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1 Introduction

Let a bounded domain & C RY, N > 2, with the Lipschitz boundary Ol be given.
Consider the following double-phase system:

pi(y) _ (y)—2 2r(y) r(y)—2 s(y) s
L) g = Au(y)[* " u(y) + TG+ 50y) [u(y)["Y " u(y)[v(y)[*Y  in U,
ngy(i)q(y)v = Ao [v(y) |7 2v(y) + ﬁ(yﬁ(y)lu(}’)lr(”IV(Y)IS(”‘QV(Y) in U,
(Du(y) [P®)=2Du + 11 (v) | Du(y) |20)"2 Du) .v = hy (v, u(y)) on U,
(IDv(y) [P 2DV + pa(y)[Dv(y) |9 =2Dv) v = ha(y, v(y)) on U,

(1)
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where v the outer unit normal parameters \;, A\; are positive, 1, s : U — (0, 00) are
Lipschitz continuous, and s, r, ¢, p : Y — R are continuous functions that satisfy the
following conditions:

1<q <qt<p <pT<s +r =mins(y)) + minr(y)) < st +rt < oo, (2)

yeu yeu
pm o _(_p 4" sTH+rT —q" 3)
s++r+ S++r+_q+ p+_q_ ’
EZZS’)q(y)u = —div ( | Du(y) [P9)=2Du + 4;(y) | Du(y) [20)~2 Du) foralli =1,2. (4)

We assume h; : O0U xR — R are Carathéodry functions satisfying the following conditions:

(H1) There exists 8 > rT + sT for some B such that for each |0| > B, we get

0
0< H;(y,0)dv §/ hi(y,H)%dl/ a.ex € OU with H,(y,0) :/ hi(y,t)dt,
0

ou oul
(H2) hi(y,0) =0,

(H3) lim 7}”(},’5) =0and lim hi(y, €)

i 2 lim m = 400 uniformly a.e.y € OU.

Due to the presence of two different elliptic growths p(y) and ¢(y), the problem is
said to be the double-phase type system. Recently, great attention has been devoted to
treating the functional

Vi / (|Dv[? + a(y)|Dv|?)dy with 1 <p<gq and a(y) >0, forally el C RY.
u

(5)
This kind of functional was introduced by Zhikov [19H21]. The functional has been
used in various scientific fields. Zhikov [20,[21] discusses its numerous applications in the
study of duality theory. In recent works, several researchers have focused on studying
equations or systems involving the double-phase operator. The reader may consult the
work of Liu and Dai [11] who studied the following equations:

Ly = fly,m) inu,
u=20 on oU,

where Eﬁ(g)u = —div(|Du(y) |PDu + u(y) | Du(y) |? Du). For the performed comparable
processing via Nehari’s manifold method, see Gasiniski et al. in [10], see also Arora et
al. in [3]. Along the same lines, refer to [1,4,14-18]. In the same context, Gasinski and
Winkert [9] studied the double-phase equation with a non-linear boundary condition of
the following form:

£t u= flwn) = uy) P2 uly) = p(y)|u@y) [ uy)  inl,

(|Du(y) [P=*Du + pa(y) | Du(y) |92 Dv).v = h(z,u(y)) on OU.

Choudhuri, Repovs and Saudi [6] proved the existence of solutions to a double-phase prob-
lem with a nonlinear boundary condition that is specified and nonlinear. Concerning the
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analysis of nonlinear systems with Dirichlet-type boundaries, Aberqi et al. |2] demon-
strated the existence of at least two nonnegative nontrivial solutions to a p(z)-Laplacian
system with critical nonlinearity. Furthermore, Winkert et al. [13] investigated a system
involving the double-phase operator with sources that depend on Neumann boundary
conditions, and the gradient structured as follows:

Ezg;i)q(y)u = f1(z,u, v, Du, Dv) inl,
L:zf((;:,;,ql (a:) (/U) = f2 (3:7 u, v, Du, DV) in Z/[7

(IDu(y) [P1*)=2Du + g1 (y) | Du(y) [ =2 Du).v = by (2,u,v)  on dU,

(IDu(y) |P*®)=2Du + py(y) | Du(y) |2® =2 Du).v = hy(z,u,v) on IU.

