
Nonlinear Dynamics and Systems Theory, 25 (6) (2025) 608–620

Adaptive Controller with Fixed-Time Convergence for

Combination Synchronization of Multiple Master and

Slave Chaotic Systems

Chaima Boulezaz 1 and Rabiaa Ouahabi 2∗

1 Applied Mathematics & Modeling Laboratory, University of Constantine 1, Brothers
Mentouri, 25000 Constantine, Algeria.

2 Mathematical Modeling and Simulation Laboratory, Department of Mathematics, University
of Constantine 1, Brothers Mentouri, Algeria.

Received: December 24, 2024; Revised: November 20, 2025

Abstract: This paper mainly studies the fixed-time combination synchronization
between different multiple chaotic systems using adaptive control. Asymptotic com-
bination synchronization has previously been considered, but the fixed-time combi-
nation synchronisation of multiple chaotic systems with unknown parameters is the
first of its kind. The fixed time control and adaptive control algorithms are success-
fully included to realize the combination synchronization between different multiple
chaotic systems. The advantages of the proposed scheme include the possibility of
realizing synchronization between almost all different chaotic systems in a short fixed
time. According to the Lyapunov theory and fixed time laws, the unknown param-
eters are estimated and the settling time is calculated. Numerical simulation results
are presented to prove the effectiveness of the proposed scheme.

Keywords: chaotic systems; Lyapunov stability; fixed time stability; synchroniza-
tion; adaptive control.

Mathematics Subject Classification (2020): 93D40, 93D15, 34H05, 37C75.

∗ Corresponding author: mailto:rabiaa.ouahabi@umc.edu.dz

© 2025 InforMath Publishing Group/1562-8353 (print)/1813-7385 (online)/http://e-ndst.kiev.ua608

mailto:rabiaa.ouahabi@umc.edu.dz
http://e-ndst.kiev.ua


NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (6) (2025) 608–620 609

1 Introduction

Chaotic synchronization is one of the most important branches of chaos theory due
to its real applications in numerous fields including secure communications [1], optical
communication [2], biological systems [3], finance [4], neural networks [5], cryptography
[6, 7], and lasers [8].

Various control techniques have been proposed to achieve chaos synchronization,
namely active control [9, 10], sliding mode [11], event-triggered strategy [12], backstep-
ping [13], adaptive control [14,15].

In recent years, more attention has been paid to the study of combination synchro-
nization. This method was initially proposed by Luo [16], when two master systems
were synchronized with one slave system. Subsequently, Ayub et al. [17] proposed dual
combination-combination synchronization (DCCS) between four master and four slave
systems.

The DCCS scheme is a promising technique to improve both privacy and security in
communication networks, to encode and decode information at the hardware level.

In the literature, there is also a number of results on combination synchronization,
see [18,19].

On the other hand, note that all the above papers [18,19] concern only the asymptotic
chaos synchronization, in which the master and slave systems synchronize with the infinite
settling time.

Later, some papers studied combination synchronization in finite-time, see [20], but
this method has some limitations, in particular, the settling time of synchronisation
depends on the initial conditions.

This is a shortcoming because the application of this method in reality is impractical,
especially if the initial conditions are not known in advance, in addition, the design of the
synchronization scheme applied in these studies relates to the synchronization between
two identical chaotic systems with known parameters. This is also a deficiency since the
parameters of chaotic systems may be unknown, moreover, generalized synchronization
is worth studying more than identical synchronization.

So, achieving chaos combination synchronization in determined time independent of
any initial value in the practical engineering application is a desirable objective.

Researchers have recently been interested in studying synchronization in fixed time,
see [21,22], and so far, there are few results in the literature on this subject.

Compared to the current results, there are no published papers in which the adaptive
fixed-time combination synchronization of multiple master and slave chaotic systems has
been studied. This has prompted us to undertake this work to address some of the
aforementioned deficiencies.

Inspired by the discussion above, this paper discussed the combination synchroniza-
tion of different multiple chaotic systems with unknown parameters in a fixed time.

The main contribution of this paper is to show how a basic technique can be used to
design an appropriate controller to accomplish fixed time combination synchronization
and it is summarized as follows.

• Based on the fixed time stability theory and adaptive method, an effective control
is designed to solve the fixed time combination synchronization of different multiple
chaotic systems.

