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Abstract: Over the years, partial reaction-diffusion systems have attracted the at-
tention of numerous researchers due to their application in various fields such as, for
example, population dynamics, the dynamics of gas, dynamic systems, fusion process,
certain biological models, etc. The aim of this work is to prove the global existence of
a solution for an arbitrary-order fractional reaction-diffusion system. The inspiration
for this study arises from the research conducted recently by Barrouk and Mesbahi |2].
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1 Introduction

In recent years, fractional differential equations have garnered significant attention from
researchers because of their extensive applications across various scientific, technological,
and medical fields, we can find important applications, for example, in finance [15],
mechanics [14], biomedicine 9], pattern formation [8], we find numerous real applications
in biology, medicine and ecology, see the works of Djemai and Mesbahi [6], Khayar, Brouri
and Ouzahra [12] and corresponding references therein, etc.
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Our particular objective in this type of anomalous diffusion problems is to study the
following fractional reaction-diffusion system:

% - d1 (—A)al 191 = fl (t, .Z‘,’lg, Vﬁ) in Rt x Q,

0 . :

- Ao (—=A)™ 0y = fn (t,2,9,V0)  in RT x Q, (1)
6812;:0 or ¥; =0, forall 1<i<m onRt x990,

9 (0,.) =0, (1) forall 1<i<m in Q,

where ¥ = (%1,...,9m), VO = (V,..., V), m > 2, Q is a bounded and regular
domain of RY with boundary 9Q, N > 2, ¥; = 9, (t,z), 1 <i < m for (t,z) € Qr =
(0,T) x Q and f; are real functions, the presence of the non local operator (—A)*,
0 < a; <1forall 1 <i<m, which accounts for the anomalous diffusion |11},/16], means
that the sub-populations face some obstacles that slow their movement, and the constants
of diffusion d; are assumed to be nonnegative, f; : (0,7) x  x R™ x R™N — R™ are
enough regular, ¥;, are nonnegative functions in L! (Q), for all 1 <i < m.

The local existence in time of the solution ¥; is classical. The positivity of the solution
stems from the positivity of ¥;,, which are assumed to be continuous, for all 1 <7 < m.

Several mathematical researchers have investigated the system derived from by
substituting the abnormal diffusion operator with the standard Laplacian operator (—A),
employing various methods and techniques. Notable studies include those by Barrouk
and Mesbahi 2], Barrouk and Abdelmalek |1}, Moumeni and Dehimi |17], and Moumeni
and Mebarki [18].

Note that over the past years, very important works have appeared in fractional
reaction-diffusion equations. We mention the following.

The work of Hnaien et al. [10], is devoted to the study of the fractional systems:
an abnormal diffusion system describing the propagation of an epidemic in a confined
population of the SIR type, the fractional temporal Brusselator system and a reaction-
diffusion system, temporal fractional with an equilibrium law. This study is based on
Banach’s fixed point theorem, semigroup estimates and Sobolev’s integration theorem.

In [3], Besteiro and Rial studied the initial value problem for finite dimensional frac-
tional non-autonomous reaction-diffusion equations. They proved the global existence
and the asymptotic behavior of solutions by applying the general time splitting method
and the technique of invariant regions.

We emphasize that there are many other references that approach this subject in
various analytical and numerical ways.

This paper is organized as follows. In the next section, we provide some results
necessary to understand the content of this work. In the next three sections, we give
some results concerning the approximate problem. In Section 6, we state our main result
and also present its proof in detail. The penultimate section is devoted to an application
of the obtained result. Finally, we close with a conclusion.
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2 Important Results

2.1 Hypotheses

To study problem , we assume that the functions f; : (0,7) x Q x R™ x R™N — R,
1 < i < m, satisfy the following simple assumptions, which allow them to be chosen from
a wide range.

(A1) We preserve for all time the nonnegativity of the solutions, so we assume that f;
are quasipositive for all 1 <7 < m.

(A2) There exists C' > 0 independent of ¥4, ..., 9, such that

fi(t,2,0,V0) < C> 0, V9; 20, 1 <i < m. (2)
i=1

(A3) The functions f; : (0,7)x QxR™xR™Y — R are measurable and f; : R™ x R™V —
R are locally Lipschitz continuous for all 1 <7 < m.