More recently, Marino and Winkert [13] showed the existence of at least one weak solution
of such systems. Some research related to our contribution are: Marano, Marino and
Moussaoui [12], Chen and Wu [5].

Remark 1.1 e Neumann boundary conditions may cause non-uniqueness unless
the solution is normalized.

o Neumann conditions often stabilize the system compared to Dirichlet conditions.

e They allow global attractors or stationary solutions to emerge depending on the
nonlinearities.

Motivated by the aforementioned works and the remarks above, in this study, we will
employ a variational approach to investigate the existence of at least two positive non-
trivial solutions to the system (1)) under conditions (H1) — (H3), [)-(3)-

The theorem presented below constitutes the primary result of this paper.

Theorem 1.1 If hypotheses (H1) to (Hsz) are satisfied, and there exists a positive
constant K > 0 such that A1 + A2 € (0, K), then the system possesses at least two
non-negative, non-trivial solutions.

The paper is structured as follows. In Section [2] we review established properties
of the variable exponent spaces LP()(U) and Musielak-Orlicz Sobolev space WP() ()
that are compatible with the variable exponent double-phase operator, along with other
technical tools that will be employed later. We present our main results in Section

2 Background Results

This section presents the essential definitions and properties of the Sobolev-Orlicz space
featuring variable exponents. To delve deeper into the theory of Sobolev-Orlicz spaces,
refer to |2,[7.[8].

Consider the following sets: P(U) = {w : U — R,w measurable} and C,(U) =
{p:U — (1,00)) continuous : p_ > 1}.

Definition 2.1 (see [7]) Let ¢ € C (U). We denote by L) () the Lebesgue space
with variable exponent, that is,

L0 @) = {w € P [ ufay < oo} ,
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whose modular is given by g4y (w) = fu|w|q(y )dy and which is endowed with its corre-
sponding Luxemburg norm

q(y)
lwllqcy = inf{)\ >0: / ('f') dy < 1}.
u

Definition 2.2 (see [7]) Let w : i — R, we define the Sobolev space by

W @) = {w e L0 W) V| € LIV W)},

it is equipped with the norm |[wly 4y = [lw|[lq¢) + [[Vw|lg), and let W&’Q(Y)(U) =

1,q(y)
o=a” Y.

Proposition 2.1 (see [7]) Let ¢ € C1(U) be such that there exists a vector X €
RN\ {0} with the property that for all x € U, the function

ge(t) = q(z +tX) with K, ={teR:z+tX €U}
is monotone. Then there exsits a constant C > 0 such that
0q()(w) < C.ggy(Vw) forall we WO U), where 24y (Vw) = 040 (|Vwl).
Proposition 2.2 (See [§]) Let g € C(U), then there exists Cy > 0 such that
[wllgcy < CollVwllg(y,

thus, we can define the equivalent norm on I/[/()l’q(')(b{)7 ||

1a0r.0 = IVullge)-
Proposition 2.3 (See [§]) Let u € L' (U), v e L™ O(U). Then we have

1 1
/u [u(y)v(y)ldy < (r— + ,_) HUHLT(-)(L{)'”U”LT’(-)(Z,{)v
1

r

where —— + =1.

r' (y) r(y)

Proposition 2.4 (See [2]) Let w € L™OU), {w;} € L"OU), j € N. Then we have
(i) |wllr@) < 1(resp. =1,> 1) <= py) < L(resp. =1,>1),
s T rt
(i) |[wllr@y <1 = flwli@ < pre) < llwllq,
(ii3) im [|w; — wl,;(z) = 0 <= lim p, () (w; —w) = 0.
j—o0 j—o0

1 1 1

Theorem 2.1 (See [2]) Let q(y),p(y),r(y) +s(y) € L®U)NCU). If

Nq(y)

a(y) <r(y), ply) <r(y)+s(y) <q" = N—q)’

then
WO (1) s LPO) (U)and W) (1) s LTOT0) (1),
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In addition, we consider the (N — 1)-dimensional Hausdorff (surface) measure o on OU.
Introduce the space (L") (9U), ||.||»().o) and the continuous trace map v : W10 () —
L™(dU) with 7 < r,, such that

Y(u) = ulay for all u € WP N CO(U),

and N1
—1)r
r*z% ifr<N; r«= anyl € (r,+00)if r > N.
According to the trace embedding theorem, v is compact for any 7 < r,. So, we under-
stand all restrictions of Sobolev functions to OU in the sense of traces.

