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Abstract: The one-dimensional Fokker-Planck equation (FPE) with drift and diffu-
sion coeflicients depending on the space variable is identified by a semigroup approach.
The stationary solution us of the FPE induces a Hilbert space X, i.e., L2(a, b) with
an inner product weighted by us. The backward Fokker-Planck operator A generates
a Cop-semigroup in X. The well-posedness for the FPE follows the well-posedness for
the Cauchy problem generated by A. The solution u is asymptotically stable with
respect to us as t — oo. Furthermore, if the ratio of the drift to diffusion coefficients
is nondecreasing, then u is a nonnegative classical solution. As an application, the
backward Fokker-Planck operator A confirms the well-posedness for production func-
tion equations. In case X = L2 (0, 00), the operator A has a continuous spectrum
generating the Gaus-Weierstrass semigroup.
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1 Introduction

The Fokker-Planck equation (FPE) which originally describes a Brownian motion of a
particle has wide applications leading to many interdisciplinary studies, for example, in
solid state physics, quantum optics, chemical physics, theoretical biology, circuit theory,
plasma waves, finance and economics. Concretely, the applications of the FPEs are
found in differential equations and stochastic processes [1}[2], bilinear control systems
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and chaotic systems [3l/4], production and generation of entropies |5H7|, plasma physics,
protein folding and fluid [8H10].

There has been a lot of theoretical and numerical research discussing the FPE for
various cases and applications. Bluman [11] proposed to construct the exact solutions
for the one-dimensional FPE corresponding to a class of non-linear forcing functions
using group theoretic methods. A particle approach to solve variational formulation
of the FPE with decay was considered in [12]. The analytical solution of the FPE
with logarithmic, decreasing and bistable drifts has been investigated in |[13H15]. See
also the numerical research of the FPE using He’s variational iteration method [16], the
differential transform method [17], the cubic B-spline scaling functions [18], the Adomian
decomposition method [19], and the homotopy perturbation method [20].

The generic form of the one-dimensional FPE for the probability density u(x,t) de-
pending on the space variable x and time ¢ is given by

ou 0 02 {D(m, £) u]

== [t + oy | (1)

ot Ox 0x?
with the initial condition
u(z,0) = ug(z), =€R,

where u(z, t) is the unknown function, f(x,t) is the drift coefficient or force, and D(x,t) >
0 is the diffusion coefficient [21]. Equation describes a motion for the distribution
function u(x,t) and is called the forward Kolmogorov equation. Also, a similar equation,
the backward Kolmogorov equation, is given by

ou ou  D(z,t) 0%u
E——f(%t)%‘F 5 o2 (2)

The special case of FPE (1)) provides the distribution function W(v,t) for a small
particle of mass m immersed in a fluid satisfying

ow  O(wW) KT 0*°W

a o Tm o2
where v is the velocity for the Brownian motion of a particle, ¢ is the time, v is the
fraction constant, K is Boltzmann’s constant and 7' is the temperature of fluid [21]. In
this case, the drift coefficient is linear and the diffusion coefficient is a constant.

We note that the partial differential equations in and are nonlinear-parabolic.
This nonlinearity affects the difficulties in solving the equations, either theoretically or
numerically. For the linear case, the well-posedness for the equations follows Theorems
12, 15 and 16 in Chapter I of [22]. However, we can not explicitly find the sufficiency
and necessity of the well-posedness from the theorems. We see that the linearities of
the FPE depend on the type of drift and diffusion coefficients. In the fact, if the drift
and diffusion coefficients do not depend on u, the equations are linear. The FPE of this
type are involved in the advection-diffusion equations, see [23}/24]. This allows us to
formulate the FPE as an autonomous or non-autonomous abstract Cauchy problem. In
this context, the Cy-semigroup or Cy-quasi semigroup approach has proven to be reliable
for solving the problems, which have not been discussed in previous studies. Therefore,
the infinitesimal generator of the Cy-semigroup or Cy-quasi semigroup can characterize
the well-posedness and the properties of solution of the problems.

In this paper, we focus on the well-posedness and the properties of solution of FPE
, where the drift and diffusion coefficients depend only on the space variable x, and the
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use of Cy-semigroup approach and its application in the product function given in |23].
The organization of the results is as follows. Section 2 provides the well-posedness and
some properties of the solution of FPE (lf) equipped with the boundary values. In Section
3, we apply the FPE to solve the product function in two cases of the spectrum of the
infinitesimal generator of the related semigroup.

