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Abstract: This paper develops a SIR model for COVID-19 that incorporates both
direct and indirect transmission dynamics through two distinct incidence rates. To
capture the infection rate, we employ a nonlinear Beddington-DeAngelis function
and a bilinear incidence function. The model’s solutions are shown to be positive
and bounded, with two equilibrium points identified: the disease-free equilibrium
Ey and the endemic equilibrium E*. We establish that Ey is locally and globally
asymptotically stable when the basic reproduction number Ry < 1. Conversely,
under specific parameter conditions, E* is uniformly asymptotically stable for Ry > 1.
Numerical simulations are provided to validate the theoretical results.
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1 Introduction

The COVID-19 pandemic has spurred research across many fields, including the devel-
opment of mathematical models to assess the impact of interventions on disease control.
Kermack and McKendrick [10] pioneered the use of compartmental models for disease
dynamics research, leading to the development of various models such as SIR, SIRS, and
SEIRS [1L21[70LTTl[12].

Incidence functions are crucial in epidemic models as they determine how susceptible
individuals transition to infected, significantly influencing model predictions. Epidemi-
ological models often assume well-mixed populations in uniform environments. These
models typically use the bilinear incidence rate 8ST [10,{17] or the standard incidence rate
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% [11413], where (3 represents the transmission coefficient and N is the total population.
However, when a model incorporates a more realistic population structure with varied
mixing patterns and potentially nonlinear transmission dynamics, these standard rates
might need adjustments. The probability of infection per contact might be influenced by
the number of infected individuals. As the infected population grows, the infection rate
may not increase proportionally due to saturation effects, leading to a nonlinear relation-
ship. To address this, nonlinear incidence rates such as the Beddington-DeAngelis rate,
BS1 [3L/5] have been incorporated into epidemiological models to better capture

1+()¢15+(12]7 i . . .
the complexities of disease transmission.

Recently, Ahmed et al. [1] conducted a bifurcation analysis of an SIR epidemic model
that incorporates both direct and indirect transmission rates. They employed a standard
incidence rate, g—ﬁ, for direct transmission and a bilinear incidence term, S1, for indi-
rect transmission. This approach takes into account the various ways in which diseases
spread through different types of contact. However, their study focused on bifurcation
analysis. In this paper, we investigate the stability of an SIR model that incorporates
the Beddington-DeAngelis term for direct transmission and the bilinear term for indirect
transmission. This combination offers a more realistic representation of transmission dy-
namics. A constant recruitment rate A ensures a steady flow of susceptible individuals
due to births. Direct transmission is influenced by the average number of meetings m;
between susceptible and infected individuals within a time interval At and the proba-
bility of infection success s.. The Beddington-DeAngelis term % captures this,
here, 84 = m;s. > 0 and Wéw is the proportion of the susceptible population in
time ¢. In contrast, indirect transmission occurs when susceptible individuals come into
contact with the virus on surfaces, without directly interacting with infected individu-
als. This is modeled as a mass contact process with an indirect infection rate 8; > 0.
The bilinear incidence term 3;SI represents the rate of indirect COVID-19 transmission
through contaminated surfaces. To the best of our knowledge, there is no SIR model
that combines direct (Beddington-DeAngelis) and indirect (bilinear) transmissions.

The manuscript is organized as follows. Section [2] establishes the well-posedness of
the model by demonstrating the existence, positivity, and boundedness of its solutions.
In Section [3] we analyze the model, compute the basic reproduction number, and prove
the existence of equilibria. Section [4] delves into the analytical properties of the model,
including the stability analysis of the equilibria. Numerical simulations are given in
Section [5 and concluding remarks are offered in the closing section.

2 Model Formulation and Analysis

We consider the total population at time ¢, it is denoted by N () and divided into three
compartments: susceptible individuals S (¢), infected individuals I (¢) and recovered in-
dividuals R (t), where N (t) = S (¢t)+1 (t)+ R (t). Susceptible individuals are healthy but
vulnerable to infection, while infected individuals can transmit the disease and eventually
transit to the recovered state, either through immunity or treatment.

