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1 Introduction

In this paper, we analyze a numerical method for solving delay Volterra integral equations
(DVIEs) with a spatial variable and a time delay τ > 0, given by

u(t, x) =


g(t, x) +A(t, x)u(t− τ, x) +

∫ t

0

K1(t, x, s)u(s, x) ds

+

∫ t−τ

0

K2(t, x, s)u(s, x) ds, t ∈ [0, T ], x ∈ [0, X],

Φ(t, x), t ∈ [−τ, 0],

(1)

where the functions g, Φ, A, K1, and K2 are given smooth, real-valued functions defined
on D := [0, T ]× [0, X] ⊂ R2 and S := {(t, x, s) : 0 ≤ s ≤ t ≤ T, 0 ≤ x ≤ X}.

According to the classical theory of Volterra integral equations (VIEs), equation (1)
admits a unique solution u ∈ C(D) [6].

Delay Volterra integral equations (DVIEs) play a crucial role in modeling nonlin-
ear dynamical systems where memory effects and delays significantly influence system
behavior. Such systems arise in various disciplines, including population dynamics, epi-
demic models, viscoelastic materials, control systems, and financial modeling, where the
future state of the system depends not only on its current state, but also on its past
states. These delay effects often introduce nonlinearity and complexity, making analyti-
cal solutions difficult or impossible to obtain. Therefore, efficient and accurate numerical
methods are essential for their analysis.

Several researchers have studied the numerical solutions of one-dimensional Volterra
integral equations with time delays (see, for example, [1, 3, 5, 11, 12]). Ali et al. [1]
proposed a spectral method for pantograph-type delay integral equations using the Leg-
endre collocation method. Bellour and Bousselsal [3] constructed a collocation solution
to approximate the solution of delay integral equations. Brunner and Yatsenko [11] inves-
tigated polynomial spline collocation methods for systems of VIEs with unknown delays.
Zheng and Chen [12] developed spectral methods using Chebyshev bases and spectral
collocation techniques to analyze VIEs with two types of delays.

While numerous studies have focused on two-dimensional Volterra integral equations
[4, 7, 9, 10], fewer works have addressed delay Volterra integral equations with a spatial
variable [13]. The primary challenge in solving such problems lies in handling both spatial
dependence and time delay in the upper integral limit, distinguishing these equations
from conventional two-dimensional Volterra integral equations.

To bridge this gap, we propose a Taylor collocation method, extending the approach
in [3] to approximate the solution of equation (1). The main novelty of our work lies in:

1. The adaptation of the Taylor Collocation Method to DVIEs with spatial depen-
dence, which is a relatively unexplored area in numerical analysis.

2. A computationally efficient framework, where the approximation coefficients are
computed iteratively without requiring the solution of a system of algebraic equations.

3. A general numerical approach that can be extended to higher-dimensional delay
integral equations encountered in physics, control theory, and engineering applications.

The paper is organized as follows. In Section 2, we partition the interval [0, T ]× [0, X]
into subintervals and approximate the solution of (1) in each subinterval using Taylor
polynomials. Section 3 establishes the global convergence of the method. Section 4
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presents numerical examples validating the method. Finally, the conclusion summarizes
the main findings and potential future extensions.

2 Description of the Method

We assume, without loss of generality, that T = rτ , where r ∈ N∗. Let Πϵ
N = {tϵn =

ϵτ + nh, n = 0, 1, ..., N, ϵ = 0, 1, ..., r} and ΠM = {xm = mk, m = 0, 1, ...,M} denote
uniform partitions of the intervals [0, T ] and [0, X], respectively, with step sizes given by
h = τ

N and k = X
M . These partitions define a grid for D:

Πϵ
N,M = Πϵ

N ×ΠM = {(tϵn, xm) | 0 ≤ n ≤ N, 0 ≤ m ≤ M, ϵ = 0, 1, . . . , r}.