2.2 Preliminaries
To prove the main result, we need the following results.

Theorem 2.1 Let 2 be an open bounded domain in RY. The following system

(—A) Y o = X\op  in Q,
42

an =0 on 09,
where
«@ 2 819 «@
D((-A)7) =9 € L7 (Q), 877:07 [(=2)" 2y < +o0 ¢,
I(=A 19||L2(Q Zp‘k (0, 0r)|”
has a countable sequence of eigenvalues Ay < Ao < ... < A < ... and A\, — 00 as

k — o0, and ¢y are the corresponding eigenvectors for all k > 1.
So, for ¥ € D ((—A)?), we have

“+o0
—A)" 0 =AY, 08) @x
k=1

Also, we have the formula of integration by parts as follows:

/919 (z) (=AY (z) dx = / 9 () (~A)* I (x) dx, for 9,9 € D((—A)").  (3)

Q

Proof. See Hnaien et al. |10] and corresponding references therein.
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Lemma 2.1 ( [13]) Let 0 € C§° (Qr), 0 > 0, then there exists a nonnegative func-
tion ® € CY2? (Qr) being the solution of the system

—®, —dADP =6 inQr,
O (t,z)=0 on Y,
O (T,z)=0 in Q,

where L = (0,T) x 99, for all g € (1,00), there exists C > 0, not dependent on 6, such
that

”(I)HL"/(QT) <C ||0||L‘1(QT) ’
And for all 99 € L' () and h € L' (Qr), we obtain the equalities

/ (S (t) 9o (z)) Odxdt = /9190 (z) ®(0,z)dx (4)

and

/Q h(s,z,9(s),VI(s)) P (s,z) dzds. (5)

Proof. To prove this Lemma, see Bonafede and Schmitt [4).

3 Local Existence of the Solution

We will transform the system to an abstract system of first order in the Banach space
X = (L*(Q))™. For this, we define the functions ¥, for all n > 0 and 1 < i < m, by

192) = min {ﬂio ’ n} .
Obviously, 19?0 satisfies
97 € L' (Q) and 97 >0 forall 1 <i < m.

Now, consider the problem

ag;" —di (=) 1, = fi(t, 2,00, VI,) in Qr,
82’;" — Ay (=) D, = i (82,0, VI,)  in Qr, (6)
%:Oorﬁinz(),lgigm in X7,
Vi, (0,2) =07 (£) >0, 1<i<m in Q.
Hence, if (91, ,...,Ym, ) is a solution of @, then it satisfies the following integral equa-
tion: .
¥y, (t) = Si (1) V7, +/0 Si (t—38) fi (8,.,9, (s), VU, (5)) ds, (7)

62

where S; (t) is the semigroup which is generated by the operator d; (—A)™, 1 <i < m.
(See Pazy [19]).
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Theorem 3.1 There exists Tay > 0 and (V1,,, ..., 9m, ) being a local solution of (@
for allt € [0,Tn].

Proof. Note that S; (t) are contraction semigroups and F' is locally Lipschitz, 0 <
97 < n, which ensures the existence of Tps > 0 such that (¢, , ¥m,, ) becomes a local
solutlon of @ on [0, Th].

e

Theorem 3.2 Let 9}, € L' (Q), then there exist a mazimal time Tmax > 0 and a
unique solution (V1,,,...,9m,) € (C ([0, Tmax), L' (2)))™ of the system (@), with the
alternative:

- either Tyax = +00,

- 01 Tinax < +00 and . lim (30, 19, (0)]) = +oo.

—Tmax

Proof. For T > 0, we define the following Banach space:

Er _{(191 oy, ) € ( (10, Tonax) , L* ()™,
101, O ) < 2| (97, -, 00 ) || = R},

where [|.[|, := [[-[| (o) and ||.][ is the norm of Er defined by

(01, Om, )l = Z 94,1l oo (f0,77, 0 () -

Next, for every (V1,,...,9m,) € Er, we define
\IJ (191", e 719m”) = (\Ill (191n, e ,ng") gee ey \I/m (191”, e 71977%)) ,

where for ¢t € [0,7] and 1 <14 < m,

t
\Ili (191717 s 7’l9mn) = Si (t) 19;; + / Sl (t - 8) fz (87 '719717 Vﬁn) ds.
0

Using the Banach fixed point theorem, we will demonstrate the local existence.
e U: FEp — Ep. Let (¢1,,...,9m,) € Er, we obtain, by the maximum principle,

”\II (191”7" ﬁmn oo — H H + CZ ||Q9’Ln
So, we have
1 @1 O ) < D |07 ) +mC D 195,10 T
i=1 i=1
< 22 H19i0||oo , by choosing T such that T' < ok

Then ¥ (¥1,,...,0m,) € Ep for T < 51
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U is a contraction mapping for (¢4, ,...,%m, ), (151”, ... 719m") € Er, we have

H\pl (D1, O, ) — 0 (éln, o ,ﬁmn)

HOO

A [ R o |
LT (i ‘ 95 — i oo) :

=1

IA

IA

Similarly, we obtain, for 2 < k < m,

9 9

H\I/k(mn,...,ﬁmn)f\pk(éln,...,&mn)H gLT(Z‘ — )

in in

These estimates imply that

9 @) =0 ()
< mLT (i‘ OO) ’
=1

< %“(191n,..-,?9mn) - (%’---’@mn)H

Vs, — U,

n

for T' < max (ﬁ, ﬁ)

Consequently, according to the Banach fixed point theorem, the problem @ has a
unique mild solution (¢1,,...,%m, ) € Er.