• A new theorem is proposed to demonstrate that the presented algorithm is an
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appropriate choice to achieve the combination synchronization of chaotic systems
with unknown parameters.

• The settling time of the fixed time combination synchronization is bounded for any
initial condition states.

The features of the proposed scheme that made it innovative and very important are:

• The scheme can be applied to almost all chaotic and even hyperchaotic dynamic
systems.

• The possibility of applying it in case all master and slave systems are different and
customizing it in case they are identical.

• The combination synchronization is achievable in a short fixed time.

The remainder of this paper is organizes as follows.
Some necessary definitions and lemmas are presented in Section 2. Section 3 contains

the proposed scheme that is designed to obtain the desired fixed time combination syn-
chronization. Some numerical simulations are presented in Section 4. The conclusion of
the work is given in the last section.

2 Definitions and Lemmas

This section presents some of the definitions and lemmas related to this work.
Consider the nonlinear autonomous system{

dX(t)
dt = F (X(t)),

X(0) = X0,
(1)

where X ∈ Rn. Here, the results are presented under the assumption that the origin is
an equilibrium point of the system (1).

Definition 2.1 The origin of (1) is said to be fixed-time stable if it is globally
finite-time stable and the settling-time function T ∗(X0) is bounded, i.e., ∃T ∗

Max > 0 :
T ∗(X0) < T ∗

Max, ∀ X0 ∈ Rn.

Lemma 2.1 [23] If there exists a continuous radically unbounded function V :
Rn −→ R+ ∪ {0} such that

• V (x) = 0 ⇔ x = 0,

• any solution X(t) of (1) satisfies the inequality

V̇ (X(t)) + β1V
α1(X(t)) + β2V

α2(X(t)) ≤ 0
for β1, β2, α1, α2 > 0, α1 < 1, α2 > 1,

then the origin of (1) is fixed-time stable and the settling-time function is estimated by

T ∗(X0) ≤
1

β1 (1− α1)
+

1

β2 (α2 − 1)
,∀X0 ∈ Rn.
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Lemma 2.2 [24] For any Vi, (i = 1, n), 0 < a < 1, b > 1,
n∑

i=1

(Vi)
a ≥

[
n∑

i=1

(Vi)

]a

,

n∑
i=1

(Vi)
b ≥ n1−b

[
n∑

i=1

(Vi)

]b
.

3 Formulation of Fixed Time Combination Synchronization Scheme

In this section, we propose a new control law to achieve the adaptive fixed time combina-
tion synchronization of multiple master and slave systems. Under the proposed control
laws, errors converge to zero in a bounded time. Consider the first two master chaotic
systems given as {

ẋ = f1 (x) +A (x) η,
ẏ = f2 (y) +B (y) ξ,

(2)

where x = (x1, x2, ..., xn)
T , y = (y1, y2, ..., yn)

T are the state vectors, f1, f2 : Rn −→
Rn are two nonlinear functions, A (x) ∈ Rn×r, B (y) ∈ Rn×s are matrix functions, η ∈ Rr,
ξ ∈ Rs are unknown parameter vectors.

The second two master chaotic systems are described as follows:{ ·
x̄ = f̄1 (x̄) + Ā (x̄) η̄,
·
ȳ = f̄2 (ȳ) + B̄ (ȳ) ξ̄,

(3)

where x̄ = (x̄1, x̄2, ..., x̄n)
T , ȳ = (ȳ1, ȳ2, ..., ȳn)

T are the state vectors, f̄1, f̄2 : Rn −→ Rn

are two nonlinear functions, Ā (x̄) ∈ Rn×r̄, B̄ (ȳ) ∈ Rn×s̄ are matrix functions, η̄ ∈ Rr̄,
ξ̄ ∈ Rs̄ are unknown parameter vectors.

The combination of the state vectors of two primary (2) and two secondary (3) master
systems is given, respectively, by

X =

(
x

y

)
= (x1, ..., xn, y1, y2, ..., yn)

T
, X̄ =

(
x̄

ȳ

)
= (x̄1, ..., x̄n, ȳ1, ȳ2, ..., ȳn)

T
.