Define the subintervals as follows:

σϵ
n = [tϵn, t

ϵ
n+1), σϵ

N−1 = [tϵN−1, t
ϵ
N ], n = 0, 1, ..., N − 2, ϵ = 0, 1, ..., r − 1.

δm = [xm, xm+1), m = 0, 1, ...,M − 2, δM−1 = [xM−1, xM ].

The rectangular subdomains are given by

Dϵ
n,m := σϵ

n × δm, ∀n = 0, 1, ..., N − 1, m = 0, 1, ...,M − 1, ϵ = 0, 1, ..., r − 1.

Moreover, let πp−1 denote the set of all real polynomials of degree at most p− 1 in t
and x. We define the real polynomial spline space of degree p− 1 in t and x as follows:

S
(−1)
p−1 (Πϵ

N,M ) = {v ∈ D : vϵn,m = v|Dϵ
n,m

∈ πp−1,

n = 0, ..., N − 1; m = 0, 1, ...,M − 1; ϵ = 0, 1, ..., r − 1}.

This represents the space of bivariate polynomial spline functions of degree at most p−1
in t and x. Its dimension is rNMp2, which equals the total number of coefficients in the
polynomials vϵn,m, where n = 0, ..., N − 1, m = 0, 1, ...,M − 1, and ϵ = 0, 1, ..., r − 1. To
determine these coefficients, we apply the Taylor polynomial on each rectangle.

First, we approximate u in the rectangles D0
0,m, where m = 0, ...,M − 1, using the

polynomial

v00,m(t, x) =

p−1∑
i+j=0

1

i!j!
∂
(i)
t ∂(j)

x u(0, xm)ti(x− xm)j . (2)

Here, ∂
(i)
t ∂

(j)
x u(0, xm) represents the exact value of ∂

(i)
t ∂

(j)
x u at the point (0, xm).

To determine ∂
(i)
t ∂

(j)
x u(t, x), we differentiate equation (1) j times with respect to x

and i times with respect to t, obtaining

∂
(i)
t ∂(j)

x u(t, x) = ∂
(i)
t ∂(j)

x g(t, x) + ∂
(i)
t ∂(j)

x (A(t, x)Φ(t− τ, x))

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j

l

)(
q

η

)
∂
(q−η)
t

(
∂
(i−1−q)
t ∂(j−l)

x K1(t, x, s)
∣∣∣
s=t

)
∂
(η)
t ∂(l)

x u(t, x)

+

∫ t

0

j∑
l=0

(
j

l

)
∂
(i)
t ∂(j−l)

x K1(t, x, s) ∂
(l)
x u(s, x)ds

− ∂
(i)
t ∂(j)

x

(∫ 0

t−τ

K2(t, x, s)Φ(s, x) ds

)
.
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Second, we approximate u in the rectangles D0
n,m, where n = 1, ..., N − 1 and m =

0, ...,M − 1, using the polynomial

v0n,m(t, x) =

p−1∑
i+j=0

1

i!j!
∂
(i)
t ∂(j)

x v̂0n,m(t0n, xm)(t− t0n)
i(x− xm)j . (3)

Here, v̂0n,m(t, x) is the exact solution of the integral equation

v̂0n,m(t, x) = g(t, x) +A(t, x)Φ(t− τ, x) +

n−1∑
η=0

∫ t0η+1

t0η

K1(t, x, s)v
0
η,m(s, x)ds

+

∫ t

t0n

K1(t, x, s)v̂
0
n,m(s, x)ds−

∫ 0

t−τ

K2(t, x, s)Φ(s, x)ds. (4)

To compute ∂
(i)
t ∂

(j)
x v̂0n,m(t, x), we differentiate equation (4) j times with respect to x

and i times with respect to t, obtaining

∂
(i)
t ∂(j)

x v̂0n,m(t, x) = ∂
(i)
t ∂(j)

x g(t, x) + ∂
(i)
t ∂(j)

x (A(t, x)Φ(t− τ, x))

+

n−1∑
η=0

∫ t0η+1

t0η

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K1(t, x, s)

)
∂(l)
x v0η,m(s, x)ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j

l

)(
q

η

)
∂
(q−η)
t

(
∂
(i−1−q)
t ∂(j−l)

x K1(t, x, s)
)∣∣∣

s=t
∂
(η)
t ∂(l)

x v̂0n,m(t, x)

+

∫ t

t0n

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K1(t, x, s)

)
∂(l)
x v̂0n,m(s, x)ds

− ∂
(i)
t ∂(j)

x

(∫ 0

t−τ

K2(t, x, s)Φ(s, x) ds

)
.

