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1 Introduction

In modern control theory, great attention is paid to descriptor (differential-algebraic)
systems, which are used in modeling the motion of objects in mechanics, robotics, energy,
electrical engineering, economics, etc. (see, e.g., [IH5]). Equations of motion, inputs
and outputs of controlled objects may contain uncertain elements (parameters, external
disturbances, measurement inaccuracies, etc.) that necessitate solving the problems of
robust stabilization and minimize the impact of bounded disturbances on the quality of
transient processes (Ho, optimization).

A typical performance measure in the H,, optimization problem for systems with zero
initial state is a damping level of external (exogenous) disturbances, which corresponds
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to the maximum value of the ratio for Ly-norms of controlled output and disturbances.
For a class of the linear descriptor systems

Ei = Ax+ Bw, z=Cz+ Duw, (1)

this characteristic coincides with the Ho,-norm of the matrix transfer function

[#lloc = sup Vs (HT (i) H (i), H(\) = C(AE — A) ' B+ D,

where z € R” is the state, z € R” is the controlled output and w € R® represents the
exogenous input (external disturbances), E, A, B, C and D are the constant matrices
with compatible dimensions, Apax () denotes the maximum eigenvalue of a matrix.

In practice, it is advisable to apply generalized performance measures of the form [6,[7]

Jo=  sup I2llq L J= sw l2llg . @)
o< wlp<oo I[P {w,z0}EW \/\|w||2p + 2§ Xoxo

Here, ||2]|@ and ||w||p are the weighted Lo-norms of z and w, respectively,

Izllq = W, wlp = W
0 0

W is a set of admissible pairs {w,zo} of the system such that 0 < ||w||% 4z Xozo < 00,
P=P">0,Q=Q" >0and Xg = ETHE are the weight matrices, H = H' > 0 and
the initial vector xg = z(0_) (see also [8,/9]). It is obvious that Jo < J. If P = I and
Q = Ij, then Jy = ||H||co. The value of J characterizes the weighted damping level of
external disturbances, as well as initial disturbances caused by the nonzero initial vector.

Well-known H, control design methods are based on the statements of the Bounded
Real Lemma type [10H12], which represent necessary and sufficient conditions for achiev-
ing the upper estimates of the performance measures used. These statements are formu-
lated in terms of quadratic matrix equations and linear matrix inequalities (LMIs). For
a class of linear descriptor systems, similar statements were established in [13H16]. For
the available H, optimization methods for such systems, see, e.g., [3}/5(7}/13}/15.(17].

This paper proposes new methods for solving the generalized H,, control problem
for linear descriptor systems with performance measures of the form based on a
nonsingular transformation of such systems into ordinary ones and the application of well-
known methods for synthesis of static and dynamic controllers. As a result, in a number of
cases, the corresponding control synthesis algorithms are based on LMIs solving without
additional rank constraints. In particular, the order of the desired dynamic controller
in such synthesis algorithms does not exceed the rank of the coefficient matrix at the
state derivative in the original system. Also, a distinctive feature of the obtained results
compared to known results is the application of weighted performance measures, which
provide new opportunities for achieving the desired characteristics of descriptor control
systems. By using weight coefficients in these performance criteria, we can establish
priorities between the components of controlled output and the unknown disturbances
in the control system.

Note that quite effective computer tools have been created for solving LMlIs, for
example, the LMI Toolbox of MATLAB software [1§]. The LMIRank and YALMIP
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tools with MATLAB [1920] as well as the Solve Block in Mathcad Prime software [21]
can be used to solve LMIs with rank constraints.

Notations: I, is the identity n xn matrix; 0, x., is the zero n xm matrix; X = XT>0
(> 0) is a positive (nonnegative) definite symmetric matrix; o(A) is the spectrum of A4;
A~Y(AT) is the inverse (pseudo-inverse) of A; Ker A is the kernel of A; Wy is the right
null matrix of A € R™*" that is, AW, = 0, Wa € R rank W, = n — r, where
r=rank A <n (W4 =0if r = n); ||w||p is the weighted Lg-norm of a vector function
w(t); C~ is the open half-plane Re\ < 0.