Lemma 2.1 Let (u,v) € W10 () x W) (1Y), then we have

[ (il + xafo()#) dy

(©
q qa q q
< calhn ) (el B g I g I )
| )
) . X (7)
T rT4s
< camae (kg Il g I g IO 0 )

Proof. The proof is similar to the proof in [2], we will omit it.

The weighted variable exponent Lebesgue space LZ((};)) (U) is defined as follows:

LZ((};)) Uu) = {w :U — R is measurable ;/L{u(y)|w|q(3’)dy < oo}

and endowed with
[wllgey).ut) = mf{n >0: / =190 pu(y)dy < 1}
RMWW”MW@MMWMMmL%Wﬁwwmmw=émmwmmwaw

Proposition 2.5 (See [2]) Let w and {w,} C LZ((?))( ), then we get

(i) [[w| g, uly) < L(resp. =1,> 1) <= py(y)u(y) < 1(resp. =1,>1),
(i) llae) ) < 1= 101500 ur) S Pasrnen < 10050 ey

et
(ii8) 0 llatynts) > 1= 100% aie) < Patrnts) < 10l e
(i) im_{1wnllo(y).pur) =0 = nlggo Paty) ) (Wn) =0,

(v) Jim [1wnllow) ny) = 00 = T pycy).uey) (wn) = oo

It should be noted that the non-negative weighted function u(.) : U — RY satisfies the
following condition:

p(.) : U — R such that pu(.) € LS (U) with
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In fact, because p(.) : U — R, then there exists o > 0, and for all x € U, we get that
u(y) > po-

Theorem 2.2 (See [2]) Assume that q(y) € C(U) N L>®U) and U is a bounded
domain with smooth boundaries. Suppose that the assumption is verified. Then we
have the compact embedding

La(y) q(y)
WO @) < L0 u).

3 Proof of Theorem [1.1]

Let us denote W = WM () x W4 /), endowed with norm ||(u,v)|| = |[ul| + |||,
and D(U) is the space of C2° functions with compact support in U.
3.1 Nehari analysis for system
First, we define the weak solution of the system as follows.
Definition 3.1 We say that (u,v) € W is a weak solution of the system if

| (IPu)l=2g(Duty). Do(3)) + Do) P29 Du(y). D) ) dy

+ /M (1 () 1Du(x) [0 2g(Duly), Do () + a2 (¥)| Do ()"0 29 (Du(y) Do (y)) ) dy
— [T u)ol@) + (. (o)) dv

= [ ()2 u5)60) + dalo ()7 uly)i(r)) dy

2r(y) n(y)— 2s(y) miy)— )
(GRS uom) + 2o 2ulu) ) dy
for all (¢,v) € D(U) x D(U).
Let Jx,.», : W — R be the energy functional defined by

1

Tay s (1) = /M oy (DU D)) dy+ /u o7 (DA Do) 1)) ay

- / (1 (v u(y)) + Haly, v(y))dv
ou

Oy ) oI dv — [ 2 O ) 5
| 5 (7 20lu)* )y = [ E o) (),

By a direct calculation, we have Jy, », € C'(W,R). Consider the Nehari manifold
N = {(0,v) € WAL(0,0)} : (73, (10,%), (u,v)) = 0} . Then, (u,v) € Ny, , equiva-
lent:

/u (\Du(y)|p(>’) i |Dv(y)|”(Y)) dy Jr/u (ul\Du(y)W(” i M‘Dv(y)‘qw)) dy
_ / (h1(y,u(y)).u(y) + ha(y, v(y)).v(y))dv — / </\1|u(y)‘q(y) + )\2|U(y)|q(y)) dy
ou y

f/mwmeWWM@:a
u
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Lemma 3.1 Suppose that the hypotheses (H1) — (Hs) are satisfied, then the energy
functionals Jy, x, are bounded and coercive on W.