2 Solution of Fokker-Planck equation

In this paper, we study the Fokker—Planck equation in one dimension in a bounded
interval with boundary conditions. Let X; be a diffusion process in the interval [0, ]
with the drift and diffusion coefficients f(z) and D(z), respectively. We assume that
D(z) is positive in [0,¢]. The transition probability density u(z,t) is the solution of an
initial and boundary value problem of the FPE

ou 0 02 [D(:E)

a:*%[f(x)U]Jrﬁ 9

u], 0<z<d, (3a)

with the boundary and initial conditions

J(u(0)) = J(u() =0, (3b)
u(z,0) =up(x), 0<x <Y, (3c)
where 14
J(u) = f(x)u(z) — 27z [D(z)u(z)], 0<a <L

We can rewrite problem as a Cauchy problem and use a strongly continuous
semigroup (Cp-semigroup) to solve. Indeed, problem is the Cauchy problem

at) = Au(t), t>0,  u(0) = uo, (4)

where A is a generator of the Fokker—Planck (forward Kolmogorov) equation that is
defined by

Au = —— [f(2)u] + 5= [D()u] ()

on a domain

D(A) := {u e C*0,0) : J(u(0)) = J(u(l)) = 0}.

Henceforth, we call the generator A the Fokker-Planck operator.

To solve the Fokker—Planck problem , we first transform the equation into the
backward Kolmogorov equation generated by an operator A. Note that the boundary
conditions for the operator A are simpler than those for the operator A. Due to this fact,
we first find the stationary solution of problem . Let us(x) be the stationary solution
of , i.e., the long-time limit of u(z,t) as t — oo, which follows from the equation

d 1d
2 @) - 5o D@ | =0.
Integrating the both sides with respect to x yields J(us) = C for some constant C.
However, the boundary conditions give a zero flux

1d

T(us) = f(@)us(a) = 5 2= [D(@)us(a)] = 0. (6)
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Therefore, we have

2f(x) dus(z)  dD(x)
do —
D) ™~ u(w) D)
that gives the stationary solution
us(z) = N7'Y(x), =€][0,4, (7)

where

Y(z) = ﬁ exp (2 /O ’ IJ;((TT)) dT)

and N is the normalization constant,

N = /OZ sz) exp (2[ é((:_))d7'> da.

Further, from @, if u = vug, we have

dv

dr’

This confirms that if J(u(0)) = J(u(¢)) = 0, then v'(0) = v'(¢) = 0. Therefore, when
setting u(x,t) = v(x, t)us(z), the problem leads to the Cauchy problem

J(u) = J(vus) = —%D(m)us(x)

o(t) = Av(t), t>0, v(0) = vo(z) = u *(z)uo(x), (8)

S

where A generates the backward Kolmogorov equation given by

dv  D(x)d*v

it T2 an ®)
on the domain D(A4) = {v € C%(0,¢) : v/(0) = v/(¢) = 0}. In other words, solving

problem is sufficient to solve problem . The sufficiency for the Cauchy problem
is well-posed is that A is the infinitesimal generator of a Cy-semigroup.

Av = f(x)

Lemma 2.1 If u(z) = v(z)us(z) for v € D(A), then Au = usAv and both have
common eigenvalues.

Proof. For u(z) = v(z)u,(z) and from (6), we obtain

dr ' 2 da?

~ u(a) [f(x) dv  D(z) dzv]

Therefore, if A is an eigenvalue of A corresponding to the eigenfunction u, then \ is the
eigenvalue of A with the eigenfunction v.
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Henceforth, let X be the Hilbert space L?(0, /), the space of square-integrable func-
tions in the interval (0, ¢), with respect to the weighted inner product

¢
(v, W), ::/0 v(z)w(z)us(z) de.

The operator A in the Hilbert space X gives the following.
Lemma 2.2 The operator A has the following properties:
(a) —A is a positive operator on X.
(b) The null space of A consists of constants.
(c) A is self-adjoint with a discrete spectrum in the Hilbert space X .