The combination of nonlinear functions of two primary and two secondary master
systems is represented, respectively, by

f (X) =

(
f1 (x)

f2 (y)

)
= [f11 (x) , f12 (x) , ..., f1n (x) , f21 (y) , f22 (y) , ..., f2n (y)]

T
, (4)

f̄
(
X̄
)
=

(
f̄1 (x̄)

f̄2 (ȳ)

)
=
[
f̄11 (x̄) , f̄12 (x̄) , ..., f̄1n (x̄) , f̄21 (ȳ) , f̄22 (ȳ) , ..., f̄2n (ȳ)

]T
. (5)

Consider the first two chaotic slave systems given below:{
ż = g1 (z) + C (z) ρ+ u1,
ẇ = g2 (w) +D (w) θ + u2,

(6)

where z = (z1, z2, ..., zn)
T , w = (w1, w2, ..., wn)

T are the state vectors, g1, g2 : Rn −→
Rn are two nonlinear functions, C (z) ∈ Rn×q, D (w) ∈ Rn×l are matrix functions,
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ρ ∈ Rq, θ ∈ Rl are unknown parameter vectors, u1 = (u11, u12, ..., u1n) , and u2 =
(u21, u22, ..., u2n) represent the controllers which are to be designed.

Suppose the second two slave chaotic systems are given as follows:{ ·
z̄ = ḡ1 (z̄) + C̄ (z̄) ρ̄+ ū1,
·
w̄ = ḡ2 (w̄) + D̄ (w̄) θ̄ + ū2,

(7)

where z̄ = (z̄1, z̄2, ..., z̄n)
T , w̄ = (w̄1, w̄2, ..., w̄n)

T are the state vectors, ḡ1, ḡ2 : Rn −→ Rn

are two nonlinear functions, C̄ (z̄) ∈ Rn×q̄, D̄ (w̄) ∈ Rn×l̄ are matrix functions, ρ̄ ∈ Rq̄,
θ̄ ∈ Rl̄ are unknown parameter vectors, ū1, ū2 ∈ Rn represent the controllers of the
second slave systems, where ū1 = (ū11, ū12, ..., ū1n) , ū2 = (ū21, ū22, ..., ū2n).

The combination of the state vectors of two primary (6) and two secondary (7) slave
systems is given, respectively, by

Y =
(
z
w

)
= (z1, z2, ..., zn, w1, ..., wn)

T
, Ȳ =

(
z̄
w̄

)
= (z̄1, z̄2, ..., z̄n, w̄1, ..., w̄n)

T
.

The combination of nonlinear functions of two primary and two secondary slave sys-
tems is represented, respectively, by

g (Y ) =

(
g1 (z)

g2 (w)

)
= [g11 (z) , g12 (z) , ..., g1n (z) , g21 (w) , g22 (w) , ..., g2n (w)]

T
, (8)

ḡ
(
Ȳ
)
=

(
ḡ1 (z̄)

ḡ2 (w̄)

)
= [ḡ11 (z̄) , ḡ12 (z̄) , ..., ḡ1n (z̄) , ḡ21 (w̄) , ḡ22 (w̄) , ..., ḡ2n (w̄)]

T
. (9)

Remark 3.1 The matrix functions are combined as shown below:

ψ (X) =

(
A (x) 0
0 B (y)

)
, ψ̄

(
X̄
)

=

(
Ā (x̄) 0
0 B̄ (ȳ)

)
, ϕ (Y ) =(

C (z) 0
0 D (w)

)
, ϕ̄
(
Ȳ
)
=

(
C̄ (z̄) 0
0 D̄ (w̄)

)
.

The combination synchronization error between the systems (2), (3) and the systems
(6), (7) is defined by

e = Y + Ȳ −
(
X + X̄

)
,

where e =
(
e1
e2

)
=
(
Y−X
Ȳ−X̄

)
, e1 = (e11, e12, ..., e1n)

T
, and e2 = (e21, e22, ..., e2n)

T
.