Proof. For (u,v) € Ny, »,, according to , and Proposition

I (0,v) = /u (p(ly) - r(y)is(y)) (\Du(y)|17(y) + |Dv(y)|p(y)) dy
+/M (ql 1 ) (Ml(Y)|Du(y)|q(y) + uz(y)IDv(y)\Q(Y)) dy

r(y) +s(y)
(
(
1

1
(7‘(}’) +s(y)  a(y)
1

1 - Ho 1 1 -
>0 [ — — T _ P
>0 (5~ i ) 109 + e (55— =35 ) o)

v)
1
T ) ~ K)o
o) Jlr sy V) vy) - H2(y,v(y))> dv

“Ju
“Ju
“

) (M@ 4+ 22l ay

1 1 +
_ q
+ (A1 + A2) (r++s+ q) [[(w, V)17
As p—1+ > 7r+is+ > % and p~ > g%, then Jy, \,(u,v) = oo as [[(u, V)] — oo. As a

result Jy, x, is coercive and bounded below on Ny, »,. Then we look at the energy
Exixe P Vaya, — Rogiven by

Exine (1,7) = (T, 5, (0,¥), (1, v)) for all (u,v) € Ny, z,-

Therefore, we divide Ny, », into

u, V S N)\l,)\z . <£)\1,)\2(uav)7 (H,V)> >0

)

N = {( }
N)\l Ay = { W, v) € Ny, », ¢ <§;\17>\2(u,v), (u,v)) = 0}7
-{ J

)\17A2 u, V € Nk1,>\2 . <§)\1,)\2(uav)7 (u,v)) <0

Lemma 3.2 For each (A1,\2) € R?\ {(0,0)}, there exists a constant K1 > 0 such
that for all 0 < A1 + Ay < K7, we have Ngl)\z = 0.

Proof. Suppose Ny , # 0 for all (A1, \2) € R*\ {(0,0)}. Take (u,v) € Ny, such
that [|(u,v)|| > 1, then the definition of N , , (H1) — (H3) and (@), lead to

0= <£;\/17)\2 (u,v), (u,v))

I u(v) [P v(v)[PG) - _ gt u(v)4&) ()4
>(p —g )/u (IDuE)PY) + Do) PO dy + (¢~ — ¢ )/u(ul(y)ID @)1 + 2 (3) [ Do(x)|70) dy
+/ (q*hl(y,u(y))ﬂ(y)*Hl(y:U(Y)))dVJr/ (g7 h2(y,v(y))v(y) — Hi(y,v(y))) dv
ou ou

+2(¢" = (rF +s1)) / lu)I™ v )l dy.
u
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Since ¢ > q% > %, by (H1), we obtain
0 = (€x, 2, (0 V), (1, v)
> (™ —a") /u (IDu) PO +Do(x)P0)) dy+ (¢~ = a*) /u (1 @IDU)) + o) D)) dy
+2 (¢t — (7 +sT)) /u ) 17O v ()] dy.
Therefore, from Theorem Poincare’s inequality, and Lemma [2.1] we have
02 (=) )P +er (a7 =a") [T +2 (g =0 +59) esll ()74

As p~ > g7, then

0> (i (P~ —d") +er(a ~ q+)> I, )7 +2 (¢F = (7 + 57)) esll(u,v) 7+

Lo — gt) + erlq— — gt)\ TFrEaT
Then7 ||(U.,V)H > (C(Z (q+(i zrt +(§+)) C;] )> ' (9)

Analogously,

0 = (€3, g (0, V), (u,v)

< (pt—r=—s") / (IDu)IP®) +[Du(y) PO dy + / (™ + 57)ha(y, v(¥)v(y) = Haly, v(y)) dv
u ou

+ (5T —q") / (A7 + A2 ]v(y)207) dy+ / (= +57)ha(y, uly)-u(y) — Ha(y, u(y))) dv
u ou

("= =) [ (m@IDE)) + o) Dur)| ) dy.