Finally, we approximate u in the rectangles Dϵ
n,m, where n = 0, ..., N − 1, ϵ = 1, ..., r,

and m = 0, 1, ...,M − 1, using the polynomial

vϵn,m(t, x) =

p−1∑
j+i=0

1

i!j!
∂
(i)
t ∂(j)

x v̂ϵn,m(tϵn, xm)(t− tϵn)
i(x− xm)j . (5)

Here, v̂ϵn,m(t, x) is the exact solution of the integral equation

v̂ϵn,m(t, x) = g(t, x) +A(t, x)vϵ−1
n,m(t− τ, x) +

ϵ−1∑
e=0

N−1∑
η=0

∫ teη+1

teη

K1(t, x, s)v
e
η,m(s, x)ds

+

n−1∑
η=0

∫ tϵη+1

tϵη

K1(t, x, s)v
ϵ
η,m(s, x)ds+

∫ t

tϵn

K1(t, x, s)v̂
ϵ
n,m(s, x)ds

+

ϵ−2∑
e=0

N−1∑
η=0

∫ teη+1

teη

K2(t, x, s)v
e
η,m(s, x)ds+

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

K2(t, x, s)v
ϵ−1
η,m(s, x)ds

+

∫ t−τ

tϵ−1
n

K2(t, x, s)v
ϵ−1
n,m(s, x)ds. (6)



NONLINEAR DYNAMICS AND SYSTEMS THEORY, 25 (6) (2025) 669–678 673

To compute ∂
(i)
t ∂

(j)
x v̂ϵn,m(t, x), we differentiate equation (6) j times with respect to x

and i times with respect to t, obtaining

∂
(i)
t ∂(j)

x v̂ϵn,m(t, x) = ∂
(i)
t ∂(j)

x g(t, x)

+

j∑
l=0

i∑
η=0

(
j

l

)(
i

η

)
∂
(i−η)
t

(
∂(j−l)
x A(t, x)

)
∂
(η)
t ∂(l)

x vϵ−1
n,m(t− τ, x)

+

ϵ−1∑
e=0

N−1∑
η=0

∫ teη+1

teη

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K1(t, x, s)

)
∂(l)
x veη,m(s, x)ds

+

n−1∑
η=0

∫ tϵη+1

tϵη

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K1(t, x, s)

)
∂(l)
x vϵη,m(s, x) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j

l

)(
q

η

)
∂
(q−η)
t

[
∂
(i−1−q)
t

∣∣∣
s=t

(
∂(j−l)
x K1(t, x, s)

)]
∂
(η)
t ∂(l)

x v̂ϵn,m(t, x)

+

∫ t

tϵn

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K1(t, x, s)

)
∂(l)
x v̂ϵn,m(s, x)ds

+

ϵ−2∑
e=0

N−1∑
η=0

∫ teη+1

teη

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K2(t, x, s)

)
∂(l)
x veη,m(s, x)ds

+

n−1∑
η=0

∫ tϵ−1
η+1

tϵ−1
η

j∑
l=0

(
j

l

)
∂
(i)
t

(
∂(j−l)
x K2(t, x, s)

)
∂(l)
x vϵ−1

η,m(s, x) ds

+

i−1∑
q=0

j∑
l=0

q∑
η=0

(
j

l

)(
q

η

)
∂
(q−η)
t

[
∂
(i−1−q)
t

∣∣∣
s=t−τ

(
∂(j−l)
x K2(t, x, s)

)]
× ∂

(η)
t ∂(l)

x vϵ−1
n,m(t− τ, x).