Then we obtain the error dynamical system

ė = Ẏ +
·
Ȳ −

(
Ẋ +

·
X̄

)
. (10)

Theorem 3.1 Let T ∗ be given by

T ∗ =
1

2
µ+1
2

(
1−µ
2

)
k
+

1

2
λ+1
2 (Q)

1−λ
2
(
λ−1
2

)
k
, (11)

where Q = 2n+m+ m̄+ p+ p̄.
Adaptive combination synchronization between systems (2), (3) and systems (6), (7)

in fixed time (11) can be obtained if the following conditions are met.
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1. Control laws are designed as

u (t) + ū (t) = −
[
g (Y ) + ḡ

(
Ȳ
)
+ ϕ (Y ) γ̃ + ϕ̄

(
Ȳ
)∼
γ̄
]

+

(
f (X) + f̄

(
X̄
)
+ ψ (X) δ̃ + ψ̄

(
X̄
)∼
δ̄

)
− k

(
|e|µ + |e|λ

)
sgn (e) .

2. Parameter update laws are given by



·
δ̃ = − [ψ (X)]

T
e+ k

(∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
,

·
∼
δ̄ = −

[
ψ̄
(
X̄
)]T

e+ k

(∣∣∣∣δ̄ − ∼
δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
,

·
γ̃ = [ϕ (Y )]

T
e+ k

(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃) ,

·
∼
γ̄ =

[
ϕ̄
(
Ȳ
)]T

e+ k

(∣∣∣γ̄ −
∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)
,

(12)

where k > 0, 0 < µ < 1, λ > 1.

Proof. Substituting (12) into (10) yields the error dynamics

ė = ϕ (Y ) (γ − γ̃) + ϕ̄
(
Ȳ
) (
γ̄ −

∼
γ̄
)
−
(
ψ (X)

(
δ − δ̃

)
+ ψ̄

(
X̄
)(

δ̄ −
∼
δ̄

))
(13)

−k
(
|e|µ + |e|λ

)
sgn (e) .

Take the Lyapunov function candidate as

V =
1

2

 eT e+
(
δ − δ̃

)T (
δ − δ̃

)
+

(
δ̄ −

∼
δ̄

)T (
δ̄ −

∼
δ̄

)
+ (γ − γ̃)

T
(γ − γ̃)+

+
(
γ̄ −

∼
γ̄
)T (

γ̄ −
∼
γ̄
)

 . (14)

Compute the derivative of Lyapunov function

V̇ =
1

2


ėT e+

(
δ − δ̃

)T (
−

·
δ̃

)
+

(
δ̄ −

∼
δ̄

)T
−

·
∼
δ̄

+ (γ − γ̃)
T

(
−

·
γ̃

)

+
(
γ̄ −

∼
γ̄
)T (

−
·
∼
γ̄

)
 .
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Substituting expressions (12) and (13), we get

V̇ =

 ϕ (Y ) (γ − γ̃) + ϕ̄
(
Ȳ
) (
γ̄ −

∼
γ̄
)
−
(
ψ (X)

(
δ − δ̃

)
+ ψ̄

(
X̄
)(

δ̄ −
∼
δ̄

))
−k
(
|e|µ + |e|λ

)
sgn (e)


T

e

+
(
δ − δ̃

)T [
[ψ (X)]

T
e− k

(∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)]
+

(
δ̄ −

∼
δ̄

)T
[[
ψ̄
(
X̄
)]T

e− k

(∣∣∣∣δ̄ − ∼
δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)]
+(γ − γ̃)

T
[
− [ϕ (Y )]

T
e− k

(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)

]

+
(
γ̄ −

∼
γ̄
)T [

−
[
ϕ̄
(
Ȳ
)]T

e− k

(∣∣∣γ̄ −
∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)]

= (γ − γ̃)
T
[ϕ (Y )]

T
e+

(
γ̄ −

∼
γ̄
)T [

ϕ̄
(
Ȳ
)]T

e−
(
δ − δ̃

)T
[ψ (X)]

T
e

−
(
δ̄ −

∼
δ̄

)[
ψ̄
(
X̄
)]T

e− k (sgn (e))
T
(
|e|µ + |e|λ

)T
e

+
(
δ − δ̃

)T
[ψ (X)]

T
e− k

(
δ − δ̃

)T (∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
+

(
δ̄ −

∼
δ̄

)T [
ψ̄
(
X̄
)]T

e− k

(
δ̄ −

∼
δ̄

)T
(∣∣∣∣δ̄ − ∼

δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
−

− (γ − γ̃)
T
[ϕ (Y )]