According to Theorem and (H1), we have

0<(pt—r—s7) /u (IDu) PO+ Do) PO) dy+ (™ =5~ —g7) /u (M lu)I10) +xa]v(y)[10) dy

F07+7) [ I u) () + oy v)v(5) v
1

S = =T =TI IP +e2(n +22) (T =57 = gD VT + T+ )]

Then [|(u, v)|| < <C<C2(A1+Az)+1)<r +s)>pq

r~4+s- —pt (10)

According to @ and , we deduce that

(i(p‘ —q")+alg” —q*))ﬂ-:*—q+ - <c(cQ(A1 +X2) +1)(r” —i—s))plq |

2(qgt —(rt+s1))cs r~+s- —pt

Then Ay + A2 > K7, which is a contradiction, hence we can conclude that for any
0 <A+ X2 < K1, we have NY =0 for all (A1, A2) € R*\ {(0,0)}.

Remark 3.1 As a conclusion of Lemma we can write Ny, x, = N;\rl x Y NN
and we define

+ o . — o .
Yy he = 1nf+ Ix; a (1, v) and Vg de = inf e (1, v).
(u,v)Erh‘Az (u,v)GNAl,Az
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Lemma 3.3 Suppose that (H1) — (Hs) are satisfied. If 0 < Ay + Ao < Ko then for
all (u,v) € N;,kz’ Iriae (u,v) <O0.

Proof. Suppose (u,v) € N;\FM\Q, then the definition of Jy, x, leads to

Taine (0, v) < p%/u (\Du(y)V’(y) + |Dv(y)|p(Y)) dy
+ q%/u (Ml (y)\Du(y”q(y) + ,ug(y)|Dv(y)|‘I(Y)) dy
_/au (H1(y,U(Y))+H2(y,v(y)))du—q%/u (Al‘u(y”q(y)+)\2|V(y)‘q(y)> dy
-2 [Py

< (55 = ) [ a4 v 4 i u)# + o) ay
u

(11)

+

1
[ (Gemsutsat) - <y,u<y>>> v

(
+ /au (ql‘fhz(y,\'(y))N(Y) - Hl(y’v(y))) v

1 1 - R
2( 2 o) [ ROy
1 1 - 1 1 1 +
— = — ) [,V +|ca(——=—=—)+— | l(w,v)|?
| q_)|< )| (1<p_ ) q+)|< )|

q+

p
1 ]' r +s
+203(q+) I+,

with (e1,c3) being the embedding constant of @, . As (u,v) € N;,Az’ we get

p [ (IDus)p) + De)P) dy+ g+ [ (1)U + ) D)) dy
- [ st + Hav @) v = [ (M) + dalv() 1) dy
ou u

a2 1) / ()" v ()P dy > .
U

(12)
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Multiplying by —(r~ 4+ s7), by a direct calculation
— (7 +57) [ (Du)P + [De(y)P) dy
u
— (7 +57) () DPu)|"Y) + o (v)[Dv(y)|*Y) dy
+(r+ 3_)/3 (ha (v, w(y))u(y) + ha(y, v(y)).v(y)) dv
u
H07 57 [ )+ el dy
u
207 +57) [ IOy o
u
Combining with , we get that
(0" = 0 +57) [ (IDu)P) + DY) ) dy + (g~ (7 +57)
u
< [ (@I + o)D) 1) dy
u
[ (0 5 m ) aw) - i) dv
ou
b [0+ el v v(y) ~ Haly () do
ou
—4s —gt A a) 1 ) a ) dyv > 0.
(757 =) [ (a4 b)) dy >
Combining (#H;) with Poincare’s inequality and Lemma we have
—4s —gt A a¥) £\ a¥)) q
(757 =a) [ (MBI + b)) ay
HO ) / (1 (5.)005) + By () ()
ou