Proof. (a) Using an integration by parts and the fact that the stationary solution
us is positive, for v € D(A), we obtain

¢ ¢ ¢
(—Av,v),, :/ (—Av)vug dr = / —A(us)vdx = %/ |v'|? Du da. (10)
0 0 0

Therefore, —A is positive.
(b) Let v be in the null space of A. From (10), we deduce that

¢
/ |v'|? Dug dz = 0.
0

Since ug, D > 0, this implies that v is a constant.
(c) For all v,w € D(A), again using the integration by parts and the stationary
solution, we obtain

¢ D Cort D . ¢
/ vA(wug) de = = (vw" —wd’)| + / '+ =v Jwusdr = / Avwug dz.
0 2 o Jo 2 0

Therefore, Lemma [2.1] gives the self-adjointness of A,

¢ ¢ ¢
(Av, w)hy, = / Avwug dx = / vA(wu) de = / vAwus dr = (v, Aw),, .
0 0 0

Since A is self-adjoint in the Hilbert space L?(0, ), where [0, /] is a bounded interval, A
has a discrete spectrum [28]. Moreover, the eigenvalues A,, of — A are real and nonnegative
such that 0 = A\g < A\ < A2 < ---. Also, the eigenfunctions ¢, corresponding to the
eigenvalues A, form an orthonormal basis in X. From (b), we obtain that A\g = 0
corresponds to ¢g = 1.

As a consequence of Lemma the Fokker-Planck operator A is nonpositive, self-
adjoint with discrete spectrum and its null space is the one-dimensional space with the
basis {us}.

Theorem 2.1 The operator A generates a contraction of Cy-semigroup T'(t) given
by

[T(t)v)(z) = Z e v, by bu(), v E L*(0,0). (11)
n=0
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Proof. Since A is self-adjoint, A is a closed operator. Thus, A is the Riesz spectral
operator with real eigenvalues —)\, such that sup{—X, : n € Ny} = 0 < oo, where
Ny = NU{0}. Therefore, A is the infinitesimal generator of the Cp-semigroup 7'(t) given
by (11)), Theorem 2.3.5 of [25]. Furthermore, since {¢,} are orthonormal, for v = ¢y,

gives
T(t)pn =€ ¢, or  T@)<1, t>0,

i.e., T(t) is a contraction.

Theorem 2.2 The Fokker-Planck problem is well-posed. Moreover, for any ini-
tial condition g, the solution u(x,t) satisfies

Jim (. £) = yous ().

where vy = f(f up(x) dz.
Proof. Since the operator A generates a Cy-semigroup in X, the Cauchy problem

is well-posed with a solution v(x,t) = T'(t)vo(z). This implies the well-posedness of
the Fokker-Planck problem with the solution

u(z,t) = us(2)[T(t)ug ugl(z). (12)

Moreover, the equations and give

oo ¢
u(z,t) = yous(z) + nz::l e Mt [/0 wo(T)n(T) dT‘| us(x) o (),

where v9 = f(f up(x) dz. Since all A, > 0 for n > 1, this implies that u(z,t) converges to
Yous(x) as t — oo.

Theorem 2.3 If ug(x) > 0 and the ratio of the drift and diffusion r(z) = é((?) is

nondecreasing in (0,£), then the Fokker-Planck problem has a uniquely nonnegative
classical solution.

Proof. The uniqueness follows the uniqueness of the solution of the Cauchy problems.

To prove the nonnegativity of the solution, we set u = exp( Ow ! _Q%D : )v and substitute in
equation , which leads to

d (IN, LV,
The nondecreasing of the ratio r implies that 7'(z) > 0 for all z € (0,¢). This imposes the

coefficient of v in is nonnegative. Consequently, by the maximum principle (Lemma
4.1, p. 19 of [26]), the solution v is nonnegative. The nonnegativity of u follows.

D
vy — Dugg, + 5

Corollary 2.1 If f and D are constants, the solution of 18

> L nm . nw
u(z,t) = yous(x) + Z et D [an cos —-a + B sin 71:} , (14)

n=1
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where

2Ny [* nmw
ap, = 70/0 [uo(T) — Yous(T)] exp (—1];T> cos —=T dr,

Ny [* T
270/0 [uo(T) — Yous(7)] exp (ZJ;T> sin %T dr.