T
e− k (γ − γ̃)

T
(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)−

−
(
γ̄ −

∼
γ̄
)T [

ϕ̄
(
Ȳ
)]T

e− k
(
γ̄ −

∼
γ̄
)T (∣∣∣γ̄ −

∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)

V̇ = −k (sgn (e))T
(
|e|µ + |e|λ

)T
e− k

(
δ − δ̃

)T (∣∣∣δ − δ̃
∣∣∣µ +

∣∣∣δ − δ̃
∣∣∣λ) sgn(δ − δ̃

)
−k
(
δ̄ −

∼
δ̄

)T
(∣∣∣∣δ̄ − ∼

δ̄

∣∣∣∣µ +

∣∣∣∣δ − ∼
δ̄

∣∣∣∣λ
)
sgn

(
δ̄ −

∼
δ̄

)
−k (γ − γ̃)

T
(
|γ − γ̃|µ + |γ − γ̃|λ

)
sgn (γ − γ̃)

−k
(
γ̄ −

∼
γ̄
)T (∣∣∣γ̄ −

∼
γ̄
∣∣∣µ +

∣∣∣γ̄ −
∼
γ̄
∣∣∣λ) sgn(γ̄ −

∼
γ̄
)

V̇ = −k
2n∑
i=1

(
|ei|µ+1

+ |ei|λ+1
)
− k

m∑
i=1

(∣∣∣δi − δ̃i

∣∣∣µ+1

+
∣∣∣δi − δ̃i

∣∣∣λ+1
)

−k
m̄∑
i=1

(∣∣∣∣δ̄i − ∼
δ̄ i

∣∣∣∣µ+1

+

∣∣∣∣δi − ∼
δ̄ i

∣∣∣∣λ+1
)

− k

p∑
i=1

(
|γi − γ̃i|µ+1

+ |γi − γ̃i|λ+1
)

−k
p̄∑

i=1

(∣∣∣γ̄i − ∼
γ̄i

∣∣∣µ+1

+
∣∣∣γ̄i − ∼

γ̄i

∣∣∣λ+1
)
,
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then

V̇ = −k


2n∑
i=1

((
e2i
)µ+1

2

)
+

m∑
i=1

((
δi − δ̃i

)2)µ+1
2

+
m̄∑
i=1

((
δ̄i −

∼
δ̄ i

)2
)µ+1

2

+
p∑

i=1

(
(γi − γ̃i)

2
)µ+1

2

+
p̄∑

i=1

((
γ̄i −

∼
γ̄i

)2)µ+1
2



−k


2n∑
i=1

((
e2i
)λ+1

2

)
+

m∑
i=1

((
δi − δ̃i

)2)λ+1
2

+
m̄∑
i=1

((
δ̄i −

∼
δ̄ i

)2
)λ+1

2

+
p∑

i=1

(
(γi − γ̃i)

2
)λ+1

2

+
p̄∑

i=1

((
γ̄i −

∼
γ̄i

)2)λ+1
2

 .

According to the equation (14),

V =
1

2

[
2n∑
i=1

(ei)
2
+

m∑
i=1

(
δi − δ̃i

)2
+

m̄∑
i=1

(
δ̄i −

∼
δ̄ i

)2

+

p∑
i=1

(γi − γ̃i)
2
+

p̄∑
i=1

(
γ̄i −

∼
γ̄i

)2]
.

According to Lemma (2.2),

V̇ ≤ −2
µ+1
2 k

(
Q∑
i=1

Vi

)µ+1
2

− 2
λ+1
2 k (Q)

1−λ
2

(
Q∑
i=1

Vi

)λ+1
2

.

This means
V̇ ≤ −2

µ+1
2 k V

µ+1
2 − 2

λ+1
2 k (Q)

1−λ
2 V

λ+1
2 .

According to Lemma (2.1), we can conclude that the origin e0 of system (10) is fixed
time stable under the proposed controller (12), this means that the adaptive combination
synchronization is achieved between the systems (2), (3) and the systems (6), (7) in fixed
time convergence, and the settling-time function T ∗(e0) is bounded by (11), and also,
e(t) = 0 for t ≥ T ∗

Max. This completes the proof.

4 Numerical Simulations

In this section, four different master systems and four different response systems are used
to verify the effectiveness of the proposed scheme.