2 Definitions and Auxiliary Statements

Consider the descriptor system with rank £ = r < n and the performance measures
. The system is said to be admissible if the pair of matrices {E, A} is regular, stable
and impulse-free [1], i.e., det F(A) £ 0 (A € C), o(F) C C~ and deg{det F(\)} = r,
respectively. Here, o(F) is the finite spectrum of the matrix pencil F(\) = A— AE. The
system is called internally stable if it is stable without disturbances (w = 0).

The pair of matrices {F, A} is regular if and only if there exist nonsingular matrices L
and R that transform it to the canonical Weierstrass form [22]. System (1)) is impulse-free
if and only if |2]

E 0

rank [ A E

]:n+n (3)

Let £ = E; E;— be the skeletal decomposition of E, where E1, F; € R™*" are matrices
of full rank . Denote the corresponding orthogonal complements by Ei-, By € R™* (n=r)
such that E/ E- =0 and det | B; Ei- | #0,i=1,2.

Define a nonsingular transformation of system by

I, 0

LER—{ 0 0

. A A . 5 T n—r
],LAR—{A; Aﬂ,x—R{é},gleR,&eR ;@)

where

Ef - -
I - - o e

R=[Ef" Ey"" ], B =(B E)'E, By =(E E) B’
Ay =EFAEST, Ay =EFAEyT", Ay =FE{TAEST, Ay=E{TAE;TT.
Note that

2

L7'=[E E{], Rl_[E,jT

]7 &1 =Eyx, & =Fy a

It is easy to establish that is equivalent to the inequality det A4 # 0, i.e.,
det (Ef- TAEy) # 0. (5)

Eliminating the variable & = — Ay ' (43¢; + Bow) under the condition (5, based on the
transformation , we obtain the ordinary system

& = Ag + Bw, z=C& + Dw, &/(0) = &, (6)
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where
A=A; — AyA[ A3, B= By — AyA;'By, C =Cy — CyA; A3, D=D — C,A; ' By,

By

LB:[B2

}, CR=[C ).

The spectrum of matrix A coincides with o(F) and the performance measures Jo and
J of impulse-free system do not depend on & and are determined by system (@ since

I, —Ax ALt I, 0 A=) 0O
{ 0 I }LF(A)R{ —A7'As I, ] - { 0 Ay } ’

xd Xowo = [ &y &3 ]RTETLTLlTHLlLER[ 22 } = ¢ HE o,

where H = E| HE;. Therefore, applying Lemma 4.1 from [23| to system @, we have
the following statement.

Lemma 2.1 System is admissible with Jo < v if and only if holds and there
exists a matric X = X T > 0 such that

- [ ATX+XA+CTQC XB+CTQD
*X)=| " Bpx+pQc’ Db-2P | <" @)
The system is admissible with J < v if and only if holds and the LMIs (7)) and
0< X <~*H (8)

are feasible.

Lemma can be used to calculate the characteristics Jy and J of system based
on solving the corresponding optimization problems. At the same time, the restrictions
in these problems are used exclusively in terms of LMIs:

Jo=inf{y: ®(X) <0, X >0}, J=inf{y: ®(X)<0,0<X <~*H}.

For the worst-case perturbation vector w(t) with respect to Jyp, in , the supremum
is reached, i.e., [|z]¢ = Jollw|[p. If ||2]|3, = J*([lw]% + zg Xowo), then {w(t),zo} is the
worst-case pair with respect to J in system . The methods of finding such vectors in
individual cases are proposed in [8,24}25]. For example, if system is admissible and
there exists a matrix X such that

AJX +XTAg+ XTR X +Qo=0, 0<E'X=X"E<J*X,,

where Ag = A+ BR;7'D'QC, Ry = BR{'B", Qy = C" (Q + QDR{'DTQ)C,
Ry = J*P — DTQD > 0, then the worst-case pair {w(t),zo} with respect to J can be
defined as w = K,z with K, = R;*(BTX + D"QC) and 2 € Ker (FT X — J?X,) [25].