3 Convergence Analysis

The following lemmas and theorems will be used in this section.

Theorem 3.1 (Taylor’s Theorem for functions of two independent variables [8]) Let
f be p times continuously differentiable on D = [a, b]× [c, d], and let
(x0, y0) ∈ D. Then, for all (x, y) ∈ D, we have

f(x, y) =

p−1∑
i+j=0

1

i!j!
∂
(i)
t ∂(j)

x f(x0, y0)(x− x0)
i(y − y0)

j

+
∑

i+j=p

1

i!j!
∂
(i)
t ∂(j)

x f(x1, y1)(x− x0)
i(y − y0)

j ,

where  x1 = θx+ (1− θ)x0, x1 ∈ [a, b],

y1 = θy + (1− θ)y0, y1 ∈ [c, d],
θ ∈ (0, 1).
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Lemma 3.1 (Discrete Gronwall-type inequality [6]) Let {kj}nj=0 be a given non-
negative sequence, and suppose that the sequence {εn} satisfies ε0 ≤ p0 and

εn ≤ p0 +
∑n−1

i=0 kiεi, for n ≥ 1, with p0 ≥ 0. Then εn is bounded by

εn ≤ p0 exp

n−1∑
j=0

kj

 , n ≥ 1.

Lemma 3.2 (Bellman’s inequality [2]) Let h and f be continuous and non-negative
functions defined on J = [α, β], and let c be a non-negative constant. Then the inequality

h(t) ≤ c+

∫ t

α

f(s)h(s)ds, t ∈ J,

implies that

h(t) ≤ c exp

(∫ t

α

f(s)ds

)
, t ∈ J.

To establish the convergence of the proposed method, we require the following lemma.
We work within the space L∞(D) equipped with the norm

∥φ∥L∞(D) = inf {C ∈ R : |φ(t, x)| ≤ C for a.e. (t, x) ∈ D} < ∞.

Lemma 3.3 Let g, Φ, A, K1, and K2 be p-times continuously differentiable on their
respective domains. Then there exists a positive constant α(p) such that for all n =
0, . . . , N − 1, m = 0, . . . ,M − 1, ϵ = 0, . . . , r − 1, and i+ j = 0, . . . , p, we have∥∥∥∥∥∂i+j v̂ϵn,m

∂ti∂xj

∥∥∥∥∥
L∞(Dϵ

n,m)

≤ α(p).

Proof. The lemma can be proved by directly generalizing the procedures used in
Claim 1 of Theorem 3.3 in [3]. The following theorem establishes the convergence of
the proposed method.

Theorem 3.2 Suppose that g, Φ, A, K1, and K2 are p-times continuously differen-
tiable on their respective domains. Then the equations (2), (3), (5) uniquely define an

approximation v ∈ S
(−1)
p−1 (Πϵ

N,M ). Furthermore, the associated error function E = u− v
satisfies the following bound:

∥E∥L∞(D) ≤ C(h+ k)p,

where C is a finite constant independent of h and k.

Proof. Define the error function E on Dϵ
n,m as

Eϵ
n,m = u− vϵn,m, ∀n ∈ {0, . . . , N − 1}, m ∈ {0, . . . ,M − 1}, ϵ ∈ {0, . . . , r − 1}.

Throughout this proof, the norm ∥ · ∥ refers to ∥ · ∥L∞(D).
Let (t, x) ∈ Dϵ

n,m. For ϵ = 0, using Theorem 3.1 and equation (2), we write

|E0
0,m(t, x)| ≤

∑
i+j=p

1

i!j!

∥∥∥∂(i)
t ∂(j)

x u(0, xm)
∥∥∥hikj .
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According to Lemma 3.3, this implies

|E0
0,m(t, x)| ≤ α(p)

∑
i+j=p

1

i!j!
hikj =

α(p)

p!
(h+ k)p.

Define C1(p) =
α(p)
p! . Thus,

∥E0
0,m∥ ≤ C1(p)(h+ k)p.

