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Abstract: In this paper, using the averaging method of first order, we compute the
maximum number of limit cycles that can bifurcate from the periodic orbits of the
center ẋ = −y2p−1, ẏ = x2q−1 with p and q being positive integers, under perturbation
in the particular class of the generalized Liénard polynomial differential systems.
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1 Introduction

The second part of the Hilbert’s 16th problem [9,17] aims to find a uniform upper bound
for the number of limit cycles of all polynomial differential systems of a given degree.
The limit cycles problem and the center problem are concentrated on specific classes
of systems. For instance, much has been written on Kukles systems, Duffing systems,
Mathieu differential equations, Kolmogorov systems (see for example, [5, 10, 11, 15]) and
Liénard systems, that is, systems of the form

ẋ = y, ẏ = −x− f(x),

where f(x) is a polynomial in the variable x of degree m. The motivation in the
Liénard family is because it is one of the most important families related to the Hilbert’s
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16th problem. Moreover, some classes of Liénard systems appear in applied sciences.
Bifurcation of limit cycles in Liénard systems have been tackled by several authors and
by using different approaches. See, for example, [1, 4, 7].

In [13], Lliber et al. proved that the generalized Liénard polynomial differential
system

ẋ = y, ẏ = −g(x)− f(x)y,

where f(x) and g(x) are polynomials in the variable x of degrees n and m, respectively,
can have

[
n+m−1

2

]
limit cycles, where [.] denotes the integer part function. In [14],

Llibre and Makhlouf proved that the maximum number of limit cycles of the following
generalized Liénard polynomial differential system:

ẋ = −y2p−1, ẏ = x2q−1 − εf(x)y2m−1,

is at most
[
n
2

]
, where p, q and m are positive integers, ε is a small parameter and f(x) is

a polynomial of degree n. In [2], Benterki et al. studied the maximum number of crossing
limit cycles of planar piecewise differential systems formed by linear Hamiltonian saddles.

In this paper, we want to study the maximum number of limit cycles of the following
generalized Liénard polynomial differential system:

ẋ = −y2p−1, ẏ = x2q−1 − εf(x, y)y2m−1, (1)

where p, q and m are positive integers, ε is a small parameter and f(x, y) is a polynomial
of degree n. Clearly, system (1) with ε = 0 is a Hamiltonian system with the Hamiltonian

H(x, y) =
1

2q
x2q +

1

2p
y2p.

More precisely, our main results are as follows.

Theorem 1.1 For the sufficiently small |ε|, system (1) has at most

µ =
[n
2

]
max {p, q}

limit cycles bifurcating from the periodic orbits of the center ẋ = −y2p−1, ẏ = x2q−1,
using averaging theory of first order, where [.] denotes the integer part function.

The proof of Theorem 1.1 is given in Section 3.

Theorem 1.2 Consider system (1) with q = lp, l is a positive integer, then for
|ε| sufficiently small, the maximum number of limit cycles of the generalized Liénard
polynomial differential system (1) bifurcating from the periodic orbits of the center ẋ =
−y2p−1, ẏ = x2lp−1, using the averaging theory of first order, is

(a) µ1 =
1

2

([n
2

] ([n
2

]
+ 3
))

if
[n
2

]
≤ l − 1,

(b) µ2 = l
[n
2

]
− l(l − 3) + 2

2
if
[n
2

]
≥ l.

The proof of Theorem 1.2 is given in Section 4.
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2 Preliminaries

2.1 First order averaging method

The averaging theory is also an interesting method to research the limit cycles. Essen-
tially, we have to look for the zeros of some specific function associated to the initial
system.

Theorem 2.1 Consider the following two initial value problems:

ẋ = εR(t, x) + ε2G(t, x, ε), x(0) = x0 (2)

and

ẏ = εf 0(y), y(0) = x0, (3)

where x, y and x0 ∈ D which is an open domain of R, t ∈ [0,∞) , ε ∈ (0, ε0] , R and G
are periodic functions with their period T with its variable t, and f0(y) is the average
function of R(t, y) with respect to t, i.e.,

f0(y) = 1
T

∫ T

0

R(t, y)dt.

Assume that

(i) R,
∂R

∂x
,
∂2R

∂x2
, G and

∂G

∂x
are well defined, continuous and bounded by a constant

independent of ε ∈ (0, ε0] in [0,∞)×D.

(ii) T is a constant independent of ε.

(iii) y(t) belongs to D on the time scale 1/ε. Then the following statements hold:

(a) On the time scale
1

ε
, we have

x(t)− y(t) = O(ε), as ε −→ 0.