>((7“ +57) - )/(IDu )Ip(Y)+IDV(y)|p(Y))dy+((7“‘+s‘)—q+)
x $)Du()|*) + s (¥)|Dv ()| ) dy
Z/l

rT4+s7)—q" -
%((r ) =) v+ P g,

Dr (c+ 1)
then .
(™ + 57 = %) = 4O+ 20) + (™ + 7)) )
- - 1 Ho -
> (0 +5) =) [+ e | Nl
and [ < 2T SO ) 0 )
(= +57) =) [+ porite]

(V)|

527

(13)
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As (r~ +s7) > ¢T, using , we get

e N G et 19 [V O B e 0\ | IS
R R e S T | I vl

Drt (e1)PT
1 1 1 +
+(lal———F])+ — u,v)||
Kl(p q+) q+)} [[(w, V)

1 1 N
- - q
+[2cj(q+ T++S+)} v

Finally, for A\; + Ay sufficiently large, we get 7;: x, = inf(, VweNt I (u,v) <0.
? ? 1522

J,\17>\2(u, V) < [

Lemma 3.4 Under assumptions (H1) — (Hs3), if 0 < A1 + A2 < K3, then for all
(u,v) € Ny e (1, v) > 0.

Proof. Let (u,v) € Ny ,,. By definition of Jy, x,, @), (H1), and (B.1)), we get
1
sl = = [ ([Pl + De(n) ) dy
1
T
1 a(y) a(y)
1 u) + Haly v = = [ () + e fo(x) 1) dy

/ PIDU)IT) 4 (D)) dy
[
2

/ () () 0y

+

>(pl+ ) [ (Dul )+ D) ay
(25~ =557 [ (DI () Dvis) ) dy
- [ (et - i) ) av
- [ (v ) - Halr) )

1
- a(y) a(y)
+(T_+s_ q+) /M (M) + defo(x)1)) dy.
+

Since 8 > r~ + s, we get # > %, and by (H1), we have
1 1 1 - 1 1 _
U P = q
Taina (0,v) 2= (p+ - +8_) [(w, )IP + o <q+ - +S_> | (w, V)]
1 1 .
_ = q
+ ca(A1 + Az) (r e q*) [[(a, V)17

Since ¢~ < ¢t < p~, we have

htan 2 [ (5 - >+u (5 - =55 )|
FQ(AIHQ)( — i)} V)]«
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cca r—+s— Ca r—+4s— s™+r——qt

obtain that Jy, x,(u,v) > 0, this implies that vy , = inf e (u,v) > 0.

So, if we take A\ + Ay < i(p% -1 )+ "—“(q%r S— )} |:q+(s++r+)i| = K3, we

(u’V)EN;lJ\z
Hence, Ny, x, = N>\71,>\2 U N;\FMAQ, N/\l)\2 N N;\;AQ = (0, by the above lemma, we must
have (u,v) € Ny, 5, -

4 Minimizer on N and N, , .
)\1,A2 )\17)\2

We will show that there are two nonnegative solutions to the system.

Theorem 4.1 Under assumptions (H1) — (H3), there exists a minimizer (ug,vy) of
I (U, v) on N;:,)\Q, for every A1+ A2 < K = min(K;, K3), such that Jx, x,(u

+
ROVISYE

S

Proof. Lemma[3.1]implies Jy, », is bounded below on Ny, z,, so it is bounded below
in N /\+ \,» then there exists a minimizing sequence {u;,v;'} € r;\r 3, such that
1,N2 1,12

lim Jy, ahvih)y = inf  Jya,1yv) = '7;\r1,>\2 < 0. (14)

n—+00 (“7\’)67"-;1,)2

Note that Jy, x, is bounded on W. Hence, without loss of generality, we suppose
(wh,vit) = (ud,vy) on W; and by the compact embedding, we get

n»'n

ut — ud strongly in LPO)(U), L@ (U) and L™M*+*0) (1) as n — oo,

n

v = v strongly in LPO)(U), L4 (U) and L™®+*0) (1) as n — oo, (15)

n

+

T —ud and vl = v§ aeinUf asn — .