If f and D are constants, the stationary solution of is us(x) = NO_1 exp (%x),

Bn:

where Ny = foe exp (%x) dz and the eigenvalues and eigenfunctions of A are given by
1 (n?m2D f?
A =0 Ap=—= — 1,
0 ) < 42 + D )

¢o(x) =1, On(x) = e b [An cos %x + B, sin %x} , n>1,

respectively, where A,, and B,, are constants such that fe ¢dn(x) dx = 1. By solving the
Fourier coeflicients, the solution gives the solution . Moreover, we verify that
Theorems 2.2 and 2.3] are valid for this solution.

3 An Application to Production Function

In micro economics, a technical relationship between physical inputs (land, labour, cap-
ital) and physical outputs (quantity produced) is described by the production function.
The relationship is not an economic relationship, but only studies the relationship of ma-
terial inputs on one side and material outputs on the other side. The production function
is denoted by F' = F(L(7), K (7)), where L(7) and K(7) are the quantities of labour and
capital at time 7 in the time interval [0, T], respectively. Henceforth, we assume that
the production function F' is homogenous of degree one. Let z(7) = K(7)/L(7) and
y = u(x(7),7), and we also assume that z(7) is the solution to the following stochastic
differential equation:

dz(7) = z(7)[adT + bdw(T)], (15)

where w(r) is a standard Brownian motion, ¢ and b are constants. Let u(x,7) denote
the value of the production function at any instant 7, 7 > 0. Using Ito’s lemma [27], we
have

ou ou 10%u 2
du = adT a—dx 3922 5 dr (16)

Putting and together, we find that

ou ou b ,0%u
du = +a 7_|_7

ou
o +ar o5 |dr —&—bxa—dw( 7). (17)

We assume that the production function can be written as
w(z, 7) = ug(z, 7) + Az(7), (18)
where A is unknown to be determined such that

dug(z,7) = rug(z, 7)dr
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and r is a real positive constant. If A = %, then the stochastic term vanishes, and we

obtain
ou n ou n v ,0%u 0
— 4 arx— + —a°— —ru=0.
or or 2 022
This is a linear second-order partial differential equation. Under the change of variable

2
t= @ and equipped an initial value, it becomes

ot Ox? (19)
u(z,0) = uo(x),
where v := i—g.
Let £ be a linear operator defined on the Hilbert space X = L?(a,b) by
(Lu)(z) = 2% () + yau/ (z) — yu() (20)

on the domain
D(L) = {u € X : u,u’ are absolute continuous and u’,u" € X}.
The initial problem can be written as a Cauchy problem in X

uy = Lu, t >0,
u(0) = uo, ug € X.

(21)

The sufficient condition for well-posedness for the Cauchy problem is that £ is the
infinitesimal generator of a Cy-semigroup in X. We note that the operator £ is composed
to be

L=A—~I,

where A is the backward Fokker-Planck operator given in (9)) with f(z) = vz and D(z) =
222, The main aim is to prove the operator £ defined in generates a Cp-semigroup.
The form of the semigroup depends on the type of the spectrum of £ or A, i.e., discrete
or continuous spectrum.

3.1 The infinitesimal generator with discrete spectrum

We see that if the initial problem works on the finite boundary values, then £ has
the discrete spectrum [28]. In this case, we assume the dynamics of production u(z,t) is
described by the Dirichlet boundary problem on X = L?(1,/), £ > 1,

ur =Lu, 1l<zx<dl t>0,
u(1,t) =u(l,t) =0, t >0, (22)
u(z,0) =up(z), 1<a<L

In this subsection, we assume v # 1. First, we consider the Cauchy problem generated
by the backward Fokker-Planck operator A in X

u = Au, l1<ax<¥ t>0,
w(l,t) = u(l,t) =0, t >0, (23)
u(z,0) =up(z), 1</l
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In this case, the stationary solution of the forward Fokker-Planck equation is
us(z) = —=a77%, 1<z </, (24)

where N = (£7=1 —1)/2(y—1). We can find out that the eigenvalues and eigenfunctions

of A are , )
-1
== () - (72) 7

(25)
N nmw
—9p,—(=D/2, [ 21 Gy (2D
On(x) =22 Hlnésm(lnﬁlnx)’ n €N,
respectively. Therefore, the Cp-semigroup 7'(¢) generated by A in is given by
(o)
(T(t))(x) =D e, ¢n)u,dn(x), v E L (1,0), (26)
n=1

where A, and ¢, are the eigenvalues and eigenfunctions, respectively, given in and
the weighted inner product (-,-),, in L?(1,¢) with respect to us is given in (24)).

