form
L'(t) 2 eC [H(&)+ || w B + [ ue [I3] -
Step 2. Since

(21)
L(0) = H™*(0) + e/

uo(x)uq (z)dz > 0,
Q
from the increase of L (see (21)), we find

L(t) = 0,

vt € [0,T].
Step 3. By the definition of L, we find

1
LTa(t) < [Hl_“(t)+€/|u||ut|dm] .
Q

By the following inequality:

(a+b)™ <2™(a™ +b™)

for all a,b > 0 and m > 0,
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with

1
a:Hlfa(t),b:e/|u\|ut|d9:andm:1 ,
Q

-«

we obtain

LTs(t) < 2= [H(t)+<e/9|u||ut|dx>11a].

But, by the Cauchy—Schwarz inequality, we have

I—a % %
(/Qumdx) Nt

From the embedding LP' (Q) — L?(Q), we find

1
T—a 1 1
(/Q|u||ut|dw) <O a5 w 15 .

Apply Young’s inequality with

e = 2(1 — «
X:”uHIil y Y:H Ut ||21 5 M:T%“) and 9:2<1—04),

1
T-o 2
(/ﬂwnuudm) sc(nun;ﬁwmn%).

We apply Corollary 4.4 from [12] with 2 < s = ﬁ < p;p to find

we have

L7 (t) < C[H®)+ | u |2 + [l 3], Vee[0,T). (22)

Step 4. We proceed by contradiction. By the continuation principal, we obtain that
T = +00. By combining and (22)), we arrive at

L'(t) >CLT=(t), forallt>0.

A simple integration over (0,t) gives

1
L(t) > for all ¢t > 0.

l-a>
L5 (0) - 2]

This leads to a contradiction.

4 Conclusion

In this work, we study the blow up of solutions of the nonlinear hyperbolic equation with
variable damping and source terms. We present the assumptions and preliminary results
required to obtain our main result. We also provide the energy identity associated with
the solution. Finally, we state and prove the blow up result for the solution.
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