For ϵ = 0 and n ∈ {1, . . . , N − 1}, using equation (4), we have

u(t, x)− v̂0n,m(t, x) =

n−1∑
η=0

∫ t0η+1

t0η

K1(t, x, s)(u(s, x)− v0η,m(s, x)) ds

+

∫ t

t0n

K1(t, x, s)(u(s, x)− v̂0n,m(s, x)) ds.

Taking the norm, we get

∥u− v̂0n,m∥ ≤
n−1∑
η=0

hK∥E0
η,m∥+K

∫ t

t0n

∥u− v̂0n,m∥ dt,

where K = max{∥K1∥, ∥K2∥}. By Lemma 3.2,

∥u− v̂0n,m∥ ≤
n−1∑
η=0

hd1∥E0
η,m∥,

where d1 = K exp(Kτ). On the other hand,

∥E0
n,m∥ ≤ ∥u− v̂0n,m∥+ ∥v̂0n,m − v0n,m∥.

Substituting the bounds and applying Theorem 3.1 and Lemma 3.1, we get

∥E0
n,m∥ ≤ α(p)

p!
(h+ k)p exp(τd1).

Define C2(p) =
α(p)
p! exp(τd1).

For ϵ ∈ {1, . . . , r − 1}, using equation (6), we have

∥u− v̂ϵn,m∥ ≤ ∥A∥
ϵ−1∑
e=0

∥Ee∥+Kh

n−1∑
η=0

∥Eϵ
η,m∥+K

∫ t

tϵn

∥u− v̂ϵn,m∥ ds.

According to Lemma 3.2, this implies

∥u− v̂ϵn,m∥ ≤ Â

ϵ−1∑
e=0

∥Ee∥+ K̂h

n−1∑
η=0

∥Eϵ
η,m∥,

where Â = ∥A∥ exp(Kτ) and K̂ = K exp(Kτ).
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On the other hand,

∥Eϵ
n,m∥ ≤ Â

ϵ−1∑
e=0

∥Ee∥+ K̂h

n−1∑
η=0

∥Eϵ
η,m∥+ α(p)

p!
(h+ k)p.

Applying Lemma 3.1, we have

∥Eϵ∥ ≤ exp(K̂τ)
α(p)

p!
(h+ k)p + exp(K̂τ)Â

ϵ−1∑
e=0

∥Ee∥.

Using Lemma 3.1 again, we obtain

∥Eϵ∥ ≤ exp(K̂τ)
α(p)

p!
exp((r − 1) exp(K̂τ)Â)︸ ︷︷ ︸

C3(p)

(h+ k)p.

Finally, setting C = max{C1(p), C2(p), C3(p)}, we conclude

∥Eϵ
n,m∥ ≤ C(h+ k)p, ∀n ∈ {0, . . . , N − 1}, m ∈ {0, . . . ,M − 1}, ϵ ∈ {0, . . . , r − 1}.2

4 Numerical Examples

In this section, we validate the theoretical results derived in the previous section through
numerical examples. The exact solutions for all examples are known in advance. For each
example, we compute the error between the exact solution u and the Taylor collocation
solution v.

Example 4.1 Consider the DVIEs with a time delay τ = 1
5 of the form

u(t, x) =


g(t, x) + (t+ x)u(t− 1

5 , x) +

∫ t

0

s cos(xt)u(s, x)ds

+

∫ t− 1
5

0

(2 sin(t+ x) + s)u(s, x)ds, t ∈ [0, 1], x ∈ [0, 1],

Φ(t, x), t ∈ [− 1
5 , 0].

The exact solution of this problem is given by u(t, x) = t + sin(x). The function g(t, x)
is then computed using the exact solution. Numerical results were obtained by applying
the proposed Taylor collocation method for different numbers of collocation points. The
absolute error values are reported in Table 1, showing that the absolute errors decrease
as the number of collocation points increases.