By the theorem on the perturbation for the semigroups and the fact that £L = A —~I,
the operator L is the infinitesimal generator of the Cy-semigroup S(t) given by

S(t) = e "'T(t),

where T'(t) is given in (26]). Theorem 3.6 of [29] implies that the dynamics of production
inducted by £ has a unique solution

u(z,t) = (S(thuo)(x) = Y e {ug, dn)u, $u(2).

Therefore, we have the following result.

Theorem 3.1 The dynamics of production u(z,t) described by the Cauchy problem
is well-posed.

Remark 3.1 The forward Fokker-Planck problem corresponding to the operator A
is
ou 0 0% .,
a:—a—z[vmu]—i—@[x ul, 1<z<l{,
J(u(1)) = J(u(f)) =0,

U((E,O):Uo(x), 1§x§‘€7

(27)

where

J(u(z)) = yau(x) — % [2%u(z)], 1<a<t

In particular, if we choose ¢ = e and ug(z) = 0z, o € (0,1), 6 > 0, Theoremconﬁrms
that the solution of problem is

u(z, t) = yous(z) + Z’yne)‘"tus(z)d)n(x), 1<z <e,
n=1
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where u is given in and

d(e*"t—1)
Yo = a—1 ’
[1—(=1)"e”]onm v-1
n — y V= —]—+Faq,
=02 £ n2a?) VN 5

2
A = —n272 — L_l
n 2 )

bn(x) =22~ O"V/2/Nsin (nrlnz) .
Therefore, since A, < 0 for all n > 1, we have

lim wu(x,t) = yous(z).

t—o0

3.2 The infinitesimal generator with a continuous spectrum
Now, we consider the dynamics of production u(z,t) of the Cauchy problem in the
Hilbert space X = L?(0, o),

ug = Lu, x>0,t>0,

Je®*, 0<ax </ (28)
u(z,0) = uo(x) = {0 Ny

where « € (0,1), § > 0, and ¢ > 0. As before, we must prove that the operator
L generates a Cy-semigroup. However, in this context, the spectrum of A in the form
L = A—~I is not discrete. Also, the corresponding forward Fokker-Planck equation does
not have the stationary solution since the integral in diverges. Indeed, the operator
A has a continuous spectrum, so we can not apply the method used in the above section.
For this purpose, first, we define the linear operator

(Vu)(z) = au'(2) + pu(w),  p=3z(y-1)
on the domain
D(V) ={u € X : u is absolute continuous and v’ € X}.

We can check that
A=V?— 12T = (V — puI)(V + pul).

This implies that the spectrum of A depends on the spectrum of operators (V — ulI) and
(V + ).
Lemma 3.1 The operator A in has a continuous spectrum in R.

Proof. We see that the resolvent operator R(A,V + ul) exists only if the equation
(Al = (V + pl))u = f has a unique solution. By the variation of constants formula, we
find the resolvent operator given by H : X — X,

(Hu)(z) i= 27+ / Sf_(j)ﬂ ds, ueX, A>~.
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We need to show that the operator H is well-defined and bounded. We note that

_ OIS
L R (A
< 207+ /Oo [u() ;¢ /Oo et ds = 1/Oo [ 2014,
x x xr

s2(A=7) s2(A—7)+4 3 g2(A=7)

Therefore,

| Hul2 f/oo|< u)(z >|2dx

> Ju(s) 22O —1
< 3/ / 520‘ 'v) dsdx

* Ju(s) 22(-m-1 1 2
drds = ———— .
/ / i s = gl

Thus H is well-defined and bounded when A > ~. Moreover, we have Hu € D(V') and

((V + ul) Hu)(z) = 2(Hu) (x) + 2u(Hu)(x) = —u(@) + A(Hu) (@)
for all w € X, and
(H(V + pl)u)(z) = (H(zu'))(z) + 2u(Hu)(z) = —u(z) + A(Hu)(z)

for all u € D(V). This proves that the resolvent operator R(\,V + pI) exists and equals
to H with p(V + pl) = (v, 00).