We present another method of finding the worst-case pair {w(t), zo} with respect to
J for impulse-free system (I]) based on the transformation (). Under condition (5]), we
construct the worst-case initial vector in the form

_ 10
To=R — A7 (As5&10 + Bow(0)) |7 ©)
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where {w(t),&10} is the worst-case pair of system @ with respect to J.
According to the Schur complement lemma [10], the condition (7)) is equivalent to the
Riccati matrix inequality

AJ X 4+ XAy + XRoX + Qo <0, (10)

where Ay = A+ BR{'DTQC, Ry = BRI'BT, Qo = CT(Q + QD R{'DTQ)C, Ry =
v2P — DTQD > 0. If the pair {4, B} is controllable, the pair {4, C} is observable, and
Jo < 7, then the corresponding Riccati matrix equation

AgX + XAg+ XRoX + Qo =0 (11)

has the solutions X _ and X, such that o(4y + RoX+) € C*, 0 < X_ < X, and
every solution of inequality belongs to the interval X_ < X < X (see [26}27]).
Moreover, if J < v (J < ) and X satisfies , then X < v2H (X < ~42H). Indeed,
setting v(&;) = & X&; and

w=FK.6, K.=R'(BTX+D7Q0). (12)

we get O + 2" Qz — y*w ' Pw = 0, where ¢ is the derivative of the Lyapunov function v
along the trajectory of system @ Integrating the above equality from zero to infinity
under the condition J < v, we get ||z||g2 — Y w||% = &y X0 < Y2 HE g for any
§10 # 0, otherwise J > v. If J =+, then under conditions and 7 the equality
&0 X &0 = Y2 HE o or its equivalent (X - v2H)&19 = 0 is possible for some &;¢ # 0.
At the same time, |z]|3 = J2(|wl| + £lgHéo), ie., in , the supremum is reached.
Hence, the following statement holds.

Lemma 2.2 Let X > 0 be the stabilizing solution of the Riccali equation with
v = J. Then the structured vector of external disturbances , where &1 is a solution
of the system

& = (A+ BK.,)&, &(0) = &, (13)

and the vector @ with &19 € Ker (X — J2H) present the worst-case pair {w(t), zo} with
respect to J in system . If X > 0 is the stabilizing solution of with v = Jy and
&1 =&1(¢,&10) is a solution of at £19 = 0, then are the worst-case disturbances
with respect to Jy in system .

3 Main Results
Consider a class of linear descriptor control system described by

Ei = Ax 4+ Byw + Bou, x(0-) = xo,
z = Ciz + Dyiw + Digu, (].4)
y = 021‘ —|— Dglw —|— DQQU,

where z € R” is the state, u € R™ is the control input, w € R® represents the exogenous
input, z € R¥ is the controlled output and y € R’ is the measured output. In ,
all matrix coefficients are constant, rank E = r < n and the pair {F, A} is regular and
impulse-free. The components of w(t) can be both external disturbances acting on the
system and errors of the measured output. This vector must be bounded by the weighted



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (4) (2025) 415

norm. The initial perturbations in the system are caused by the unknown initial vector
Zg-

We are interested in the stabilizing control laws that guarantee the internal stability
of the closed-loop system and the desired upper estimates of performance measure
for the system with respect to the controlled output z. Static and dynamic controllers
that minimize the performance measure J are called J-optimal. For the identity weight
matrices P and @, the Jy-optimal control is called H..-optimal. The search for Jp- and
J-optimal controllers can be performed based on achieving the corresponding estimates
Jo < v and J < v for the minimum possible value of ~.

When studying the class of systems , their properties such as C-, R- and I-
controllability, as well as the dual properties C-, R- and I-observability, are used [3,[5].
In particular, for solvability of the generalized H., optimization problems, the triple
{E, A, Bo} must be stabilizable and I-controllable. This is equivalent to the existence of
a matrix K such that the pair {E, A 4+ By K} is stable and impulse-free, i.e., admissible.
The I-controllability of the triple {E, A, Bo} and I-observability of the triple {E, A, Cs}
are equivalent to the corresponding equalities [28]

A
FE
Cs

E 0 0

rank{A E By

E
] =n+r, rank | 0 =n-+r. (15)
0

We apply the equivalent transformation to system . Excluding the variable
&= —AZI (A3§1 + Biaw + ngu) under condition 7 we get the ordinary system
& = A& + Biw + Bou, z=C1& + Dyw + Digu,  y = €y + Dagw + Dagu, (16)

vghere 121 = A1 — A2A1143, Bl = Bll — AQAZlBlz,_ BQ = Bgl — AQAZlBQQ,
Cr=0Cn — Ci2A; ' Az, D1y = D11 — C12A; ' Bia, D13 = D12 — C12A;  Baa,
Cy = Cyy — Oy Ay A3, Doy = Day — CogA; ' Bra, Dag = Doy — Cas Ay ' Boo,

B B
LBl_{Bi;}’ LBQ_[BZ]’ CitR=[Cpy Ciz |, CoR=[Cy Oy |.

