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Abstract: The Telegraph problem is a linear time-partial differential equation that
models the transmission of electrical impulses through a cable. It consists of two
coupled partial differential equations that describe the voltage and current within the
cable, capturing both wave-like propagation and diffusive effects. This equation inte-
grates elements from the wave equation and the heat equation to account for resistive
losses and signal propagation speed. The objective of this study is to investigate the
existence and uniqueness of a strong solution to the Telegraph problem under purely
integral conditions. The analysis is conducted using the operator density method
derived from the problem framework and the energy inequality approach. To approx-
imate the desired solution, a combination of the Laplace transform technique and the
homotopy perturbation method is employed. This approach yields solutions in the
form of rapidly convergent series, and the convergence of these series is rigorously
established. The findings indicate that the proposed methodology is highly effective
and applicable to a broad class of mathematical problems. To validate these results,
several illustrative examples are provided, demonstrating the accuracy of the pro-
posed method by comparing approximate solutions with exact solutions.

Keywords: telegraph equation; purely integral conditions; a priori estimate; Laplace
transform; homotopy perturbation method; Stehfest algorithm.
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1 Introduction

Many problems in modern physics and engineering are effectively modeled using inte-
gral conditions, particularly when direct boundary measurements are not feasible [1–5].
These integral conditions often arise in scenarios where the data on the boundary cannot
be explicitly determined. Several studies have explored such problems, as seen in [6–14].
The presence of integral terms in boundary conditions significantly complicates the ap-
plication of standard numerical techniques such as the finite difference and finite element
methods. Despite these challenges, the theoretical solvability of such equations has been
extensively studied, focusing on the existence and uniqueness of their solutions. This
study builds on previous theoretical findings and aims to further analyze the implica-
tions of integral conditions in solving partial differential equations, see [15–26].

The Homotopy Perturbation Method (HPM) is a semi-analytical technique used for
solving both linear and nonlinear differential equations, including those with ordinary or
partial derivatives. Additionally, this method can be applied to systems of linear and
nonlinear differential equations. The HPM was first introduced by J. He [27] in 1998,
and was later refined and improved in subsequent works [28, 29]. Traditional perturba-
tion methods are often based on the assumption of small parameters, which can be a
significant limitation in many practical applications. To address this issue, Liu [30] pro-
posed the artificial parameter method, while Liao [31,32] contributed to the development
of the Homotopy Analysis Method (HAM), which eliminates the dependence on small
parameters. J. He [27] further developed the HPM technique, offering a more robust
approach that does not rely on the assumption of small parameters. In recent years, the
application of homotopy perturbation theory has gained widespread recognition among
researchers [33–37]. Notably, S. Abbasbandy [33] successfully applied this method to
functional integral equations, demonstrating its effectiveness as a powerful mathematical
tool.

The contribution of this research lies in investigating the solvability of a problem
primarily governed by the telegraph equation, where the classical boundary conditions
are replaced with purely integral conditions. Furthermore, this study explores a novel
approach that combines the Laplace transform with the homotopy perturbation method
to approximate the solution using convergent series representations.

2 Existence and Uniqueness of the Solution

The well-posedness of partial differential equations is essential for ensuring the validity of
their solutions. In this section, we analyze the existence and uniqueness of solutions for
the telegraph equation with purely integral conditions using operator theory and energy
inequalities.

2.1 Statement of the problem

The telegraph equation models signal transmission incorporating both diffusion and wave
propagation effects. In this subsection, we formulate the problem with purely integral
conditions, which introduce additional complexity compared to classical boundary-value
problems. In the rectangular domain

Q = {(x, t) : 0 < x < 1, 0 < t ≤ T} ,
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we consider the telegraph equation

£u =
∂2u

∂t2
− α

∂2u

∂x2
+ β

∂u

∂t
= f (x, t) (1)

subject to the initial conditions

ℓu = u(x, 0) = Φ(x), 0 < x < 1, (2)

qu = ut(x, 0) = Ψ(x), 0 < x < 1, (3)

and the purely integral conditions∫ 1

0

u(x, t)dx = a(t), 0 < t ≤ T, (4)∫ 1

0

xu(x, t)dx = b(t), 0 < t ≤ T, (5)

where f,Φ,Ψ, a, b are known functions, and α, β, T are strictly positive constants. Addi-
tionally, the functions Φ and Ψ satisfy the following compatibility conditions:∫ 1

0

Φdx = a(0),

∫ 1

0

xΦdx = b(0), (6)∫ 1

0

Ψdx = a′(0),

∫ 1

0

xΨdx = b′(0). (7)

2.1.1 Reformulation of the problem

To facilitate the analysis, it is beneficial to transform the problem (1)-(5) into an equiv-
alent formulation with homogeneous integral conditions. This transformation simplifies
the mathematical treatment and enables a more structured approach to solving the prob-
lem. For this purpose, we introduce a new function v(x, t) defined as

u(x, t) = v(x, t) + U(x, t), (8)

where
U (x, t) = (12b (t)− 6a (t))x− (6b (t)− 4a (t)) . (9)

This substitution transforms the original problem (1)-(5) with inhomogeneous integral
conditions (4)-(5) into the equivalent problem of determining v(x, t), which satisfies

£v =
∂2v

∂t2
− α

∂2v

∂x2
+ β

∂v

∂t
= g (x, t) , 0 < x < 1, 0 < t ≤ T, (10)

subject to the initial conditions

ℓv = v(x, 0) = φ(x), 0 < x < 1, (11)

qv = vt(x, 0) = ψ(x), 0 < x < 1, (12)

and the homogeneous integral conditions∫ 1

0

v (x, t) dx = 0, 0 < t ≤ T, (13)∫ 1

0

xv (x, t) dx = 0, 0 < t ≤ T. (14)
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The associated functions are defined as

g (x, t) = f (x, t)−£U, (15)

φ(x) = Φ (x)− ℓU (x, t) , (16)

ψ(x) = Ψ (x)− qU (x, t) . (17)

Thus, instead of solving for u, we focus on finding v. The solution to the original problem
(1)-(5) is then reconstructed using (8)-(9).

2.1.2 A priori estimates and their consequences

To establish the well-posedness of the problem (10)-(14), we derive a priori estimates,
which play a crucial role in proving existence, uniqueness, and stability. These estimates
ensure that the solution remains bounded within an appropriate function space. The
solution of the problem (10)-(14) can be formulated in an operational form

Lv = F ,

where L = (£, ℓ, q) is considered as an operator from the Banach space B to the Hilbert
space F . The space B is defined as the Banach space of functions v ∈ L2(Q), equipped
with the norm

∥v∥B =

(
sup

0≤τ≤T

∫ 1

0

(∥∥∥∥ℑx
∂v

∂t
(x, t)

∥∥∥∥2 + ∥ℑxv (x, τ)∥2
)
dx

) 1
2

,

which is finite. Similarly, the space F is the Hilbert space consisting of all elements
F = (g, φ, ψ), endowed with the norm

∥F∥F =

(∫
Qτ

∥g∥2 dxdt+
∫ 1

0

(
∥ψ (x)∥2 + ∥φ (x)∥2

)
dx

) 1
2

,

which is finite. These function spaces provide the appropriate setting for analyzing the
problem and deriving estimates that will aid in proving the existence and uniqueness of
solutions.

The domain D(L) of the operator L consists of all functions v such that

∂v

∂t
,

∂2v

∂t2
,

∂v

∂x
,

∂2v

∂x2
∈ L2(Q),

and v satisfies the integral conditions (13) and (14).
To analyze the solvability of the problem, we first establish an a priori estimate. This

will immediately lead to results regarding the uniqueness and continuous dependence of
the solution on the given data.

Theorem 2.1 If v(x, t) is a solution of the problem (10)-(14) and g ∈ C(Q), then
the following estimate holds:

∥v∥B ≤ C ∥Lv∥F , (18)

where C is a positive constant independent of v, for all v ∈ D(L), and is given by

C =

max
(

1
4 ,

α
2 ,

1
8β

)
min

(
1
2 , α

)


1
2

.
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Proof. We define the following integral operators:

ℑxv =

∫ x

0

v (ξ, t) dξ, ℑ2
xv =

∫ x

0

∫ η

0

v (ξ, t) dξdη.

Multiplying equation (10) by the integro-differential operator

Mv = −ℑ2
x

∂v

∂t
,

and integrating over the subdomain

Qτ = (0, τ)× (0, 1) , where 0 ≤ τ ≤ T,

we obtain

−
∫
Qτ

∂2v

∂t2
ℑ2

x

(
∂v

∂t

)
dxdt+ α

∫
Qτ

∂2v

∂x2
ℑ2

x

(
∂v

∂t

)
dxdt− β

∫
Qτ

∂v

∂t
ℑ2

x

(
∂v

∂t

)
dxdt

= −
∫
Qτ

gℑ2
x

(
∂v

∂t

)
dxdt. (19)

Applying integration by parts to each term on the left-hand side of (19), we obtain

−
∫
Qτ

∂2v

∂t2
ℑ2

x

∂v

∂t
dxdt =

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx− 1

2

∫ 1

0

∥ℑxψ (x)∥2 dx, (20)

α

∫
Qτ

∂2v

∂x2
ℑ2

x

∂v

∂t
dxdt =

α

2

∫ 1

0

∥v (x, τ)∥2 dx− α

2

∫ 1

0

∥φ (x)∥2 dx, (21)

− β

∫
Qτ

∂v

∂t
ℑ2

x

∂v

∂t
dxdt = β

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dxdt. (22)

The substitution of (20), (21), and (22) into (19) yields

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+
α

2

∫ 1

0

∥v (x, τ)∥2 dx+ β

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dxdt
=

1

2

∫ 1

0

∥ℑxψ (x)∥2 dx+
α

2

∫ 1

0

∥φ (x)∥2 dx−
∫
Qτ

gℑ2
x

∂v

∂t
dxdt. (23)

When applying the Cauchy-Schwarz inequality with parameter ε, the right-hand side of
(23) is bounded as follows:

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+
α

2

∫ 1

0

∥v (x, τ)∥2 dx+ β

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dxdt
≤ 1

2

∫ 1

0

∥ℑxψ (x)∥2 dx+
α

2

∫ 1

0

∥φ (x)∥2 dx+
ε

2

∫
Qτ

∥g∥2 dxdt+ 1

2ε

∫
Qτ

∥∥∥∥ℑ2
x

∂v

∂t

∥∥∥∥ dxdt.
(24)
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Using the Poincaré-type inequalities

2

∫ 1

0

∥ℑxv (x, τ)∥2 dx ≤
∫ 1

0

∥v (x, τ)∥2 dx,

∫ 1

0

∥∥∥∥ℑ2
x

∂v

∂t

∥∥∥∥2 dx ≤ 1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dx,∫ 1

0

∥ℑxψ (x)∥2 dx ≤ 1

2

∫ 1

0

∥ψ (x)∥2 dx,

we obtain

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+ α

∫ 1

0

∥ℑxv (x, τ)∥2 dx

+

(
β − 1

4ε

)∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dxdt (25)

≤ 1

4

∫ 1

0

∥ψ (x)∥2 dx+
α

2

∫ 1

0

∥φ (x)∥2 dx+
ε

2

∫
Qτ

∥g∥2 dxdt.

For the choice ε = 1
4β , we obtain

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+ α

∫ 1

0

∥ℑxv (x, τ)∥2 dx

≤ 1

4

∫ 1

0

∥ψ (x)∥2 dx+
α

2

∫ 1

0

∥φ (x)∥2 dx+
1

8β

∫
Qτ

∥g∥2 dxdt,

or equivalently,∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+

∫ 1

0

∥ℑxv (x, τ)∥2 dx (26)

≤ C2

(∫
Qτ

∥g∥2 dxdt+
∫ 1

0

∥ψ (x)∥2 dx+

∫ 1

0

∥φ (x)∥2 dx
)
,

where the constant C is given by

C =

max
(

1
4 ,

α
2 ,

1
8β

)
min

(
1
2 , α

)


1
2

.

Since the right-hand side of (26) is independent of τ , we take the supremum over τ in
the interval [0, T ] on the left-hand side, yielding

sup
0≤τ≤T

∫ 1

0

(∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 + ∥ℑxv (x, τ)∥2
)
dx

≤ C

(∫
Q

∥g∥2 dxdt+
∫ 1

0

∥ψ (x)∥2 dx+

∫ 1

0

∥φ (x)∥2 dx
)
.

Thus, we establish inequality (18).
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Corollary 2.1 If problem (10)-(14) admits a solution, then this solution is unique
and depends continuously on the given data (g, φ, ψ) ∈ F .

2.2 Existence of the solution

Establishing the existence of a strong solution is crucial for ensuring the well-posedness
of the problem. The following theorem guarantees that under appropriate conditions, a
unique solution exists.

Theorem 2.2 If v (x, t) satisfies the conditions stated in Theorem 2.1, then the prob-
lem (10)-(14) admits a unique strong solution given by

v = L
−1

(g, φ, ψ) = L−1 (g, φ, ψ) .

Proof. To establish the existence of a strong solution for the problem (10)-(14),
we need to demonstrate that for any arbitrary (f, φ, ψ) ∈ F , the range of the operator
L, denoted as R(L), is dense in F . First, consider the case where L is reduced to
L0 = (£, ℓ, q), with its domain given by

D(L0) = {v ∈ D(L) | ℓv = 0, qv = 0}.

To achieve this, we establish the following proposition.

Proposition 2.1 Under the conditions of Theorem 2.1, for ω ∈ L2(Q) and for all
v ∈ D(L0), if ∫

Q

£v · ω dx dt = 0, (27)

then ω is identically zero almost everywhere in Q.

Proof. The equality (27) can be rewritten as∫
Qτ

∂2v

∂t2
ω dx dt = α

∫
Qτ

∂2v

∂x2
ω dx dt− β

∫
Qτ

∂v

∂t
ω dx dt. (28)

From equation (28), we express the function ω in terms of v as

ω = −ℑ2
x

∂v

∂t
. (29)

Substituting ω from (29) into (28), we obtain∫
Qτ

∂2v

∂t2

(
−ℑ2

x

∂v

∂t

)
dx dt = α

∫
Qτ

∂2v

∂x2

(
−ℑ2

x

∂v

∂t

)
dx dt− β

∫
Qτ

∂v

∂t

(
−ℑ2

x

∂v

∂t

)
dx dt.

(30)
Integrating by parts and considering conditions (13) and (14), we obtain∫

Qτ

∂2v

∂t2

(
−ℑ2

x

∂v

∂t

)
dx dt =

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx− 1

2

∫ 1

0

∥ℑxqv∥2 dx

=
1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx, (31)
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α

∫
Qτ

∂2v

∂x2
ℑ2

x

∂v

∂t
dx dt =

α

2

∫ 1

0

∥v (x, τ)∥2 dx− α

2

∫ 1

0

∥lv∥2 dx =
α

2

∫ 1

0

∥v (x, τ)∥2 dx,

and

− β

∫
Qτ

∂v

∂t

(
−ℑ2

x

∂v

∂t

)
dx dt = −β

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dx dt. (32)

By substituting (31), (32), and (32) into (30), we obtain

1

2

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+ β

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dx dt+ 1

2

∫ 1

0

∥v (x, τ)∥2 dx ≤ 0. (33)

Since norms are non-negative, the inequality simplifies to∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+

∫
Qτ

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dx dt+ ∫ 1

0

∥v (x, τ)∥2 dx ≤ 0. (34)

Since the right-hand side of (34) is independent of τ , we take the supremum over τ ∈ [0, T ]
on the left-hand side, yielding

sup
0≤τ≤T

∫ 1

0

∥∥∥∥ℑx
∂v

∂t
(x, τ)

∥∥∥∥2 dx+

∫
Q

∥∥∥∥ℑx
∂v

∂t

∥∥∥∥2 dxdt+ sup
0≤τ≤T

∫ 1

0

∥v (x, τ)∥2 dx ≤ 0.

Since norms are non-negative, each integral in the above inequality must be zero. This
implies that

ℑx
∂v

∂t
= 0, ℑxv = 0, and v = 0 almost everywhere in Q.

Thus, we conclude that v ≡ 0. Now, substituting v = 0 into (29), we obtain ω = 0, which
means ω ≡ 0 in L2(Q).

3 Solution’s Approximation via HPM

We assume that the function u(x, t) is well-defined and of exponential order for t ≥ 0,
meaning there exist constants A, γ > 0, and t0 > 0 such that

|u (x, t)| ≤ A exp (γt) for t ≥ t0.

Furthermore, we assume that the Laplace transform of u(x, t) exists and is given by

U (x, s) = L {u (x, t) ; t→ s} =

∫ ∞

0

u (x, t) exp (−st) dt,

where s is a positive parameter. Applying the Laplace transform to both sides of equation
(1), we obtain

α
d2U

dx2
(x, s) = (s2 + βs)U(x, s)− (F (x, s) + ψ(x) + (s+ β)φ(x)) , (35)

where F (x, s) = L {f (x, t) ; t→ s}. Similarly, the integral conditions in the Laplace
transform form become ∫ 1

0

U (ξ, s) dξ = A(s), (36)
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0

ξU (ξ, s) dξ = B(s), (37)

where

A(s) = L {a(t); t→ s} , (38)

B(s) = L {b(t); t→ s} . (39)

We associate the problem (35)–(37) with the following mixed boundary value problem:

d2V

dx2
(x, s) = k2V (x, s)− 1

α
(F (x, s) + ψ(x) + (s+ β)φ(x)) , (40)

V (0, s) = λ(s), (41)

Vx (0, s) = µ(s), (42)

where

k2 =
s2 + βs

α
. (43)

Clearly, the function V (x, s, λ, µ) will be a solution to problem (35)–(37) if and only if
the pair (λ, µ) satisfies the following system of equations:

∫ 1

0

V (ξ, s, λ, µ)dξ = A(s),∫ 1

0

ξV (ξ, s, λ, µ)dξ = B(s).

(44)

It is evident that V can be expressed as the sum of two functions, V and Ṽ , where these
components satisfy the following problems:

- For Ṽ , we have

d2Ṽ

dx2
(x, s) = k2Ṽ (x, s)− 1

α
(F (x, s) + ψ(x) + (s+ β)φ(x)) , (45)

Ṽ (0, s) = 0, (46)

Ṽx (0, s) = 0. (47)

- For V , we obtain

d2V

dx2
(x, s) = k2V (x, s), (48)

V (0, s) = λ(s), (49)

V x (0, s) = µ(s). (50)

One can easily verify that V is given by

V = λ cosh(kx) +
µ

k
sinh(kx). (51)

Thus, we express U as

U = V = Ṽ + λ cosh(kx) +
µ

k
sinh(kx). (52)
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Substituting (52) into (44), we obtain the system λ sinh k
k + µ cosh k−1

k2 = A(s)−
∫ 1

0
Ṽ (ξ, s)dξ,

λk sinh k−cosh k+1
k2 + µk cosh k−sinh k

k3 = B(s)−
∫ 1

0
ξṼ (ξ, s)dξ

. (53)

The determinant of this system is given by

D(k) =
1

k4
(k sinh k − 2 cosh k + 2) =

1

k4
g(k). (54)

Consequently, we have

g(k) = k sinh k − 2 cosh k + 2,

g′(k) =
d

dk
g(k) = k cosh k − sinh k,

g′′(k) =
d2

dk2
g(k) = k sinh k.

Since ∀k > 0 : g′′(k) > 0, it follows that

∀k > 0 : g′(k) > g′(0) = 0 ⇒ g(k) > g(0) = 0.