Based on the previous assumptions, the SIR model with direct and indirect transmis-
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sions is described by the following system of differential equations:

as A BaST

=A-—"  _B.ST—uS,
dt 1+ 015+ asl Bis MS
dI B4SI
== P L BST—(d I, 1
& TTaS ta,l T (d+7+p) (1)
dR
A —
= uR

with the given initial conditions S (0) > 0,7 (0) > 0 and R (0) > 0.
The parameters involved in this model and their corresponding interpretations are
given in Table 2] The flowchart of the SIR model is illustrated in Figure [T

Parameter Description

A Recruitment rate

Ba Direct transmission rate

Bi Indirect transmission rate

a1 Measure of inhibition (taken by susceptibles)
Qs Measure of inhibition (taken by infectives)

m Natural death rate

d Infection death rate

~ Natural recovery rate

Table 1: Description of biological parameters.

Figure 1: Flowchart of the proposed model.

For problems concerning population dynamics, it is crucial to ensure that solutions
remain non-negative and bounded for all time. To achieve this, we define the region
Q= {(S,I,R) €ERY:$>0,1>0,R>0}.

Theorem 2.1 For any non-negative initial data, the solutions of erist, remain
bounded and non-negative in ). Moreover, we have
A
N (t) < —.
I
Proof. Based on the well-established theory of differential equations in a functional
framework (see, e.g., [8]), we can ensure a unique local solution for problem . To
establish solution positivity, we prove invariance of the positive set . We have

e - B S .
dt |g_, dt |y

a| - _ — AT > 0.
|, — =

Hence, for all ¢ > 0, the positivity of all solutions initiating in €2 is guaranteed.
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For the boundedness, we utilize the fact that N = S + I + R. By summing the
equations of the model , we have
dN

Y AN —dl
dt H

As I >0, we get

dN

— < A—uN

at = oM
and therefore,

A A

N (t <+(N 0 —)e”t.
(t) m (0) o

Thus, lim;_, o, sup N (¢) < % and % <0if N > % This reveals that the total population

size N (t) is bounded, and so is each compartment S (¢), I (t) and R (¢).

3 The Steady States

The existence of a disease-free equilibrium (DFE) and that of an endemic equilibrium for
our model are established in this subsection. Due to the fact that the first two equations
of the system are not affected by R (t), and considering that the total population
number is N (£) = S (t) + I (t) + R (t), we may omit the last equation of the system ().
As a result, the problem can be reduced to

s 8481

) )

dt oS ragl ST —#S

I SI @
___fa + B; ST — 41,

E B 1 + alS + OéQI
where d =d+ v+ pand S, 1 > 0.
In order to find the equilibria of the system , we solve the following system:

BaS1
- - Mi I_ =Y,
14+ 015+ asl BS ,US 0
BaST
—_— ;ST — 61 = 0.
1+a15+a21+ﬁ

Obviously, Ey = (ﬁ, o) is the DFE of (@).

When the system reaches the DFE point Ey, the disease vanishes completely. At this
point, the infected population becomes zero, and the remaining population consists only
of susceptible individuals.

3.1 Basic reproduction number

The basic reproduction number R is crucial in epidemiology as it predicts disease spread
and informs control strategies. It estimates the average number of new infections caused
by one infected individual. By using the next-generation matrix method [15], we can
easily find Ry. Let X (t) = (S (t), I (¢)), then it follows from model that

dX

=Y
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where
_ __BaSI g
F = A 1EO§jS+a21 FiS1 and V= (MS> ~
d
TFans5taz T P51 ol
So, the Jacobian matrices of new infected terms F and other transfer terms V at Ey are

0 — BaA  BiA 0

F= R R and V= <“ >.

BaA BilA
<O u+711A + Iz 0 ¢

1 0 - ﬁdAAJ_ﬁZ?
FV!' = (uFeaf)s =~ uh ).

(i+aih)s T s

So

As Ry is the spectral radius of FV =1, we get

BaA n BiA

Ry = ——"¢~
T (utad)s o

= R + R|.

Note that R represents the basic reproduction number for only direct transmission,
where a susceptible individual becomes infected through contact with an infected in-
dividual R}, on the other hand, it captures the contribution of indirect transmission,
where an infected individual contaminates the environment, leading to subsequent in-
fections. Public health interventions can target these specific pathways. Quarantine
measures reduce direct transmission, lowering RZ. Improved hygiene practices reduce
indirect transmission, lowering Rj). Consequently, the overall ability of the disease to
spread (reflected by Rg) will also go down. This makes sense because there are fewer
ways for people to catch it.

3.2 Existence of endemic equilibrium

In the presence of infection, we show, in the following result, that the system has a
unique endemic equilibrium.