Defining the performance measure (2)) for this system, we use the expression :rg Xoxg =
&l HEg, where &19 = £,(0), H = E] HE (see the previous section).

Thus, the Jyp- and J-optimization problems for descriptor system with the
impulse-free pair {E, A} are reduced to the application of well-known methods for solving
similar problems for system .

3.1 Static controller
When using for system the static output-feedback controller
u= Ky, det(l,, — KDy) #0, (17)
the closed-loop system has the form
€1 = A& + Baw,  z=C.& + Do, (18)

vyhere 4* = A + BgKoc_’g, B* = Bl + BgKQDQl, C* = Cl + DngoéQ, D* = Dll +
D12KoDsy and Ko = (I,, — KD) 'K. The controller will also be used for the
original system .
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Applying the Schur complement lemma [10], we rewrite the inequality in Lemma
for system as the LMI with respect to Kj:

AlX + XA, XB., O]
B X —?P D] | =LjKoRy+RyK, Ly+Q<0, (19)
C. D, -Q!

where Ry = [ Cy Do Oixg }’ Lo = [ By X Omxs Diy } and
ATX+XA XB Cf
o=| B/X P D]
Cy D —Q7!
Based on Lemma [2.1] and Theorem 5.1 from [7], we have the following result.

Theorem 3.1 For system , there is a static output-feedback controller such
that the closed-loop system is admissible and J < v if and only if and

ATX+XA+CTQC, XB;+C{QD; }
Wi h _L L e i Wz <0, 20
i [ B X + D/,QC4 D,QDy; — 2P R (20)

AY +YAT + BiP~'B' YC! + ByP D]

il _ _ 145 Dy Ty T D1 11 _
Wi [ C1Y + DuP~'B]  DyP D] -2t | VB0 (21)
_| X L B

W = [vlr v ] >0, rankW =r, (22)

where R = [ Cy Doy ] and L = [ B; DL ], are feasible for some X andY.
The gain matriz of the controller can be found as K = Ko(I; + DQQKO)_l, where Ky
s a solution of .

Note that hold if and only if X = X7 >0,V =Y " > 0 and XY = +2[,. In
what follows, we present the corollaries of Lemma and Theorem for

rankCy =7 <1, Dy =0, Dy =0, (23)
D{,QDy; < ~*P. (24)
Conditions are satisfied if, for example,
rank (CoFy) =7, CyEy =0, Dy =0, Dy =0.

Theorem 3.2 Suppose and hold. The following statements are equivalent:

1) for system , there is a static state-feedback controller , for which the closed-
loop system is admissible and J < ~;

2) there is a matriz Y > H~! that satisfies ;

3) there exist matrices Y > H~' and Z satisfying the LMI

Y2 (AY + YAT"’:BQZ +2Z'By) ~*B; YC[ + Z'D],
B/ —y%P Dj, < 0. (25)
CiY + Di2Z Dy -Q!

When statement 2) holds, the desired gain matric K = Ky of controller in
statement 1) can be found as a solution of with X = 2yt If statement 3) holds,
then this matriz can be defined as a solution of the linear equation KC2Y = Z.
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Proof. Given the conditions , we have y = Cof; = C_'QEQTQ: and [ > r. The

equivalence of statements 1) and 2) follows from Theorem since Wg = [ 0 I ]T
under conditions . In this case, the inequality takes the form and does not
depend on X. The desired matrix in has the form Y = 42X ~!. Therefore, instead
of , we have the equivalent condition Y > H~'. Given , the matrix K of the
controller satisfying statement 1) can be an arbitrary solution Ky of the LMI .

