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Abstract: This paper is devoted to the existence, uniqueness, and iterative ap-
proximation of solutions for the classes of functional equations arising in dynamic
programming of multistage decision processes. The findings presented here extend
and integrate several results from the existing literature. Illustrative examples are
also provided to emphasize the significance of the main results. The approach is based
on fixed point techniques applied in suitable function spaces. Furthermore, our results
unify a variety of known theorems within a broader and more flexible framework.
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1 Introduction

In 1922, Banach [1] proved his celebrated fixed point theorem, commonly known as the
Banach contraction principle. Bellman [2,|3] introduced and explored the existence of
solutions for a class of functional equations arising in dynamic programming. Since then,
many researchers (see [4H11]) have studied the existence and uniqueness of solutions to
functional equations by modifying the conditions of Bellman’s equations in the context
of multistage decision processes.
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Recent advances in the study of functional equations, fractional differential models,
and fixed point theory have led to significant developments in both theory and applica-
tions across various mathematical and engineering domains. In particular, methods for
solving Volterra-type and fractional integro-differential equations have been extensively
developed using novel decomposition and numerical strategies [1214]. Parallel to this,
fixed point techniques in generalized metric spaces have emerged as powerful tools for
addressing nonlinear problems in functional analysis and dynamic systems |15-17]. These
tools have found fruitful applications in the analysis of reaction-diffusion systems, blow-
up phenomena, and inverse problems under integral constraints [18-24]. Building on this
growing body of work, our paper aims to explore the solvability of functional equations
arising in dynamic programming by applying fixed point techniques in suitable function
spaces.

In this work, we present and analyze the existence, uniqueness, and iterative ap-
proximation of solutions for the following classes of functional equations and systems of
functional equations arising in dynamic programming;:

f(@) = optyep {u(z,y) +opt {pi(z,y) + Ai(z,y, f(ai(z,y))) :i=1,2,3}}, (1)

f(x) = optyeplulz,y) +r(z,y) f(c(z, y)) + opt{pi(z, y) f (s(,y)),
ti(m,y) + %(3373/)441'(1'73/; f(az(xay))) vi= 172,3}}7 (2)

f(@) = optyep {p(z,y) + opt {ui(z,y) + Ai(z,y,9(ai(x,y))) :i=1,2,3}},  (3a)
f(x) = optyep {q(x,y) +opt {vi(z,y) + Bi(x,y, f(bi(x,y))) : i =1,2,3}}.  (3b)

Here, opt denotes either sup or inf. The variables x and y represent the state and
decision vectors, respectively. The mappings s, ¢, and a; (i = 1,2,3) denote process
transformations, and the functions f(x) and g(x) represent the optimal return functions
with initial state x.

The structure of this paper is as follows. In Section 2, we introduce basic concepts,
notations, and useful lemmas. In Section 3, we establish the existence, uniqueness, and
iterative approximation of solutions to functional equation (1) in the spaces BC(S) and
B(S).

2 Preliminaries

In this section, we introduce notations, definitions, and some preliminary results that
will be used in the remainder of the paper. Let R = (—o0,+00), Rt = [0,00), and
R~ = (—00,0]. For every t € R, let [t] denote the greatest integer less than or equal to
t. Let (X, | - |) and (Y, - ||) be real Banach spaces. Let S C X denote the state space
and D C Y denote the decision space. We define the following function classes:

¢, = {90 :RT — R™ | ¢ is right-continuous at t = 0} ,
@y = {¢:RT — R" | ¢ is non-decreasing} ,

®3 = {p € @1 | p(0) =0},

Oy ={pe® Ny | p(t) <tforallt>0},

D5 = {p € Py | p(t) <tforallt>0}.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (6) (2025) 587

We also define the following function spaces:

B(S)={f:5—=R| fis bounded},
BC(S)={f € B(S) | f is continuous},
BB(S)={f:S —=R| f is bounded on bounded subsets of S} .