Theorem 3.1 If Ry > 1, the model has a unique endemic equilibrium point
E* = (5%, I%).

Proof. Consider the system , where E* = (S*,I*),

BdS*I*
]. + alS* + 042.[*

4 B8 I = A — uS*,

BdS*I*
1+ 0415* + Oég]*

+ B;S*I* =61,
which implies that

A —puS* =06I".
We get S* as a function of I* as follows:

A-4I
—

S*
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Now, we take the S* quadratic equation out from the first equation of as
ar (BT + 1) 8 + (Bal* — an A+ (BiI* + p) (14 aal*)) S* = A (14 ") = 0. (5)
Substituting into gives the cubic equation in I*:
ar (I)? + as (I*)? + asI* = 0,
where

a1 = 00; (5(11 - ,UOQ) ,
as = 6p (b — pag) + Bih (20 — pan) — 6p (Bs + Ba)
as = puABa+ AB; (p+ Aan) — dp (e + aaA) .

The constant term as can be rewritten as

A AB;
as = 0p (1 + a1 ) ((S(;A—i—ﬁZqA)_F 5/ﬁl —1)

— 6+ arh) (Ro— 1).

It is easily seen that ag > 0if Ry > 1. Additionally, we note that a1, as < 0if 2da; < pas.
According to the Descartes rule of signs, see Wang [16], the equation possesses a
unique non-negative I*.

The value of S* is then calculated using equation (4)). As a result, the model (2)) has
a unique endemic equilibrium point E* = (S*,I*) if Ry > 1.

4 Stability Analysis

4.1 Local stability
The local stability results for the model are ensured by the following results.

Theorem 4.1 If Ry < 1, the model at Eg is locally asymptotically stable and
unstable for Ry > 1.

Proof. The Jacobian matrix of the system at Ey is given by

_ __BaA _ BiA
J _ H RalA AH .
0 B+ B8

pta A

The eigenvalues of J are Ay = —p and A2 = 6 (Rp —1). The matrix J has negative
eigenvalues when Ry < 1. Thus, Ej of the model is locally asymptotically stable. If
Ry > 1, the eigenvalue A\ > 0, so Ej is unstable.

Theorem 4.2 If Ry > 1, the model at the disease endemic equilibrium point E*
18 locally asymptotically stable under the following conditions:

BaS* (14 a1.5%)
(1 + Otls* + 0121*)2

<1, (6)

where

I* (14 anl* .
Bal” (1 + 0 )2+/5i1,6+ .

l=min | g+ + Bal™ (1 + aol”)d _,_51‘15 .
(1+a15*+a21*) /14(1"’0615*4’0(2[*) I
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Proof. The Jacobian matrix of the system at E* is given by

o BaIl*(tael”) ook BaST(A+aiSY) 4 oox
J(E") = ( By~ T e~ S )
d Q2 * d <31 * :
(1+a15’*+a2[*)2 + ﬂ’LI (1+a15’*+a2[*)2 + ﬂzS - 6

The characteristics equation det (J — AI) associated to J (E*) is derived and given as

A +ad+ay =0, (7)
where
MEptot (1%21(;*1@;52)2 AT (1ﬁisojlg*++a;f;*))2 B
ay = b + Bal* (1 + anl”) 0 BT — pBaS™ (1+anS*) B,

(1+041S*+Ot21*)2 (1+0415*+042[*)2

Thanks to the assumption @, we know that a; > 0,7 = 1,2. Therefore, by the Routh—
Hurwitz criterion [4], all roots of have negative real parts. Thus, E* is locally
asymptotically stable.

Remark 4.1 Taking into account the sign of real parts of A in , we can establish
the following:

o if
I (14 agl*)é S* (14 a1 8*
Bd ( (0%) ) 5 +B'LI*5 < :uﬁd ( aq )2 +,LL6/LS*, (8)
(1+0615*+0621*) (1+0¢15*+0¢2[*)
the endemic equilibrium E* is a saddle point.
o if

Bal* (1 4+ aol™)
(1 + 0615* + 042[*)2
the endemic equilibrium E* is unstable.

BaS* (14 a1 5*)
(1 + a1S* + 0421*)2

L6+ + BiI* < +6:8%,  (9)

4.2 Global stability

We employed a Lyapunov function to analyze the global stability of both the DFE and
endemic equilibrium of the system. The stability of the DFE is established by the
following theorem.