The equivalence of statements 1) and 3) follows from Lemma for the closed-loop
system , where Ky = K. At the same time, the inequality in statement 3) arises
as a result of multiplying the first block row on the left-hand side and the first block
column on the right-hand side of by Y =~+2X !, taking into account and the
notation Z = KCoY. The last correlation can be solved with respect to K:

K= Z(CQY)_l, B l= r,
T ZYTICF +TCsT, 1>

where T is an arbitrary m x (I — r) matrix. O

Remark 3.1 Consider the case when the pair {F, A} in system is not impulse-
free, but there exists a matrix K; € R™*! such that

det (I, — K1Da3) # 0, det [Ef"" (A + BaK10Co)E5 | # 0, (26)

where K19 = K11K; and Ky; = (I, — K1 D)™ '. It can be established that under
conditions , the rank relations are satisfied, i.e., the system is I-controllable and
I-observable.

Under the above assumptions, instead of , we use the controller v = Ky + v,
where v is a new control in the system

Ei = Az + Elw + Egv, z= C~'1:1c + 51110 + 512117 y = @x + ﬁglw + .522’0. (27)
Here, under condition , the pair {F, Z} is impulse-free and
A=A+ ByKoCa, By =B+ ByK1gDy1, By = ByKiy,
Cy, = Cy + D13K19Cy, Dyy = Dyy + D1sK19Dg1, Dia = DioKyy,
Co = Cy + DyaK19Cy, Dy = Doy + DosK19Da1,  Dag = Dyy K.
We perform an equivalent transformation of system based on the relations

I, 0
0 0

Ay Ay

Az Ay

By
12

) Lél = ) Lé? = §21 )
Boo

LER:{ } LAR =

5132[511 512}7 52R:{621 622i|a
JUZR[& ]» & =Ejz, §2=—g21(113§1+§12w+§220)7

where L and R are nonsingular matrices defined in . Then we can formulate analogues
of Theorems [3.1] and [3.2] using the static controller v = Ky for the ordinary system

€1 = A + Biw + By, 2z =C1& + Dyjw + Digv, y = oy + Dayw + Dagv, (28)
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where
A=A - 1121121113, By =By - 112114_1312, By = By — 112114_1[322,
Cy =Cn — Ci2A;' A3, Dyy = Dyy — C12A['Bia, Diz = Dip — C12A; " Ba,
Cy = 521 - 6'22;14_1/13, Dy = 521 - 5221121512, Dyy = 1522 - 522/121522-
As a result, the original system with the control
u= (K1Co + K11KoC2E) )z + (K19Da1 + K11 Ko Doy )w

takes the form
Ei = Apx + Bow, 2z = Cox + Dow, (29)

where Kg = (Im — KDQQ)ilK, det(Im — KDQQ) # 0,
Ag=A+ By (KIOCQ + KllKOCQE;)a By = By + B (K10D21 + K11K0D21)7

Co = C1 + D12 (K100 + K11 KoCoEy ), Do = Di1 + Dia(K19Da1 + K11 Ko Da1).

3.2 Dynamic controller
When using for system the dynamic controller of the order p

n=2Zn+Vy, u=Un+ Ky, n(0)=0, (30)
the closed-loop system in an extended phase space R"? has the form

~

z=A7+4Buw, z=0C,7+Dww, #(0)=7, (31)

A, = A+ ByKCy, B. = By + ByKoDsy, C.. = Cy + D12KoCs, D, = D1y + D1aKoDay,

-~ 61] = [ A Opx ] [ ] [ By 0, ]
_ . A= P _ an
v |: n Opxr Opxp p><s 0p><m Ip
o L [ 6 0 ~ _ ~ D
Ci=[ G kap]702:|:02 lIXpme:[Dlz 016><p]7D21:|:021:|7
pXT p XS
]’(\, o KQ UO o (Im 7KD22)71K ‘ (Im 7KD22)71U
| Vo Zo | | V(i - DnK) ' | Z+VDy(l, — KDy) U

We define a performance measure J for system of the form with the weight
matrices P, @ and Xy, where X is some block (r + p) x (r + p) matrix, whose first
diagonal block is H. The value of J coincides with J since 1(0) = 0.