(b) If p is an equilibrium point of the averaged system (3) such that

∂f0

∂y

∣∣∣∣
y=p

̸= 0, (4)

then system (2) has a T-periodic solution ϕ(t, ε) → p as ε −→ 0.

(c) If (4) is negative, then the corresponding periodic solution ϕ(t, ε) of equation (2)
according to (t, x) is asymptotically stable for all ε sufficiently small; if (4) is positive,
then it is unstable.

For more information about the averaging theory, see [6, 16,18].
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2.2 (p.q)-trigonometric functions

Following Lyapunov [12], let u(θ) = Csθ and v(θ) = Snθ be the solutions of the following
initial value problem:

u̇ = −v2p−1, v̇ = u2q−1,

u(0) = 2q

√
1

p
and v(0) = 0.

Moreover, they satisfy the following properties:

(a) The functions Csθ and Snθ are T–periodic with

T = 2p
−1
2q q

−1
2p

Γ( 1
2p )Γ(

1
2q )

Γ( 1
2p + 1

2q )
,

where Γ is the gamma function.

(b) For p = q = 1, we have Csθ = cos θ and Snθ = sin θ.

(c) pCs2pθ + qSn2qθ = 1.

(d) Let Csθ and Snθ be the (1.q)-trigonometrical functions, for i and j being both
even (see [8]),

∫ T

0

CsiθSnjθdθ = 2q−
j+1
2

Γ( i+1
2q )Γ( j+1

2 )

Γ( i+1
2q + j+1

2 )
. (5)

2.3 Descartes theorem

The purpose of the Descartes theorem is to provide an insight into how many real roots
a polynomial P (x) may have.

Theorem 2.2 [3] Consider the real polynomial

p(x) = al1x
l1 + al2x

l2 + ....+ alkx
lk

with 0 ≤ l1 < l2 < ... < lk and ali ̸= 0 being real constants for i ∈ {1, 2, 3, ..., k}. When
aliali+1

< 0, we say that ali and ali+1
have a variation of sign. If the number of variations

of signs is m, then p(x) has at most m positive real roots. Moreover, it is always possible
to choose the coefficients of p(x) in such a way that p(x) has exactly k − 1 positive real
roots.

3 Proof of Theorem 1.1

We shall need the first order averaging theory to prove Theorem 1.1. We write system (1)
in (p, q)-polar coordinates (r, θ), where x = rpCsθ and y = rqSnθ. In this way, system
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(1) will be written in the standard form for applying the averaging theory. If we write

f(x, y) =
n∑

i+j=0

ai,jx
iyj , then system (1) becomes


ṙ = −εr2q(m−1)+1

n∑
i+j=0

ai,jr
pi+qj (Csθ)

i
(Snθ)

j+2(m+p−1)

θ̇ = rpq−p−q − εr2q(m−1)p
n∑

i+j=0

ai,jr
pi+qj (Csθ)

i+1
(Snθ)

j+2m−1
.

(6)

Treating θ as the independent variable, we get from system (6) the following:

dr

dθ
= εR(r, θ) +O(ε2),

where

R(r, θ) = −r−2pq+q(2m−1)+p+1
n∑

i+j=0

ai,jr
pi+qj (Csθ)

i
(Snθ)

j+2(m+p−1)
.

Using the notation introduced in Section 2, we have

f0(r) = −r−2pq+q(2m−1)+p+1

T

n∑
i+j=0

(
ai,jr

pi+qj

∫ T

0

(Csθ)
i
(Snθ)

j+2(m+p−1)

)
,

we write

f0(r) = −r−2pq+q(2m−1)+p+1

T

n∑
i+j=0

ai,jIi,j+2(m+p−1)r
pi+qj ,

where

Ii,j =

∫ T

0

CsiθSnjθdθ.

It is known that

Ii,j = 0 if i or j is odd,

Ii,j > 0 if i and j are even.

Hence

f0(r) = −r−2pq+q(2m−1)+p+1

T

[n2 ]∑
s+k=0

a2s,2kI2s,2k+2(m+p−1)r
2(ps+qk). (7)

For the simplicity of calculation, let λs,k = a2s,2kI2s,2k+2(m+p−1), therefore, (7) can be
reduced to

f0(r) = −r−2pq+q(2m−1)+p+1

T

[n2 ]∑
s+k=0

λs,kr
2(ps+qk). (8)

As we all know, the number of positive roots of f0(r) is equal to that of

N(r) =

[n2 ]∑
s+k=0

λs,kr
2(ps+qk),
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then, to find the real positive roots of N(r), we must find the zeros of a polynomial in
the variable t = r2,

M(t) =

[n2 ]∑
s+k=0

λs,kt
ps+qk. (9)

Now, we expand the polynomial (9) as follows:

M(t) = λ0,0

+λ1,0t
p + λ0,1t

q

+λ2,0t
2p + λ1,1t

p+q + λ0,2t
2q

+...