First two master systems [25], [26] are given, respectively, by ẋ1 = −η1x1 + η2x2x3,
ẋ2 = η3x2 − η4x1x3,
ẋ3 = −η5x3 + η6x1x2,

(15)

 ẏ1 = ξ1(y2 − y1),
ẏ2 = −y1y3 + ξ2y2,
ẏ3 = y1y2 − ξ3y3,

(16)

where ηi, (i = 1, 6) and ξi, (i = 1, 3) are unknown parameters, according to [25] and [26],
the systems (15) and (16) are chaotic when the parameters take the values (η1 = 4,
η2 = 3, η3 = 1, η4 = 7, η5 = 1, η6 = 2) and (ξ1 = 36, ξ2 = 28, ξ3 = 3).
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The second two master systems defined in [27] are given as follows:
·
x̄1 = x̄2x̄3,
·
x̄2 = x̄1 − x̄2,
·
x̄3 = η̄1 |x̄1| − η̄2x

2
1,

(17)


·
ȳ1 = ξ̄1(ȳ2 − ȳ1),
·
ȳ2 = −ȳ1ȳ3 + ξ̄2ȳ2,
·
ȳ3 = exp(ȳ1ȳ2)− ξ̄3ȳ3,

(18)

where η̄i, (i = 1,2) and ξ̄i, (i = 1, 3) are unknown parameters. The systems (17) and (18)
are chaotic when the parameters are given by (η̄1 = 5, η̄2 = 2) and (ξ̄1 = 33, ξ̄2 = 19.5,
ξ̄3 = 8).

The two first slave systems [28], [29] are given as follows: ż1 = ρ1(z2 − z1) + u11,
ż2 = ρ2z1 − ρ3z1z2 + u12,
ż3 = −ρ4z3 + ρ5z

2
1 + u13,

(19)

 ẇ1 = θ1(w2 − w1) + u21,
ẇ2 = w1w3 + θ2w2 + u22,
ẇ3 = −w2

1 − θ3w3 + u23,
(20)

where ρi, (i = 1, 5) and θi, (i = 1, 3) are unknown parameters, according to [28] and [29],
the systems (19) and (20) are chaotic when the parameters take the values (ρ1 = 10,
ρ2 = 40, ρ3 = 1, ρ4 = 2.5, ρ5 = 4) and (θ1 = 30, θ2 = 15, θ3 = 11).

Second slave systems [30], [31] are defined as follows:
·
z̄1 = z̄2 + ū11,
·
z̄2 = z̄3 + ρ̄1z̄2 + ū12,
·
z̄3 = ρ̄2z̄1 + ρ̄3z̄2 + ρ̄4z̄3 + ρ̄5z̄

2
1 + ū13, ,

(21)


·
w̄1 = θ̄1(w̄2 − w̄1 + w̄2w̄3) + ū21,
·
w̄2 = −w̄1w̄3 + θ̄2w̄2 + ū22,
·
w̄3 = w̄1w̄2 − θ̄3w̄3 + ū23,

(22)

where ρ̄i, (i = 1, 5) and θ̄i, (i = 1, 3) are unknown parameters, according to [30] and [31],
the systems (21) and (22) are chaotic when the parameters are (ρ̄1 = −0.5, ρ̄2 = −6,
ρ̄3 = −2.85, ρ̄4 = −0.5, ρ̄5 = 3) and (θ̄1 = 35, θ̄2 = 14, θ̄3 = 5).

In the numerical simulation, we choose arbitrarily the initial state vectors as

X (0) = (−1, − 10, − 4, − 20, 10, − 1)
T
, X̄ (0) = (1, 1, 2, 1, 1, 10)

T
,

Y (0) = (10, 3, 1, 20, − 20, 8)
T
, Ȳ (0) = (−10, 10, − 5, 3, 15, − 25)

T
.

The initial values of unknown parameters are arbitrarily taken as

δ =

(
ηi
(
i = 1, 6

)
ξi
(
i = 1, 3

)) = (10, − 8, 3, 1, 7, − 4, 1, 5, 10)
T
,

δ̄ =

(
η̄i
(
i = 1, 2

)
ξ̄i
(
i = 1, 3

)) = (−5, 8, − 12, 3, 10)
T
,
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Figure 1: Synchronization for the state trajectories between
(a): z1 + z̄1 and x1 + x̄1, (b): z2 + z̄2 and x2 + x̄2.
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Figure 2: Synchronization for the state trajectories between
(a): z3 + z̄3 and x3 + x̄3, (b): w1 + w̄1 and y1 + ȳ1.