Lemma 3.1 [23]. Given positive definite matrices X, Y € R"™™" and a numbery > 0,
there are matrices X1 € RP*", Xo € RP*P, Y] € RP*" and Yo € RP*P such that

s [ x X[ s [y v SS9
X{Xl X2}>O, Y[Yl Y, >0, XY =+"14p (32)
if and only if

X Al

W:{ﬂr Y

] >0, rankW <r+p. (33)
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Theorem 3.3 For system , there is a dynamic controller (30) of order p < r,
such that a closed-loop system is admissible and J < ~ if and only if (8]), , and
are feasible with respect to X andY . The matrices of such controller can be defined
as

[ K U

vV Z ] = (Im+p+f(oﬁ22)71f(0, Doy = { D22 Oip ], (34)

0p><m OPXP

where IA(O s a solution of the LMI

LTKeR+RTKJL+Q <0, (35)

R = |: CV2 EQI 0(l+p)><k :|a L= |: E;X 0(m+p)><s ﬁ;—Q :| y

ATX+XA XB, Cf

o-| BIE P D
Cy Dy -Q7!

The block matriz X in 1' 1s formed on the basis of Lemma according to , where
X and'Y satisfy , (120), and .

Taking into account the structure of matrices in (31]), the system with a dynamic
controller can be represented as a system in the space R™P with a static controller:

£:2E+§1w+§2ﬂ, Z:éli‘\+ﬁ11w+ﬁlga, @\16256\4*32110,

~ &1 ~ Yy — Dasu ~ u ~
T R Rt B Y B
Therefore, Theorem can be proved as a corollary of Theorem and Lemma 3.1

Note that Theorems and without using the constraint X < v2H, give the
existence criteria and methods for constructing stabilizing controllers that provide the
estimate Jy < -y for the corresponding closed-loop systems. In the case p = 0, Theorem
yields a criterion for the existence of a static controller with the properties
specified in Theorem [3.I] The construction of dynamic controllers of the order p = r
satisfying Theorem reduces to the solution of the LMI system without additional
constraints. In this case, the rank constraint in holds automatically.

We present the following algorithm for constructing a dynamic controller , which
satisfies Theorem

Algorithm 3.1
1) Calculating the transforming matrices and coefficient matrices of system ;
2) calculating Wy and Wi, where R=[ Co Dsyy |,L=[ B, Dj, |;
3) finding matrices X and Y that satisfy , , (21) and ;
4) constructing the decomposition A = Y — 42Xt = §TS > 0, where S € RP*",
ker S = ker A, and forming the block matrix

)?_{X bl

1 1 .
X ] >0, Xi= o SX, Xp= 58X+

v

5) solving the LMI with respect to K taking into account det(I,, + KoDas) # 0;
6) calculating the controller matrices according to (34).
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Remark 3.2 Algorithm can be implemented, e.g., by means of the MATLAB
software. If A = 0 in step 4) of the algorithm, i.e., rank W = r, then solving the LMI
, we obtain the gain matrix of static controller , which satisfies Theorem 3.1

Remark 3.3 If the pair {E, A} in system is not impulse-free, but there is a
matrix K; € R™*! satisfying , then we set v = Ky + v, where v is a new control
generated by

n=27Zn+Vy, v=Un+ Ky, n(0)=0,

which solves the problem for the ordinary system formed on the basis of equivalent
transformation of system (see the previous subsection). As a result, the closed-loop
descriptor system in the extended phase space has the form

EZ = Ay + Bow, z=CoZ + Dow, %(0) = o, (36)
where
A MR
i A+ By(K10C2+K11G1)  B2K11Ga ] B [ By + Ba(K19D21+K11G3)
V(CoEy +DgGy)  Z+VDypGy |77 V(D21 + D22Gs3) ’

Co = [ C1 4 D12(K10C2+K11G1)  D12K11Gs |, Dy = D11 + Dia(K19Da1 + K11Gs),
G1 = KoCyE, , Gy = (I, — KDo) U, G3= KgDay, Ko= (I, — KDs) 'K.

4 Example

Consider an electric circuit control system of the form described in , where [29]

L 0 0 ~R; -1 1 0
E=|0 C 0|, A=| 0 —1/Ry, 0|, Bi=By,=| 1 |,
0 0 0 1 0 0 1

0 1 0 0
01202:[0 0 1}, D12:[1]; D11 = Doy = Doy = 0gx1,

T = [ 1 v U1 ]T, z = [ v vi+tu ]T, y = [ vy U1 ]T, L = 3 is the inductance,
C = 2 is the capacitance, Ry = 2 and Ry = 1 are the resistances, i is the current, v; and
v are the voltages, u is the control signal of a current source with bounded disturbance
w (see Fig. . In this system, the pair {E, A} is not impulse-free, the triples {E, A, B}
and {E, A, Cy} are I-controllable and I-observable, respectively.