Hence, for all positive values of k, the system (53) admits a unique solution given by
λ(s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣∣ A(s)−
∫ 1

0
Ṽ (ξ, s)dξ cosh k−1

k2

B(s)−
∫ 1

0
ξṼ (ξ, s)dξ k cosh k−sinh k

k3

∣∣∣∣∣
µ(s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣∣ sinh k
k A(s)−

∫ 1

0
Ṽ (ξ, s)dξ

k sinh k−cosh k+1
k2 B(s)−

∫ 1

0
ξṼ (ξ, s)dξ

∣∣∣∣∣
. (55)

To solve the problem (45)-(47), we construct the following homotopy:

Ṽ (x, s, p) : Q× [0, 1] → R,
d2Ṽ

dx2
(x, s) = p

[
k2Ṽ (x, s)− 1

α
(F (x, s) + ψ(x) + (s+ β)φ(x))

]
. (56)

We assume that the solution of (56) can be expressed as a power series

Ṽ =

∞∑
j=0

pj Ṽj . (57)

Substituting (57) into (56), we obtain

d2

dx2

∞∑
j=0

pj Ṽj = p

k2 ∞∑
j=0

pj Ṽj −
1

α
(F (x, s) + ψ(x) + (s+ β)φ(x))

 . (58)

Equating the coefficients of p with the same powers in (58) leads to

p0 :
d2Ṽ0
dx2

= 0, Ṽ0(0) = 0,
dṼ0
dx

(0) = 0.
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⇒ Ṽ0(x, s) = 0.

For p1, we have

d2Ṽ1
dx2

=

(
k2Ṽ0 −

1

α
(F (x, s) + ψ(x) + (s+ β)φ(x))

)
, Ṽ1(0) = 0,

dṼ1
dx

(0) = 0.

Solving the integral equation for Ṽ1 yields

Ṽ1(x, s) = − 1

α

x∫
0

µ∫
0

(F (ξ, s) + ψ(ξ) + (s+ β)φ(ξ)) dξdµ.

= − 1

α

x∫
0

(x− ξ) (F (ξ, s) + ψ(ξ) + (s+ β)φ(ξ)) dξ.

For pn+1,∀n ≥ 1, we have

d2Ṽn+1

dx2
= k2Ṽn, Ṽn(0) = 0,

dṼn
dx

(0) = 0.

Solving iteratively yields

Ṽn+1(x, s) = k2
x∫

0

µ∫
0

Ṽn(ξ, s)dξdµ = k2
x∫

0

(x− ξ)Ṽn(ξ, s)dξ.

Thus, we obtain the general expression Ṽ0(x, s) = 0,

∀n ≥ 1 : Ṽn(x, s) = − 1
α

k2n−2

(2n−1)!

x∫
0

(x− ξ)2n−1 (F (ξ, s) + ψ(ξ) + (s+ β)φ(ξ)) dξ.

When p→ 1, equation (57) provides the approximate solution to the problem (45)-(47),
given by

Ṽhpm(x, s) = − 1

α

∞∑
j=1

k2j−2

(2j − 1)!

∫ x

0

(x− ξ)2j−1 (F (ξ, s) + ψ(ξ) + (s+ β)φ(ξ)) dξ. (59)

Theorem 3.1 If

sup
ξ∈(0,1)

|F (ξ, s) + ψ(ξ) + (s+ β)φ(ξ)| =M <∞,

then the series defined by equation (59) is convergent.

Proof. We define the function G (ξ, s) = F (ξ, s)+ψ(ξ)+ (s+ β)φ(ξ). For all n ≥ 1,
we have ∣∣∣Ṽn∣∣∣ =

∣∣∣∣− 1

α

k2n−2

(2n− 1)!

∫ x

0

(x− ξ)
2n−1

G (ξ, s) dξ

∣∣∣∣
≤ 1

α

k2n−2

(2n− 1)!

∫ x

0

(x− ξ)
2n−1 |G (ξ, s)| dξ

≤ M

α

k2n−2

(2n− 1)!

∫ x

0

(x− ξ)
2n−1

dξ

≤ M

α

k2n−2

(2n)!
x2n.
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Now, we define

Wn (x, s) =
M

α

k2n−2

(2n)!
x2n.

Taking the limit, we obtain

lim
n→∞

Wn+1 (x, s)

Wn (x, s)
= lim

n→∞

k2x2

(2n+ 1) (2n+ 2)

= 0.

Since the series
∑
Wn (x, s) is convergent, it follows that the series

∑
Ṽn (x, s) is also

convergent. The solution Uhpm(x, t) can be approximately recovered from Uhpm (x, s)
either through an analytical approach or by using the Stehfest algorithm [38], where the
inverse Laplace transform of Uhpm (x, s) is computed as follows:

uhpm (x, t) ≃ ln 2

t

2m∑
n=1

βnUhpm

(
x,
n ln 2

t

)
,

where the coefficients βn are given by

βn = (−1)
n+m

min(n,m)∑
k=⌊n+1

2 ⌋

km(2k)!

(m− k)!k!(k − 1)!(n− k)!(2k − n)!
.

Here, m is an odd positive integer, and
⌊
n+1
2

⌋
denotes the integer part of n+1

2 . For
m = 5, the first ten coefficients βn are given as

β1 =
1

12
, β2 = −385

12
, β3 = 1279, β4 = −46871

3
, β5 =

505465

6
,

β6 = −473915

2
, β7 =

1127735

3
, β8 = −1020215

3
, β9 =

328125

2
, β10 = −65625

2
.

Thus, the approximate solution is given by

uhpm (x, t) ≈ ln 2

t

10∑
n=1

βnUhpm

(
x,
n ln 2

t

)
.

4 Numerical Example

In this section, we present a numerical example to illustrate the effectiveness and accu-
racy of the proposed method. The approximate solution obtained using the homotopy
perturbation method (HPM) is compared with the exact solution to validate its conver-
gence and reliability. The numerical results demonstrate the efficiency of the method in
handling the Telegraph equation with integral boundary conditions.

Example 4.1 Consider the Telegraph equation with the following parameters:

α = 1, β = 1, f (x, t) = et
(
2x2 + 2t+ 1

)
,

a (t) =
1

3
et (3t+ 1) , b (t) =

1

4
et (2t+ 1) ,
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φ(x) = x2, ψ(x) = x2 + 1.

The exact solution to this problem is given by

uexa (x, t) =
(
t+ x2

)
et.

By substituting the given data into (43), (59), (55) and (52), we obtain

k =
√
s2 + s

Ṽhpm (x, s) = −
∞∑
j=1

k2j−2 1

(2j − 1)!

∫ x

0

(x− ξ)
2j−1

((
s3 − s

(s− 1)
2

)
ξ2 +

s2 − s+ 2

(s− 1)
2

)
dξ

= − 1

(s− 1)
2 cosh kx+

1

(s− 1)
2

(
sx2 − x2 + 1

)
,


λ (s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣∣
sinh k

k(s−1)2
cosh k−1

k2

1
k2(s−1)2

(k sinh k − cosh k + 1) k cosh k−sinh k
k3

∣∣∣∣∣ = 1
(s−1)2

µ (s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣∣
sinh k

k
sinh k

k(s−1)2

k sinh k−cosh k+1
k2

1
k2(s−1)2

(k sinh k − cosh k + 1)

∣∣∣∣∣ = 0

,

and

U (x, s) = − 1

(s− 1)
2 cosh kx+

1

(s− 1)
2

(
sx2 − x2 + 1

)
+ λ cosh kx+

µ

k
sinh kx.

Therefore, we obtain

U (x, s) =
1

(s− 1)
2

(
sx2 − x2 + 1

)
.

Taking the inverse Laplace transform yields

u (x, t) = L −1

(
1

(s− 1)
2

(
sx2 − x2 + 1

))
= etx2 + tet = uexa (x, t) .

Example 4.2 The parameters for this example are given as

α = 1, β = 2, f (x, t) = 2x
(
3t2 + x2

)
,

a (t) =
1

2
t3 +

1

4
t, b (t) =

1

3
t3 +

1

5
t, φ (x) = 0, ψ (x) = x3.

The exact solution to this problem is given by

uexa (x, t) = tx
(
t2 + x2

)
.

By replacing the previous data in (43), (59), (55) and (52), we get

k =
√
s2 + 2s,

Ṽhpm (x, s) = −
∞∑
j=1

k2j−2

(2j − 1)!

∫ x

0

(x− ξ)
2j−1

((
2

s
+ 1

)
ξ3 +

12

s3
ξ

)
dξ,

=
1

s4
x
(
s2x2 + 6

)
− 6

ks4
sinh kx.
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Solving for λ(s) and µ(s), we obtain
λ (s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣ 6
k2s4 (cosh k − 1) cosh k−1

k2

− 6
k3s4 (sinh k − k cosh k) k cosh k−sinh k

k3

∣∣∣∣ = 0,

µ (s) = k4

(k sinh k−2 cosh k+2)

∣∣∣∣ sinh k
k

6
k2s4 (cosh k − 1)

k sinh k−cosh k+1
k2 − 6

k3s4 (sinh k − k cosh k)

∣∣∣∣ = 6
s4 .

Thus, the function U(x, s) is given by

U (x, s) =
1

s4
x
(
s2x2 + 6

)
− 6

ks4
sinh kx+ λ cosh sx+

µ

k
sinh sx,

=
1

s4
x
(
s2x2 + 6

)
.

Taking the inverse Laplace transform yields

u (x, t) = L −1

(
1

s4
x
(
s2x2 + 6

))
= tx

(
t2 + x2

)
= uexa (x, t) .

5 Conclusion

In this paper, He’s homotopy perturbation method (HPM) has been successfully applied
to solve second-order differential equations with constant coefficients. The method has
proven to be reliable and efficient, offering an analytical approximation that, in many
cases, yields an exact solution in a rapidly convergent sequence with elegantly computed
terms. The convergence of this series has been rigorously demonstrated in this study.
Furthermore, by integrating the HPM with the Laplace transformation technique and the
Stehfest algorithm, we effectively addressed the telegraph problem with integral boundary
conditions. This combined approach not only provides a powerful framework for solving
similar differential equations but also enhances the applicability of analytical methods in
various scientific and engineering contexts.
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1 Introduction

Epidemiological nonlinear COVID-19 models are associated with a respiratory disease
that emerged in December 2019 in Wuhan and other cities in China, which has become
a global public health emergency declared by the World Health Organization (WHO) in
the first quarter of 2020. The first transmission of the disease was from animal to human.
Then, it spreaded rapidly among humans through direct and indirect contact. The most
common clinical symptoms of SARS-CoV-2 infections are fever, cough, tiredness, loss of
taste or smell, nausea, diarrhea, pneumonia, and respiratory issues.

Mathematical nonlinear models play a crucial role in predicting future trends of epi-
demics and developing effective strategies to control them based on data and microscopic
hypotheses about the population. The Kermack and McKendrick model [6] presented
in 1927, was the first SIR model capable of predicting epidemic infections. Since then,
researchers have further studied and developed global and local stability of SEIR and
SIR models. Recently, the development of mathematical models to predict the evolution
of COVID-19 infections has attracted considerable attention. Researchers have explored
various aspects of the disease, including its nature, transmission dynamics, basic repro-
duction number, and stability [3, 5, 9].

The stability of fractional nonlinear epidemiological models is crucial for understand-
ing complex dynamical systems because it allows an accurate representation of natural
phenomena by integrating long-term memories and non-local behaviors. Some researchers
have examined the stability of fractional conformable pandemic models [7], in particular,
simplifying calculations while preserving these advantages, thus facilitating the analysis
of local and global stability. The particularity of this derivative is due to its simplicity of
handling and interpreting and the use of the simplest initial conditions similar to those of
classical derivatives. Some researchers have applied the Sumudu transform in fractional
conformable models [2]. Similar to the Laplace and Fourier transforms, the Sumudu
transform is an efficient method for solving differential and integral equations. It differs
from the Laplace transform in that it also takes into account the units of the original
function, making it more suitable in physics and engineering applications. Moreover,
its connection with the Laplace transform allows a smooth transition between various
analytical techniques, thus increasing its adaptability to different domains.

In this paper, by using the conformable derivative, we study Rabih Ghostine’s
COVID-19 model focusing on positivity analysis via the Sumudu transformation. There-
fore, we apply this technique to understand in detail the local and global stability of
this model using the concept of R0. The results of our study reveal that the Sumudu
transformation and the conformable derivative improve these analyses, providing more
information about its behaviors as well as possible applications in epidemiological mod-
eling or other related fields.

This paper is organized af follows. In Section 2, we present preliminaries and prob-
lem formulation. Section 3 is devoted to the study of the positivity and boundness of
the solutions using the Sumudu transform. The choice of this transformation is due to
its conservation of units, which facilitates the interpretation of results while simplifying
calculations for certain differential and integral equations. Additionally, it provides a di-
rect correspondence with power series and offers a simpler inversion in some cases. The
Disease-Free and Endemic Equilibrium and the basic reproduction number are estab-
lished in Section 4. Stability analysis is presented for the considered class of nonlinear
models in Section 5. In Section 6, some numerical examples and simulations are presented
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to show the effectiveness and applicability of the proposed method.

2 Preliminaries and Problem Formulation

In this section, we present the mathematical formulation of the COVID-19 nonlinear
model. We have chosen the conformable derivative for this formulation because it pro-
vides a simpler and more intuitive alternative for modelling, manipulating, and inter-
preting dynamic phenomena. Additionally, it uses simpler initial conditions similar to
those of classical derivatives.

2.1 Preliminaries

This subsection presents essential theorems and definitions of conformable fractional
operators and the Sumudu transform, which is crucial for the dynamic analysis of the
results discussed in this paper.

Definition 2.1 [7] Let a function x : [0,+∞) → R be given. Then the conformable
derivative of the function x of order α, with α ∈ (0, 1], is defined by

Tα(x)(t) = lim
ϵ→0

x(t+ ϵt1−α)− x(t)

ϵ
, ∀t > 0.

If the conformable derivative of the function x of order α exists for all t > 0, then we
simply say that x is α-differentiable.

Theorem 2.1 [7] Let α ∈ (0, 1] and x1, x2 : R+ → R be α-differentiable functions.
Then, ∀t > 0,

(a) Tα(ax1(t) + bx2(t)) = aTα(x1)(t) + bTα(x2)(t) for all a, b ∈ R;

(b) Tα(tp) = ptp−α for all p ∈ R;

(c) Tα(λ) = 0 for all constant function x1(t) = λ;

(d) Tα(x1(t)x2(t)) = x1(t)T
α(x2)(t) + x2(t)T

α(x1)(t);

(e) Tα

(
x1(t)

x2(t)

)
=

x2(t)T
α(x1)(t) + x1(t)T

α(x2)(t)

x2
2(t)

;

(f) If x1 is differentiable, then Tα(x1)(t) = t1−α dx1(t)

dt
.

Definition 2.2 [7] We take into account functions with exponential order in the set
A defined by

A =
{
x(t) ∃M, τ1, τ2 > 0, | x(t) |< Me

− |t|
τj , if t ∈ (−1)j × [0,∞)

}
,

the Sumudu transform X of a continuous function x is represented by

S[x(t)] = X(v) =

∫ ∞

0

x(vt)e−tdt, v ∈ (−τ1, τ2),
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or a similar alternative

S[x(t)] = X(v) =
1

v

∫ ∞

0

x(t)e−
t
v dt, v > 0.

Theorem 2.2 [1] Let x : [0,∞) → R be a given function, 0 < α ≤ 1. Then we have
the following property:

Sα[T
αx(t)](v) =

1

v
[Sα[x(t)](v)− x(0)] , ∀t > 0.

Theorem 2.3 [1] Let c and a ∈ R and 0 < α ≤ 1. Then

1.

Sα[e
−a tα

α x(t)] =
Sα[x(t)](

1
v + a)

v
, v > 0;

2.

Sα[c](v) = c;

3.

Sα

[
tnα

αn

]
(v) =

Γ(1 + n)n

v
, v > 0;

4.

Sα

[
e−

atα

α

]
(v) =

1

1 + av
, v >

1

a
.

2.2 Model formulation

Several models have been developed in the literature to describe and study the dynamics
of COVID-19 disease. Rabih Ghostine’s nonlinear model has been recognized for its
comprehensive yet creative methods used to explain better and understand the outbreak
and spread of COVID-19. Several factors contribute to its significance: Accuracy and
Predictive Power, Involvement of Different Variables, Adjustability, Transdisciplinarity,
Openness and Accessibility, and Influence in Reality. This work focuses on an extended
and reformulated version of Ghostine’s epidemiological nonlinear model [5], expressed in
a fractional form using a conformable derivative, with a subsequent investigation of its
global stability.

In our model, the human population denoted by N is composed of seven compart-
ments (subpopulations) according to the status of the disease. The number of susceptible
individuals S(t), infected individuals in the incubation period E(t), infectious individ-
uals I(t), hospitalized individuals H(t), recovered R(t), and vaccinated cases V (t) are
incorporated. The fractional-order SEIHRDV model, utilizing the conformable fractional
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derivative of order 0 < α ≤ 1, is given by

TαS(t) = Λα − βαSI − ηαS − µαS,

TαE(t) = βαSI + (σβ)αV I − (γα + µα)E,

TαI(t) = γαE − (δα + µα)I,

TαH(t) = δαI − ((1− κα)λα + (κρ)α + µα)H,

TαR(t) = (1− κα)λαH − µαR,

TαD(t) = (κρ)αH,

TαV (t) = ηαS − (σβ)αV I − µαV

(1)

under the conditions

S(0) = S0 ≥ 0, E(0) = E0 ≥ 0, I(0) = I0 ≥ 0, H(0) = H0 ≥ 0, R(0) = R0 ≥ 0,

D(0) = D0 ≥ 0, V (0) = V0 ≥ 0

and N(t) = S(t) + E(t) + I(t) +H(t) +R(t) +D(t) + V (t).

Figure 1: Compartmental diagram for the transmission dynamics of COVID-19.

In the following two sections, the analysis of the nonlinear epidemiological model
is carried out under certain constraints on the parameters of the model to ensure the
biological acceptability as well as its mathematical structure, the positive populations,
plausible and sequential disease case rates. These characteristics are particularly impor-
tant for describing the long-term development of an infectious disease process, including
its retention or extinction. In terms of systems theory, the stability of these nonlinear
models is of great importance in terms of the equilibrium point and its robustness against
perturbations that revolve around the fundamental concepts of nonlinear dynamics.

3 Non-Negativity and Boundedness of Solutions

The objective of this section is to analyze and demonstrate the positivity and bound-
ness of the system’s solutions by introducing a new innovative integral technique named
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the Sumudu transform to solve differential systems.

Proposition 3.1 The region Ω = {(S,E, I,H,R,D, V ) ∈ R7 : 0 < N ≤
(
Λ

µ

)α

} is

non-negative invariant for the model (1) for t ≥ 0.

Proof. We have

Tα(S + E + I +H +R+D + V )(t) = Λα − µα(S + E + I +H +R+D + V )(t).

=⇒ TαN(t) = Λα − µαN(t)

=⇒ TαN(t) + µαN(t) = Λα.

Taking the Sumudu transform, we have

1

v
[Sα[N(t)](v)−N(0)] + µαSα[N(t)](v) = Λα

=⇒ Sα[N(t)](v) + vµαSα[N(t)](v) = N(0) + vΛα

=⇒ Sα[N(t)](v) =
N(0) + vΛα

1 + vµα

=⇒ Sα[N(t)](v) =
N(0)

1 + vµα
− Λα

µα(1 + vµα)
+

Λα

µα
.

Applying the inverse Sumudu transform, we get

N(t) =
Λα

µα
+

(
N(0)− Λα

µα

)
e

−µαtα

α .

Thus

lim
t→∞

SupN(t) ≤
(
Λ

µ

)α

.

As a result, the functions S, E, I, H, R, D and V are all non-negative.

4 Equilibrium Points and Basic Reproduction Number of the Model

The primary objective of this section is to determine two essential equilibrium states:
the Disease-Free Equilibrium and the Endemic Equilibrium. Additionally, we aim to
determine the Basic Reproduction Number R0.