γ =

(
ρi
(
i = 1, 5

)
θi
(
i = 1, 3

)) = (5, − 10, 45, 30, − 8, − 20, 40, 1)
T
,

γ̄ =

(
ρ̄i
(
i = 1, 5

)
θ̄i
(
i = 1, 3

)) = (−10, 1, 12, − 20, 2, 16, 4, − 6)
T
.

The control gain is given by k = 6. Figures 1, 2 and 3 depict the combination syn-
chronization between four master systems (2), (3) and four slave systems (6), (7).

5 Conclusion

The results obtained indicate that in this paper, we have sufficiently proved the combi-
nation synchronization of multiple chaotic systems with unknown parameters in a fixed
time using an appropriate control algorithm, this algorithm is based on integrating an
adaptive control strategy and a fixed time control. According to the Lyapunov theory
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Figure 3: Synchronization for the state trajectories between
(a): w2 + w̄2 and y2 + ȳ2, (b): w3 + w̄3 and y3 + ȳ3.

and fixed time laws, the unknown parameters were estimated and the settling time was
also determined.

The proposed scheme was applied to eight different chaotic systems with unknown
parameters. Numerical simulation results were presented to demonstrate the effectiveness
of theoretical analysis of the proposed scheme. The proposed scheme is an important
extension of several existing schemes, which gives this work substantial merits.

References

[1] K.Murali and M.Lakshmanan. Secure communication using a compound signal from gen-
eralized synchronizable chaotic systems, Physics Letters A 241 (6) (1998) 303–310.

[2] T.Yiwen, L.Qiliang, D.Wenlong, H.Miao and Z.Ran. Optical chaotic communication using
correlation demodulation between two synchronized chaos lasers. 498 (2021) 127232.

[3] O. Lars Folke and D.Hans. Chaos in biological systems. Quarterly Reviews of Biophysics
18 (2) (1985) 165–225.

[4] G.Dominique. Chaos in economics and finance. Annual Reviews in Control 33 (1) (2009)
89–93.

[5] T.Weipeng, T.Qingyong, Z.Youmei, Z. Jianping and W.Zhen. Chaos synchronization of
stochastic reaction-diffusion time-delay neural networks via non-fragile output-feedback
control. Applied Mathematics and Computation 354 (2019) 115–127.

[6] T. Je Sen, A.Moatsum and S.You Cheng. Implementation and practical problems of chaos-
based cryptography revisited. Journal of Information Security and Applications 50 (2020)
102421.

[7] A. Peyman, S. Saeed and R.Amir Masoud. Deterministic chaos game: a new fractal based
pseudo-random number generator and its cryptographic application. Journal of Information
Security and Applications 52 (2020) 102472.

[8] X. Shuiying, H.Yanan, W.Haoning, W.Aijun and H.Yue. Zero-lag chaos synchronization
properties in a hierarchical tree-type network consisting of mutually coupled semiconductor
lasers, Nonlinear Dynamics 99 (4) (2020) 2893–2906.

[9] S.Vaidyanathan and K.Rajagopal. Chaos synchronization between fractional-order lesser
date moth chaotic system and integer-order chaotic system via active control. Nonlinear
Dynamics and Systems Theory 22 (2022) 407–413.



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (6) (2025) 608–620 619

[10] Y.Ghettout, L.Meddour, T.Hamaizia and R.Ouahabi. Dynamic analysis of a new hyper-
chaotic system with infinite equilibria and its synchronization. Nonlinear Dynamics and
Systems Theory 24 (2024) 147–158.

[11] M. Saleh. Chaos synchronization of uncertain chaotic systems using composite nonlinear
feedback based integral sliding mode control. ISA Transactions 77 (2018) 100–111.

[12] H.Wangli, L. Tinghui, T.Yang, D.Wenli, T.Yu-Chu and Q.Feng. Secure communication
based on quantized synchronization of chaotic neural networks under an event-triggered
strategy. IEEE Transactions on Neural Networks and Learning Systems 31 (9) (2019) 3334–
3345.