+λd,0t
dp + λd−1,1t

(d−1)p+q + λd−2,2t
(d−2)p+2q

+...+ λ2,d−2t
2p+(d−2)q + λ1,d−1t

p+(d−1)q + λ0,dt
qd

+...

+λ[n2 ],0
t[

n
2 ]p + λ[n2 ]−1,1t

([n2 ]−1)p+q + λ[n2 ]−2,2t
([n2 ]−2)p+2q

+...+ λ2,[n2 ]−2t
2p+([n2 ]−2)q + λ1,[n2 ]−1t

p+([n2 ]−1)q + λ0,[n2 ]
t[

n
2 ]q.

So, the degree of M(t) is bounded by µ =
[
n
2

]
max {p, q}, we conclude that f0(r) has at

most µ positive roots r. Hence, Theorem 1.1 is proved.

4 Proof of Theorem 1.2

Consider the polynomial differential system (1) with q = lp, from equation (8), we obtain

f0(r) = −rlp(−2p+2m−1)+p+1

T

[n2 ]∑
s+k=0

λs,kr
2p(s+lk). (10)

As we all know, the number of positive roots of f0(r) is equal to that of

G(r) =

[n2 ]∑
s+k=0

λs,kr
2p(s+lk). (11)
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We write (11) as follows:

G(r) = λ0,0 + (λ1,0r
2p + λ0,1r

2pl) + (λ2,0r
4p + λ1,1r

(l+1)2p + λ0,2r
4lp)

+(λ3,0r
6p + λ2,1r

(l+2)2p + λ1,2r
(1+2l)2p + λ0,3r

6lp)

+(λ4,0r
8p + λ3,1r

(l+3)2p + λ2,2r
(2+2l)2p + λ1,3r

(1+3l)2p + λ0,4r
8lp)

+...

+[λ[n2 ]−2,0r
([n2 ]−2)2p + λ[n2 ]−3,1r

([n2 ]+l−3)2p + λ[n2 ]−4,2r
([n2 ]+2l−4)2p

+...+ λ1,[n2 ]−3r
(1+([n2 ]−3)l)2p + λ0,([n2 ]−2)r

([n2 ]−2)2lp]

+[λ[n2 ]−1,0r
([n2 ]−1)2p + λ[n2 ]−2,1r

([n2 ]+l−2)2p + λ[n2 ]−3,2r
([n2 ]+2l−3)2p

+...+ λ1,[n2 ]−2r
(1+([n2 ]−2)l)2p + λ0,[n2 ]−1r

([n2 ]−1)2lp]

+[λ[n2 ],0
r[

n
2 ]2p + λ[n2 ]−1,1r

([n2 ]+l−1)2p + λ[n2 ]−2,2r
([n2 ]+2l−2)2p

+...+ λ1,[n2 ]−1r
(1+([n2 ]−1)l)2p + λ0,[n2 ]

r[
n
2 ]2lp]. (12)

Let us write (12) as

G(r) = [λ0,0 + λ1,0r
2p + λ2,0r

4p +

...+ λ[n2 ]−2,0r
([n2 ]−2)2p + λ[n2 ]−1,0r

([n2 ]−1)2p + λ[n2 ],0
r[

n
2 ]2p]

+[λ0,1r
2lp + λ1,1r

(l+1)2p + λ2,1r
(l+2)2p +

...+ λ[n2 ]−2,1r
(l+[n2 ]−2)2p + λ[n2 ]−1,1r

(l+[n2 ]−1)2p]

+[λ0,2r
4lp + λ1,2r

(2l+1)2p + λ2,2r
(2l+2)2p +

...+ λ[n2 ]−3,2r
(2l+[n2 ]−3)2p + λ[n2 ]−2,2r

(2l+[n2 ]−2)2p]

+...+ [λ0,([n2 ]−2)r
(([n2 ]−2)l)2p + λ1,[n2 ]−2r

(1+([n2 ]−2)l)2p

+λ2,[n2 ]−2r
(2+([n2 ]−2)l)2p]

+[λ0,[n2 ]−1r
([n2 ]−1)2lp + λ1,[n2 ]−1r

(1+([n2 ]−1)l)2p]

+λ0,[n2 ]
r[

n
2 ]l. (13)

To find the number of positive roots of polynomials G(r), we distinguish two cases.