Figure 1: The electrical circuit.
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We choose K3

421
0 1 ] satisfying 1i and the weight matrices for performance
with v = 1,03624, we find the controller

measures : P=1,Q=1,, Xo=E"HE, H = 3I5. Using Theorem for system

v=Ky, K=1/022439 -17.998625 |,

such that the closed-loop system is admissible and J = 0.94402 < 7. At the same time,
the finite spectrum of the system coincides with o(A) = { —0.59314 £0.39471 i {, where
A is a system matrix of . Applying Lemma for closed-loop system (29)), the
worst-case pair {w, zo} with respect to J is found as follows:

w = K*gl,

K. =] —26.31483 —4.74882 |,

(37)
mo=[ —0.32886 0.08162 1.50212 | (38)
\‘ =
|
\
11
i
1
\
0,5 \
\
\\~
\~\
0 - Sy
-0,5° ' ' :
0 1 2 3

Figure 2: Behavior of a closed-loop system.

Figure 3: The worst-case perturbation
with respect to J.

Fig[2] shows the behavior of the solution of the closed-loop system under the worst-
case conditions and , and Fig shows the behavior of the worst-case disturbance
7).

Next, applying Algorithm the matrices of the approximate J-optimal dynamic
controller of the order p = 2 are found for system as follows:

0.00014 | —0.00063  0.00259
—0.10392  0.09342 | —0.01008

—0.77037
for which the closed-loop system is admissible with the finite spectrum

)

{ —0.72210 + 0.305764, —0.77143, —0.00067}

and has the minimum value of the performance measure J = 0.28356.
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5 Conclusion

Constructive methods for evaluating and achieving the desired damping level of external
and initial disturbances in descriptor control systems have been developed. The practical
implementation of these methods is based on the equivalent transformation of descriptor
systems and application of well-known methods of H., control theory for ordinary lower-
order systems. Thus, the existence conditions and algorithms for constructing a dynamic
controller of the order p = rank E, for which the closed-loop system is admissible with
weighted performance measures Jy < v or J < 7, reduce to solving LMIs without
additional rank constraints. In the case, when the original descriptor system is not
impulse-free, it is proposed to search for an additional control that provides the specified
property of this system. The equivalent transformation of the descriptor system to the
ordinary one was also applied to find the worst-case external and initial disturbances with
respect to the weighted performance measures. Studying the behavior of a closed-loop
system under such worst-case conditions can be important in the design and testing of
real controlled objects.

Acknowledgment

This work was supported by a grant from the Simons Foundation (SFI-PD-Ukraine-
00014586, A.G.M.).

References

[1] L. Dai. Singular Control Systems. Springer, New York, 1989.

[2] Guang-Ren Duan. Analysis and Design of Descriptor Linear Systems. Springer, New York
etc., 2010.

[3] Yu Feng and Mohamed Yagoubi. Robust Control of Linear Descriptor Systems. Springer
Nature Singapore Pte Ltd., 2017.

[4] S. Campbell, A. Ilchmann, V. Mehrmann and T. Reis (Eds.). Applications of Differential-
Algebraic Equations: Examples and Benchmarks. Differential-Algebraic Equations Forum,
Springer Nature, Switzerland AG, 2019.

[5] A.A. Belov and A.P. Kurdyukov. Descriptor Systems and Control Problems. Fizmatlit,
Moscow, 2015. [Russian]

[6] A.G. Mazko. Robust Stability and Stabilization of Dynamic Systems. Methods of Matriz and
Cone Inequalities. Proc. of the Institute of Mathematics, National Academy of Sciences of
Ukrain, Vol. 102, 2016. [Russian]

[7] A.G. Mazko. Matriz Methods for the Analysis and Synthesis of Dynamical Systems. Kyiv,
Naukova Dumka, 2023. https://doi.org/10.37863/6103136622-55. [Ukrainian]|

[8] D.V. Balandyn and M. M. Kogan. Generalized Ho, optimal control as a trade-off between
the Hoo optimal and ~-optimal controls. Automation and Remote Control 71 (6) (2010)
993-1010. https://doi.org/10.1134/S0005117910060020.