It is easy to verify that both (B(S),] - |1) and (BC(S),|| - |l1) are Banach spaces
under the supremum norm || f||1 = sup,cg |f(z)|. For every positive integer k and for
f,g € BB(S), define the pseudometric

di(f,9) = sup {|f(z) — g(2)| : & € B(0,k)},

where B(0,k) = {x € S: ||z|| < k}. We then define a complete metric d on BB(S) by

The collection {dj }r>1 forms a countable family of pseudometrics on BB(S). A sequence
{fn} € BB(S) is said to converge to f € BB(S) if for every k € N, we have di(fr, fm) —
0 as n,m — oco. Therefore, (BB(S),d) is a complete metric space.

Definition 2.1 A metric space (M, p) is said to be metrically convez if for any
x,y € M, there exists z € M, with z # x,y, such that p(z,y) = p(z,2) + p(z,y).
Intuitively, every Banach space is metrically convex.

Lemma 2.1 (Menger [5]) If M is a complete metrically conver metric space, then
for every a € (0,1) and for any x,y € M, there exists z € M such that p(z,z) = ap(z,y)
and p(z,y) = (1 — a)p(z,y).

Lemma 2.2 ( [5]) Assume that M is a complete metrically convex metric space and
that f: M — M is a mapping satisfying

p(fz, fy) < Kp(z,y) (4)

for some constant K < oo. Define the function ¢ : [0,b) — [0,b) by

o(t) = sup{p(fz, fy) : z,y € M, p(z,y) = t}.

Then we have

(a) ¢ is subadditive; that is, for all s,t > 0 such that s+t < b, we have
P(s+1) < é(s) + ¢(t).

(b) & is upper semicontinuous from the right on [0,b).

Proof. (a) Let z,y € M with p(x,y) = s+ t. Since M is metrically convex, there
exists z € M such that p(z,z) = s and p(z,y) =t. Then

p(fx, fy) < p(fx, f2) +p(fz, fy) < o(s) + o(t). O
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Taking the supremum over all such z,y € M with p(z,y) = s + ¢ gives the result in (a).
(b) From part (a), for ¢ > ¢y and t — tg < b, we have

B(t) < ot —to) + ¢(to) < K(t —to) + ¢(to)

since @(t — to) < K(t — tp) by the assumption in equation (4). Therefore,

limsup ¢(t) < ¢(to),

t—td
proving that ¢ is upper semicontinuous from the right at ¢g.

Lemma 2.3 Let M be a complete metric space, and let f : M — M be a mapping
satisfying

p(fz, fy) < ¢ (p(z.y)), (5)

where ¢ : P — RT is upper semicontinuous from the right on P and satisfies p(t) < t

for allt € P\ {0}. Then f has a unique fived point xo € M, and for all x € M, the
sequence f"r — xo as n — oo.

Proof. Fix x € M and define ¢,, = p(f"x, f*~'x). From the contractive condition,
we have

Cn41 = p(fn+1xv fnz) = p(f(f"x), f(fnilx)) < @(Cn)v

which implies that {c,} is a decreasing sequence. Since ¢(t) < t for all ¢ > 0, the
sequence must converge to a limit ¢ > 0. Assume, by contradiction, that ¢ > 0. Then,
taking limits, we get

¢ = lim ¢, <limsup p(t) < p(c),

n—00 t—ct

which contradicts ¢(c¢) < ¢. Therefore, ¢ = 0. Next, we show that {f"z} is a Cauchy
sequence. Suppose not. Then there exist € > 0 and sequences {my}, {ni} with my >
ng > k such that

di == p(f™x, f*2x) >e forall keN.

Choose my, as the smallest index greater than ny such that this holds. Since ¢, — 0, we
may assume

™ N, frea) < e.

Then
die < p(f™a, f7 ) + p(f7 e, ) < e, +E

Thus, dj, — €T as k — oco. However, consider

dp = p(f™ x, f"* )
< p(f™rx, ) 4 p(frE T ) 4 p(f T e, )
< Cmp41 F Cnr1 + @(dr) < 2¢x + @(dr).