Next, we will prove that u}f — uf and v;7 — vi on WP (/) as n — oo. Otherwise,
let u}” — ug and v;7 — vi on WHPO)(Yf) as n — oo, then we have

Pa(y) (ué) < lim inf pq(y)(urf), and pg(y) (V(T) < 7}1—{20 inf py(y) (vh).

n—oo

Since (Jx, 2, (W, vih), (uh,v;h)) =0, we get

1/1 1 - 1 1 _
+ + I + )\ ||P - + ot\|lg
J>\1,>\2(unvvn)2 ¢ (p+ 7‘+S> ||(un7Vn)H + o (q+ TJrs) H(un7vn>||
1 1 +
I + )¢
ralu ) (e - ) e
That is,
lim Jy, », (wh,vih) >1 ot lim ||(wh,v;D)|P
e LA\ Y ) = p+ r— 45 ) noo noy'n
1 1 _
- : + )¢
+/.t0 (qu r-|—3)nh—>ngo||(un7vn)|

r+ + st n— 00

1 1 .
+ (A + A2) ( - q+) lim ||(U:§,V:f)||q+-
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By and , we have

1/1 1 - 1 1 -
+ + oo R
ons >+ (o5 = e NGO 0 (e = = ) I 9l
1 1 F ovgt
ral ) (s - or ) DI

Since 7= + s~ > p~ > ¢ for |[(w,v)]|] > 1, we deduce that aj{h/\? =
inf +  Jxa . (u,v) > 0, which is in contradiction with Lemma [3.3] hence
(u,v)er)\l))\2 1,A2

1
W) —ud and vt — v§ on Wo’p(y)(l/{) as n — 00.

n

NI e +
Consequently, (ug, vy ) is a minimizer of Jy, », on Ny , .

Theorem 4.2 Suppose that conditions (Hi)- (H3) are true. Then there exists a
minimizer (g , Vo ) of Jax, on Ny, for all 0 < Ay + A2 < K = min {K1, Ka} such
that JAl,Az(“57V6) = 0;17)\2.

Proof. Jy,,», is bounded below on Ny, »,, and so on 7y , , then there exists a

minimizing sequence {u,, v, } € N, , such that

lm Jy, a,(u,,v,) = inf e (W, v) = Yayn, > 0

m»'n

n—-+00 (u,v)EN;l»\2

So, the sequence{u; , v, }nen is bounded in W. There exists (ug ,vy ) € W such that up

to a subsequence (u,,,v;,) — (ug,vg) in W. Thanks to Theorem we obtain

m'n

u; — ug strongly in LPOY) (U), L"®+*0) () as n — oo,
— vy strongly in PO (U), "0 0 () as n — oo, (16)
—uy and v, = vy a.einlf as n — oo.

n
V’fl
n

Hence, (ug,vy) € Ny, 4,, 3t > 0, such that (tug,tvy) € Ny, and Jy, x,(ug,vy) >
e (tug , tvg ). According to (#1) and the definition of 5;\1’/\2, we have
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p(y) (1Dtug ()" +|Divg ()P dy

S

(& ltug 13, (tug s tvg ) ) =

=2 [ (r(y) + ()t ()" ftvg (2)]*Vdy

S~

a(y) (1 () IDtug ()70 + ()| Divg ()] ) dy

+
S

y (Hi(z,tug () + Ha(z, tvg () dv

- [ aly)

!
S~

Aultug @) + daftvg (@)7)) dy

/N

u
*2/(7”(}’) S(y)|tu5(x)|r(-‘/)|tva(x)|5(y)dy

< pter’ / (|Du ¥)[P®) + [Dvg (y )|p(Y)) dy
u

—q tq /

2 / 55 (@G ().
u

i (y)Dug (91 + 2 (¥)IDvg ()]0 dy

<

(
( |q(y + Ao|vg (z )|q(y)) dy

<

Due to ¢ < gt < pt < s~ + r~, and by Propositions it follows that
<£;\1 2 (tug  tvg ), (tug , tvg ) < 0. Hence, by definition of Ny, . (tug,tvy) € Ny 4.
Next, we show that (u,,v;) = (uy,vy) € W(U). Assume that (u,,v;,) » (ug,vg) €
W, by Fatou’s Lemma, we have