Example 4.2 Consider the two-dimensional Volterra integral equation from [10]

u(x, t) = x2(−1 + e−t + x2 + et − x2et) +

∫ t

0

(x2 + e−2s)u(x, s)ds

for x, t ∈ [0, 1], which has the exact solution u(x, t) = x2et. The numerical results for
p − 1 = 2, 4, 6 and h = k = 0.1 obtained using the Taylor collocation method (TCM)
are compared with the numerical results obtained using a method based on expanding
the solution in terms of bivariate shifted Legendre polynomials [10]. The comparison is
presented in Table 2.
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x
t

0 0.2 0.4 0.6 0.8 1

0 0 1.32e− 12 1.15e− 11 2.36e− 11 2.92e− 10 8.23e− 10
0.2 3.8e− 14 6.54e− 11 2.30e− 11 1.50e− 10 3.45e− 10 9.21e− 10
0.4 2.66e− 11 7.81e− 12 7.20e− 11 4.01e− 10 1.24e− 09 1.18e− 10
0.6 4.38e− 11 3.29e− 11 1.99e− 10 1.48e− 10 3.99e− 10 2.79e− 10
0.8 8.73e− 11 3.45e− 10 2.61e− 10 2.59e− 10 1.00e− 09 5.41e− 09

Table 1: Numerical results for Example 4.1.

Present method (TCM) Method in Ref. [10]
(x, t) p− 1 = 2 p− 1 = 4 p− 1 = 6 M = 2 M = 4 M = 6
(0, 0) 0 0 0 0 0 0

(0.1, 0.1) 3.6e− 08 7.3e− 12 1.4e− 11 2.9e− 05 2.0e− 07 1.3e− 09
(0.2, 0.2) 3.0e− 07 9.8e− 11 1.3e− 11 1.6e− 04 4.7e− 07 5.8e− 09
(0.3, 0.3) 1.0e− 06 2.5e− 10 3.4e− 10 4.9e− 04 9.5e− 07 1.3e− 08
(0.4, 0.4) 2.8e− 06 1.1e− 09 3.2e− 10 5.8e− 04 2.4e− 06 2.3e− 08
(0.5, 0.5) 6.3e− 06 2.1e− 09 1.0e− 10 1.5e− 05 3.4e− 07 3.6e− 08
(0.6, 0.6) 1.3e− 05 3.9e− 09 3.0e− 10 1.3e− 03 4.9e− 06 5.2e− 08
(0.7, 0.7) 2.5e− 05 7.8e− 09 2.8e− 09 3.0e− 03 5.6e− 06 7.0e− 08
(0.8, 0.8) 4.8e− 05 1.5e− 08 1.5e− 09 3.4e− 03 6.9e− 06 9.1e− 08
(0.9, 0.9) 9.1e− 05 3.0e− 08 1.3e− 09 6.2e− 04 1.7e− 05 1.1e− 07
CPU time 56.17 sec 253.82 sec 997.32 sec / / /

Table 2: Comparison of absolute errors for Example 4.2.

5 Conclusion

In this paper, we proposed a new numerical method based on Taylor polynomials to
construct a collocation solution for approximating the solution of delay Volterra integral
equations (DVIEs) with a spatial variable. Unlike existing approaches, our method effi-
ciently handles the time delay and spatial dependence in the integral equation, which is
a key challenge in solving such problems.

A rigorous convergence analysis confirms that the proposed method is accurate and
stable, with an O((h + k)p) error bound. Numerical examples validate its effectiveness,
demonstrating that it provides high-precision approximations while maintaining compu-
tational efficiency.

The novelty of our approach lies in the extension of the Taylor Collocation Method to
DVIEs with spatial dependence, an area that has received limited attention in previous
studies. Additionally, our method is computationally efficient as it computes the approx-
imation coefficients iteratively without requiring the solution of any system of algebraic
equations. Moreover, it can be adapted to various delay integral equations encountered
in applied sciences and engineering.

These contributions make our method a powerful and efficient alternative for solving
DVIEs with spatial variables, laying the groundwork for further extensions to higher-
dimensional problems.
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