Taking the limit as kK — 0o, we obtain

e < ple),
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which contradicts ¢(g) < € for ¢ > 0. Hence, {f"x} is a Cauchy sequence. By the
completeness of M, there exists a limit point g € M such that f"x — x¢. Since f is
continuous (implied by the inequality and structure of the argument), we have

fro = lim f(f"z) = lim f""a =z,

n—oo n—oo
S0 xg is a fixed point of f. To prove uniqueness, suppose xy and x; are both fixed points.
Then
p(wo, 1) = p(fzo, fr1) < @(p(z0,21)) < p(20,21),
which is a contradiction unless p(xg,z1) = 0, hence xy = .
Lemma 2.4 ( [5]) Let (M, p) be a complete metrically convex metric space, and let

f: M — M be a mapping satisfying

p(fz, fy) < (plx,y)) forallz,y € M, (6)

where ¢ : P — RT is a function such that o(t) <t for all t € P\{0}, with P = {p(z,y) :
x,y € M} and P being its closure. Then [ has a unique fixed point uw € M, and for every
x € M, we have

nh_{réof (x) = u.

Proof. Let ¢ : [0,b) — [0,b) be defined as in Lemma [2.2}

¢(t) = sup{p(fz, fy) : z,y € M, p(z,y) = t}.
By Lemma ¢ is upper semicontinuous from the right on [0,b). Furthermore, for all
t€[0,b),
o(t) < (1)
If P =10,b] with b < 0o, we extend ¢ by defining ¢(b) := ¢(b). Then we have

p(fz, fy) < ¢ (p(x,y)) forall z,y € M.

Now, since ¢ is upper semicontinuous from the right and satisfies ¢(t) < ¢ for ¢ > 0, the
conditions of Lemma (the generalized fixed point theorem) are satisfied for ¢. Hence,
f has a unique fixed point v € M, and the sequence {f™(x)} converges to u for every
reM.

Lemma 2.5 ( [8]) Let {a;,b;:1<i<n} CR. Then
lopt{a; : 1 <i<n}—opt{b; : 1 <i<n} <max{|a; —b;i]:1<i<n}. (%)
Here, opt denotes either the supremum or infimum.

Proof. The inequality clearly holds for n = 1. Assume that (x) holds for some n € N.
Consider the case n + 1:

opt{a; : 1 <i<n+1} =opt{opt{a;: 1 <i<n}, apni1},

and similarly for the b;’s. Using the inductive hypothesis and Lemma 2.1 from [9], we
obtain

lopt{a; : 1 <i<n+4+1} —opt{b; : 1 <i<n+1}
< max {|opt{a; : 1 <i<n} —opt{b; : 1 <i<n},|ant1 — bnt1|}
<max{|a; —b;| : 1 <i<n+1}.

Hence, by induction, the inequality holds for all n € N.
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Lemma 2.6 Let a;,b; € R fori=1,2,3. Then
max {|a; + b;| 11 =1,2,3} <max{|a;| :7=1,2,3} + max {|b;| : i = 1,2,3}.
Proof. By the triangle inequality, we have for each ¢ = 1,2, 3:
la; +bi| < lai| + |bi].
Taking the maximum over i, we obtain
max {|a; + b;| 1 ¢ =1,2,3} <max {|a;| + |b;] : 1 =1,2,3}.
Finally, since for each i,
|a;| + 1b;] < max {|a;| : 4 =1,2,3} + max {|b;| : 4 =1,2,3},
we conclude
max {|a; + b;| 11 =1,2,3} <max{|a;| :4=1,2,3} + max {|b;] : 4 =1,2,3}.
Lemma 2.7 [§]

(i) Let A: S x D — R be a mapping such that opt,cp A(zo,y) is bounded for some
xrg € S. Then

|0pty€D A(mO’ y)| < Sug ‘A(mo, y)| .
ye

(ii) Let A,B : S x D — R be mappings such that both opt,cp A(zi,y) and
optyep B(xa,y) are bounded for some x1,x5 € S. Then

‘OptyeD A(x1,y) —opt,ep B(fﬂmy)’ < Sgg |A(z1,y) — B(x2,9)] -
Yy

Proof. (i) If sup,cp |A(zo,y)| = +o0, the inequality holds trivially. Otherwise,
assume sup, ¢ p |A(wo,y)| < co. Then, for all y € D,