Theorem 4.3 If Ry < 1, the model at the DFE Ey is globally asymptotically
stable.

Proof. We consider the following Lyapunov function:

1 S
LS )= —c(S—8"—8In— | + 1 1
(S,1) [T 0,50 (S SY -5 nSO)+ (10)
Taking derivative of (10]) with respect to time ¢, one has
dL 1 SO\ dS  dI
e — [ )22
dt (8, 1) 1+ oS0 ( S) a T at

1 S0 BaST
= (1-Z2)(A-—" _pgsSr—
].+ OqSO ( S ) ( ].+ Oéls + Ckg_[ BZS MS)

BaST

—PdPT 4 B.ST 4.
1+OZ15+0&2]+/8
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Given that S = % and after simplification, we have

dL _ —p(8° = 8)° 51 i boaSI g
dt (1+CX1$’0)S (1+0[15+0421) 0 (1+a15+a21) 0
I (14 a1S)
S J e G SOy
T U  ans0) M0
—u(S° - 8)°
- o ) + o (R§—1)
(I14a5%S (14 a1S+al)
doy ST ( d 1) _ (5042[2 5](1 + alS) i
(1+a1S+a2I) 0 1+O¢1$+(12] (1+0¢150) 0
_u(80 - 5)? .\ P (RE—1) - Sapl?
o (1+O¢1$0)S 1+a1$+a2I 0 1+O¢15+O&2]

P .
- R
+ (1+a150) 0>

where P =0 (@15 4+ 1) I. We end the proof by noting that

P J P

- - -1 R » 1
1+ a5+ asl (RO )+ (1+041SO)R0
P P
<————(Ry— 1)+ ———(Ry— 1).
= (1+a15+a21)( 0o—1) (1+a150)( o= 1)
Thus
dL _ —p ("= 9)"  P((1+a18") +(1+a18+asl)) (Ro—1)
dt = (1+a1898 (I+ 1S+ asl) (1+ a1 59) 0
. (505212
1+a15’+a21'

It is obvious that & < 0 if Ry < 1 for all (S,1) # (5°,0). Also, 2& = 0 if and only
if (S,1I) is at Ey. Hence, the La Salle invariance principle states that the DFE point of

system is globally asymptotically stable.

Theorem 4.4 If Ry > 1, the model at the endemic equilibrium E* is globally
asymptotically stable under the following conditions:

1+ 18" + al* - s*
1) (= -2 ) <o. 11
(14—0&15—&-&2[ )(I S')_O (11)

Proof. We consider the following Lyapunov function:

L(t):S—S*—S*ln;;—&—(I—I*—I*IHII*). (12)

Taking the time derivative of , we have
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Substituting the values of digt) and d;—(tt) into the above equation, and using the equalities
A= ST S*,
1+0415*+0421*+6 +'u
S*I*

- 1+a15* +OéQI*

give

dL('f><15*>

dt S
/BdS*I* * T * /BdSI
;S* T - — 3,51 —
(1+a15*+a21*+ﬂ5 s 14015 + asl pis s
I* BaST
1—-— _ ST — 61
+( I>(1+a15+a21+615 6)
(5 -5 BaS*I* . BaSI
=_ PR A
H S +1+CY15*+O[2[*+BS 14+ 015+ asl
_8.SI— Ba (S*)* I* BT L BaSI
! S(1+ a1 5" + aol*) S 1+ 015+ asl
BdSI BdS*I
S ST —
+6 +1+a15+a21+ﬂ 1+a15*+a21*
* BdSI* * ﬁdS*I* * T
- B3;S* — —————— — 3,51 ST,
pis 14+ 15+ asl fis +1+0615*+0421*+ﬁ5

It follows that
dL (t) S* S S* S
— = 2— — — — ST 2 — — — —
d “( 5 S*>+BS ( S 5*)
S*I* S* S S*I*
" Ba PR Ba
14+ a15* + asl* S S* 14+ a15% + axl*
T(14 18" + asl™) _i_ S(1+ a1 S* + aol™) i
I*(1+a15+a21) I* S*(l—i—alS—i—agI) S*

BaS*I* . S* S
- . -2 ) (1-=
<M+1+0415*+0421*+6151>( S)( S*>

BaS*I* 1+a15’*+a21*_1 E_i
14+ a15% + agI* 14+ 1S + asl ’

I S
S* S
1-—— 1—-— <0
(1-5) (-5) =0
1+ 15" + asl _q L_i <0,
1+(X15—|—O{2[ I S

where strict equality holds when S = S* and I = I'*. Thus, E* is globally asymptotically
stable.