We can extend the solution on a maximal interval [0, Tiyax) , where

Tax :==sup{T >0, (J1,,...,9,) is a solution to (6) in Er}.

For the global existence, we need the fact that the solutions are positive.

4 Positivity of the Solution
Lemma 4.1 Let (91,,...,9m,) be a solution of the system (@ satisfying
i () >0, Voe

Then
9, (t,x) >0, V(t,z) €[0,T)xQ, 1<i<m.

- )
Proof. Let ¥y, (t,x) = 0in]0,T[x 2, then 0 ;"
then according to the hypothesis (A1), we obtain

= 0, v’l§1n =0and (—A)al 751 = 0,

n

0 = %—dl (~A)" 0y, — fi (2,0, V)
;.

>
- ot

— d1 (—A)al ’l§1" — f1 (t, x,ﬁln, ey ﬂmn’, V’l§1 “ey Vﬁmn)

nl*
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and -
Y1, (0,2) = V7, () >0=174, (0,2).

Therefore, by the comparison theorem ( [5] or [7]), we get 91, (t,z) > 91, (¢,2), where
19171 (t,{E) > 0.
In the same way, we find

O, (t,2) >0 , 2<k<m.

Then 9, (t,z) >0 for all 1 <i <m.

5 Global Existence of the Solution

To show the global existence of the solution of the problem @ for all ¢t > 0, it suffices to
find an estimate of the solution for all t > 0, from the alternative. The following Lemma
shows the existence of an estimate of the solution of @ in L' ().

Lemma 5.1 Consider (Y1,,...,9m,) as the solution of the system (6)), then there
exists M (t), depending only on t, such that for all 0 <t < Ty, we have

> 0, < M(t).
i=1 L1(Q)
From this estimate, we conclude that the solution (¢1,,...,%n, ) given by Theorem

[3:1)is a global solution.
Proof. Adding the equations of system @, we obtain

% > Wi, = > di (=A) 0, =D fi (t @, 00, V) .
1=1 =1

i=1

Taking into account , we get

%imn - Emjdi (—A)" 9, < Cmiﬂin,
=1 i=1

i=1

Let us integrate on €2, so by using the formula of integration by parts

/(—A)a" U, (z) dx =0,
Q
we obtain
a m m
— Y dr < ¥;. dx,
at/Q; na:_C’m/Q; Ldx
SO

/ Zﬁindx < exp {Cmt}/ Zﬁ?odx,
Q=1 Q=1

we have

/ Zﬁindm < exp {Cmt}/ Zﬁiodx.
Q=1 Q=1

and for 97 <4

%09
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If we put
M (t) = exp{Cmt} ||> ¥, :
=1 L(Q)
then
> s, <M(@{t) , 0<t<Ty.
i=1 LY(Q)
The following Lemma ensures the existence of estimate of the solution (J1,,,..., %, ) of

the system (6) in (L' (Qr))"
Lemma 5.2 For any solution (V1,,...,0m,) of (0), there exists a constant K (t)
depending only on t and such that

m

PR

=1

< K(1)
L'(Q)

L)

Proof. We multiply the first equation of by 6 in C§° (Q) with 6 > 0 and we
integrate on @7, by using and , we obtain, for all 1 < i < m,

/ ¥, 0dzdt = /192) ()@ (0,z)dx
T Q

+ fi (¢, 2,9, V,) @ (s, ) dads,
Qr

therefore

/ Zﬂlﬁdxdt = /Zﬁ ®(0,) de +
QT =1

/ Zfz t,a, 00, V) ® (5, ) dads.
Q

T 4=1

According to and as 97 < U;,, we have

/ Zﬁznedxdt < / 21910 @ (0,z)dz + Cm Zﬂln@ s,x) dxds.
Qr =1

Qr =1

Using the Holder inequality, we deduce

/ S oodedt < S 0| 190, e
Qr = i=1 L1(Q)
+Cm 12l Loe ) »
L'(Q)
< 2191-0 +Cm Zﬁin 'H(I)||L°°(Q)
i=1 LY(Q) =1 LY(Q)
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< max{1l,Cm} Z'&ig + Zﬁin '”(I)HLOC(Q)’
i=1 L1(Q) i=1 LY(Q)
< ki (t io + Zﬁin MOl < )
LY(9) i=1 LY(Q)
where k (t) > max {c, ch} .
Since 6 is arbitrary in C§° (Qr) , we get
> s, <k () [ [D]d +1> 0,
i=1 L(Q) i=1 L(Q) i=1 LY(Q)
. _ ki(®)
Taking k (t) = T e find
> 0, <k
i=1 LY(Q) i=1 L1(Q)

6 Main Result

Now, we present the main result of this work, which states that the existence of global
solutions for the system is equivalent to the existence of ¥; for all 1 < i < m, it is
formulated in the following theorem.