Based on [12], Basic Reproduction Number R0 and the Disease-Free Equilibrium
point (DFE) of the model (1) are given as follows:

R0 =
(βγΛ)αϵ5
µαϵ1ϵ2ϵ3

, X0 =

(
Λα

ϵ1
, 0, 0, 0, 0,

(ηΛ)α

µαϵ1

)
,

and the Endemic Equilibrium point (DEE) is given by

X1 =

(
Λα

βαI1 + ϵ1
,

ϵ3
γα

I1,

√
M1 +M2

M3
,

δα

ϵ4
I1,

(1− κα)(λδ)α

µαϵ4
I1,

(ηΛ)α

(βαI1 + ϵ1)((σβ)αI1 + µα)
,

)
,
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where
ϵ1 = µα + ηα, ϵ2 = µα + γα, ϵ3 = µα + δα,

ϵ4 = µα + λα(1− κα) + (κρ)α, ϵ5 = µα + (ησ)α

and

M1 =(ϵ2ϵ3µ
α)2 + (Λβγσ)2α + (ϵ1ϵ2ϵ3σ

α)2 − 2(σµ)αϵ1ϵ
2
2ϵ

2
3

+ 4R0(σµ)
αϵ1ϵ

2
2ϵ

2
3 − 2(Λβσγµ)αϵ2ϵ3 − 2(βσ2γΛ)αϵ1,

M2 = (βσγΛ)α − σαϵ1ϵ2ϵ3 − µαϵ2ϵ3, M3 = 2(βσ)αϵ2ϵ3ϵ2ϵ3. (2)

5 Stability Analysis

In this section, our objective is to investigate the Local Asymptotic Stability (LAS) and
to study also the Global Asymptotic Stability (GAS) of the Equilibrium points (DFE)
X0 and (DEE) X1 for the model (1).

5.1 Local stability of the equilibrium points

By the use of the basic reproduction number R0 [12], we can present the theorem that
establishes the local stability of the Disease-Free Equilibrium (DFE), which is defined as
follows.

Theorem 5.1 The disease-free equilibrium X0 is locally asymptotically stable if R0 <
1 and unstable if R0 > 1.

Proof. The Jacobian matrix at the DFE point X0 is given by

J(X0) =



−ϵ1 0 −R0µ
αϵ2ϵ3

ϵ5γα
0 0 0

0 −ϵ2
ϵ2ϵ3R0

γα
0 0 0

0 γα −ϵ3 0 0 0

0 0 δα −ϵ4 0 0

0 0 0 (1− κα)λα −µα 0

ηα 0 −R0(ση)
αϵ2ϵ3

γαϵ5
0 0 −µα



.

The roots of the characteristic equation are defined as follows:

s1 = −ϵ1 < 0, s2 = −ϵ4 < 0, s3 = −µα < 0, s4 = −µα < 0,

s5 = −1

2

(
ϵ2 + ϵ3 +

√
(ϵ2 − ϵ3)2 + 4R0ϵ2ϵ3

)
< 0,

s6 = −1

2

(
ϵ2 + ϵ3 −

√
(ϵ2 − ϵ3)2 + 4R0ϵ2ϵ3

)
< 0 iff R0 < 1.

The disease-free equilibrium X0 is locally asymptotically stable or unstable according
to R0 < 1 or R0 > 1.
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5.2 Global stability of the equilibrium points

The theorems that establish the global stability of the Equilibrium points (DFE) and
(DEE) are formulated as follows.

Theorem 5.2 The disease-free equilibrium X0 is global asymptotically stable in
Ω = {(S,E, I,H,R,D, V ) ∈ R7

+/S+E+ I +H +R+D+V ≤ N, S(0) > 0, E(0) > 0,
I(0) > 0, H(0) > 0, R(0) > 0, D(0) > 0, V (0) > 0} if R0 ≤ 1, otherwise unstable.

Proof. Following [10], let us consider the Lyapunov function

V(E, I) = E +
γ + µ

γ
I.

The conformal derivative of the Lyapunov function, denoted by TαV(E, I), is given by

TαV(E, I) = TαE(t) +TαI(t)

(
ϵ2
γα

)
,

= βαSI + (σβ)αV I − ϵ2E +
ϵ2
γα

(γαE − ϵ3I),

= βα(S + σαV )− ϵ2ϵ3
γα

,

=
ϵ2ϵ3
γα

[
ϵ1µ

αR0(S + σαV )

Λαϵ5
− 1

]
I ≤ ϵ2ϵ3

γα
(R0 − 1)I.

Thus, TαV(E, I) < 0 if R0 < 1, and TαV(E, I) = 0 if I(t) = 0 and R0 = 1.
Therefore, the largest invariant set contained in this set is

L = {(S,E, I,H,R,D, V ) ∈ Ω/TαV(E, I) = 0} ,

which is reduced to DFE. Hence, by LaSalle’s Invariance Principle, it follows that the
disease-free equilibrium point is Globally Asymptotically Stable in Ω whenever R0 < 1.

Theorem 5.3 If R0 > 1, then the endemic equilibrium of the model (1) given by X1

is globally asymptotically stable in Ω.

Proof. The non-linear Lyapunov function of the Goh-Volterra form [8] is as follows:

V(S,E, I,H, V ) =
(
S − S1ln(S)

)
+
(
E − E1ln(E)

)
+

βαS1I1

γαE1

(
I − I1ln(I)

)
+
βαS1

δα
(
H −H1ln(H)

)
+

(
V − V 1ln(V )

)
,

the conformable derivative of the Lyapunov function, TαV(S,E, I,H, V ), is expressed as

TαV(S,E, I,H, V ) =

(
1− S1

S

)
TαS(t) +

(
1− E1

E

)
TαE(t)

+
βαS1I1

γαE1

(
1− I1

I

)
TαI(t)

+
βαS1

δα

(
1− H1

H

)
TαH(t) +

(
1− V 1

V

)
TαV (t).
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Furthermore, we have

TαS(t) ≤ Λα − βαSI, TαE(t) ≤ βαSI + (σβ)αV I, TαI(t) ≤ γαE

TαH(t) ≤ δαI, TαV (t) ≤ ηαS − (σβ)αV I.

Therefore,

TαV(S,E, I,H, V ) < Λα

(
1− S1

S

)
+ ηαS1

(
S

S1
− V 1S

V S1

)
+ (σβ)αV 1I1

(
I

I1
− E1V I

EV 1I1

)
+ βαS1I1

(
E

E1
+ 2

I

I1
− E1SI

ES1I1
− I1E

IE1
− H1I

HI1

)
< 0

so that the following inequalities hold:

1− S1

S
≤ 0,

S

S1
− V 1S

V S1
≤ 0,

I

I1
− E1V I

EV 1I1
≤ 0

and

E

E1
+ 2

I

I1
− E1SI

ES1I1
− I1E

IE1
− H1I

HI1
≤ 0.

Thus TαV(t) ≤ 0 for R0 > 1. The point X1 is globally asymptotically stable if
R0 > 1.

6 Numerical Results and Discussion

In this section, we present a numerical study that simulates the SEIHRDV model with
a conformable fractional derivative applied to the spread of COVID-19 in Algeria. The
parameters are determined using real-time data on COVID-19 cases in Algeria provided
by the World Health Organization (WHO) and the Algerian Ministry of Health. The
primary objective of this simulation is to assess the impact of the vaccination campaign on
disease transmission. We employ the Runge-Kutta 4th order (RK4) method in MATLAB
for this study.

The baseline parameters and the initial values for our proposed model are shown in
Tables 1 and 2.
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Parameter Interpretation Initial Value Reference
µ Natural birth and death rate 3× 10−5 person/day Estimated
Λ New births 1350 person/day [14]
γ−1 Incubation period 5.5 days [4]
δ−1 Infection time 3.8 days [4]
λ−1 Recovery time 10 days [4]
ρ−1 Time until death 15 days [4]
η Vaccination rate 4× 10−4 day−1 Estimated

(rate of people who are vaccinated)
σ Vaccine inefficacy 0.05 day−1 [11]
β Transmission rate divided by N 5.7× 10−8 day−1 Estimated
κ Case fatality rate 0.028 [15]

Table 1: Initial model parameters.

Variable N I0 E0 H0 R0 D0 V0 S0

Initial Value 44,600,000 202,122 150,000 180,000 138,362 5,739 0 44,457,156
Reference [13] [15] Estimated Estimated [15] [15] [15] Estimated

Table 2: The initial values for the model variables.
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Figure 2: Plots of S(t), E(t), I(t), H(t), R(t) and V(t) for different values of α = 0.6, 0.8, 1.0
with respect to time (days).

The graphs highlight the dynamics of disease spread and the impact of the α param-
eter. Over time, the number of susceptible individuals decreases as more people become
exposed and infected, with lower α values resulting in fewer susceptibles. Exposed indi-
viduals peak and decline more quickly with lower α values, showing a faster transition
to the infectious stage. Infectious individuals exhibit a distinct peak and subsequent de-
cline, with lower α values leading to an earlier and higher peak, indicating a more rapid
and intense spread. Hospitalized individuals peak and then decline, with lower α values
causing a later and lower peak, suggesting a reduced burden on the healthcare system.
The number of recovered individuals increases over time, with the lowest recovery rates
at α = 1. Vaccinated individuals rise rapidly at first and then stabilize, with lower α
values leading to faster vaccination rates but reaching this stabilization sooner.

7 Conclusion

In this paper, we analyze fractional order derivatives utilizing the confomable deriva-
tives with an order of 0 < α ≤ 1 within the SEIHRDV nonlinear epidemiological models
with vaccination. To this end, COVID-19 case data from Algeria at the beginning of
vaccine implementation (September, 2021) are used. To prove the positivity of the sys-
tem’s solutions, we introduce the Sumudu transform (an integral technique for solving
differential systems) as a new innovative approach. After that, we establish the local sta-
bility of the equilibrium points by calculating the Jacobian matrix and proving that its
eigenvalues are negative. To demonstrate the global stability of the equilibrium points,
we construct a Lyapunov function. Our study shows that a lower value of α is associated
with a more effective response to the disease. However, it is important to note that α is
not the only factor that determines the effectiveness of a response. Other factors such
as the effectiveness of the vaccine and the availability of healthcare resources, also play
a role in the analysis of Covid-19 epidemiological models.
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Abstract: In the present work, we use a topological method to establish the existence
of positive µ-Sp-pseudo almost automorphic solutions for some systems of nonlinear
delay integral equations which, from a biological point of view, model the evolution
in time of interacting species. Specifically, we use the contraction mapping principle,
Leray–Schauder alternative and Krasnoselskii’s theorem to obtain our results.
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1 Introduction

The notion of almost automorphy is a natural generalization of the classical almost pe-
riodicity [2, 3]. It was first introduced by Bochner in the mid-1960s; one can find more
details about this topic in [7, 11, 13] and the references therein. Since then, this notion
has been generalized in different directions. In [12], N’Guérékata and Pankov introduced
the concept of Stepanov-like almost automorphy and applied this concept to investigate
the existence and uniqueness of an almost automorphic solution to the autonomous semi-
linear equation. Then, new generalizations of the Stepanov-like automorphy have been
discovered. Among the most important of these generalizations, we have the notion of
Stepanov-like weighted pseudo almost automorphic function presented by Xia and Fan
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in [17] and that of weighted pseudo almost automorphic functions in the light of the
measure theory introduced by Blot et al. in [1].

Recently, the concept of µ-Stepanov-like pseudo almost automorphic functions was
introduced and applied to study the existence of solutions to some evolution equations
in Banach spaces (see, for instance, [5, 6]). Note that with the development of the
theory of almost automorphy, its applications have attracted a great deal of attention of
many mathematicians due to their significance and applications in physics, mathematical
biology, control theory, and so on.

However, since the concept of µ-Stepanov-like pseudo almost automorphy is more
general than weighted pseudo almost automorphy, our goal in this paper is to investigate
the existence of Stepanov-like µ-pseudo almost automorphic solutions to the following
multidimensional systems of nonlinear delay integral equations:

x(s) = F(s, x(s− ℓ)) +

∫ Γ(s)

0

f(s, σ, x(s− σ − ℓ))dσ, (1)

where x = (x1, ..., xn) : R −→ Rn
+, F = (F1, ...,Fn) : R −→ Rn

+, Γ = (Γ1, ...,Γn) : R −→
Rn

+ and f = (f1, ..., fn) : R× R+ × Rn
+ −→ Rn

+ are appropriate functions specified later.
Hence, system (1) means that, for each i ∈ {1, 2, ..., n},

xi(s) = Fi(s, x1(s− ℓ), ..., xn(s− ℓ)) +

∫ Γi(s)

0

fi(s, σ, x1(s− σ − ℓ), ..., xn(s− σ − ℓ))dσ.

System (1) with positive solution describes the evolution in time of n species with
interaction. In fact, for i = 1, 2, ..., n, xi(t) is the number of individuals present in the
population xi at time t, which live to the age Γi(t). The function fi is the number of
new births per time unit in xi and Fi is a nonlinear perturbation. Another explanation
can be given to (1) by considering it as an epidemic model combined with population
ecology. In this context, xi(t) is the population at time t of infectious individuals in the
species xi, fi represents the instantaneous rate of infection in the species x and Γi(t) is
the duration of infectivity in xi.

Note that, in the case n = 2, system (1) generalizes the one studied in [15] if one does
the change of variable s− σ = u and ℓ = 0,

x(t) = γ1(t)x(t− β1) +

∫ t

t−σ1(t)

f(s, x(s), y(s))ds,

y(t) = γ2(t)y(t− β2) +

∫ t

t−σ2(t)

g(s, x(s), y(s))ds.

(2)

In [14], the authors show the existence of positive Stepanov-like almost automorphic
solutions for multidimensional systems of the type

x(s) =

∫ τ(s)

0

f(s, σ, x(s− σ − l))dσ.

Therefore, our system (1), in the present work, generalizes the previous and other sys-
tems.

The paper is organized as follows. Section 2 is devoted to basic definitions and results
that are known in the literature. In Section 3, we present some results which are essential
in the proof of our results, namely, composition theorems. Finaly, in Section 4, we prove
the existence of solutions.
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2 Preliminaries

Troughout this paper, we will use the following notations. R is the set of real num-
bers, R+ = [0,+∞), N is the set of nonnegative integers and for every element

x = (x1, ..., xn) ∈ Rn, ∥x∥ =
n∑

i=1

|xi|. Also, C(R,Rn) denotes the space of all con-

tinuous functions from R into Rn and BC(R,Rn) consists of the bounded ones in
C(R,Rn). Equipped with the norm sup ∥x∥∞ = supt∈R ∥x(t)∥, BC(R,Rn) is a Banach
space. Lp

Loc (R,Rn) denotes the space of all equivalence classes of measurable functions
f : R −→ Rn such that the restriction of f to every bounded subinterval of R is in
Lp (R,Rn).

Let us begin by giving some basic definitions and results on almost automorphic and
µ-pseudo almost automorphic functions.

Definition 2.1 [2]

(i) A continuous function f : R −→ Rn is called almost automorphic if for every
sequence of real numbers {s′n}, there exists a subsequence {sn} such that

f∗(t) = lim
n→+∞

f(t+ sn)

is well defined for each t ∈ R and

f(t) = lim
n→+∞

f∗(t− sn), ∀t ∈ R.

The collection of all such functions will be denoted by AA(R,Rn).

(ii) A continuous function f : R × R+ × Rn
+ −→ Rn is said to be almost automorphic

if f(s, σ, u) is almost automorphic in s ∈ R uniformly for all (σ, u) ∈ K, where K
is any bounded subset of R+ × Rn

+. The collection of all such functions will be
denoted by AA(R× R+ × Rn

+,Rn).

Example 2.1 The function

t −→ cos
1

2− sin t− sinπt

is almost automorphic but not almost periodic since it is not uniformly continuous.

Throughout this work, we denote by B the Lebesgue σ-field of R and by M the set of
all positive measures µ on B satisfying µ(R) = +∞ and µ([a, b]) < +∞ for all a, b ∈ R
with a < b.

Definition 2.2 [1] Let µ ∈ M.

(i) A continuous function f : R −→ Rn is said to be µ-ergodic if

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

∥f(s)∥dµ(s) = 0.

We denote the space of all such functions by ε (R,Rn, µ) (or ε (Rn, µ) for short).
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(ii) A bounded continuous function f : R× R+ × Rn
+ −→ Rn is said to be µ-ergodic if

f(., σ, x) is bounded for each (σ, x) ∈ R+ × Rn
+ and

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

∥f(s, σ, x)∥dµ(s) = 0.

We denote the space of all such functions by ε
(
R× R+ × Rn

+,Rn, µ
)

(or

ε
(
Rn+1

+ ,Rn, µ
)
for short).

Lemma 2.1 [1] Let µ ∈ M. Then (ε (Rn, µ) , ∥.∥∞) is a Banach space.

Definition 2.3 [1] Let µ ∈ M. A continuous function f : R −→ Rn is said to be
µ-pseudo almost automorphic if f can be expressed as

f = g + h,

where g ∈ AA (R,Rn) and h ∈ ε (Rn, µ). We denote the space of all such functions by
PAA (R,Rn, µ).

For µ ∈ M, denote by µτ the positive measure on (R,B) defined by

µτ (A) = µ ({a+ τ : a ∈ A}) , forA ∈ B.

In the sequel, we assume the following hypothesis.

(H0) For all τ ∈ R, there exist β > 0 and a bounded interval I such that

µτ (A) ≤ βµ(A),

where any A ∈ B satisfies A ∩ I = ϕ.

Lemma 2.2 [1] Let µ ∈ M satisfy (H0). Then ε (Rn, µ) is translation invariant,
and therefore, PAA (R,Rn, µ) is translation invariant.

Lemma 2.3 [1] Let µ ∈ M. Assume that PAA (R,Rn, µ) is translation invariant.
Then the decomposition of µ-pseudo almost automorphic function in the form f = g+h,
where g ∈ AA(R,Rn) and h ∈ ε (Rn, µ), is unique.

Lemma 2.4 [1] Let µ ∈ M. Assume that PAA (R,Rn, µ) is translation invariant.
Then (PAA (R,Rn, µ) , ∥.∥∞) is a Banach space.

Now, we give some preliminaries on µ-Stepanov-like pseudo almost automorphic func-
tions.

Definition 2.4 [8,12] The Bochner transform f b(t, s), t ∈ R, s ∈ [0, 1], of a function
f : R −→ Rn is defined by

f b(t, s) := f(t+ s).

Remark 2.1 [8] Note that a function φ(t, s), t ∈ R, s ∈ [0, 1], is the Bochner trans-
form of a certain function f(t),

φ(t, s) = f b(t, s)

if and only if φ(t+ τ, s− τ) = φ(s, t) for all t ∈ R, s ∈ [0, 1] and τ ∈ [s− 1, s].
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Definition 2.5 [8] The Bochner transform f b(t, s, σ, u), t ∈ R, s ∈ [0, 1], (σ, u) ∈
R× Rn, of a function f : R× R× Rn −→ Rn is defined by

f b(t, s, σ, u) := f(t+ s, σ, u).

Definition 2.6 [12] Let p ∈ [1,+∞).

i) The space BSp (R,Rn) of all Stepanov bounded functions, with the exponent p,
consists of all measurable functions f on R with values in Rn such that f b ∈
L∞ (R, Lp ([0, 1],Rn)). This is a Banach space with the norm

∥f∥Sp = ∥f b∥L∞(R,Lp) = sup
t∈R

(∫ t+1

t

∥f(s)∥pds
) 1

p

.

ii) The space BSp
(
R× R+ × Rn

+,Rn
)
of all Stepanov bounded functions, with the

exponent p, consists of all measurable functions f : R×R+ ×Rn
+ −→ Rn such that

f b(., ., σ, u) ∈ L∞ (R, Lp ([0, 1],Rn)) , t→ f b(t, ., σ, u) ∈ Lp ([0, 1],Rn) ,

for each t ∈ R and each (σ, u) ∈ R+ × Rn
+.