Clearly,

and by ,
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5 Numerical Simulations

In this section, we assess the computational performance of the SIR model . We
employed the Non-standard Finite Difference scheme for the numerical simulations. All
numerical simulations and figure generations were performed in Matlab

5.1 Stability of disease-free equilibrium

In a disease-free equilibrium, the infection is completely absent among the population.
The specific values used for the biological parameters are presented in Table [2] [14].

Parameter Value

A 5

Ba 0.003

Bi 0.00006 (Assumed)
aq 0.002

o 0.001

1 0.05

d 0.06

o 0.002

Table 2: Parameter values.

For these values of parameters, Ry < 1 and Ej exists at (250, 0). This implies that the
disease eventually disappear from the population. As shown in Figure [2] the solutions
of the system with the initial values S(0) = 85 and I(0) = 12 converge towards Ej,
which confirms that that Ej is globally asymptotically stable.

‘Susceptible and infected population (S.)

t i
100 120 140 60 180 200
Time

Figure 2: Dynamical behavior of the susceptible and infected populations.

5.2 Stability of endemic equilibrium

We choose the set of parameters given in Table [3] [6].
We find that Ry > 1 and the condition 2dcr; < pas holds. The numerical solutions,
depicted in Figure |3 show that the susceptible and infected populations, with the initial
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Parameter Value

A 7

Ba 0.003

Bi 0.0000001 (Assumed)
aq 0.002

Q2 0.5

K 0.02

d 0.05

vy 0.002

Table 3: Parameter values.

values S(0) = 250 and I(0) = 45, converge towards an endemic equilibrium point E* =
(277.8749,20.0348). This indicates that E* is globally asymptotically stable.
Furthermore, in Figure [} we utilize the parameters from Table [f] to demonstrate
that E* = (5.2041,3.5738) is globally asymptotically stable. This implies that, for the
given parameter set, the trajectories of both S and I will converge towards the same
steady-state value of E* regardless of the initial values assigned to S and I.

Parameter Value

A
Ba
Bi
aq
Q2
o
d

~

1.97

0.05

0.01 (Assumed)
0.001

0.1

0.2

0.03

0.03

Table 4: Parameter values.

100

Susceptible and infected population (S.)

Figure 3: Dynamical behavior of the susceptible and infected populations.
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wof

° 1 1 1 1 1

Figure 4: Global stability of the endemic equilibrium point.

6 Conclusion

This study developed a SIR model incorporating both direct and indirect transmission
pathways to investigate the dynamics of COVID-19. By utilizing a Beddington-DeAngelis
infection rate and a bilinear incidence term, the model captured the intricate complexities
of disease spread. The model’s well-posedness was confirmed through the identification of
a positively invariant region. A rigorous analysis of the DFE Ej and endemic equilibrium
E* is conducted. The basic reproduction number Ry is decomposed into its direct RJ
and indirect R components, reflecting the dual transmission mechanisms. Our findings
demonstrate that Ej is both locally and globally asymptotically stable when Ry < 1,
indicating disease eradication. Conversely, for Ry > 1, FEy becomes unstable, giving rise
to E*. The local and global stability of E* is investigated under specific conditions.

The findings underscore that to effectively eradicate the disease (Ryp < 1), a compre-
hensive approach is needed targeting both R4 and Rj. Reducing Rg through measures
such as mask-wearing, social distancing, and improved ventilation, in conjunction with
decreasing RY via hand hygiene and surface disinfection, is crucial. By quantifying the
relative contributions of these transmission modes to the overall Ry, policymakers can
optimize resource allocation and implement targeted control strategies. For instance,
environments with high levels of indirect transmission (e.g., hospitals, nursing homes)
necessitate enhanced cleaning protocols and personal protective equipment to reduce
disease spread.

This study provides a basic framework for understanding COVID-19 transmission dy-
namics. Future investigations should incorporate additional factors such as age structure
and vaccination to refine the model’s predictive accuracy. By combining these insights
with real-world data, we can develop more effective public health measures to protect
communities from subsequent outbreaks.
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