[ (6D 7 + aD (477

< tim [ (m@)Du; () + o (y)[Dvy (1)) dy,

n—-+oo u

by , we get

| (Dug )P+ 10w 0P ) dy <t [ (1D ()P Dy (97) 4
u n——+oo U
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Then, by (#H1), we have

" _ B
Iag x, (tug , tvg ) < ?/ (|DUO (y) [P + IDv; (y)‘p(y)> dy

ta" - )
+ T« ) (ul(y)\Duo 1Y) + pa(y) Dy (y)|q(y)) d

- / (Hi (=, tug (x)) + Ha(z, tvg (y))) dv
o
I [ (b 6 4 dalvi ()1 dy
25 [ @ @ ay
wm T - p(y) v p(y)
< tim 2 [ (D 0P + v, ()P dy

+ Jim S [ (@)D )+ a0y ()17 dy

n—-+oo q_

_ ngrfoo (Hy(z,tu, (z)) + Ha(z, tv,, (z))) dv
ou

14
— lim —/ (Aﬂu;(w)\q(w +)\2|V;(w)|q®> dy

n—-+oo q+
2T +s= .
_ () s(y)
Jin 2 [ @ )y
< lim J>\1,)\2(tun,tvn)
o

n—-+4
< lim J u ,v, )= inf J WV) =9y ..
oo >\1,)\2( no n) (uv)eNs )\17/\2( ) ) Y22
1,72
Hence
I (tug , tvg) < inf Ire (W, v) = Yy de-

(W, V)ENA 2,

This a contradiction, consequently, (u,,v,,) — (u5,vy) € W(U), and
Hmy o0 a0 (0, v ) = Jaia(Ug, Vo ) = 74, 0, After that, we infer that (ug,vg)
is a minimization of Jy, », on N)\_h)\2.
Proof of Theorem 1.1 From Theorem and Theorem there are (ut,v™) €
N;\rl’)\2 and (u™,v7) € Ny, for every A1 + A2 € (0,min {K71, K2}) such that
e (Ug vy ) = inf  (w,v) and Jy, ., (ud,vd) = inf (V).
(u, V)ENA1 g (u, V)GNX1 xa

Then the system admits (uy,vy) € Ny, 4, and (ug,vg) € Ny |, as two solutions

in W (U); thanks to Lemma (3.2)), it follows that Ny , N N>\1,>\2 (Z) Then (uy,vy) #

(ug,vd). Following this, we show that (uf,vi) are non-negative in U. For that, we

introduce the truncation function hy ;(y,s) : 0U x R — R defined by

hyi(y,s) =hi(y,s)if s >0, and hy ;(y,s) =0, if s <0, withi=1,2.
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We set Hy ;(y,s) = fos hi(y,t)dt, and the C*-functional J;:’/\z : W — R is given by

J)\h)\z(uav)

- [ L u(y)[Po) v(v)[P®) 1 ()[4
/up(y) (' Du(y)["™” + [Dv(y)l )dy+/uq(y)u1(Y)|D )l

+/L{$\M2(Y)DV(Y)|Q(y)dy—/au H, 1 (y,u(y)) + Hy o(y, v(y))dv.

Then by Proposition we get that for all (u,, vy ) = min(0, (u,v)),

0= <J;r1’)\2(u,,v,), (u,,v,)>

prpp(.)(DU—vDU—) u_,v_)

Ho
+ mﬂqm(
2 pp() (v, v-)
> [[(u—, v )P

Hence [[(u—,v_)||? = 0 and thus, (u,v) = (uy,vy), then, choosing (u,v) = (ug,vg)
and (u,v) = (ug,vy), we conclude (uf,vi) is a non-negative solution of system ().

5 Conclusion

The Nehari manifold method is a powerful variational tool for proving the existence (and
sometimes multiplicity) of solutions to nonlinear coupled elliptic systems under Neumann
boundary conditions. Its effectiveness arises from converting the PDE problem into a
constrained minimization problem in an appropriate Sobolev space. The method filters
out trivial or non-physical solutions by exploiting the geometry of the energy functional
and the nonlinearity.
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