Definition 2.7 [12] The space ASp(R,Rn) of Stepanov-like almost automorphic
functions (or Sp-almost automorphic) consists of all f ∈ BSp(R,Rn) such that f b ∈
AA(R, Lp([0, 1],Rn)).

In other words, a function f ∈ Lp
loc(R,Rn) is said to be Sp-almost automorphic if

its Bochner transform f b : R → Lp([0, 1],Rn) is almost automorphic in the sense that
for every sequence of real numbers {s′n}, there exist a subsequence {sn} and a function
f∗ ∈ Lp

loc(R,Rn) such that(∫ t+1

t

∥∥∥f(s+ sn)− f∗(s)
∥∥∥pds)1/p

→ 0,(∫ t+1

t

∥∥∥f∗(s− sn)− f(s)
∥∥∥pds)1/p

→ 0

(3)

as n→ +∞ pointwise on R.

Example 2.2 [12] Let {fn} ⊂ R be an almost automorphic sequence, and ε ∈ (0, 12 ).
Let

f(t) =

{
fn if t ∈ (n− ε, n+ ε);

0 otherwise.

Then f ∈ ASp(R,R) for all p ∈ [1,+∞) but f /∈ AA(R,R).

Lemma 2.5 [12]

(i) (ASp(R,Rn), ∥.∥Sp) is a Banach space.

(ii) AA(R,Rn) is continuously embeded in ASp(R,Rn).

Remark 2.2 (1) The operator J : ASp(R,Rn) −→ ASp(R,Rn) such that
(Jx)(s) := x(−s) is well defined and linear. Moreover, it is an isometry and J2 = I.
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(2) the operator τβ defined by (τβx)(s) := x(s−β) for a fixed β ∈ R leaves ASp(R,Rn)
invariant.

Definition 2.8 [12] A function f : R×R+×Rn
+ −→ Rn, (s, σ, u) −→ f(s, σ, u) with

f(., σ, u) ∈ Lp
Loc(R,Rn) for each (σ, u) ∈ R+ × Rn

+ is said to be Stepanov-like almost
automorphic in s ∈ R uniformly for (σ, u) ∈ R+ × Rn

+ if s −→ f(s, σ, u) is Stepanov-
like almost automorphic for each (σ, u) ∈ R+ × Rn

+. That is, for every sequence of real
numbers (s′n)n, there exist a subsequence (sn)n and a function f∗ : R×R+×Rn

+ −→ Rn

with f∗(., σ, u) ∈ Lp
Loc(R,Rn) such that

(∫ t+1

t

∥f(s+ sn, σ, u)− f∗(s, σ, u)∥pds
) 1

p

−→ 0,(∫ t+1

t

∥f∗(s− sn, σ, u)− f(s, σ, u)∥pds
) 1

p

−→ 0

as n −→ +∞ for all t ∈ R and (σ, u) ∈ R+ × Rn
+.

Denote by ASp
(
R× R+ × Rn

+,Rn
)
the set of all such functions.

Definition 2.9 [6] Let µ ∈ M. A function f ∈ BSp(R,Rn) is said to be µ-Stepanov-
like pseudo almost automorphic (or µ-Sp-pseudo almost automorphic) if it can be ex-
pressed as f = g + h, where g ∈ ASp(R,Rn) and hb ∈ ε (Lp([0, 1],Rn), µ). In other
words, a function f ∈ Lp

loc(R,R) is said to be µ-Stepanov-like pseudo almost automor-
phic relatively to the measure µ if its Bochner transform f b : R −→ Lp([0, 1],Rn) is
µ-pseudo almost automorphic in the sense that there exist two functions g, h : R −→ Rn

such that f = g + h, where g ∈ ASp(R,Rn) and hb ∈ ε (Lp([0, 1],Rn), µ), that is,
hb ∈ BC (R, Lp([0, 1],Rn)) and

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∥h(s)∥pds
] 1

p

dµ(t) = 0.

The set of all such functions will be denoted by PAAp(R,Rn, µ).

Definition 2.10 [6] Let µ ∈ M. A function f : R × R+ × Rn
+ → Rn, (s, σ, x) →

f(s, σ, x) with f(., σ, x) ∈ Lp
Loc(R,Rn) for each (σ, x) ∈ R+ × Rn

+ is said to be
µ-Stepanov-like pseudo almost automorphic (or µ-Sp-pseudo almost automorphic) if
it can be expressed as f = g + h, where g ∈ ASp

(
R× R+ × Rn

+,Rn
)

and hb ∈
ε
(
Rn+1

+ , Lp([0, 1],Rn), µ
)
. We denote by PAAp

(
R× R+ × Rn

+,Rn, µ
)
the set of all such

functions.

Theorem 2.1 [6] Let µ ∈ M and I be a bounded interval (eventually I = ∅).
Assume that f(.) ∈ BSp(R,Rn). Then the following assertions are equivalent:

(i) f b(.) ∈ ε (Lp([0, 1],Rn), µ).

(ii) limr→+∞
1

µ([−r, r] \ I)
∫
[−r,r]\I

( ∫ t+1

t
∥f(s)∥pds

) 1
p dµ(t) = 0.

(iii) For any ε > 0, limr→+∞
µ
(
{t ∈ [−r, r] \ I :

( ∫ t+1

t
∥f(s)∥pds

) 1
p > ε}

)
µ([−r, r] \ I)

= 0.
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Theorem 2.2 [6] Let µ ∈ M satisfy (H0). Then ε (Lp([0, 1],Rn), µ) is translation
invariant, therefore PAAp (R,Rn, µ) is also translation invariant.

Theorem 2.3 [6] Let µ ∈ M satisfy (H0) and f ∈ PAAp (R,Rn, µ) be such that
f = g + h, where g ∈ ASp (R,Rn) and hb ∈ ε (Lp([0, 1],Rn), µ). If PAAp (R,Rn, µ) is
translation invariant, then

{g(t) : t ∈ R} ⊂ {f(t) : t ∈ R} (the closure of range f).

Theorem 2.4 [6] Let µ ∈ M. Assume that PAAp (R,Rn, µ) is translation invariant.
Then the decomposition of the µ-Sp-pseudo almost automorphic function in the form
f = g + h, where g ∈ ASp(R,Rn) and hb ∈ ε (Lp([0, 1],Rn), µ), is unique.

Theorem 2.5 [6] Let µ ∈ M. Assume that PAAp (R,Rn, µ) is translation invariant.
Then (PAAp (R,Rn, µ) , ∥.∥Sp) is a Banach space.

Recall the following theorem, whose proof and more details can be found in [6].

Theorem 2.6 [6] Let µ ∈ M. Suppose that f = g+h ∈ PAAp
(
R× Rn

+,Rn, µ
)
with

g ∈ ASp
(
R× Rn

+,Rn
)
, hb ∈ ε

(
Rn

+, L
p([0, 1],Rn), µ

)
and the following hypothesis holds:

• There exists a constant L > 0 such that for all u, v ∈ Rn
+ and s ∈ R,

∥f(s, u)− f(s, v)∥ ≤ L∥u− v∥.

If x = α + ψ ∈ PAAp (R,Rn, µ) with α ∈ ASp (R,Rn), ψb ∈ ε (Lp([0, 1],Rn), µ) and
{α(s), s ∈ R} is compact, then f(., x(.)) ∈ PAAp (R,Rn, µ).

To establish the existence of solutions for system (1), we will apply the fixed point
theorem of Krasnoselskii-Schaefer type, where the Schauder-type condition is substituted
by the Schaefer-type condition.

Theorem 2.7 (Krasnoselskii-Schauder [16]) Let Ω be a nonempty bounded
closed convex subset of a Banach space (X, ∥.∥). Suppose C, T : Ω −→ X are two
mappings satsfying

(i) Cx+ Ty ∈ Ω, ∀x, y ∈ Ω,

(ii) C is a contraction and

(iii) T is completely continuous.

Then the mapping A = C + T has a fixed point x ∈ Ω, that is, Ax = Cx+ Tx = x.

Proposition 2.1 [4] If (X, ∥.∥) is a normed space, if 0 < λ < 1, and if C : X → X
is a contraction mapping with the contraction constant δ, then

λC
1

λ
: X → X

is also a contraction mapping with the contraction constant δ, independent of λ; in par-
ticular,

∥λC(x/λ)∥ ≤ δ∥x∥+ ∥C(0)∥.

Theorem 2.8 (Krasnoselskii-Schaefer [4]) Let (X, ∥.∥) be a Banach space and
let C, T : X → X be such that C is a contraction with the contraction constant δ < 1
and T being completely continuous. Then either

(a) x = λC(x/λ) + λTx has a solution in X for λ = 1, or

(b) The set {x ∈ X : x = λC(x/λ) + λTx, λ ∈ (0, 1)} is unbounded.
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3 Composition Theorems

In this section, we will prove two composition theorems, which will allow us to study,
in Section 4, the existence of µ-Stepanov-like pseudo almost automorphic solutions for
systems of type (1), as well as for the scalar case of system (2). Let us begin by introducing
some notations.

Let µ ∈ M. Assume that PAAp (R,Rn, µ) is translation invariant. Consider the
set of all bounded functions BASp(R,Rn) ⊂ ASp(R,Rn) (resp. BPAAp(R,Rn, µ) ⊂
PAAp(R,Rn, µ)), that is, for each x ∈ BASp(R,Rn) (resp. x ∈ BPAAp(R,Rn, µ)),
we have ∥x∥∞ = sups∈R ∥x(s)∥ < ∞. It is clear that (BASp(R,Rn), ∥.∥Sp) (resp.
(BPAAp(R,Rn, µ), ∥.∥Sp)) is a Banach space. Also, if f = g + h ∈ BPAAp(R,Rn, µ),
then both g and h are bounded.

Consider Lp,1
Loc (R× R+,Rn) being the space of all equivalence classes of measur-

able functions φ : R × R+ −→ Rn, (s, σ) −→ φ(s, σ) such that the restriction of
φ to every bounded subset of R × R+ is in Lp,1 (R× R+,Rn) = Lp

(
R, L1 (R+,Rn)

)
.

Then, let ASp,1
(
R× R+ × Rn

+,Rn
)
be the subset of ASp

(
R× R+ × Rn

+,Rn
)
consist-

ing of all functions f such that f(., ., u) ∈ Lp,1
Loc (R× R+,Rn) for all u ∈ Rn

+ and let

ε
(
Rn+1

+ , Lp,1([0, 1]× R+,Rn), µ
)
be the subset of ε

(
Rn+1

+ , Lp([0, 1],Rn), µ
)
consisting of

all function h satisfying h(., ., u) ∈ Lp,1 (R× R+,Rn) for all u ∈ Rn
+.

Denote by PAAp,1
(
R× R+ × Rn

+,Rn, µ
)
the subset of PAAp

(
R× R+ × Rn

+,Rn, µ
)

consisting of all functions f = g + h such that g ∈ ASp,1
(
R× R+ × Rn

+,Rn
)
and hb ∈

ε
(
Rn+1

+ , Lp,1([0, 1]× R+,Rn), µ
)
.

Next, as general assumptions, we make the following ones for functions Φ : R×R+ ×
Rn

+ → Rn:

(H1) For each compact subset K ⊂ Rn
+, there exist constants LK(Φ),MK(Φ) > 0 such

that

(i)

∥Φ(s, σ1, u)− Φ(s, σ2, v)∥ ≤ LK(Φ) (|σ1 − σ2|+ ∥u− v∥)

for all u, v ∈ K, all σ1, σ2 ∈ R+ and all s ∈ R .

(ii)

∥Φ(s, σ, u)∥ ≤MK(Φ)∥u∥,

for all (s, σ) ∈ R× R+ and all u ∈ K.

In the sequel, we say that a function f satisfies (H1) means that (H1) holds for f
instead of Φ. Then we prove the following composition theorem relevant to our system
(1).

Theorem 3.1 Let µ ∈ M be such that BPAAp (R,Rn, µ) is translation invariant.
Assume that

(i) f = g + h ∈ PAAp,1
(
R× Rn+1

+ ,Rn
+, µ

)
with g ∈ ASp,1

(
R× Rn+1

+ ,Rn
+

)
and hb ∈

ε
(
Rn+1

+ , Lp,1([0, 1]× R+,Rn
+), µ

)
such that f and g satisfy (H1).

(ii) Γ = τ + ϕ, x = α + ψ ∈ BPAAp
(
R,Rn

+, µ
)
with τ, α ∈ BASp

(
R,Rn

+

)
and

ϕb, ψb ∈ ε
(
Lp([0, 1],Rn

+), µ
)
.
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Then the function Tx : R −→ Rn defined by

Tx(s) =

∫ Γ(s)

0

f(s, σ, x(s− σ − ℓ)dσ

belongs to BPAAp
(
R,Rn

+, µ
)
.

Proof. First, since x,Γ ∈ BPAAp
(
R,Rn

+, µ
)
and f satisfies (H1)(ii), we get that

Tx(.) is a bouned function. Then, taking into account all assumptions of the theorem,
it is easily verified that

Tx(s) =

∫ Γ(s)

0

f(s, σ, x(s− σ − ℓ)dσ

=

∫ τ(s)

0

g(s, σ, α(s− σ − ℓ)dσ

+

∫ τ(s)

0

[f(s, σ, α(s− σ − ℓ)− g(s, σ, α(s− σ − ℓ)]dσ

+

∫ τ(s)

0

[f(s, σ, x(s− σ − ℓ)− f(s, σ, α(s− σ − ℓ)]dσ

+

∫ Γ(s)

τ(s)

f(s, σ, x(s− σ − ℓ)dσ

= G(s) +H(s) + I(s) + J(s),

where

G(s) =

∫ τ(s)

0

g(s, σ, α(s− σ − ℓ)dσ,

H(s) =

∫ τ(s)

0

[f(s, σ, α(s− σ − ℓ)− g(s, σ, α(s− σ − ℓ)]dσ

=

∫ τ(s)

0

h(s, σ, α(s− σ − ℓ)dσ,

I(s) =

∫ τ(s)

0

[f(s, σ, x(s− σ − ℓ)− f(s, σ, α(s− σ − ℓ)]dσ,

J(s) =

∫ Γ(s)

τ(s)

f(s, σ, x(s− σ − ℓ)dσ.

In view of [14, Theorem 3.1], G ∈ BASp
(
R,Rn

+

)
. So, it is enough to show that

Hb, Ib, Jb ∈ ε
(
Lp([0, 1],Rn

+), µ
)
.

Let us prove that Hb ∈ ε
(
Lp([0, 1],Rn

+), µ
)
. We first point out that since f and

g satisfy (H1), the function h = f − g also satisfies (H1). In addition, since α(s) is
bounded, K = {α(s) : s ∈ R} is compact. So, for ϵ > 0 (small enough), there exist
a finite number of points αk ∈ K, k = 1, 2, ...,m, such that for any u ∈ K, we have
∥u− αk∥ < ε

8∥τ∥∞LK(h) = ε0 for some 1 ≤ k ≤ m. Let

ϑk = {s ∈ R : ∥α(s)− αk∥ < ε0}, k = 1, 2, ...,m.
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It is clear that R = ∪m
k=1ϑk. Let

E1 = ϑ1, Ek = ϑk \
(
∪k−1
i=1 ϑi

)
, k = 2, 3, ...,m.

Then we have

R =
m
∪

k=1
Ek and Ei ∩ Ej = ∅, i ̸= j, i, j ∈ {1, ...,m}. (4)

Define the step function α : R → Rn by α(s) = αk, s ∈ Ek, k = 1, ...,m. Then
∥α(s)− α(s)∥ < ε0. Hence, from (H1)(i) and (4), one can easily get

( m∑
k=1

∫
Ek∩[t,t+1]

∥h(s, σ, α(s− σ − ℓ))− h(s, σ, αk)∥pds
) 1

p

=
(∫ t+1

t

∥h(s, σ, α(s− σ − ℓ))− h(s, σ, α(s− σ − ℓ))∥pds
) 1

p

< ε0LK(h) =
ε

8∥τ∥∞
.

On the other hand, since hb ∈ ε
(
Rn+1

+ , Lp,1([0, 1]× R+,Rn
+), µ

)
, there exists r0 > 0

such that

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∥∥∥∫ ∥τ∥∞

0

h(s, σ, αk)dσ
∥∥∥pds] 1

p

dµ(t) <
ε

8m
(5)

for all r > r0 and 1 ≤ k ≤ m.

Now, using (4)-(5), we have for all r > r0,

[ ∫ t+1

t

∥∥∥ ∫ τ(s)

0

h(s, σ, α(s− σ − ℓ))dσ
∥∥∥pds] 1

p

≤ ∥τ∥
p−1
p

∞

[ ∫ t+1

t

∫ ∥τ∥∞

0

∥h(s, σ, α(s− σ − ℓ))∥pdσds
] 1

p

= ∥τ∥
p−1
p

∞

[ m∑
k=1

∫
Ek∩[t,t+1]

(∫ ∥τ∥∞

0

∥h(s, σ, α(s− σ − ℓ))∥pdσ
)
ds
] 1

p

≤ 21+
1
p ∥τ∥

p−1
p

∞

[ ∫ ∥τ∥∞

0

( m∑
k=1

∫
Ek∩[t,t+1]

∥h(s, σ, α(s− σ − ℓ))− h(s, σ, αk)∥pds
)
dσ

] 1
p

+ 21+
1
p ∥τ∥

p−1
p

∞

[ m∑
k=1

∫
Ek∩[t,t+1]

(∫ ∥τ∥∞

0

∥h(s, σ, αk)∥pdσ
)
ds
] 1

p

,

which proves that for all r > r0,

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∥∥∥∫ τ(s)

0

h(s, σ, α(s− σ − ℓ))dσ
∥∥∥pds] 1

p

dµ(t) < 21+
1
p

(ε
8
+
m

1
p ε

8m

)
< ε.

This ensures the desired result.
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Next, we prove that Ib ∈ ε
(
Lp([0, 1],Rn

+), µ
)
. Set Λ = {x(s) : s ∈ R}, then

(∫ t+1

t

∥I(s)∥pds
) 1

p

=
(∫ t+1

t

∥
∫ τ(s)

0

[f(s, σ, x(s− σ − ℓ))− f(s, σ, α(s− σ − ℓ))]dσ∥pds
) 1

p

≤ LΛ(f)∥τ∥
p−1
p

∞

(∫ t+1

t

∫ ∥τ∥∞

0

∥x(s− σ − ℓ)− α(s− σ − ℓ)∥pdσds
) 1

p

= LΛ(f)∥τ∥
p−1
p

∞

(∫ ∥τ∥∞

0

∫ t+1

t

∥ψ(s− σ − ℓ)∥pdsdσ
) 1

p

.

Since ψb ∈ ε (Lp([0, 1],Rn), µ), using Theorem 2.1 and the fact that ε
(
Lp([0, 1],Rn

+), µ
)

is translation invariant, we get

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

(∫ t+1

t

∥I(s)∥pds
) 1

p

dµ(t) = 0.

Finally, we show that Jb ∈ ε
(
Lp([0, 1],Rn

+), µ
)
.

(∫ t+1

t

∥J(s)∥pds
) 1

p

=
(∫ t+1

t

∥
∫ Γ(s)

τ(s)

[f(s, σ, x(s− σ − ℓ))dσ∥pds
) 1

p

≤ MΛ(f)∥x∥∞
(∫ t+1

t

∥Γ(s)− τ(s)∥pds
) 1

p

= MΛ(f)∥x∥∞
(∫ t+1

t

∥ϕ(s)∥pds
) 1

p

.

Also, since ϕb ∈ ε
(
Lp([0, 1],Rn

+), µ
)
, we have

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

(∫ t+1

t

∥J(s)∥pds
) 1

p

dµ(t) = 0.

This completes the proof.