[9] Z. Feng, J. Lam, S. Xu and S. Zhou. He control with transients for singular systems. Asian
Journal of Control 18 (3) (2016) 817—827.

[10] S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishman. Linear Matriz Inequalities in System
and Control Theory. STAM Stud. Appl. Math., 15, 1994.

[11] P. Gahinet and P. Apkarian. A linear matrix inequality approach to He control. Intern.
J. of Robust and Nonlinear Control 4 (1994) 421 —448.



[12]
[13]

[14]

[15]

[16]

[17]
18]
[19]

[20]

21]

22]
23]

[24]

[25]

[26]
[27]
[28]

[29]

NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (4) (2025) 423

S. Xu, J. Lam and Y. Zou. New versions of bounded real lemmas for continuous and discrete
uncertain systems. Circuits, Systems and Signal Process 26 (2007) 829—838.

M. Chadli, P. Shi, Z. Feng and J. Lam. New bounded real lemma formulation and H
control for continuous-time descriptor systems. Asian J. Control 20 (1) (2018) 1-7.

F. Gao, W. Q. Liu, V. Sreeram and K. L. Teo. Bounded real lemma for descriptor systems
and its application. In: IFAC 14th Triennial World Congress. Beijing, P.R., China, 1999,
1631 -1636.

I. Masubushi, Y. Kamitane, A. Ohara and N. Suda. H., Control for descriptor systems: a
matrix inequalities approach. Automatica 33 (4) (1997) 669 —673.

A.G. Mazko. Evaluation of the weighted level of damping of bounded disturbances
in descriptor systems. Ukrainian Mathematical Journal 70 (11) (2019) 1777-1790,
https://doi.org/10.1007/s11253-019-01606-x.

Masaki Inoue, Teruyo Wada, Masao Ikeda and Eiho Uezato. Robust state-space Hs con-
troller design for descriptor systems. Automatica 59 (2015) 164—170.

P. Gahinet, A. Nemirovski, A.J. Laub and M. Chilali. The LMI Control Toolboxz. For Use
with Matlab. User’s Guide. Natick, MA, The MathWorks, Inc., 1995.

R. Orsi, U. Helmke and J.B. Moore. A Newton-like method for solving rank constrained
linear matrix inequalities. Automatica 42 (11) (2006) 1875—1882.

J. Lofberg. YALMIP: A toolbox for modeling and optimization in MATLAB. In: IEEE
International Symposium on Computer Aided Control Systems Design. Taipei, Taiwan,
2004, 284-289.

Yu. E. Voskoboynikov and A.F. Zadorozhny. Basic Computing and Programming in the
MathCAD PRIME Package: Teaching Manual. St. Petersburg, “Lan” Publishing House,
2016.

F.R. Gantmacher. Matriz Theory. Moscow, Nauka, 1988. [Russian]

A.G. Mazko. Robust output feedback stabilization and optimization of control systems.
Nonlinear Dynamics and Systems Theory 17 (1) (2017) 42-59.

A.G. Mazko and S.M. Kusii. Weighted damping of limited disturbances in the aircraft
control system in landing mode. Proc. of the Institute of Mathematics, Ukrainian National
Academy of Sciences 15 (1) (2018) 88—99. [Ukrainian]

A.G. Mazko and T.O. Kotov. Robust stabilization and weighted damping of bounded
disturbances in descriptor control systems. Ukrainian Mathematical Journal 71 (10) (2020)
1572-1589, DOI 10.1007/s11253-020-01732-x.

K. Zhou, J. C. Doyle and K. Glover. Robust and Optimal Control. Englewood, Prentice-Hall,
Inc., 1996.

G.E. Dullerud and F.G. Paganini. A Course in Robust Control Theory. A Convexr Ap-
proach. Berlin, Springer-Verlag, 2000.

D. Cobb. Controllability, observability and duality in singular systems. IEFE Transactions
on Automatic Control 29 (1984) 1076 —1082.

K. Takaba. Robust H? control of descriptor system with time-varying uncertainty. Intern.
J. of Robust and Nonlinear Control 71 (4) (1998) 559—579.



	Introduction
	Definitions and Auxiliary Statements
	Main Results
	Static controller
	Dynamic controller

	Example
	Conclusion