Similarly, we can show that p(V — pI) = (0,00). Therefore, the resolvent set p(A) =
(1,00), where 7 = max{0,~}. Thus, the spectrum o(A) =R — p(A) is not discrete.

Since the spectrum o(A) is not discrete, we can not use the expansion of the eigen-
functions to solve the Cauchy problem . Using the concept of the fundamental
solution for the diffusive equations, we can construct the Gaus-Weierstrass semigroup for
the Cauchy problem (28), see [30].

Theorem 3.2 The operator L is the infinitesimal generator of the Cy-semigroup T'(t)
given by T(0) =1 and

(T(t)u)(z) = 3:71 _OO exp (_(h”‘” i (”4; Lt = s) ) u(s)ds, t>0. (29)

Moreover, the Cauchy problem is well-posed in X .

Proof. Substitution x = ef reduces the operator A to be the differential operator
with constant coefficients
Ao = uge + (v — Due.

Following Example 1.8 of [30] and returning the substitution, we see that the operator
A generates a Cy-semigroup Tp(t) given by Tp(0) = I and

(To(t)u)(x) \/7/ ( (Inz + (v 4; 1)t — 5)?

) u(s)ds, t>0. (30)
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Thus, the operator £ is the infinitesimal generator of the Cy-semigroup T'(t) given by
T(t)=e "Ty(t), t>0.

Further, from Theorem 3.6 of [29], the Cauchy problem is well-posed with the
solution u(z,t) = (T(t)ug)(x), ug € X. Indeed,
de~t [ ( (Inz + (y— 1)t —s)?
= — exp | —
Vart J 4t
_ Spee—(at(l-a)y)t /OO - (P +20viE2) g, . Inz+(y—1)t—s
Nz oo ’ 2/t
_ Sre—(1—a)(a+)t /OO o—(eHavD? g,
VT oo ’

= §r%e— (1) (at7)t

u(x,t)

+ as) ds,

Remark 3.2 (a) Theorem gives an alternative way for solving the Fokker-Planck
operator with the mixed eigenvalue spectrum of [31]. Furthermore, Theorem can also
be applied to solve the problem of the Fokker-Planck equation and Kramers’ reaction
rate theory [15].

(b) The FPE is also applicable to some advection-diffusion equations. As an example,
we consider the advection-diffusion of the transport equation of open channels and river
flows [32]

o = Vor T Aes \ Mo
Equation describes the evolution of contaminant concentration C(z,t) in a one-
dimensional flow in a channel of cross-sectional area A(x,t), with a mean flow velocity
U(z,t) and a diffusion coefficient K(z,t). In cases where U and K depend only on x
and A is a constant, equation is the backward Kolmogorov equation with the drift
coefficient f(x) = %—f — U(z) and the diffusion coefficient D(x) = 2K (z). Therefore, the
methods used in the previous sections can be implemented to solve the equation.

(¢) The FPE can also be used to solve the advection diffusion equation of larval
dispersal alongshore [24]

oc _ oC 10 ( 0C>. (31)

%f = _a% (U(x,t)C' - K(M)Zi) +9(2,1), (32)

where C(z,t) is larval concentration at alongshore position x and time ¢, U(z,t) is
the mean advection velocity on a given time interval, K(x,t) is the local dispersion
coefficient and g(z,t) is the ‘reaction’ term, which represents a source or sink. We see
that equation is the nonhomogenous perturbated backward Kolmogorov equation
with the drift coefficient f(z,t) = %5 — U, the diffusion coefficient D(z,t) = 2K (x,1)
and the perturbation coefficient —Z—g. Thus, the solution method for the FPE together
with the Duhamel principle gives the solution of .

4 Conclusion

A semigroup approach is applicable for the Fokker-Planck equation with the drift and
diffusion coefficients of a space variable. The stationary solution us of the FPE inducted
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a Hilbert space X = L?(a,b) with an inner product weighted by wu,. The corresponding
backward Fokker-Planck operator A generates a Cpy-semigroup T'(t) in X. The well-
posedness of the Fokker-Planck equation follows the well-posedness of the Cauchy prob-
lem generated by A. The solution u of the FPE is asymptotically stable with respect to
us as t — oco. As an application, the backward Fokker-Planck operator A confirms the
well-posedness of product function equations.
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