Proposition 3.1 Let µ ∈ M and f ∈ Cu(R,R). Then the following statements hold:

(i) f ∈ ASp(R,R) implies that f ∈ AA(R,R);

(ii) f b ∈ ε(R, Lp(0, 1;R), µ) implies that f ∈ ε(R,R, µ);

(iii) f ∈ PAAp(R,R, µ) implies that f ∈ PAA(R,R, µ).

Proof. The proof of the above proposition is analogous to that from [10, Proposition
3.3]. We omit all details here.

Now, we prove the composition theorem which corresponds to the system (2) in its
scalar case.

Theorem 3.2 Let µ ∈ M be such that BPAAp (R,R, µ) is translation invariant.
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(1) Assume that f,Γ ∈ BPAAp (R,R+, µ). Then the function F defined by

F (s) =

∫ s

s−Γ(s)

f(θ)dθ

is in BPAAp (R,R+, µ).

(2) If f, g ∈ BPAAp (R,R+, µ), then the product f.g ∈ BPAAp (R,R+, µ).

Proof. (1) Since f,Γ ∈ PAAp (R,R+, µ), we have by definition that f = h+ φ and
Γ = τ + ξ, where h, τ ∈ BASp (R,R+) and φ

b, ξb ∈ ε (R, Lp(0, 1;R+), µ). Hence,

F (s) =

∫ s

s−Γ(s)

f(θ)dθ =

∫ s−τ(s)

s−Γ(s)

f(θ)dθ +

∫ s

s−τ(s)

h(θ)dθ +

∫ s

s−τ(s)

φ(θ)dθ

= H(s) + Φ(s),

where H(s) =
∫ s

s−τ(s)
h(θ)dθ and Φ(s) =

∫ s−τ(s)

s−Γ(s)
f(θ)dθ +

∫ s

s−τ(s)
φ(θ)dθ.

We prove that H ∈ BASp(R,R+). Since h, τ ∈ BASp(R,R+), it is easy to see that
h, τ ∈ Lp

loc(R,R+). Moreover, for every sequence of real numbers (s′n)n, there exist a
subsequence (sn)n and functions h∗, τ∗ ∈ Lp

loc(R,R+) such that (3) holds. Let

H∗(s) =

∫ s

s−τ∗(s)

h∗(θ)dθ.

Then we have [ ∫ t+1

t

∣∣∣H(s+ sn)−H∗(s)
∣∣∣pds] 1

p

=
[ ∫ t+1

t

∣∣∣ ∫ s+sn

s+sn−τ(s+sn)

h(θ)dθ −
∫ s

s−τ∗(s)

h∗(θ)dθ
∣∣∣pds] 1

p

=
[ ∫ t+1

t

∣∣∣ ∫ s

s−τ(s+sn)

h(θ + sn)dθ −
∫ s

s−τ∗(s)

h∗(θ)dθ
∣∣∣pds] 1

p

≤
[ ∫ t+1

t

∣∣∣ ∫ s−τ∗(s)

s−τ(s+sn)

h(θ + sn)dθ
∣∣∣pds] 1

p

+
[ ∫ t+1

t

∣∣∣ ∫ s

s−τ∗(s)

[h(θ + sn)− h∗(θ)]dθ
∣∣∣pds] 1

p

≤ ∥h∥∞
[ ∫ t+1

t

∣∣∣τ(s+ sn)− τ∗(s)
∣∣∣pds] 1

p

+ ∥τ∗∥
p−1
p

∞

[ ∫ t+1

t

∫ s

s−∥τ∗∥

∣∣∣h(θ + sn)− h∗(θ)
∣∣∣pdθds] 1

p

.

Since τ ∈ BASp(R,R+), we have

lim
n→+∞

[ ∫ t+1

t

∣∣∣τ(s+ sn)− τ∗(s)
∣∣∣pds] 1

p

= 0.
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Moreover, [ ∫ t+1

t

∫ s

s−∥τ∗∥

∣∣∣h(θ + sn)− h∗(θ)
∣∣∣pdθds] 1

p

≤
[ ∫ t+1

t

∫ s

−∞

∣∣∣h(θ + sn)− h∗(θ)
∣∣∣pdθds] 1

p

=
[ ∫ +∞

0

∫ t+1

t

∣∣∣h(s− θ + sn)− h∗(s− θ)
∣∣∣pdsdθ] 1

p

=
[ ∫ +∞

0

Kt(θ, sn)dθ
] 1

p

,

where Kt(θ, sn) =
∫ t+1

t

∣∣∣h(s− θ + sn)− h∗(s− θ)
∣∣∣pds.

It is clear that Kt is bounded, Kt ≥ 0 and limn→∞Kt(θ, sn) = 0. Hence, by the
Lebegue dominated convergence theorem, we obtain

lim
n→∞

[ ∫ t+1

t

∫ s

s−∥τ∗∥

∣∣∣h(θ + sn)− h∗(θ)
∣∣∣pdθds] 1

p

= 0.

Thus,

lim
n→∞

[ ∫ t+1

t

∣∣∣H(s+ sn)−H∗(s)
∣∣∣pds] 1

p

= 0.

Analogously, we prove that limn→∞

[ ∫ t+1

t

∣∣∣H∗(s− sn)−H(s)
∣∣∣pds] 1

p

= 0.

Thus, H ∈ BASp(R,R+).
On the other hand,

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ s

s−τ(s)

φ(θ)dθ
∣∣∣pds] 1p dµ(t)

≤ ∥τ∥
p−1
p

∞

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∫ s

s−∥τ∥∞

∣∣∣φ(θ)∣∣∣pdθds] 1p dµ(t)
≤ ∥τ∥

p−1
p

∞

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∫ s

−∞

∣∣∣φ(θ)∣∣∣pdθds] 1p dµ(t)
=

∥τ∥
p−1
p

∞

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∫ +∞

0

∣∣∣φ(s− θ)
∣∣∣pdθds] 1p dµ(t)

≤ ∥τ∥
p−1
p

∞

(µ([−r, r]))
1
p

[ ∫
[−r,r]

∫ t+1

t

∫ +∞

0

∣∣∣φ(s− θ)
∣∣∣pdθdsdµ(t)] 1p

= ∥τ∥
p−1
p

∞

[ ∫ +∞

0

( 1

µ([−r, r])

∫
[−r,r]

∫ t+1

t

∣∣∣φ(s− θ)
∣∣∣pdsdµ(t))dθ] 1

p

.

Since ε (R, Lp(0, 1;R+), µ) is translation invariant, and by the Lebegue dominated con-
vergence theorem, we obtain

lim
n→+∞

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ s

s−τ(s)

φ(θ)dθ
∣∣∣pds] 1p dµ(t) = 0.
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Also,

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ s−τ(s)

s−(τ(s)+ξ(s))

f(θ)dθ
∣∣∣pds] 1p dµ(t)

≤ 1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ s−τ(s)

s−(τ(s)+ξ(s))

h(θ)dθ
∣∣∣pds] 1p dµ(t)

+
1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ s

−∞
φ(θ)dθ

∣∣∣pds] 1p dµ(t)
≤ ∥h∥∞
µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ξ(s∣∣∣pds] 1p dµ(t)
+

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ +∞

0

φ(s− θ)dθ
∣∣∣pds] 1p dµ(t).

Then we get

lim
n→+∞

∥h∥∞
µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ξ(s∣∣∣pds] 1p dµ(t) = 0

and

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ +∞

0

φ(s− θ)dθ
∣∣∣pds] 1p dµ(t)

≤ 1

(µ([−r, r]))
1
p

[ ∫
[−r,r]

∫ t+1

t

∫ +∞

0

∣∣∣φ(s− θ)
∣∣∣pdθdsdµ(t)] 1p

=
[ ∫ +∞

0

( 1

µ([−r, r])

∫
[−r,r]

∫ t+1

t

∣∣∣φ(s− θ)
∣∣∣pdsdµ(t))dθ] 1p .

Again, since ε (R, Lp(0, 1;R+), µ) is translation invariant, by the Lebegue dominated
convergence theorem, we obtain

lim
n→+∞

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣ ∫ +∞

0

φ(s− θ)dθ
∣∣∣pds] 1p dµ(t) = 0.

Consequently, Φb ∈ ε (R, Lp(0, 1;R+), µ). This completes the proof of the assertion (1).

(2) By definition, there exist h, k ∈ BASp (R,R+) and φ,ψ ∈ ε (R,R+, µ) such that
f = h+ φ and g = k + ψ.

Obviously,

f.g = h.k + h.ψ + φ.k + φ.ψ.

First, we prove that h.k ∈ BASp (R,R). By Definition 2.7, for every sequence of real
numbers (s′n)n, there exist a subsequence (sn)n and functions h∗, k∗ ∈ Lp

loc(R,R) such
that (3) holds.
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It is easy to see that h∗.k∗ ∈ Lp
loc(R,R+). In addition,[ ∫ t+1

t

∣∣∣h(θ + sn)k(θ + sn)− h∗(θ)k∗(θ)
∣∣∣pdθ] 1

p

≤
[ ∫ t+1

t

∣∣∣h(θ + sn)k(θ + sn)− h(θ + sn)k
∗(θ)

∣∣∣pdθ] 1
p

+
[ ∫ t+1

t

∣∣∣h(θ + sn)k
∗(θ)− h∗(θ)k∗(θ)

∣∣∣pdθ] 1
p

≤ ∥h∥∞
[ ∫ t+1

t

∣∣∣k(θ + sn)− k∗(θ)
∣∣∣pdθ] 1

p

+ ∥k∗∥∞
[ ∫ t+1

t

∣∣∣h(θ + sn)− h∗(θ)
∣∣∣pdθ] 1

p

.

This assures the assertion.
On the other hand,[ ∫ t+1

t

∣∣∣h(θ)ψ(θ) + φ(θ)k(θ) + φ(θ)ψ(θ)
∣∣∣pdθ] 1

p

≤ 31+
1
p ∥h∥∞

[ ∫ t+1

t

∣∣∣ψ(θ)∣∣∣pdθ] 1
p

+ 31+
1
p ∥k∥∞

[ ∫ t+1

t

∣∣∣φ(θ)∣∣∣pdθ] 1
p

+ 31+
1
p

[ ∫ t+1

t

∣∣∣φ(θ)ψ(θ)∣∣∣pdθ] 1
p

,

which gives

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

∣∣∣h(θ)ψ(θ) + φ(θ)k(θ) + φ(θ)ψ(θ)
∣∣∣pdθ] 1

p

dµ(t) = 0.

4 Existence of µ-Sp-Pseudo Almost Automorphic Solutions

We will give sufficient conditions for system (1) to admit a solution in the space
PAAp

(
R,Rn

+, µ
)
. In this case, we apply Theorem 2.8. As a corollary, we treat the

scalar case of system (2). We begin first by the following lemma.

Lemma 4.1 Let µ ∈ M be such that PAAp (R,Rn, µ) is translation invariant. Let
{xk} be a sequence of µ-Sp-pseudo almost automorphic functions (that is, {xk} ⊂
PAAp (R,Rn, µ) ) such that

lim
k→∞

∫ t+1

t

∥xk(s)− x(s)∥pds = 0 (6)

for each t ∈ R, then x ∈ PAAp (R,Rn, µ).

Proof. To prove the lemma, we refer to [9, Lemma 2.7]. From (6), one can easily
deduce that {xk} is a Cauchy sequence with respect to ∥.∥Sp , and by definition, we can
write xk = αk + ϕk, where {αk} ⊂ ASp (R,Rn) and {ϕbk} ⊂ ε (R, Lp([0, 1],Rn), µ). From
Theorem 2.3, we have

{αk(t) : t ∈ R} ⊂ {xk(t) : t ∈ R}.
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It follows that {αk} is also a Cauchy sequence for the norm ∥.∥Sp . Thus, there exists a
function α ∈ ASp (R,Rn) such that limk→∞ ∥αk − α∥Sp = 0. Hence, ϕk = xk − αk is a
Cauchy sequence for the norm ∥.∥Sp . So, there exists a function ϕ ∈ BSp (R,Rn) such
that limk→∞ ∥ϕk − ϕ∥Sp = 0. Let us prove that ϕ ∈ ε (R, Lp([0, 1],Rn), µ). For r > 0,
we have

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

|ϕ(s)|pds
] 1

p

dµ(t)

≤ 1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

|ϕk(s)− ϕ(s)|pds
] 1

p

dµ(t)

+
1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

|ϕk(s)|pds
] 1

p

dµ(t)

≤ ∥ϕk − ϕ∥Sp +
1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

|ϕk(s)|pds
] 1

p

dµ(t).

Since ϕbk ∈ ε (R, Lp([0, 1],Rn), µ) for all k ∈ N, and limk→∞ ∥ϕk − ϕ∥Sp = 0, we deduce
that

lim
r→+∞

1

µ([−r, r])

∫
[−r,r]

[ ∫ t+1

t

|ϕ(s)|pds
] 1

p

dµ(t) = 0.

Consequently, by the uniqueness of the limit, we obtain x = α+ ϕ ∈ PAAp (R,Rn, µ).

Theorem 4.1 Suppose that all assumptions of Theorem 3.1 are verified. In addition,
the function F ∈ PAAp

(
R× Rn

+,Rn
+, µ

)
and satisfies the following conditions:

(H2) There exists a constant δ ∈ [0, 1) such that

∥F(s, x)−F(s, y)∥ ≤ δ∥x− y∥, ∀x, y ∈ Rn
+,∀s ∈ R.

(H3) There exists a constant M > 0 such that for any compact subset K ⊂ Rn
+,

∥F(s, x)∥ ≤M∥x∥, ∀s ∈ R, ∀x ∈ K,

and
δ +M∥Γ∥∞ < 1.

Then system (1) has a positive solution x in BPAAp
(
R,Rn

+, µ
)
.

Proof. Define the operators C, T : BPAAp
(
R,Rn

+, µ
)
→ BPAAp

(
R,Rn

+, µ
)
by

Cx(s) = F(s, x(s− ℓ)) and Tx(s) =

∫ Γ(s)

0

f(s, σ, x(s− σ − ℓ)dσ.

Then, by Theorem 2.6 and (H2), the operator C is well defined. Moreover, it is easy to
see that

∥Cx− Cy∥Sp ≤ δ∥x− y∥Sp , ∀x, y ∈ BPAAp
(
R,Rn

+, µ
)
,

which implies that C is a contraction operator.
Let us prove that T : BPAAp

(
R,Rn

+, µ
)

→ BPAAp
(
R,Rn

+, µ
)

is a completly
continuous operator, that is, T is compact and continuous. Firstly, we prove that
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T is a compact operator, which is equivalent to showing that for every bounded se-
quence {xk} ∈ BPAAp

(
R,Rn

+, µ
)
, the sequence {Txk} has a convergent subsequence in

BPAAp
(
R,Rn

+, µ
)
. Indeed, the proof is similar to step 2 in the proof from [14], the only

difference is that we use Lemma 4.1 instead of Lemma 2.7 from [9]. The continuity of T
is also similar to that in step 2 from [14, Theorem 3.5].

Finally, if λ ∈ (0, 1) and if x ∈ BPAAp
(
R,Rn

+, µ
)
satisfying

x(s) = λF
(
s,
x(s− ℓ)

λ

)
+ λ

∫ Γ(s)

0

f(s, σ, x(s− σ − ℓ))dσ,

then, from Proposition 2.1, we have∥∥∥λF (
s,
x(s− ℓ)

λ

)∥∥∥ ≤ δ∥x(s− ℓ)∥+R

for some R > 0. Moreover, according to (H3), we get

∥x(s)∥ ≤ δ∥x(s− ℓ)∥+R+

∫ ∥Γ∥∞

0

M∥x(s− σ − ℓ)∥dσ.

It follows that

∥x∥Sp ≤ δ∥x∥Sp +R+ sup
t∈R

(∫ t+1

t

∥∥∫ ∥Γ∥∞

0

M∥x(s− σ − ℓ)∥dσ
∥∥pds) 1

p

≤ δ∥x∥Sp +R+ ∥Γ∥
p−1
p

∞ M sup
t∈R

(∫ t+1

t

∫ ∥Γ∥∞

0

∥x(s− σ − ℓ)∥pdσds
∥∥pds) 1

p

,

which implies that
∥x∥Sp ≤ δ∥x∥Sp +M∥Γ∥∞∥x∥Sp +R.

Consequently,

∥x∥Sp ≤ R

1− δ −M∥Γ∥∞
.

The proof is complete.
As a special case, we prove the existence of Stepanov-like µ-pseudo almost automor-

phic solutions to the scalar case of system (2) in BPAAp (R,R+, µ). Let us consider

x(s) = γ(s)x(s− β) +

∫ s

s−Γ(s)

f(σ, x(σ))dσ, (7)

where γ,Γ : R× R+ and f : R× R+ −→ R+ are positive functions.

Corollary 4.1 Suppose that γ,Γ ∈ BPAAp (R,R+, µ) and f ∈
PAAp,1 (R× R+,R+, µ). In addition,

(H4) For all compact subset K ⊂ R+, there exist constant L,M > 0 such that

(iii)
|f(s, u)− f(s, v)| ≤ L|u− v|, ∀u, v ∈ K, ∀s ∈ R;

(iv)
|f(s, u)| ≤M |u|,∀u ∈ K, ∀s ∈ R.
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(H5) There exists a constant δ ∈ (0, 1) such that

∥γ∥∞ ≤ δ.

If
δ +M∥Γ∥∞ < 1,

then equation (7) has a positive solution x ∈ BPAAp (R,R+, µ).

Proof. We will apply Theorem 2.8 once again. Indeed, it is enough to verify that
assertion (a) holds.

∥x(s)∥ ≤ δ∥x(s− β)∥+M

∫ s

s−∥Γ∥∞

∥x(σ)∥dσ.

Hence,

∥x∥Sp ≤ δ∥x∥Sp +M sup
t∈R

(∫ t+1

t

∥∥∫ s

s−∥Γ∥∞

∥x(σ)∥dσ
∥∥pds) 1

p

≤ δ∥x∥Sp +M∥Γ∥
p−1
p

∞ sup
t∈R

(∫ t+1

t

∫ ∥Γ∥∞

0

∥x(s− σ)∥pdσds
∥∥pds) 1

p

≤ δ∥x∥Sp +M∥Γ∥∞∥x∥Sp + 1.

Thus,

∥x∥Sp ≤ 1

1− δ −M∥Γ∥∞
.

5 Conclusion

In conclusion, the model studied in this work is a generalization of the one treated in [14]
by adding a nonlinear perturbation in a more general Banach space. The topological
method used allowed us to get rid of any form of monotony considered in many works of
this type.