Case 1: For
[
n
2

]
≤ l − 1, the number of terms in polynomial (13) is([n

2

]
+ 1
)
+
[n
2

]
+
([n

2

]
− 1
)
+ ...+ 2 + 1 =

1

2

([n
2

]
+ 2
)([n

2

]
+ 1
)
.
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Now, we shall apply the Descartes theorem introduced in Section 2, we can choose
the appropriate coefficients λi,j in order that the simple positive root number of G(r) is
at most

µ1 =
1

2

([n
2

]
+ 2
)([n

2

]
+ 1
)
− 1

=
1

2

([n
2

] ([n
2

]
+ 3
))

.

Hence (a) of Theorem 1.2 is proved.

Case 2: For
[
n
2

]
≥ l, the number of terms in polynomial (13) is([n
2

]
+ 1
)
+
[n
2

]
+
([n

2

]
− 1
)
+ ...+ 2 + 1

−
([n

2

]
− l + 1

)
−
([n

2

]
− l
)
−
([n

2

]
− l − 1

)
− ...− 2− 1

=
1

2
[
([n

2

]
+ 2
)([n

2

]
+ 1
)
−
([n

2

]
− l + 1

)([n
2

]
− l + 2

)
]

= l
[n
2

]
− l(l − 3)

2
,

by the Descartes theorem introduced in Section 2, we can choose the appropriate coeffi-
cients λi,j in order that the simple positive root number of G(r) is at most

µ2 = l
[n
2

]
− l(l − 3)

2
− 1

= l
[n
2

]
− l(l − 3) + 2

2
.

Hence (b) of Theorem 1.2 is proved.

Example 4.1 We consider system (1), where p = 1, q = 3, m = 2 and

f(x, y) = −3.6x2 + 2.4xy + 0.635y2 + 0.5.

In this case, n = 2, l = 3 and Csθ and Snθ are T-periodic functions with period
T = 8.413 1. From equation (10), we obtain

f0(r) = −r5

T
(λ0.0 + λ1.0r

2 + λ0.1r
6),

where λs.k = a2s,2kI2s,2k+4.

Using (5), we get

I0,4 = 0.63098, I2,4 = 0.15115 and I0,6 = 0.19718.

So

f0(r) = − r5

8.413 1

(
0.315 49− 0.544 14r2 + 0.125 21r6

)
.

This polynomial has two positive real roots, r1 = 0.8 and r2 = 1.3. According to state-
ment (a) of Theorem 1.2, the system has exactly two limit cycles bifurcating from the
periodic orbits of the center ẋ = −y, ẏ = x5 , using the averaging theory of first order.
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Example 4.2 We consider system (1), where p = 1, q = 2, m = 3 and

f(x, y) = 1.5x5 + 2xy4 − 56.095x4 + 13. 575x2y2 − 0.46834y4 + 21.227x2 + y2 + 2.7x− 1.

In this case, n = 5, l = 2 and Csθ and Snθ are T-periodic functions with period T =
7. 416 3. From equation (10), we obtain

f0(r) = −r8

T
(λ0.0 + λ1.0r

2 + (λ0.1 + λ2.0) r
4 + λ1.1r

6 + λ0.2r
8),

where λs,k = a2s,2kI2s,2k+6.

Using (5), we get

I0.6 = 0.481 58, I2.6 = 8. 689 4× 10−2, I0.8 = 0.224 74,

I4.6 = 3. 210 5× 10−2, I2.8 = 3. 578 0× 10−2 and I0.10 = 0.106 45.

So

f0(r) = − r8

7. 416 3
(−0.481 58 + 1. 844 5r2 − 1. 576 2r4 + 0.485 71r6 − 4. 985 5× 10−2r8).

This polynomial has four positive real roots, r1 = 0.6, r2 = 1.4, r3 = 1.85 and r4 = 2.
According to statement (b) of Theorem 1.2, the system has exactly four limit cycles
bifurcating from the periodic orbits of the center ẋ = −y, ẏ = x3 , using the averaging
theory of first order.

5 Concluding Remarks

The second part of the Hilbert’s 16th problem concerns the maximum number of limit
cycles of all planar polynomial vector fields of degree n. One way to produce limit cycles
is by perturbing a Hamiltonian system which has a center, in such a way that limit
cycles bifurcate in the perturbed system from some of the periodic orbits in the original
system. In this work, by using the averaging theory of the first order, we have proved
upper bounds for the maximum number of limit cycles bifurcating from the periodic
orbits of the Hamiltonian system with the Hamiltonian H(x, y) = 1

2qx
2q + 1

2py
2p, where

p and q are positive integers. We will continue our research on the maximum number of
limit cycles for differential systems that model phenomena in biology, physics, etc, using
the higher-order averaging theory.

Acknowledgment

The authors express their gratitude toward the referees for their valuable comments and
suggestions.

References
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