_‘A($07y)| < A(Z‘o,y) < |A(x0’y)|

Taking the infimum and supremum over y € D, we obtain

inf A(zo,y) > —sup |A(zo,y)|, sup A(zo,y) < sup |A(zo,y)|.
yeD yeD yeD yeD

Hence,
|opt,ep Alzo, )| < sup |A(zo, y)|-
yeD

(ii) If sup,ep |A(71,y) — B(z2,y)| = 400, the inequality holds trivially. Otherwise,
for all y € D,

|A(z1,y) — B(x2,y)| < sup |A(z1,y) — B(z2,y)|.
ye

Thus,

B(z2,y) — sup |A(z1,y) — B(z2,9)| < A(1,y) < B(w2,9) + sup |A(z1,y) — B(x2,9)|-
ye ye

Taking opt,cp on both sides yields

|opty e p A(21,y) — optyep B(w2,y)| < sup |A(71,y) — B(z2,y)l-
ye
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3 Existence and Uniqueness of Solutions in BC(S) and B(S)

We now discuss the existence and uniqueness of solutions to the functional equation (1)
in the spaces BC(S) and B(S).

Theorem 3.1 Let u,p; : S XD — R, a;, :SxD—=S5,and A;: SxD xR —=R for
1 =1,2,3 be given mappings. Let ¢ € ®3 and ¥ € &y. Assume the following conditions
hold:

(C1) The mappings u,p;, and A; are bounded for each i =1,2,3.
(C2) For every zo € S, the limits
w(@,y) = u(zo,y), pi(z,y) = pi(zo,y), ai(z,y) = ai(zo,y)
hold uniformly for y € D as x — xq, for alli=1,2,3.
(C3) Forallx,zg € S, y € D, and z € R,
max {|A;(z,y,2) — Ai(x0,y,2)] i =1,2,3} < @ (|lx —x0]]).
(C4) Forallz €S, ye D, and z,2y € R,

max{|Ai(x,y,z) - Ai($,y,20)| S 1’253} < w(”'z - ZO”) :

Then the functional equation (1) admits a unique solution w € BC(S), and for every
h € BC(S), the sequence {H™h},>1 converges to w, where the operator H : BC(S) —
BC(S) is defined by

Hh(l’) = OptyGD {U(l’,y) + Opt {pl(xay) + Al(x,y,h(al(aﬂ,y))) t= 172>3}}a HANS S( )
8

Proof. Let g € S and h € BC(S). By condition (C1), it is clear that Hh is
bounded. From (C2), along with ¢ € ®3 and ¥ € &4, we know that for any € > 0, there
exist d1, 02,03 > 0 such that

oz — zo]) <i for = € S with ||z — 2o|| < &1, (9)
€
lu(z,y) — u(zo,y)| < i for (x,y) € S x D with ||z — zo|| < 01,
(11)
) €
max {[p;(z,y) — pi(zo,y)| : i =1,2,3} < 1 for ||z — ol < 41, (12)
|h(z) — h(zg)| < 01 for x € S with ||z — zo|| < 02, (13)
max {|a;(z,y) — a;(zo,y)| : 1 =1,2,3} < dy for || — 20| < d3. (14)

From (10), (13), and (14), we deduce

) (sup {max {|h(a;(z,y)) — h(a;(xo,y))| : i = 1,2,3}}) < 2, for ||z — x| < d3. (15)
yeD
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Let § = min{d, d3}. Using (C3), (C4), (9), and (15), we get for all z € S with ||z —z¢| <
o:

|Hh(x) — Hh(zo)|

= ’OptyeD {’U,({L y) + Opt {pi(x7 y) + Az(xv Y, h(ai(x» y)))}}
— optye p {u(xo,y) + opt {pi(z0,y) + Ai(x0,y, h(ai(z0,9)))}}|

< sup { [u(@,y) — u(wo, y)| + max_ |Ipi(z.y) — pi(wo,y)|
yeD i=1,2,3

+ |Ai(x,y, h(ai(x,y))) — Ai(zo, Yy, h(ai(fCo,y)))ﬂ }

< E ELELE_

IR
This proves that Hh is continuous at x, and hence H maps BC(S) into itself. Now, let
h,g € BC(S) and fix x € S. Suppose opt,cp = sup,cp. Then there exist y, 2 € D such
that