[13] M. Jesus, V.Christos, S. Fernando, J. Sajad, K. Jacques and R.Karthikeyan. Stabilization
and synchronization of a complex hidden attractor chaotic system by backstepping tech-
nique. Entropy 23 (7) (2021) 921.

[14] O.Rabiaa and H.Nasr-Eddine. Design of new scheme adaptive generalized hybrid projective
synchronization for two different chaotic systems with uncertain parameters. Discrete &
Continuous Dynamical Systems-B 26 (5) (2021) 2361.

[15] R.Rameshbabu, K.Kavitha, P.Gomathi and K.Kalaichelvi. A new hidden attractor hy-
perchaotic system and its circuit implementation, adaptive synchronization and FPGA
implementation, Nonlinear Dynamics and Systems Theory 2 (2023) 214–226.

[16] R. Luo, Y.Wang and S.Deng. Combination synchronization of three classic chaotic systems
using active backstepping design. Chaos: An Interdisciplinary Journal of Nonlinear Science
21 (4) (2011) 043114.

[17] K.Ayub, K.Dinesh and P.Nitish. Dual combination combination multi switching synchro-
nization of eight chaotic systems. Chinese Journal of Physics 55 (4) (2017) 1209–1218.

[18] A.Al Themairi, A.Tarek, F.Ahmed and others. Tracking control method for double
compound-combination synchronization of fractional chaotic systems and its application
in secure communication, Mathematical Problems in Engineering 2022 (2022).

[19] M.Gamal, A.Asma, A.Tarek and F.Ahmed. Compound-combination synchronization for
fractional hyperchaotic models with different orders. Symmetry 15 (2023) 279.

[20] V.Behrouz, M. Saleh, H. Seyedeh Somayeh and F.Afef. Fast reaching finite time synchro-
nization approach for chaotic systems with application in medical image encryption. IEEE
Access 9 (2021) 25911–25925.

[21] A.Yingdong and W.Huanqing. Fixed-time anti-synchronization of unified chaotic systems
via adaptive backstepping approach. IEEE Transactions on Circuits and Systems II: Ex-
press Briefs 70 (2022) 626–630.

[22] T.Huaigu, W. Zhen, Z.Hui, C. Zelin and Z. Peijun. Dynamical analysis and fixed-time syn-
chronization of a chaotic system with hidden attractor and a line equilibrium. The European
Physical Journal Special Topics (2022) 2455–2466.

[23] P.Andrey. Nonlinear feedback design for fixed-time stabilization of linear control systems.
IEEE Transactions on Automatic Control 57 (8) (2011) 2106–2110.

[24] H.Godfrey Harold, L. John Edensor, P.George, P.György et al. Inequalities. Cambridge
University Press (1952).

[25] P.Gholamin and S.A.H.Refahi. A new three-dimensional chaotic system: dynamical prop-
erties and simulation. Chinese Journal of Physics 55 (4) (2017) 1300–1309.

[26] L. Jinhu and C.Guanrong. A new chaotic attractor coined. International Journal of Bifur-
cation and Chaos 12 (3) (2002) 659–661.

[27] S.Aceng, V. Sundarapandian, Z. Sen, Z.Yicheng, M.Mohamad Afendee and M.Mustafa. A
new double-wing chaotic system with coexisting attractors and line equilibrium: bifurcation
analysis and electronic circuit simulation. IEEE Access 7 (4) (2019) 115454–115462.



620 C. BOULEZAZ AND R.OUAHABI

[28] L. Chongxin, L. Tao, L. Ling and L. Kai. A new chaotic attractor. Chaos, Solitons &
Fractals 22 (5) (2004) 1031-1038.

[29] K. Dongwon and C. Pyung Hun. A new butterfly-shaped chaotic attractor. Results in
physics 3 (2013) 14–19.

[30] D. Kuibiao, L. Jing and Y. Simin. Dynamics analysis and synchronization of a new chaotic
attractor. Optik 125 (13) (2014) 3071–3075.

[31] W. Guangyi, Z. Xun, Z. Yan and L. Yuxia. A new modified hyperchaotic Lü system. Physica
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