Indeed, when we assume the monotony of the functions with respect to each variable
xi, i = 1, ..., n, we predetermine the nature of the interaction between the populations,
for example, cooperation, competition, prey-predator, etc. In our case, the topological
method allowed us to study the model for a broader class of functions.
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Abstract: This paper investigates the existence of multiple solutions for double-
phase systems subject to Neumann conditions. The study is conducted within the
framework of Sobolev spaces featuring variable exponents. Assuming appropriate
conditions on the given data, we establish the existence of at least two weak solutions,
each characterized by distinct energy signs. We employ the Nehari manifold and
variational method as the foundation for our approach.
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1 Introduction

Let a bounded domain U ⊆ RN , N ≥ 2, with the Lipschitz boundary ∂U be given.
Consider the following double-phase system:

Lµ1(y)
p(y),q(y)u = λ1|u(y)|q(y)−2u(y) +

2r(y)

r(y) + s(y)
|u(y)|r(y)−2u(y)|v(y)|s(y) in U ,

Lµ2(y)
p(y),q(y)v = λ2|v(y)|q(y)−2v(y) + 2s(y)

r(y)+s(y) |u(y)|
r(y)|v(y)|s(y)−2v(y) in U ,(

Du(y) |p(y)−2Du + µ1(y) |Du(y) |q(y)−2 Du
)
.ν = h1(y,u(y)) on ∂U ,(

|Dv(y)|p(y)−2Dv + µ2(y)|Dv(y)|q(y)−2Dv
)
.ν = h2(y, v(y)) on ∂U ,

(1)

∗ Corresponding author: mailto:abdesslam.ouaziz1994@gmail.com
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where ν the outer unit normal parameters λ1, λ1 are positive, µ1, µ2 : U → (0,∞) are
Lipschitz continuous, and s, r, q, p : U → R are continuous functions that satisfy the
following conditions:

1 < q− ≤ q+ < p− ≤ p+ < s− + r− = min
y∈U

s(y)) + min
y∈U

r(y)) ≤ s+ + r+ <∞, (2)

p−

s+ + r+
<

(
p− − q+

s+ + r+ − q+

)(
s− + r− − q+

p+ − q−

)
, (3)

Lµi(y)
p(y),q(y)u = −div

(
|Du(y) |p(y)−2Du + µi(y) |Du(y) |q(y)−2 Du

)
for all i = 1, 2. (4)

We assume hi : ∂U×R → R are Carathéodry functions satisfying the following conditions:

(H1) There exists β > r+ + s+ for some B such that for each |θ| > B, we get

0 <

∫
∂U
Hi(y, θ)dν ≤

∫
∂U
hi(y, θ)

θ

β
dν a.e x ∈ ∂U with Hi(y, θ) =

∫ θ

0

hi(y, t)dt,

(H2) hi(y, 0) = 0,

(H3) lim
ε→0

hi(y, ε)

|ε|q(y)−2ε
= 0 and lim

ε→±∞

hi(y, ε)

|ε|q(y)−2ε
= +∞ uniformly a.e.y ∈ ∂U .

Due to the presence of two different elliptic growths p(y) and q(y), the problem (1) is
said to be the double-phase type system. Recently, great attention has been devoted to
treating the functional

v 7→
∫
U
(|Dv|p + a(y)|Dv|q) dy with 1 < p < q and a(y) ≥ 0, for all y ∈ U ⊂ RN .

(5)
This kind of functional was introduced by Zhikov [19–21]. The functional (5) has been
used in various scientific fields. Zhikov [20,21] discusses its numerous applications in the
study of duality theory. In recent works, several researchers have focused on studying
equations or systems involving the double-phase operator. The reader may consult the
work of Liu and Dai [11] who studied the following equations:{

Lµ(y)
p,q u = f(y,u) in U ,

u = 0 on ∂U ,

where Lµ(y)
p,q u = −div( |Du(y) |pDu + µ(y) |Du(y) |q Du). For the performed comparable

processing via Nehari’s manifold method, see Gasiński et al. in [10], see also Arora et
al. in [3]. Along the same lines, refer to [1, 4, 14–18]. In the same context, Gasinski and
Winkert [9] studied the double-phase equation with a non-linear boundary condition of
the following form:Lµ(y)

p(y),q(y)u = f(x,u)− | u(y) |p−2 u(y)− µ(y)|u(y) |q−2 u(y) in U ,

( |Du(y) |p−2Du + µ2(y) |Du(y) |q−2 Dv).ν = h(x,u(y)) on ∂U .

Choudhuri, Repovs̆ and Saudi [6] proved the existence of solutions to a double-phase prob-
lem with a nonlinear boundary condition that is specified and nonlinear. Concerning the
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analysis of nonlinear systems with Dirichlet-type boundaries, Aberqi et al. [2] demon-
strated the existence of at least two nonnegative nontrivial solutions to a p(z)-Laplacian
system with critical nonlinearity. Furthermore, Winkert et al. [13] investigated a system
involving the double-phase operator with sources that depend on Neumann boundary
conditions, and the gradient structured as follows:

Lµ1(y)
p(y),q(y)u = f1(x, u, v,Du,Dv) in U ,

Lµ2(y)
p1(x),q1(x)

(v) = f2(x, u, v,Du,Dv) in U ,

( |Du(y) |p1(x)−2Du + µ1(y) |Du(y) |q1(x)−2Du).ν = h1(x, u, v) on ∂U ,

( |Du(y) |p2(x)−2Du + µ2(y) |Du(y) |q2(x)−2 Du).ν = h2(x, u, v) on ∂U .

More recently, Marino and Winkert [13] showed the existence of at least one weak solution
of such systems. Some research related to our contribution are: Marano, Marino and
Moussaoui [12], Chen and Wu [5].

Remark 1.1 • Neumann boundary conditions may cause non-uniqueness unless
the solution is normalized.

• Neumann conditions often stabilize the system compared to Dirichlet conditions.

• They allow global attractors or stationary solutions to emerge depending on the
nonlinearities.

Motivated by the aforementioned works and the remarks above, in this study, we will
employ a variational approach to investigate the existence of at least two positive non-
trivial solutions to the system (1) under conditions (H1)− (H3), (2)-(3).
The theorem presented below constitutes the primary result of this paper.

Theorem 1.1 If hypotheses (H1) to (H3) are satisfied, and there exists a positive
constant K > 0 such that λ1 + λ2 ∈ (0,K), then the system (1) possesses at least two
non-negative, non-trivial solutions.

The paper is structured as follows. In Section 2, we review established properties
of the variable exponent spaces Lp(.)(U) and Musielak-Orlicz Sobolev space W 1,p(.)(U)
that are compatible with the variable exponent double-phase operator, along with other
technical tools that will be employed later. We present our main results in Section 3.

2 Background Results

This section presents the essential definitions and properties of the Sobolev-Orlicz space
featuring variable exponents. To delve deeper into the theory of Sobolev-Orlicz spaces,
refer to [2, 7, 8].

Consider the following sets: P (U) = {w : U → R, w measurable} and C+(Ū) =
{p : U → (1,∞)) continuous : p− > 1} .

Definition 2.1 (see [7]) Let q ∈ C+(Ū). We denote by Lq(.)(U) the Lebesgue space
with variable exponent, that is,

Lq(.)(U) =
{
w ∈ P (U) :

∫
U
|w|q(y)dy <∞

}
,
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whose modular is given by ϱq(.)(w) =
∫
U |w|

q(y)dy and which is endowed with its corre-
sponding Luxemburg norm

∥w∥q(.) = inf

{
λ > 0 :

∫
U

(
|w|
λ

)q(y)

dy ⩽ 1

}
.

Definition 2.2 (see [7]) Let w : U → R, we define the Sobolev space by

W 1,q(y)(U) =
{
w ∈ Lq(y)(U) :|∇w| ∈ Lq(y)(U)

}
,

it is equipped with the norm ∥w∥1,q(.) = ∥w∥∥q(.) + ∥∇w∥q(.), and let W
1,q(y)
0 (U) =

C∞(U)
W 1,q(y)(U)

.

Proposition 2.1 (see [7]) Let q ∈ C+(Ū) be such that there exists a vector X ∈
RN \ {0} with the property that for all x ∈ U , the function

gx(t) = q(x+ tX) with Kx = {t ∈ R : x+ tX ∈ U}

is monotone. Then there exsits a constant C > 0 such that

ϱq(.)(w) ⩽ C.ϱq(.)(∇w) for all w ∈W 1,q(.)(U), where ϱq(.)(∇w) = ϱq(.)(|∇w|).

Proposition 2.2 (See [8]) Let q ∈ C+(Ū), then there exists C0 > 0 such that

∥w∥q(.) ⩽ C0∥∇w∥q(.),

thus, we can define the equivalent norm on W
1,q(.)
0 (U), ∥u∥1,q(.),0 = ∥∇u∥q(.).

Proposition 2.3 (See [8]) Let u ∈ Lr(.)(U), v ∈ Lr′(.)(U). Then we have∫
U
|u(y)v(y)|dy ≤

(
1

r−
+

1

r′−

)
∥u∥Lr(.)(U).∥v∥Lr′(.)(U),

where 1
r′ (y)

+ 1
r(y) = 1.

Proposition 2.4 (See [2]) Let w ∈ Lr(.)(U), {wj} ∈ Lr(.)(U), j ∈ N. Then we have
(i) ∥w∥r(x) < 1 (resp. = 1, > 1) ⇐⇒ ρr(.) < 1 (resp. = 1, > 1),

(ii) ∥w∥r(x) < 1 ⇒ ∥w∥r
−

r(x) ≤ ρr(.) ≤ ∥w∥r
+

r(x),
(iii) lim

j→∞
∥wj − w∥r(x) = 0 ⇐⇒ lim

j→∞
ρr(x)(wj − w) = 0.

min
{
ρr(x)(w)

1

r− ; ρr(x)(w)
1

r+

}
≤ ∥w∥r(x) ≤ max

{
ρr(x)(w)

1

r− ; ρr(x)(w)
1

r+

}
.

Theorem 2.1 (See [2]) Let q(y), p(y), r(y) + s(y) ∈ L∞(U) ∩ C(Ū). If

q(y) < r(y), p(y) < r(y) + s(y) < q∗ =
Nq(y)

N − q(y)
,

then
W 1,q(y)(U) ↪→↪→ Lp(y)(U)and W 1,q(y)(U) ↪→↪→ Lr(y)+s(y)(U).
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In addition, we consider the (N − 1)-dimensional Hausdorff (surface) measure σ on ∂U .
Introduce the space (Lr(.)(∂U), ∥.∥r(.),∂U ) and the continuous trace map γ :W 1,r(.)(U) →
Lr̄(∂U) with r̄ < r∗, such that

γ(u) = u|∂U for all u ∈W 1,p ∩ C0(Ū),

and

r∗ =
(N − 1)r

N − 1
if r < N ; r∗ = any l ∈ (r,+∞) if r ≥ N.

According to the trace embedding theorem, γ is compact for any r̄ < r∗. So, we under-
stand all restrictions of Sobolev functions to ∂U in the sense of traces.

Lemma 2.1 Let (u, v) ∈W 1.q(y)(U)×W 1.q(y)(U), then we have∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

≤ c2(λ1 + λ2)max

(
∥u∥q

−

W
1,q(y)
0 (U)

, ∥v∥q
−

W
1,q(y)
0 (U)

, ∥u∥q
+

W
1,q(y)
0 (U)

, ∥v∥q
+

W
1,q(y)
0 (U)

)
,

(6)

∫
U
|u(y)|r(y)|v(y)|s(y)dy

≤ c3 max

(
∥u∥r

−+s−

W
1,q(y)
0 (U)

, ∥v∥r
−+s−

W
1,q(y)
0 (U)

, ∥u∥r
++s+

W
1,q(y)
0 (U)

, ∥v∥r
++s+

W
1,q(y)
0 (U)

)
.

(7)

Proof. The proof is similar to the proof in [2], we will omit it.

The weighted variable exponent Lebesgue space L
q(y)
µ(y)(U) is defined as follows:

L
q(y)
µ(y)(U) =

{
w : U → R is measurable ;

∫
U
µ(y)|w|q(y)dy <∞

}
and endowed with

∥w∥q(y),µ(y) = inf

{
η > 0 :

∫
U
|w
η
|q(y)µ(y)dy ≤ 1

}
.

Moreover, the weighted modular on L
q(y)
µ(y)(U) is ρq(y),µ(y)(w) =

∫
U
µ(y)|w(x)|q(y)dvg(y).

Proposition 2.5 (See [2]) Let w and {wn} ⊂ L
q(y)
µ(y)(U), then we get

(i) ∥w∥q(y),µ(y) < 1 (resp. = 1, > 1) ⇐⇒ ρq(y),µ(y) < 1 (resp. = 1, > 1),

(ii) ∥w∥q(y),µ(y) < 1 ⇒ ∥w∥q
−

q(y),µ(y) ≤ ρq(y),µ(y) ≤ ∥w∥q
+

q(y),µ(y),

(iii) ∥w∥q(y),µ(y) > 1 ⇒ ∥w∥q
+

q(y),µ(y) ≤ ρq(y),µ(y) ≤ ∥w∥q
−

q(y),µ(y),

(iv) lim
n→∞

∥wn∥q(y),µ(y) = 0 ⇐⇒ lim
n→∞

ρq(y),µ(y)(wn) = 0,

(v) lim
n→∞

∥wn∥q(y),µ(y) = ∞ ⇐⇒ lim
n→∞

ρq(y),µ(y)(wn) = ∞.

It should be noted that the non-negative weighted function µ(.) : Ū → R+
∗ satisfies the

following condition:
µ(.) : Ū → R+

∗ such that µ(.) ∈ Lς(x)(U) with

Np(y)

Np(y)− q(y)(N − p(y))
< ς(x) <

p(y)

p(y)− q(y)
. (8)
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In fact, because µ(.) : Ū → R+
∗ , then there exists µ0 > 0, and for all x ∈ U , we get that

µ(y) > µ0.

Theorem 2.2 (See [2]) Assume that q(y) ∈ C(Ū) ∩ L∞(U) and U is a bounded
domain with smooth boundaries. Suppose that the assumption (8) is verified. Then we
have the compact embedding

W 1,q(y)(U) ↪→ L
q(y)
µ(y)(U).

3 Proof of Theorem 1.1

Let us denote W = W 1.q(y)(U)×W 1.q(y)(U), endowed with norm ∥(u, v)∥ = ∥u∥+ ∥v∥,
and D(U) is the space of C∞

c functions with compact support in U .

3.1 Nehari analysis for system (1)

First, we define the weak solution of the system (1) as follows.

Definition 3.1 We say that (u, v) ∈W is a weak solution of the system (1) if∫
U

(
|Du(y)|p(y)−2g(Du(y), Dϕ(y)) + |Dv(y)|p(y)−2g(Dv(y), Dψ(y))

)
dy

+

∫
U

(
µ1(y)|Du(y)|q(y)−2g(Du(y), Dϕ(y)) + µ2(y)|Dv(y)|q(y)−2g(Dv(y)Dψ(y))

)
dy

−
∫
∂U

(H1(y, u(y))ϕ(x) + h2(y, v(y))ψ(x)) dν

=

∫
U

(
λ1|u(y)|q(y)−2u(y)ϕ(y) + λ2|v(y)|q(y)−2v(y)ψ(y)

)
dy

+

∫
U

(
2r(y)

r(y) + s(y)
|u(y)|n(y)−2u(y)ϕ(y) +

2s(y)

r(y) + s(y)
|v(y)|m(y)−2v(y)ψ(y)

)
dy

for all (ϕ, ψ) ∈ D(U)×D(U).
Let Jλ1,λ2

:W → R be the energy functional defined by

Jλ1,λ2
(u, v)=

∫
U

1

p(y)

(
|Du(y)|p(y)+|Dv(y)|p(y)

)
dy+

∫
U

1

q(y)

(
µ1|Du(y)|q(y)+|µ2Dv(y)|q(y)

)
dy

−
∫
∂U

(H1(y, u(y)) +H2(y, v(y)))dν

−
∫
U

1

q(y)

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy −

∫
U

2

s(y) + r(y)
|u(y)|r(y)|v(y)|s(y)dy.

By a direct calculation, we have Jλ1,λ2 ∈ C1(W,R). Consider the Nehari manifold

Nλ1,λ2
=

{
(u, v) ∈W\{(0, 0)} : ⟨J ′

λ1,λ2
(u, v), (u, v)⟩ = 0

}
. Then, (u, v) ∈ Nλ1,λ2

equiva-

lent:∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy +

∫
U

(
µ1|Du(y)|q(y) + µ2|Dv(y)|q(y)

)
dy

−
∫
∂U

(h1(y, u(y)).u(y) + h2(y, v(y)).v(y)) dν −
∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

−
∫
U
2|u(y)|r(y)|v(y)|s(y)dy = 0.
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Lemma 3.1 Suppose that the hypotheses (H1) − (H3) are satisfied, then the energy
functionals Jλ1,λ2 are bounded and coercive on W.

Proof. For (u, v) ∈ Nλ1,λ2
, according to (3), (4) and Proposition 2.2

Jλ1,λ2
(u, v) =

∫
U

(
1

p(y)
− 1

r(y) + s(y)

)(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy

+

∫
U

(
1

q(y)
− 1

r(y) + s(y)

)(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

+

∫
∂U

(
1

r(y) + s(y)
h1(y, u(y)).u(y)−H1(y, u(y))

)
dν

+

∫
∂U

(
1

r(y) + s(y)
h2(y, v(y)).v(y)−H2(y, v(y))

)
dν

+

∫
U

(
1

r(y) + s(y)
− 1

q(y)

)(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

≥ c0

(
1

p+
− 1

r− + s−

)
∥(u, v)∥p

−
+

µ0

kp+(c+ 1)p+q+

(
1

q+
− 1

r− + s−

)
∥(u, v)∥p

−

+ c1(λ1 + λ2)

(
1

r+ + s+
− 1

q−

)
∥(u, v)∥q

+

.

As 1
p+ > 1

r++s+ > 1
β and p− > q+, then Jλ1,λ2

(u, v) → ∞ as ∥(u, v)∥ → ∞. As a
result Jλ1,λ2 is coercive and bounded below on Nλ1,λ2 . Then we look at the energy
ξλ1,λ2 : Nλ1,λ2 → R given by

ξλ1,λ2
(u, v) = ⟨J

′

λ1,λ2
(u, v), (u, v)⟩ for all (u, v) ∈ Nλ1,λ2

.

Therefore, we divide Nλ1,λ2
into

N+
λ1,λ2

=
{
(u, v) ∈ Nλ1,λ2

: ⟨ξ
′

λ1,λ2
(u, v), (u, v)⟩ > 0

}
,

N0
λ1,λ2

=
{
(u, v) ∈ Nλ1,λ2

: ⟨ξ
′

λ1,λ2
(u, v), (u, v)⟩ = 0

}
,

N−
λ1,λ2

=
{
(u, v) ∈ Nλ1,λ2

: ⟨ξ
′

λ1,λ2
(u, v), (u, v)⟩ < 0

}
.

Lemma 3.2 For each (λ1, λ2) ∈ R2 \ {(0, 0)}, there exists a constant K1 > 0 such
that for all 0 < λ1 + λ2 < K1, we have N0

λ1,λ2
= ∅.

Proof. Suppose N0
λ1,λ2

̸= ∅ for all (λ1, λ2) ∈ R2 \ {(0, 0)}. Take (u, v) ∈ N0
λ1,λ2

such

that ∥(u, v)∥ > 1, then the definition of N0
λ1,λ2

, (H1)− (H3) and (4), lead to

0 = ⟨ξ
′′
λ1,λ2

(u, v), (u, v)⟩

≥
(
p− − q+

) ∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy +

(
q− − q+

) ∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

+

∫
∂U

(
q+h1(y, u(y)).u(y)−H1(y, u(y))

)
dν +

∫
∂U

(
q+h2(y, v(y)).v(y)−H1(y, v(y))

)
dν

+ 2
(
q+ − (r+ + s+)

) ∫
U
∥u(y)∥r(y)∥v(y)∥s(y)dy.
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Since q+ > 1
q+ > 1

β , by (H1), we obtain

0 = ⟨ξ
′′
λ1,λ2

(u, v), (u, v)⟩

≥
(
p−−q+

) ∫
U

(
|Du(y)|p(y)+|Dv(y)|p(y)

)
dy+

(
q− − q+

) ∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

+ 2
(
q+ − (r+ + s+)

) ∫
U
∥u(y)∥r(y)∥v(y)∥s(y)dy.

Therefore, from Theorem 2.2, Poincare’s inequality, and Lemma 2.1, we have

0 ≥1

c

(
p−−q+

)
∥(u, v)∥p

−
+c1

(
q−−q+

)
∥(u, v)∥q

+

+ 2
(
q+−(r+ + s+)

)
c3∥(u, v)∥r

++s+ .

As p− > q+, then

0 ≥
(
1

c

(
p− − q+

)
+ c1

(
q− − q+

))
∥(u, v)∥q

+

+ 2
(
q+ − (r+ + s+)

)
c3∥(u, v)∥r

++s+ .