Hh(z) < u(z,y) + opt {pi(z,y) + Ai(z,y, h(ai(z,y)))} + €,

Hg(x) < u(z, z) + opt {pi(x, 2) + Ai(x, 2, g(ai(x, 2))) } + €,

Hh(z) > u(x, z) + opt {pi(z, z) + Ai(z, z, h(a;(x, 2)))},

Hg(x) = u(z,y) + opt {pi(z,y) + Ai(z,y, g(a:(x,y)))} - (16)

Using (16) and condition (C4), we have
[Hh() ~ Ho(w)] < mas, {14z, hlai(r,0))) — AiCe, v, as(e,9),
[Ai(z, 2, hai(x, 2))) = Ai(, 2, g(ai(x, 2)))|} + €

< ( max {[(ai(z,y)) — g(ai(z,y))], |h(ai(z, 2)) = g(ai(w,Z))}) te

i=1,2,3
<P(|h—gllh) +e

Taking the supremum over x € S, we obtain
[Hh — Hgllv < ¢(|h —gll) +e (17)
A similar argument holds if opt,.p = infyep. Letting € — 0" in (17), we conclude
[Hh — Hglly < (17— gl)).

By Lemma 2.4 (a variant of Boyd and Wong’s fixed point theorem [6]), the operator H
has a unique fixed point w € BC(S), and for every h € BC(S), the sequence {H"h},,>1
converges to w. Clearly, w is the unique solution of the functional equation (8]) in BC(.S).

Theorem 3.2 Let u,p; : SXxD — R, a;, : SxD — S5, and A; : SxD xR —> R
for i = 1,2,3 be given mappings. Suppose that ) € @y, and that conditions (C1) and
(C4) hold. Then the functional equation (1) admits a unique solution w € BC(S), and

the sequence {H™h},>1 converges to w for every h € BC(S), where the operator H is
defined by (8).
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Remark 3.1

1. If u = 0 and p3 = A3 = 0, then Theorem [3.2] reduces to Theorem 3.2 of Pathak
and Deepmala [25].

2. Theorem generalizes and strengthens the classical result of Bellman [2].

Example 3.1 We present an example that demonstrates how Theorem |3.1| general-
izes and unifies several previous results, including those found in |2}/4}[8}/10,(11}25}[26].
Let X =Y =R, S =[1,0), and D = R" = [0,00). Define

p(t) =3t P(t) = 7.

Then Theorem [3.1] guarantees that the functional equation

1 22 1 1
— opt 14— +opt = sin (f (222
o OpyeD{ Ty TP {x+y2+x2+y2+1+3sm(ﬂxy))’
rT+y 1 1

+ + - ,
1+3(x+y) 224y 3+ |f(sin(2z) + 3y)|
3

1 5 +sin(7z — 3
- 7T 2 7 T f( ( y)) 2 , VzES,
vyt 1422+ 34 3f(5+sin(Tz — 3y))

possesses a unique solution in B(S). To see this, define the following mappings:

U(.’I?7y) =1 + ;7
x2+%y
x2 r—+vy x>
p1(z,y) = W, pa(z,y) =

T e\ xz, =
1+3(z+y) ps(,9) x4yt

and
1 1
A =
1(2,y, 2) x2+y2+1+3sinz’
1 1
A T, Y, 2 :7“!_77
2(, 9, 2) 2 +y 34|z
1 z
AB(xa:%Z)

STra2127 3432
Then the following relations hold:

‘Al($7y7z) - Ai(x07y,z)| < 3|$ - .’170| for all © = 1a2737

1
|Al(x,y,z) - Ai(xvyaz()” < Z|Z - ZO| forall : =1,2,3.

Thus, all the assumptions of Theorem [3.2] are satisfied, and hence the functional equation
possesses a unique solution in B(S).
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4 Conclusion

In this paper, we established new existence, uniqueness, and iterative approximation re-
sults for the classes of functional equations arising in dynamic programming. By employ-
ing fixed point techniques and suitable contractive conditions, we extended and unified
several known results in the literature. The general framework presented here accom-
modates a broad range of applications and improves upon classical formulations such as
Bellman’s equations. A detailed example was also provided to illustrate the applicability
of our main theorem.
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