Theorem 6.1 Under the hypotheses (A1)-(A3), there exists (V1,...,9m) being a
solution of the following system:

9; € C ([0, +00[, L' () ,
fi (t7l',19, Vﬁ) € Ll (QT) ) (8)
0y (£) = Si (£) i + fiy Si (t = 5) fi (5,0 (s), VI () ds, ¥t >0,

where S; (t) are the semigroups of contractions in L' () generated by d; (—A)*, 1 <
1 <m.

Proof. We define the map L by
t
L: (99, k) — Sa (£) o +/ Sult—5)h (s, 0 (s), V4 (s)) ds,
0

where Sy (t) is the contraction semigroup generated by the operator fd(fA)é. Ac-
cording to the compactness of the application L of (L' (QT))m in L' (Qr) (see [1,2]),

there is a subsequence (1931 yer ,192””) of (91,,...,9m,) and ¥; of (L' (Qr))™ such that

(19{ e, 09) ) converges towards (191, ey Um)
Let us now show that (?9]1 R % ) is a solution of (|7 , we have, for all 1 <1i < m,

) t
9 (t,z) = / Sy (t— ) fi (s, 03, V03 ds (9)
0
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It suffices to show that (¢1,...,¥,,) verifies (8). Obviously, if j — 400, we obtain, for
all 1 <14 < m, the limit as follows: _
’l9j — 191'0,
ig

and ‘ '

fi (8,94, V02) = f; (s,.,0,V0). (10)
Thus, to show that (J1,...,9Y,,) verifies , it remains to show that, for all 1 <1i < m,

fi (s,z,ﬂ{l,Vﬁ%) = fi(s,2,9, V)
in L' (Q) when j — +o0.
Make the integration by part of (6)) on Qr by taking (3) into consideration, we obtain

—di/ (—A)* 9! dadt = 0.
T

We have
/ﬁ{ﬂdw—/ﬁ{oda@:/ fi (s,.,0%, V9 dudt,
Q ) Q Qr

from where

—/ fi (5,97, V9) dmdtﬁ/ﬂioda: , 1<i<m. (11)

T Q

We denote

N, =C (Zﬂgn> — fi (8,94, V92) |, 1<i<m.

i=1
It is clear that N; are positive according to , we obtain

/ N;, dzdt < C > 01| dwdt + / 0y, d.
T Qr \ ;=1 Q

Lemma gives fQT N; dxdt < 400, which implies

/ |fi (5,09, V)| dedt < C (Z 19{") dxdt—i—/ N;, dxdt < +oo.
Qr Qr \ ;=1 Qr
Let
hi, :NZH—FC(Zﬁzn) , 1< <m,
i=1
h;, are in L' (Q) and positive. Furthermore,

‘fi (s, .,ﬁ%,Vﬂ%ﬂ <h;, ae 1<i<m.

Combining this result with and by applying Lebesgue’s dominated convergence
theorem, we obtain

fi (Sa ,ﬂ%,Vﬁ%) - f1 (Sa '3193 V19) in Ll (Q) .
By passage to the limit when j — +o00 of @ in L' (Qr), we find, for all 1 <i < m,
t
Vi (t) = Si (t) Vi +/ Si(t—5) fi(5,5,01(8),.. -, 0m (5),VU1(s),..., VU (s))ds.
0

Then (91, ...,,,) verifies (§), consequently, (91,...,9,,) is the solution of the system

().
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7 Application

The concept of fractional calculus is also found in the study of diffusion phenomena.
Numerous studies have shown the presence of abnormal diffusion processes such as the
Lévy processes, for instance, in physical models where diffusive phenomena are more
accurately represented by the Lévy processes rather than by other processes, reaction-
diffusion equations featuring the fractional Laplacian instead of the standard Laplacian
are used (see, for example, [16]).

The fractional reaction diffusion systems are systems involving constituents locally
transformed into each other by chemical reactions and transported in space by diffusion.
They arise in many applications, in chemistry, chemical engineering, physics, and various
biological processes including population dynamics and biology. They have been the
subject of countless studies in the past few decades. One of the most important aspects
of this broad field is proving the global existence of solutions under certain assumptions
and restrictions

8 Conclusion

This paper has explained the important factors needed to study the global existence of a
solution for fractional nonlinear reaction-diffusion system. We have carried out this study
by using the compact semigroup methods coupled with certain mathematical estimates
and techniques. By building upon previous works, we have confirmed a global existence
of a solution to the fractional system. For attaining our purpose, we have introduced
and derived several theoretical results related to the existence theory.

There will be future research and applications on fractional reaction-diffusion system.
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