Then, ∥(u, v)∥ ≥
( 1

c (p
− − q+) + c1(q

− − q+)

2 (q+ − (r+ + s+)) c3

) 1

r++s+−q+

. (9)

Analogously,

0 = ⟨ξ
′′
λ1,λ2

(u, v), (u, v)⟩

≤
(
p+−r−−s−

) ∫
U

(
|Du(y)|p(y)+|Dv(y)|p(y)

)
dy +

∫
∂U

(
(r− + s−)h2(y, v(y)).v(y)−H2(y, v(y))

)
dν

+
(
r− + s−−q−

) ∫
U

(
λ1|u(y)|q(y)+λ2|v(y)|q(y)

)
dy+

∫
∂U

(
(r−+s−)h1(y, u(y)).u(y)−H1(y, u(y))

)
dν

+
(
q+ − r− − s−

) ∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy.

According to Theorem 2.1, (3) and (H1), we have

0 ≤(p+−r−−s−)

∫
U

(
|Du(y)|p(y)+|Dv(y)|p(y)

)
dy+(r−−s−−q+)

∫
U

(
λ1|u(y)|q(y)+λ2|v(y)|q(y)

)
dy

+ (r− + s−)

∫
∂U

(h1(y, u(y)).u(y) + h2(y, v(y)).v(y)) dν

≤
1

c
(p+ − r− − s−)∥(u, v)∥p

−
+ c2(λ1 + λ2)(r

− − s− − q+)∥(u, v)∥q
−

+ (r− + s−)∥(u, v)∥q
−
.

Then ∥(u, v)∥ ≤
(
c(c2(λ1 + λ2) + 1)(r− + s−)

r− + s− − p+

) 1

p−−q−

. (10)

According to (9) and (10), we deduce that( 1
c (p

− − q+) + c1(q
− − q+)

2 (q+ − (r+ + s+)) c3

) 1

r++s+−q+

≤
(
c(c2(λ1 + λ2) + 1)(r− + s−)

r− + s− − p+

) 1

p−−q−

.

Then λ1 + λ2 > K1, which is a contradiction, hence we can conclude that for any
0 < λ1 + λ2 < K1, we have N0

λ1,λ2
= ∅ for all (λ1, λ2) ∈ R2 \ {(0, 0)}.

Remark 3.1 As a conclusion of Lemma 3.1, we can write Nλ1,λ2 = N+
λ1,λ2

∪N−
λ1,λ2

and we define

γ+λ1,λ2
= inf

(u,v)∈r+λ1,λ2

Jλ1,λ2(u, v) and γ
−
λ1,λ2

= inf
(u,v)∈N−

λ1,λ2

Jλ1,λ2(u, v).
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Lemma 3.3 Suppose that (H1) − (H3) are satisfied. If 0 < λ1 + λ2 < K2 then for
all (u, v) ∈ N+

λ1,λ2
, Jλ1,λ2

(u, v) < 0.

Proof. Suppose (u, v) ∈ N+
λ1,λ2

, then the definition of Jλ1,λ2 leads to

Jλ1,λ2
(u, v) ≤ 1

p−

∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy

+
1

q−

∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

−
∫
∂U

(H1(y, u(y)) +H2(y, v(y))) dν −
1

q−

∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

− 2

r+ + s+

∫
U
|u(y)|r(y)|v(y)|s(y)dy

≤
(

1

p−
− 1

q−

)∫
U

[
|Du(y)|p(y) + |Dv(y)|p(y) + µ1|u(y)|q(y) + µ2|v(y)|q(y)

]
dy

+

∫
∂U

(
1

q+
h1(y, u(y)).u(y)−H1(y, u(y))

)
dν

+

∫
∂U

(
1

q+
h2(y, v(y)).v(y)−H1(y, v(y))

)
dν

+ 2

(
1

q+
− 1

r+ + s+

)∫
U

|u(y)|r(y)|v(y)|s(y)dy

≤ 1

c

(
1

p−
− 1

q−

)
∥(u, v)∥p

−
+

(
c1(

1

p−
− 1

q+
) +

1

q+

)
∥(u, v)∥q

+

+ 2c3

(
1

q+
− 1

r+ + s+

)
∥(u, v)∥r

−+s− ,

(11)

with (c1, c3) being the embedding constant of (6), (7). As (u, v) ∈ N+
λ1,λ2

, we get

p+
∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy + q+

∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

−
∫
∂U

(H1(y, u(y)) +H2(y, v(y))) dν − q−
∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

− 2(r− + s−)

∫
U
|u(y)|r(y)|v(y)|s(y)dy > 0.

(12)
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Multiplying (3.1) by −(r− + s−), by a direct calculation

− (r− + s−)

∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy

− (r− + s−)
(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

+ (r− + s−)

∫
∂U

(h1(y, u(y)).u(y) + h2(y, v(y)).v(y)) dν

+ (r− + s−)

∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

+ 2(r− + s−)

∫
U
|u(y)|r(y)|v(y)|s(y)dy = 0.

(13)

Combining (12) with (13), we get that(
p+ − (r− + s−)

) ∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy +

(
q+ − (r− + s−)

)
×
∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

+

∫
∂U

(
(r− + s−)h1(y,u(y)).u(y)−H1(y,u(y))

)
dν

+

∫
∂U

(
(r− + s−)h2(y, v(y)).v(y)−H2(y, v(y))

)
dν

(r− + s− − q+)

∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy > 0.

Combining (H1) with Poincare’s inequality and Lemma 2.1, we have

(r− + s− − q+)

∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

+ (r− + s−)

∫
∂U

(h1(y,u(y)).u(y) + h2(y, v(y)).v(y)) dν

>
(
(r− + s−)− p+

) ∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy +

(
(r− + s−)− q+

)
×
∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

>
1

c

(
(r− + s−)− p+

)
∥(u, v)∥p

−
+
µ0 ((r

− + s−)− q+)

Dp+(c+ 1)p+ ∥(u, v)∥p
−
,

then (
c2(r

− + s− − q+)− q+(λ1 + λ2) + (r− + s−)
)
∥(u, v)∥q

+

>
(
(r− + s−)− p+

) [1
c
+

µ0

Dp+(c+ 1)p+

]
∥(u, v)∥p

−

and ∥(u, v)∥p
−
<

[c2(r
− + s− − q+)(λ1 + λ2) + (r− + s−)]

((r− + s−)− p+)
[
1
c + µ0

Dp+ (c+1)p+

] ∥(u, v)∥q
+

.



528 M. KNIFDA, A. ABERQI AND A. OUAZIZ

As (r− + s−) > q+, using (11), we get

Jλ1,λ2
(u, v) <

−(
p− − q+

p−q+
)× [c2(r

− + s− − q+)(λ1 + λ2) + (r− + s−)]

c ((r− + s−)− p+)
[
1
c + µ0

Dp+ (c+1)p+

]
 ∥(u, v)∥q

+

+

[(
c1(

1

p−
− 1

q+
) +

1

q+

)]
∥(u, v)∥q

+

+

[
2c3

(
1

q+
− 1

r+ + s+

)]
∥(u, v)∥q

+

.

Finally, for λ1 + λ2 sufficiently large, we get γ+λ1,λ2
= inf(u,v)∈N+

λ1,λ2

Jλ1,λ2(u, v) < 0.

Lemma 3.4 Under assumptions (H1) − (H3), if 0 < λ1 + λ2 < K3, then for all
(u, v) ∈ N−

λ1,λ2
, Jλ1,λ2(u, v) > 0.

Proof. Let (u, v) ∈ N−
λ1,λ2

. By definition of Jλ1,λ2 , (4), (H1), and (3.1), we get

Jλ1,λ2
(u, v) ≥ 1

p+

∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy

+
1

q+

∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

−
∫
∂U

(H1(y,u(y)) +H2(y, v(y))) dν −
1

q−

∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy

− 2

r− + s−

∫
U
|u(y)|r(y)|v(y)|s(y)dy

≥
(

1

p+
− 1

r− + s−

)∫
U

(
|Du(y)|p(y) + |Dv(y)|p(y)

)
dy

+

(
1

q+
− 1

r− + s−

)∫
U

(
µ1(y)|Du(y)|q(y) + µ2(y)|Dv(y)|q(y)

)
dy

−
∫
∂U

(
1

r− + s−
h1(y,u(y)).u(y)−H1(y,u(y))

)
dν

−
∫
∂U

(
1

r− + s−
h2(y, v(y)).v(y)−H2(y, v(y))

)
dν

+

(
1

r− + s−
− 1

q+

)∫
U

(
λ1|u(y)|q(y) + λ2|v(y)|q(y)

)
dy.

Since β > r− + s−, we get 1
r−+s− > 1

β , and by (H1), we have

Jλ1,λ2(u, v) ≥
1

c

(
1

p+
− 1

r− + s−

)
∥(u, v)∥p

−
+ µ0

(
1

q+
− 1

r− + s−

)
∥(u, v)∥q

−

+ c2(λ1 + λ2)

(
1

r− + s−
− 1

q+

)
∥(u, v)∥q

+

.

Since q− ≤ q+ < p−, we have

Jλ1,λ2(u, v) ≥
[
1

c

(
1

p+
− 1

r− + s−

)
+ µ0

(
1

q+
− 1

r− + s−

)]
∥(u, v)∥q

−

+

[
1

c
c2(λ1 + λ2)

(
1

r− + s−
− 1

q+

)]
∥(u, v)∥q

−
.
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So, if we take λ1 + λ2 ≤
[

1
cc2

( 1
p+ − 1

r−+s− ) + µ0

c2
( 1
q+ − 1

r−+s− )
] [

q+(s++r+)
s−+r−−q+

]
= K3, we

obtain that Jλ1,λ2(u, v) > 0, this implies that γ−λ1,λ2
= inf(u,v)∈N−

λ1,λ2

Jλ1,λ2(u, v) > 0.

Hence, Nλ1,λ2
= N−

λ1,λ2
∪ N+

λ1,λ2
, N−

λ1,λ2
∩ N+

λ1,λ2
= ∅, by the above lemma, we must

have (u, v) ∈ N−
λ1,λ2

.

4 Minimizer on N+
λ1,λ2

and N−
λ1,λ2

.

We will show that there are two nonnegative solutions to the system.

Theorem 4.1 Under assumptions (H1)− (H3), there exists a minimizer (u+0 , v
+
0 ) of

Jλ1,λ2
(u, v) on N+

λ1,λ2
, for every λ1+λ2 < K = min(K1,K2), such that Jλ1,λ2

(u+0 , v
+
0 ) =

γ+λ1,λ2
.

Proof. Lemma 3.1 implies Jλ1,λ2
is bounded below on Nλ1,λ2

, so it is bounded below
in N+

λ1,λ2
, then there exists a minimizing sequence {u+n , v+n } ∈ r+λ1,λ2

such that

lim
n→+∞

Jλ1,λ2
(u+n , v

+
n ) = inf

(u,v)∈r+λ1,λ2

Jλ1,λ2
(u, v) = γ+λ1,λ2

< 0. (14)

Note that Jλ1,λ2
is bounded on W. Hence, without loss of generality, we suppose

(u+n , v
+
n ) → (u+0 , v

+
0 ) on W ; and by the compact embedding, we get

u+n → u+0 strongly in Lp(y)(U), Lα(x)(U) and Lr(y)+s(y)(U) as n→ ∞,

v+n → v+0 strongly in Lp(y)(U), Lα(x)(U) and Lr(y)+s(y)(U) as n→ ∞,

u+n → u+0 and v+n → v+0 a.e in U as n→ ∞.

(15)

Next, we will prove that u+n → u+0 and v+n → v+0 on W 1,p(y)(U) as n → ∞. Otherwise,
let u+n → u+0 and v+n → v+0 on W 1,p(y)(U) as n→ ∞, then we have

ρq(y)(u
+
0 ) ≤ lim

n→∞
inf ρq(y)(u

+
n ), and ρq(y)(v

+
0 ) ≤ lim

n→∞
inf ρq(y)(v

+
n ).

Since ⟨Jλ1,λ2
(u+n , v

+
n ), (u

+
n , v

+
n )⟩ = 0, we get

Jλ1,λ2
(u+n , v

+
n ) ≥

1

c

(
1

p+
− 1

r− + s−

)
∥(u+n , v+n )∥p

−
+ µ0

(
1

q+
− 1

r− + s−

)
∥(u+n , v+n )∥q

−

+ c1(λ1 + λ2)

(
1

r+ + s+
− 1

q+

)
∥(u+n , v+n )∥q

+

.

That is,

lim
n→∞

Jλ1,λ2
(u+n , v

+
n ) ≥

1

c

(
1

p+
− 1

r− + s−

)
lim

n→∞
∥(u+n , v+n )∥p

−

+ µ0

(
1

q+
− 1

r− + s−

)
lim
n→∞

∥(u+n , v+n )∥q
−

+ c1(λ1 + λ2)

(
1

r+ + s+
− 1

q+

)
lim
n→∞

∥(u+n , v+n )∥q
+

.
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By (15) and (4), we have

σ+
λ1,λ2

>
1

c

(
1

p+
− 1

r− + s−

)
∥(u+0 , v

+
0 )∥p

−
+ µ0

(
1

q+
− 1

r− + s−

)
∥(u+0 , v

+
0 )∥q

−

+ c1(λ1 + λ2)

(
1

r+ + s+
− 1

q+

)
∥(u+0 , v

+
0 )∥q

+

.

Since r− + s− > p− > q+ for ∥(u, v)∥ > 1, we deduce that σ+
λ1,λ2

=
inf(u,v)∈r+λ1,λ2

Jλ1,λ2(u, v) > 0, which is in contradiction with Lemma 3.3, hence

u+n → u+0 and v+n → v+0 on W
1,p(y)
0 (U) as n→ ∞.

Consequently, (u+0 , v
+
0 ) is a minimizer of Jλ1,λ2 on N+

λ1,λ2
.

Theorem 4.2 Suppose that conditions (H1)- (H3) are true. Then there exists a
minimizer (u−0 , v

−
0 ) of Jλ1,λ2

on N−
λ1,λ2

for all 0 < λ1 + λ2 < K = min {K1,K2} such

that Jλ1,λ2
(u−0 , v

−
0 ) = σ−

λ1,λ2
.

Proof. Jλ1,λ2
is bounded below on Nλ1,λ2

, and so on r−λ1,λ2
, then there exists a

minimizing sequence {u−n , v−n } ∈ N−
λ1,λ2

such that

lim
n→+∞

Jλ1,λ2
(u−n , v

−
n ) = inf

(u,v)∈N−
λ1,λ2

Jλ1,λ2
(u, v) = γ−λ1,λ2

> 0.

So, the sequence{u−n , v−n }n∈N is bounded in W. There exists (u−0 , v
−
0 ) ∈ W such that up

to a subsequence (u−n , v
−
n )⇀ (u+0 , v

+
0 ) in W. Thanks to Theorem 2.1, we obtain

 u−n → u−0 strongly in Lp(y)(U), Lr(y)+s(y)(U) as n→ ∞,
v−n → v−0 strongly in Lp(y)(U), Lr(y)+s(y)(U) as n→ ∞,
u−n → u−0 and v−n → v−0 a.e in U as n→ ∞.

(16)

Hence, (u−0 , v
−
0 ) ∈ N−

λ1,λ2
, ∃t > 0, such that (tu−0 , tv

−
0 ) ∈ N−

λ1,λ2
and Jλ1,λ2

(u−0 , v
−
0 ) ≥

Jλ1,λ2
(tu−0 , tv

−
0 ). According to (H1) and the definition of ξ

′

λ1,λ2
, we have
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〈
ξ
′

λ1,λ2
(tu−0 , tv

−
0 ), (tu

−
0 , tv

−
0 )

〉
=

∫
U
p(y)

(
|Dtu−0 (y)|p(y) + |Dtv−0 (y)|p(y)

)
dy

− 2

∫
U
(r(y) + s(y)|tu−0 (x)|r(y)|tv

−
0 (x)|s(y)dy

+

∫
U
q(y)

(
µ1(y)|Dtu−0 (y)|q(y) + µ2(y)|Dtv−0 (y)|q(y)

)
dy

−
∫
∂U

(
H1(x, tu

−
0 (x)) +H2(x, tv

−
0 (x))

)
dν

−
∫
U
q(y)

(
λ1|tu−0 (x)|q(y) + λ2|tv−0 (x)|q(y)

)
dy

− 2

∫
U
(r(y) + s(y)|tu−0 (x)|r(y)|tv

−
0 (x)|s(y)dy

≤ p+tp
+

∫
U

(
|Du−0 (y)|p(y) + |Dv−0 (y)|p(y)

)
dy

+ q+tq
−
∫
U

(
µ1(y)|Du−0 (y)|q(y) + µ2(y)|Dv−0 (y)|q(y)

)
dy

− q−tq
−
∫
U

(
λ1|u−0 (x)|q(y) + λ2|v−0 (x)|q(y)

)
dy

− 2(r− + s−)tr
−+s−

∫
U
|u−0 (x)|r(y)|v

−
0 (x)|s(y)dy.

Due to q− ≤ q+ < p+ < s− + r−, and by Propositions 2.2, 2.3, it follows that
⟨ξ′

λ1,λ2
(tu−0 , tv

−
0 ), (tu

−
0 , tv

−
0 )⟩ < 0. Hence, by definition of N−

λ1,λ2
, (tu−0 , tv

−
0 ) ∈ N−

λ1,λ2
.

Next, we show that (u−n , v
−
n ) → (u−0 , v

−
0 ) ∈ W (U). Assume that (u−n , v

−
n ) ↛ (u−0 , v

−
0 ) ∈

W, by Fatou’s Lemma, we have

∫
U

(
µ1(y)|Du−0 (y)|q(y) + µ2(y)|Dv−0 (y)|q(y)

)
dy

≤ lim
n→+∞

∫
U

(
µ1(y)|Du−n (y)|q(y) + µ2(y)|Dv−n (y)|q(y)

)
dy,

by (16), we get

∫
U

(
|Du−0 (y)|p(y) + |Dv−0 (y)|p(y)

)
dy ≤ lim

n→+∞

∫
U

(
|Du−n (y)|p(y)|Dv−n (y)|p(y)

)
dy.
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Then, by (H1), we have

Jλ1,λ2
(tu−0 , tv

−
0 ) ≤

tp
+

p−

∫
U

(
|Du−0 (y)|p(y) + |Dv−0 (y)|p(y)

)
dy

+
tq

+

q−

∫
U

(
µ1(y)|Du−0 (y)|q(y) + µ2(y)|Dv−0 (y)|q(y)

)
dy

−
∫
∂U

(
H1(x, tu

−
0 (x)) +H2(x, tv

−
0 (y))

)
dν

− tq
−

q+

∫
U

(
λ1|u−0 (y)|q(y) + λ2|v−0 (x)|q(y)

)
dy

− 2
tr

−+s−

r+ + s+

∫
U
|u−0 (x)|r(y)|v

−
0 (x)|s(y)dy

≤ lim
n→+∞

tp
+

p−

∫
U

(
|Du−n (y)|p(y) + |Dv−n (y)|p(y)

)
dy

+ lim
n→+∞

tq
+

q−

∫
U

(
µ1(y)|Du−n (y)|q(y) + µ2(y)|Dv−n (y)|q(y)

)
dy

− lim
n→+∞

∫
∂U

(
H1(x, tu

−
n (x)) +H2(x, tv

−
n (x))

)
dν

− lim
n→+∞

tq
−

q+

∫
U

(
λ1|u−n (x)|q(y) + λ2|v−n (x)|q(y)

)
dy

− lim
n→+∞

2tr
−+s−

r+ + s+

∫
U
|u−n (x)|r(y)|v−n (x)|s(y)dy

≤ lim
n→+∞

Jλ1,λ2
(tu−n , tv

−
n )

< lim
n→+∞

Jλ1,λ2
(u−n , v

−
n ) = inf

(u,v)∈N−
λ1,λ2

Jλ1,λ2
(u, v) = γ−λ1,λ2

.

Hence
Jλ1,λ2

(tu−0 , tv
−
0 ) < inf

(u,v)∈Nλ1,λ2

Jλ1,λ2
(u, v) = γ−λ1,λ2

.

This a contradiction, consequently, (u−n , v
−
n ) → (u−0 , v

−
0 ) ∈ W (U), and

limn→+∞ Jλ1,λ2(u
−
n , v

−
n ) = Jλ1,λ2(u

−
0 , v

−
0 ) = γ−λ1,λ2

. After that, we infer that (u−0 , v
−
0 )

is a minimization of Jλ1,λ2
on N−

λ1,λ2
.

Proof of Theorem 1.1 From Theorem 4.1 and Theorem 4.2, there are (u+, v+) ∈
N+

λ1,λ2
and (u−, v−) ∈ N−

λ1,λ2
for every λ1 + λ2 ∈ (0,min {K1,K2}) such that

Jλ1,λ2
(u−0 , v

−
0 ) = inf

(u,v)∈N−
λ1,λ2

(u, v) and Jλ1,λ2
(u+0 , v

+
0 ) = inf

(u,v)∈N+
λ1,λ2

(u, v).

Then the system (1) admits (u−0 , v
−
0 ) ∈ N−

λ1,λ2
and (u+0 , v

+
0 ) ∈ N+

λ1,λ2
as two solutions

in W (U); thanks to Lemma (3.2), it follows that N−
λ1,λ2

∩N+
λ1,λ2

= ∅. Then (u−0 , v
−
0 ) ̸=

(u+0 , v
+
0 ). Following this, we show that (u±0 , v

±
0 ) are non-negative in U . For that, we

introduce the truncation function h+,i(y, s) : ∂U × R → R defined by

h+,i(y, s) = hi(y, s) if s > 0, and h+,i(y, s) = 0, if s < 0, with i = 1, 2.
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We set H+,i(y, s) =
∫ s

0
hi(y, t)dt, and the C1-functional J+

λ1,λ2
:W → R is given by

Jλ1,λ2
(u, v)

=

∫
U

1

p(y)

(
| Du(y)|p(y) + |Dv(y)|p(y)

)
dy +

∫
U

1

q(y)
µ1(y)|Du(y)|q(y)

+

∫
U

1

q(y)
|µ2(y)Dv(y)|q(y)dy −

∫
∂U
H+,1(y,u(y)) +H+,2(y, v(y))dν.

Then by Proposition 2.3, we get that for all (u−0 , v
−
0 ) = min(0, (u, v)),

0 =
〈
J+
λ1,λ2

(u−, v−), (u−, v−)
〉

≥ p−ρp(.)(Du−, Dv−) +
µ0

Dp+(c+ 1)p+ ρq(.)(u−, v−)

≥ ρp(.)(u−, v−)

≥ ∥(u−, v−)∥p
−
.

Hence ∥(u−, v−)∥p
−

= 0 and thus, (u, v) = (u+, v+), then, choosing (u, v) = (u−0 , v
−
0 )

and (u, v) = (u+0 , v
+
0 ), we conclude (u±0 , v

±
0 ) is a non-negative solution of system (1).

5 Conclusion

The Nehari manifold method is a powerful variational tool for proving the existence (and
sometimes multiplicity) of solutions to nonlinear coupled elliptic systems under Neumann
boundary conditions. Its effectiveness arises from converting the PDE problem into a
constrained minimization problem in an appropriate Sobolev space. The method filters
out trivial or non-physical solutions by exploiting the geometry of the energy functional
and the nonlinearity.
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Abstract: We investigate the 1 : 2 resonance in the periodically forced asymmetric
Du�ng oscillator, it is created via the period-doubling of the primary 1 : 1 resonance
or forming independently and coexisting with the primary resonance. We compute
the steady-state asymptotic solution { the amplitude-frequency response function.
Working in the framework of di�erential properties of implicit functions, we discover
and describe complicated metamorphoses of the 1 : 2 resonance and its interaction
with the primary resonance.

Keywords: Du�ng equation; resonances; singularities; metamorphoses.
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1 Introduction and Motivation

A period-doubling cascade of bifurcations is a typical route to chaos in nonlinear dynam-
ical systems. A generic example is the asymmetric Du�ng oscillator governed by the
non-dimensional equation

•y + 2 � _y + 
y 3 = F0 + F cos (
 t) ; (1)

which has a single equilibrium and a one-well potential [1], where� , 
 , F0, F are param-
eters and 
 is the angular frequency of the periodic force.

Szempli�nska-Stupnicka elucidated the period-doubling scenario in the dynamical sys-
tem (1) in a series of far-reaching papers [2{4]; see also [1] for a review and further
results.
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The main idea introduced in [2] consists in perturbing the main steady-state (approx-
imate) asymptotic solution of Eq.(1)

y0 (t) = A0 + A1 cos (
 t + � ) (2)

as
y (t) = y0 (t) + B cos

�
1
2 
 t + '

�
; (3)

substituting y (t) into Eq.(1) and considering the condition B 6= 0. In papers [1{4], the
authors found several conditions guaranteeing the formation and stability of solution (3)
and used them to study the period-doubling phenomenon.

In our recent work, we studied the period-doubling scenario using the period-doubling
condition determined in [1{4] as an implicit function. More precisely, using the formalism
of di�erential properties of implicit functions [5,6], we derived analytic formulas for the
birth of period-doubled solutions [7].

The motivation of this work stems from two observations: (i) In some cases, 1 : 2
resonance, coexisting with 1 : 1 resonance, is not created via the period doubling of 1 : 1
resonance, and (ii) 1 : 2 resonance depends on the parameters in a more complicated way
than the primary resonance.

Thus, the present work aims to study the metamorphoses of the 1 : 2 resonance
coexisting with the primary 1 : 1 resonance.

The paper is structured as follows. Section 2 describes the amplitude-frequency re-
sponse, an implicit function, for the 1 : 2 resonance for Eq.(1). In Section 3, we derive
equations to compute singular points and vertical tangencies of the response function.
Section 4 presents an example of the metamorphoses of 1 : 2 resonance based on com-
puted singular points. Section 5 provides an example of similar metamorphoses for a
di�erent dynamical system, suggesting a greater generality of our results. We summarize
our results in the last section.

2 The 1 : 2 Resonance: Steady-State Solution

Since the stable 1 : 2 resonance can coexist with the stable primary 1 : 1 resonance, we
assume the following steady-state solution of Eq.(1):

y (t) = B0 + B cos
�

1
2 
 t + '

�
; (4)

which can be computed by proceeding as in [8,9]. More exactly, we get

3
2


B 0B 2 + 
B 3
0 +

3
2


B 0C2 � F0 +
3
4


B 2C cos 2' = 0 ; (5a)

�B 
 � 3
B 0BC sin 2' = 0 ; (5b)
1
4

B 
 2 �
3
4


B 3 � 3
B 2
0B �

3
2


BC 2 � 3
B 0BC cos 2' = 0 ; (5c)

where

C =
4F

3
B 2 � 4
 2 ;
�
3
B 2 � 4
 2 6= 0

�
: (5d)

We note that in papers [1,2], a form describing a combination of 1 : 1 and 1 : 2 resonances
was assumed (see Eq.(8.5.20) in [1] and Eq. (8a) in [2]), and thus, di�erent equations for
the asymptotic solution were obtained.
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Assuming B 6= 0, we get from Eqs.(5b), (5c),

S1 (B0; B; 
; �; 
; F ) = � 2
 2 +
�

1
4 
 2 � 3

4 
B 2 � 3
B 2
0 � 3

2 
C 2
� 2

� 9
 2B 2
0C2 = 0 :

(6)

Moreover, equations (5a) and (5c) lead to

S2 (B0; B; 
; �; 
; F 0; F ) = � B 2
 2 + 3B 4
 � 12B 2
B 2
0 + 6B 2
C

� 16
B 4
0 � 24
B 2

0C2 + 16B0F0 = 0 :
(7)

Equation (7) is quadratic concerning B 2
0 . Therefore, we solve this equation forB 2

0 ,

B 2
0 = � 1

4 B 2 + 1
12
 
 2 �

p
f (B; 
; �; 
; F )

3
 (3
B 2 � 4
 2)2 ;
�

 > 0; 3
B 2 � 4
 2 6= 0

�

f (B; 
; �; 
; F ) = � 81
 2� 2
 4B 8 + 108
 3
�
4
 4� 2 � 3F 2


�
B 6

� 108
 2
 2
�
8
 4� 2 � 9F 2


�
B 4 + 96
 
 4

�
8
 4� 2 � 9F 2


�
B 2

� 256� 2
 10 + 192F 2
 
 6 � 576F 4
 2:

(8)

We substitute the following expression forB0:

B0 (B; 
) =

s

�
1
4

B 2 +
1

12


 2 +

p
f (B; 
; �; 
; F )

3
 (3
B 2 � 4
 2)2 (9)

to Eq.(7) (it turns out that we have to choose the plus sign) to get a complicated but
valuable implicit non-polynomial function L (B; 
; �; 
; F 0; F ) = 0,

L (B; 
; �; 
; F 0; F ) = S2 (B0 (B; 
) ; B; 
; �; 
; F 0; F ) : (10)

3 Vertical Tangencies and Singular Points

Equations for vertical tangencies read

L (B; 
; �; 
; F 0; F ) = 0 ; (11a)
@L(B; 
; �; 
; F 0; F )

@B
= 0 ; (11b)

while equations for singular points are

L (B; 
; �; 
; F 0; F ) = 0 ; (12a)
@L(B; 
; �; 
; F 0; F )

@B
= 0 ; (12b)

@L(B; 
; �; 
; F 0; F )
@


= 0 : (12c)

Equations (11), (12) can be solved numerically, yet simplify greatly forB = 0.

3.1 Vertical tangencies, B = 0

We check that
[@L(B; 
; �; 
; F 0; F ) =@B]B =0 = 0 : (13)
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Therefore, we obtain a simpli�ed equation for vertical tangencies

L (0; 
; �; 
; F 0; F ) = 0 : (14)

We can solve equation (14) for 
, getting

f 1 (
; �; 
; F ) = 
 12 + 16� 2
 10 � 12
F 2
 6 + 36
 2F 4 = 0 ; (15a)

f 2 (
; �; 
; F 0; F ) =
18X

k=0

ak 
 2k = 0 ; (15b)

and obtaining non-zero coe�cients ak as shown in Table 1 below.
For example, to �nd vertical tangencies, we can choose values of� , 
 , F0, and F ,

solve Eq.(15b), and accept all solutions with 
 > 0. Alternatively, we set � , 
 , and F0

and solve Eq.(15a), accepting solutions with 
 > 0.

k ak

18 1
17 48� 2

16 768� 4

15 36
F 2 � 3456
F 2
0 + 4096� 6

14 1152� 2
F 2 + 165 888� 2
F 2
0

13 9216
F 2� 4

12 756
 2F 4 � 248 832
 2F 2F 2
0 + 2985 984
 2F 4

0
11 24 192� 2
 2F 4 + 1990 656
 2F 2F 2

0 � 2

10 193 536
 2F 4� 4

9 3456
 3F 6 � 2239 488
 3F 4F 2
0

8 165 888
 3F 6� 2

6 � 31 104
 4F 8 + 4478 976
 4F 2
0 F 6

5 2488 320
 4F 8� 2

3 � 933 120F 10
 5

0 4665 600F 12
 6

Table 1 : Non-zero coe�cients ak of the polynomial (15b).

3.2 Singular points, B = 0

Moreover, we can signi�cantly simplify the equation for singular points (12) in the case
B = 0. We note that for B = 0, Eq.(14) solves �rst two of equations (12), thus to
�nd a solution of Eq.(12c), it su�ces to demand that the equation (15b) has a double
root (equation (15a) has no physical double roots). To this end, we request that the
discriminant of the polynomial f 2 (
) vanishes or solve the equivalent set of equations

f 2 (
; �; 
; F 0; F ) = 0 ; (16a)
@f2 (
; �; 
; F 0; F )

@

= 0 : (16b)

By solving Eqs.(16) for F0; F , we obtain clear and simpli�ed equations for singular
points, making the computations easier,

p(Z ) = d12Z 12 + d10Z 10 + d8Z 8 + d6Z 6 + + d4Z 4 + d2Z 2 + d0 = 0 ; (17)
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d12 = 466 560
 6; d10 = � 233 280
 5
 2; d8 = 20 736
 4
 2
�
2
 2 + 11� 2

�
;

d6 = � 1728
 3
 4
�
2
 2 + 41� 2

�
; d4 = 54
 2
 4

�
3
 4 + 112� 2
 2 + 448� 4

�
;

d2 = � 3
 
 6
 4 + 72� 2
 2 + 896� 4; d0 = 4 � 2
 6
�

 4 + 20� 2
 2 + 64� 4

�
;

where Z =
F

 2 , and

q(T) = e2T2 + e0 = 0 ; (18)

e2 = 1728
 
 6 + 41 472
� 2
 4 + 1603 584
� 4
 2 + 22 118 400
� 6;

e0 = � 
 14 +
�
� 534Z 2
 + 592� 2

�

 12 +

�
15 768Z 4
 2 � 31 968Z 2� 2

+20 128� 4

�

 10

+
�
� 247 968Z 6
 3 + 627 552Z 4� 2
 2 � 499 008Z 2� 4
 + 195 072� 6

�

 8

+
�

1736 640Z 8
 4 � 3805 056Z 6� 2
 3 + 2596 608Z 4� 4
 2

� 958 464Z 2� 6
 + 458 752� 8

�

 6

+
�

� 4199 040Z 10
 5 + 9642 240Z 8� 2
 4 + 7617 024Z 6� 4
 3

� 40 255 488Z 4� 6
 2 + 16 465 920Z 2� 8


�

 4

+
�
� 19 906 560Z 10� 2
 5 � 76 308 480Z 8� 4
 4 + 23 224 320Z 6� 6
 3

�

 2

� 99 532 800Z 10� 4
 5;

where T = F0
.

4 Numerical Veri�cation

In this section, we shall compute singular points and vertical tangencies for the implicit
function L (B; 
; �; 
; F 0; F ) = 0, Eq.(10), for chosen values of� , 
 , and 
. In the case
B = 0, we use Eqs. (16) in the reduced forms (17) and (18) to compute singular points
and apply Eqs.(15) to compute vertical tangencies. Then, in the caseB 6= 0, we use
Eqs.(12) and (11), respectively.

In what follows, we arbitrarily choose � = 0 :09, 
 = 0 :3, 
 = 1 :5.

4.1 Singular points and vertical tangencies, B = 0

Thus, we choose the singular point as (B; 
) = (0 ; 1:5). We must compute the parame-
ters F0 and F , for which the selected point is singular.

Therefore, for � = 0 :09, 
 = 0 :3, 
 = 1 :5, and B = 0, we solve the equationp(Z ) = 0
with p(Z ) de�ned in Eq.(17), obtaining four positive roots, Z = 0 : 198 445, 0: 509 084,
1: 095 980, 1: 259 811. We check, however, that onlyZ = 1 : 095 980 leads to a solution
of (12). Since Z = F=
 2, we get, for Z = 1 : 095 980,F = 2 :465 955. We now solve
q(T) = 0 with q(T) de�ned in Eq.(18), obtaining, for Z = 1 : 095 980, one positive root
T = 0 :112 203. SinceT = F0
, we get F0 = 0 :074 802 .

Now, we check that for 
 = 0 :3, F0 = 0 :074 802,F = 2 :465 955, equations (12), solved
numerically, yield indeed � = 0 :09 and an isolated singular point (B; 
) = (0 ; 1:5); see
Fig.1 and Subsection 4.4 for description.

To �nd vertical tangencies, we set, for example, � = 0 :082 and use just computed
parameter values
 = 0 :3, F0 = 0 :074 802,F = 2 :465 955. Solving equation (15b), we get
(B; 
) = (0 ; 1: 474 612), (0; 1: 527 914) (all solutions of Eq.(15a) are complex); see red
boxes in Fig.1.



540 J. KYZIO L AND A. OKNI �NSKI

1.47 1.48 1.49 1.50 1.51 1.52 1.53 1.54 1.55 1.56 1.57 1.58 1.59 1.60 1.61 1.62 1.63 1.64 1.65

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

W

B

Figure 1 : Sequential metamorphoses of amplitude-frequency implicit function
L (B; 
; �; 
; F 0 ; F ) = 0, describing 1 : 2 resonance.

4.2 Singular points and vertical tangencies, B 6= 0

We work with parameter values computed in the preceding subsection, i.e.,
 = 0 :3,
F0 = 0 :074 802,F = 2 :465 955. We have shown in the prior section that equations (12)
have, for � = 0 :09, an isolated singular point (B; 
) = (0 ; 1:5).

Moreover, equations (12) have other singular points for
 = 0 :3, F0 = 0 :074 802,
F = 2 :465 955, andB 6= 0. Solving numerically Eqs.(12), we get (i) � = 0 :086 504 and a
pair of self-intersections (B; 
) = ( � 0:305 755; 1: 496 498), (ii) a pair of isolated points,
� = 0 :108 010, (B; 
) = ( � 1: 069 257; 1: 613 277), see Fig.1 where we show all singular
points.

We also compute vertical tangencies forB 6= 0. Solving equations (11a) and
(11b) numerically for 
 , F0, F listed above and � = 0 :082, we get (B; 
) =
(� 0:318 833; 1: 514 052 ); see red boxes in Fig.1.

4.3 Bifurcation diagrams

We have computed bifurcation diagrams solving Eq.(1) numerically { obtaining y (t) as a
function of 
; for computational details, see Appendix A. Comparison with Fig.1 reveals
which branches are stable. Colors in the bifurcation diagrams correspond to those in
Fig.1, resonance 1 : 1 is black.

We show, in Fig.2, the birth of 1 : 2 resonance (� = 0 :114 69, red; top �gure), its
growth ( � = 0 :114, navy; top �gure), and one period-doubling (� = 0 :0977, sienna;
bottom �gure).
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Figure 2 : Bifurcation diagrams, � = 0 :114 69 (two red boxes), � = 0 :114 (navy) { top,
� = 0 :0977 (sienna) { bottom.

Figure 3 displays the �rst point of contact of 1 : 2 resonance (� = 0 :094 185, red
circle; top �gure) with 1 : 1 resonance (black).

This singular point grows into an oval (� = 0 :091, green; bottom �gure); a double
period-doubling cascade forms and breaks.
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Figure 3 : Bifurcation diagrams, � = 0 :094 185 (top), � = 0 :091 (bottom).

Finally, in Fig.4, we display the formation of a double self-intersection (� = 0 :090 14,
magenta; top �gure) and its subsequent breaking (� = 0 :90, blue; bottom �gure).

We note that resonance 1 : 1 and left resonance 1 : 2 merge (top �gure), then
connected branches split in another way (bottom �gure).

Section 4.4 describes in detail the complicated metamorphoses of 1 : 2 resonance and
its interaction with 1 : 1 resonance.

4.4 Description of transmutations of 1 : 2 resonance

We describe the metamorphoses of 1 : 2 resonance for
 = 0 :3, F0 = 0 :074 802,F =
2:465 955 and descending values of� . In what follows, � n denotes the values of� computed
by integrating the Du�ng equation (1) numerically, while � a means values of� computed
from the analytical condition (12) for singular points. We have computed the function
L (B; 
; �; 
; F 0; F ), Eq.(10), from the asymptotic solutions (4) and (5).

In Fig.1, the transmutations of function L (B; 
; �; 
; F 0; F ) are shown, and in bi-
furcation diagrams, Figs 2, 3 and 4, the metamorphoses of the solutions of the Du�ng
equation (1) are presented.
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